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Â ðàáîòå ðàññìàòðèâàåòñÿ ðàçíîñòíûé îïåðàòîð âòîðîãî ïîðÿäêà ñ èíâîëþöèåé
ïðè ïîòåíöèàëå. Ïîëó÷åíû óñëîâèÿ íà ïîòåíöèàë, ïðè êîòîðûõ âîçìîæíî ïðå-
îáðàçîâàíèå ïîäîáèÿ èññëåäóåìîãî îïåðàòîðà â îïåðàòîð áëî÷íî-äèàãîíàëüíîãî
âèäà è ïðèâåäåíû îöåíêè åãî ñîáñòâåííûõ çíà÷åíèé.
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We consider the di�erence operator two order with involution. The conditions for
the potential, in which the similarity transform this operator for the block-diagonal
operator was obtained. We obtain also the asymptotic estimates for the eigenvalues.
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Â ðàáîòàõ [1] � [6] èññëåäîâàëèñü ñïåêòðàëüíûå ñâîéñòâà ðàçíîñòíîãî
îïåðàòîðà, âîçíèêàþùåãî ïðè äèñêðåòèçàöèè äèôôåðåíöèàëüíîãî îïå-
ðàòîðà âòîðîãî ïîðÿäêà ñ ðàñòóùèì ïîòåíöèàëîì. Ïîëó÷åíû àñèìïòîòè-
÷åñêèå îöåíêè ñîáñòâåííûõ çíà÷åíèé, ñîáñòâåííûõ âåêòîðîâ è ñïåêòðàëü-
íûõ ïðîåêòîðîâ. Ïåðâîíà÷àëüíî çàäà÷à èññëåäîâàíèÿ òàêîãî ðàçíîñòíî-
ãî îïåðàòîðà ñòàâèëàñü â [7]. Â íàñòîÿùåé ðàáîòå èçó÷àåòñÿ ðàçíîñòíûé
îïåðàòîð, ñîîòâåòñòâóþùèé äèñêðåòèçàöèè îïåðàòîðà âòîðîãî ïîðÿäêà ñ
ðàñòóùèì ïîòåíöèàëîì ñ èíâîëþöèåé, ò. å. îïåðàòîðó d2x/dt2−q(−t)x(t)
è èçó÷àåòñÿ âîïðîñ åãî ïðèâåäåíèÿ ñ ïîìîùüþ ïðåîáðàçîâàíèÿ ïîäîáèÿ ê
îïåðàòîðó áëî÷íî-äèàãîíàëüíîãî âèäà. Ïðè ýòîì âûïèñûâàþòñÿ óñëîâèÿ
íà ïîòåíöèàë, ïðè êîòîðûõ òàêîå ïðåîáðàçîâàíèå âîçìîæíî.

Çàìåòèì, ÷òî äèôôåðåíöèàëüíûå îïåðàòîðû âòîðîãî ïîðÿäêà ñ èíâî-
ëþöèåé àêòèâíî èçó÷àþòñÿ â íàñòîÿùåå âðåìÿ (ñì., íàïðèìåð, [8] � [10]).

Ïåðåéäåì ê áîëåå ïîäðîáíîé ïîñòàíîâêå çàäà÷è. Êàê îáû÷íî, ÷å-
ðåç l2(Z) îáîçíà÷åíî ãèëüáåðòîâî ïðîñòðàíñòâî äâóñòîðîííèõ êîìïëåêñ-
íûõ ïîñëåäîâàòåëüíîñòåé y : Z → C, ñóììèðóåìûõ ñ êâàäðàòîì ìî-
äóëÿ

∑
i∈Z

|y(i)|2 < ∞, ñî ñêàëÿðíûì ïðîèçâåäåíèåì (x, y) =
∑
i∈Z

x(i)y(i)

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)
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è ñ íîðìîé ∥y∥2 =
(∑
i∈Z

|y(i)|2
)1/2

, ïîðîæäàåìîé ýòèì ñêàëÿðíûì ïðî-

èçâåäåíèåì. Ââåäåì â ðàññìîòðåíèå ñëåäóþùèå ïðîñòðàíñòâà îïåðàòî-
ðîâ. Ñèìâîëîì End l2 îáîçíà÷èì áàíàõîâó àëãåáðó îãðàíè÷åííûõ ëèíåé-
íûõ îïåðàòîðîâ, äåéñòâóþùèõ â l2 ñ íîðìîé ∥X∥ = sup

∥x∥≤1

∥Xx∥, x ∈ l2,

X ∈ End l2. Íàì òàêæå ïîòðåáóåòñÿ áîëåå óçêîå ïîäïðîñòðàíñòâî îïåðà-
òîðîâ èç End l2. Ïóñòü {Qn, n ∈ Z} � äèçúþíêòíàÿ ñèñòåìà îðòîïðîåê-
òîðîâ â End l2. Òîãäà êàæäîìó îïåðàòîðó X ∈ End l2 ìîæíî ïîñòàâèòü â
ñîîòâåòñòâèå äâå ìàòðèöû: ÷èñëîâóþ X ∼ (xij) îòíîñèòåëüíî ñòàíäàðò-
íîãî áàçèñà {en, n ∈ Z}, en(k) = δnk, n, k ∈ Z, δnk � ñèìâîë Êðîíåêå-
ðà è îïåðàòîðíóþ X ∼ (Xij), ãäå Xij = QiXQj, i, j ∈ Z, îòíîñèòåëü-
íî ââåäåííîé ñèñòåìû îðòîïðîåêòîðîâ. Îïåðàòîð X ∈ End l2 îòíåñåì ê
End1 l2 ⊂ End l2, åñëè êîíå÷íà âåëè÷èíà

∑
p∈Z

max
i−j=p

∥QiXQj∥, ïðèíèìàåìàÿ

çà íîðìó â End1 l2. Òàêèì îáðàçîì, End1 l2 � ïîäïðîñòðàíñòâî îïåðà-
òîðîâ èç End l2, (îïåðàòîðíûå) ìàòðèöû êîòîðûõ èìåþò ñóììèðóåìûå
äèàãîíàëè. Çàìåòèì, ÷òî â ðàáîòàõ [1] � [6] èñïîëüçîâàëîñü èìåííî ýòî
ïðîñòðàíñòâî â êà÷åñòâå ïðîñòðàíñòâà äîïóñòèìûõ âîçìóùåíèé ìåòîäà
ïîäîáíûõ îïåðàòîðîâ.

Ðàññìîòðèì â ïðîñòðàíñòâå l2 ðàçíîñòíûé îïåðàòîð E : D(E) ⊂ l2 →
l2, äåéñòâóþùèé ïî ôîðìóëå (Ex)(n) = x(n − 1) + x(n + 1) − 2x(n) −
q(−n)x(n), n ∈ Z, ãäå q : Z → C � ðàñòóùàÿ ïîñëåäîâàòåëüíîñòü, óñëî-
âèÿ íà êîòîðóþ ïîÿâÿòñÿ íèæå. Îáëàñòü îïðåäåëåíèÿ D(E) îïåðàòîðà E
ñîñòîèò èç òàêèõ x ∈ l2, ÷òî Ex ∈ l2, ò. å.

∑
n∈Z

|q(−n)x(n)|2 < ∞. Ñëåäóÿ

äàëåå îáùåé ñõåìå ìåòîäà ïîäîáíûõ îïåðàòîðîâ [1], îïåðàòîð E ïðåäñòàâ-
ëÿþò â âèäå E = A − B, ãäå A � îïåðàòîð ñ äèàãîíàëüíîé ìàòðèöåé è
B ∈ End1 l2 (ñì. [1] � [6]). Ïðåîáðàçîâàíèåì ïîäîáèÿ îïåðàòîð E ïðèâîäèò
ê îïåðàòîðó A− Y , ãäå Y ∈ End1 l2 òàêæå èìååò äèàãîíàëüíóþ ìàòðèöó
(èëè ìàòðèöó, èìåþùóþ íåíóëåâîé öåíòðàëüíûé áëîê ïîðÿäêà 2k + 1,
ãäå k ∈ Z+ � íåêîòîðîå ÷èñëî è íåíóëåâóþ ãëàâíóþ äèàãîíàëü). Â ðàñ-
ñìàòðèâàåìîì ñëó÷àå ýòîò âàðèàíò íå ïðîõîäèò, òàê êàê ó îïåðàòîðà E
ñòîèò ðàñòóùàÿ ïîñëåäîâàòåëüíîñòü ïî ïîáî÷íîé äèàãîíàëè. Ïîýòîìó ìû
áóäåì îñóùåñòâëÿòü áëî÷íóþ äèàãîíàëèçàöèþ îïåðàòîðà E , ò. å. áóäåì
ïðåîáðàçîâàíèåì ïîäîáèÿ ïðèâîäèòü åãî ê ñëåäóþùåìó âèäó: ïî ãëàâíîé
äèàãîíàëè áóäóò ñòîÿòü íåíóëåâûå áëîêè ðàçìåðà 2 × 2 è öåíòðàëüíûé
áëîê ðàçìåðà 2k + 1× 2k + 1.

Ïóñòü Pn(x) = (x, en)en+(x, e−n)e−n, n ∈ N, P0(x) = (x, e0)e0, ãäå em,
m ∈ Z, � âåêòîðû ñòàíäàðòíîãî áàçèñà â l2. Â êà÷åñòâå íåâîçìóùåííî-
ãî îïåðàòîðà áåðåì îïåðàòîð A =

∑
n∈Z+

PnEPn, à âîçìóùåíèåì ñ÷èòàåì
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îïåðàòîð B = E −
∑
n∈Z+

PnEPn. Î÷åâèäíî, ÷òî B ∈ End1 l2. Îïåðàòîð A

èìååò ñîáñòâåííûå çíà÷åíèÿ, ñîâïàäàþùèå ñ îáúåäèíåíèåì ñîáñòâåííûõ
çíà÷åíèé ìàòðèö (

−2 q(n)

q(−n) −2

)
.

À èìåííî,
σ(A) =

⋃
n∈Z+

σn,

ãäå σ0 = {q(0)− 2}, σn = {−2±
√
q(n)q(−n)}, n ∈ N. Ñîîòâåòñòâóþùèå

îðòîãîíàëüíûå ñîáñòâåííûå âåêòîðû íàõîäÿòñÿ â ImPn è â ImPn, n ∈ N,
èìåþò êîîðäèíàòû en,1 = (1,−

√
q(−n)
q(n) ), en,2 = (

√
q(n)
q(−n) , 1), n ∈ N. Òàêèì

îáðàçîì, â áàçèñå èç ñâîèõ ñîáñòâåííûõ âåêòîðîâ ìàòðèöà Ã îïåðàòîðà
A äèàãîíàëüíà. Íî, ÷òîáû ýòî áûëî âîçìîæíî, íåîáõîäèìî òðåáîâàòü
ñáàëàíñèðîâàííîñòü ïîñëåäîâàòåëüíîñòè q : Z → C (ïîòåíöèàëà q): ïóñòü
ñóùåñòâóþò òàêèå êîíñòàíòû c1 > 0, c2 > 0, ÷òî

c1|q(−n)| < |q(n)| < c2|q(−n)|. (1)

Â áàçèñå e0, ei,1, ei,2, i ∈ N, ìàòðèöà âîçìóùåíèÿ B̃ èìååò íåíóëåâûå
áëîêè Bi,i+1 è Bi,i−1, êîòîðûå ëåãêî ìîæíî íåïîñðåäñòâåííî âû÷èñëèòü.
Ïðè ýòîì B̃ = U−1BU ∈ End1 l2.

Òåïåðü ê îïåðàòîðó Ã− B̃ ìîæíî ïðèìåíèòü ñõåìó ìåòîäà ïîäîáíûõ
îïåðàòîðîâ èç, íàïðèìåð, [4].

Èìååò ìåñòî

Òåîðåìà 1. Ïóñòü âûïîëíåíî óñëîâèå (1) è

γi = dist (σi, σ(Ã) \ σi) → ∞ (2)

ïðè i → ∞. Òîãäà ñóùåñòâóåò òàêîå k > 0, ÷òî îïåðàòîð E ïîäîáåí
îïåðàòîðó Ã−P(k)XP(k)−

∑
i>k

PiXPi, ãäå X ∈ End1 l2 � ðåøåíèå íåêîòî-

ðîãî íåëèíåéíîãî óðàâíåíèÿ ìåòîäà ïîäîáíûõ îïåðàòîðîâ è åãî ìîæíî
íàéòè ìåòîäîì ïðîñòûõ èòåðàöèé, ïðè÷åì X(0) = 0, X(1) = B̃ è ò. ä.

Òåîðåìà 2. Â óñëîâèÿõ òåîðåìû 1 ñîáñòâåííûå çíà÷åíèÿ λ̃n,1 è λ̃n,2
èìåþò àñèìïòîòèêó

|λ̃n,i − λn,i| ≤ c3γ
−1
n , i = 1, 2,

ãäå c3 > 0.
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