
ÓÄÊ 517.538

Îá àïïðîêñèìàòèâíûõ ñâîéñòâàõ ðÿäîâ
Ôóðüå ïî ïîëèíîìàì ßêîáè � Ñîáîëåâà1
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Ðàññìàòðèâàåòñÿ çàäà÷à î ïðèáëèæåíèè ôóíêöèè f èç ïðîñòðàíñòâà W r ÷àñòè÷-
íûìè ñóììàìè ðÿäà Ôóðüå ïî ñèñòåìå ïîëèíîìîâ ßêîáè {Pα−r,−r

n (x)}∞n=0, îðòî-
ãîíàëüíîé îòíîñèòåëüíî ñêàëÿðíîãî ïðîèçâåäåíèÿ òèïà Ñîáîëåâà. Îñíîâíîå âíè-
ìàíèå óäåëåíî ïîëó÷åíèþ îöåíêè ñâåðõó äëÿ ôóíêöèè òèïà Ëåáåãà ÷àñòè÷íûõ
ñóìì ðÿäà Ôóðüå ïî ñèñòåìå {Pα−r,−r

n (x)}∞n=0.

Êëþ÷åâûå ñëîâà: ïîëèíîìû ßêîáè, ðÿäû Ôóðüå, ñêàëÿðíîå ïðîèçâåäåíèå òèïà
Ñîáîëåâà, ôóíêöèÿ Ëåáåãà.

On the approximation properties of the Fourier
series by the Jacobi � Sobolev polynomials1

R. M. Gadzhimirzaev (Makhachkala, Russia)
ramis3004@gmail.com

We consider the problem of approximating a function f from the space W r by partial
sums of the Fourier series by the system of Jacobi polynomials {Pα−r,−r

n (x)}∞n=0,
orthogonal with respect to the Sobolev-type inner product. Upper bounds are obtained
for the Lebesgue-type function of partial sums of the Fourier series by the system
{Pα−r,−r

n (x)}∞n=0.

Keywords: Jacobi polynomials, Fourier series, Sobolev type inner product, Lebesgue
function.

Ââåäåíèå

Ïóñòü −1 < α � íåöåëîå, ρ(x) = (1 − x)α, L2
ρ � âåñîâîå ïðîñòðàíñòâî

Ëåáåãà, ñîñòîÿùåå èç èçìåðèìûõ íà [−1, 1] ôóíêöèé f , äëÿ êîòîðûõ

1�

−1

f 2(x)ρ(x)dx <∞.

Äëÿ r ∈ N ÷åðåç W r
L2
ρ
îáîçíà÷èì ïðîñòðàíñòâî ôóíêöèé f , íåïðåðûâíî

äèôôåðåíöèðóåìûõ r − 1 ðàç, ïðè÷åì f (r−1) àáñîëþòíî íåïðåðûâíà íà
[−1, 1], à f (r) ∈ L2

ρ, W
r � êëàññ r ðàç íåïðåðûâíî äèôôåðåíöèðóåìûõ

ôóíêöèé f , çàäàííûõ íà [−1, 1] è äëÿ êîòîðûõ |f (r)| ≤ 1. Äëÿ f, g ∈ W r
L2
ρ

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
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îïðåäåëèì ñêàëÿðíîå ïðîèçâåäåíèå Ñîáîëåâà ñëåäóþùåãî âèäà

⟨f, g⟩S =
r−1∑
ν=0

f (ν)(−1)g(ν)(−1) +

1�

−1

f (r)(x)g(r)(x)ρ(x)dx. (1)

Ðàññìîòðèì ñèñòåìó ïîëèíîìîâ

φn(x) =

{ (x+1)n

n! , 0 ≤ n ≤ r − 1
2r

(n+α−r)[r]
√
hα,0n−r

P α−r,−r
n (x), r ≤ n,

(2)

ãäå P α−r,−r
n (x) � ïîëèíîì ßêîáè ñòåïåíè n. Â ðàáîòå [1] áûëî ïîêàçàíî,

÷òî ñèñòåìà (2) ïîëíà âW r
L2
ρ
è îðòîíîðìèðîâàíà îòíîñèòåëüíî ñêàëÿðíîãî

ïðîèçâåäåíèÿ (1). Ðÿä Ôóðüå ïî ýòîé ñèñòåìå èìååò ñëåäóþùèé âèä

f(x) =
r−1∑
k=0

f (k)(−1)

k!
(x+ 1)k +

∞∑
k=r

2rf̂kP
α−r,−r
k (x)√

hα,0k−r(k + α− r)[r]
, (3)

ãäå

f̂k = ⟨f, φk⟩S =

1�

−1

f (r)(t)
P α,0
k−r(t)√
hα,0k−r

(1− t)αdt, k ≥ r.

×åðåç Sαn+2r(f) = Sαn+2r(f, x) îáîçíà÷èì ÷àñòè÷íóþ ñóììó ðÿäà (3):

Sαn+2r(f) =
r−1∑
k=0

f (k)(−1)

k!
(x+ 1)k +

n+2r∑
k=r

2rf̂kP
α−r,−r
k (x)√

hα,0k−r(k + α− r)[r]
.

Â òîé æå ðàáîòå áûëè èññëåäîâàíû àïïðîêñèìàòèâíûå ñâîéñòâà ñóìì
Sαn+2r(f) äëÿ ôóíêöèé èç ïðîñòðàíñòâà W

r. Â ÷àñòíîñòè áûëà äîêàçàíà
ñëåäóþùàÿ (ñì. [1, òåîðåìà 4])

Òåîðåìà À. Ïóñòü −1 < α � íåöåëîå, r ∈ N, f ∈ W r. Òîãäà

|f(x)− Sαn+2r(f)| ≤ c(r)

(√
1− x2

n+ 2r

)r

ω

(
f (r),

√
1− x2

n+ 2r

)
+

c(r)

[
ω

(
f (r),

1

n+ 2r

)
Iαr,n(x)

(n+ 2r)r
+ ω

(
f (r),

1

(n+ 2r)2

)
Jαr,n(x)

]
, (4)

ãäå

Iαr,n(x) = (1 + x)r
1−1/n2�

−1

(1− t)α−
r
2 (1 + t)

r
2 |Kα−r,r

n+r (x, t)|dt, (5)
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Jαr,n(x) = (1 + x)r
1�

1−1/n2

(1− t)α|Kα−r,r
n+r (x, t)|dt, (6)

ω(g, δ) = sup
x,t∈[−1,1],|x−t|≤δ

|f(x)− f(t)|.

Â ñâÿçè ñ íåðàâåíñòâîì (4) âîçíèêàåò çàäà÷à îá îöåíêå âåëè÷èí Iαr,n(x)
è Jαr,n(x), îïðåäåëåííûõ ðàâåíñòâàìè (5) è (6) ñîîòâåòñòâåííî. Îñíîâíû-
ìè ðåçóëüòàòàìè íàñòîÿùåé ðàáîòû ÿâëÿþòñÿ òåîðåìû 1 è 2, â êîòîðûõ
ïîëó÷åíû îöåíêè ñâåðõó äëÿ Iαr,n(x), J

α
r,n(x) ïðè x ∈ (−1, 1).

Îñíîâíîé ðåçóëüòàò

Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.

Òåîðåìà 1. Ïóñòü r − 1 < α � íåöåëîå, x ∈ (−1, 1). Òîãäà äëÿ
âåëè÷èíû Iαr,n(x) ñïðàâåäëèâû ñëåäóþùèå îöåíêè:

1) åñëè x ∈
[
0, 1− 1

2n2

]
, òî

Iαr,n(x) ≤ c(α, r)(1− x)
r
2

[
ln(n

√
1− x+ 1) + (1− x)−

α
2−

1
4 + 1

]
;

2) åñëè x ∈
(
1− 1

2n2 , 1
)
, òî

Iαr,n(x) ≤ c(α, r)

{
1, α ≤ r − 1

2 ,

(1− x)
r−α
2 − 1

4 , α > r − 1
2 ;

3) åñëè x ∈
[
−1 + 1

2n2 , 0
)
, òî

Iαr,n(x) ≤ c(α, r)(1 + x)
r
2

(
ln(n

√
1 + x+ 1) + (1 + x)−

1
4 + 1

)
;

4) åñëè x ∈
(
−1,−1 + 1

2n2

)
, òî

Iαr,n(x) ≤ c(α, r)(1 + x)
r
2−

1
4 .

Òåîðåìà 2. Ïóñòü r − 1 < α � íåöåëîå, x ∈ (−1, 1). Òîãäà äëÿ
âåëè÷èíû Jαr,n(x) ñïðàâåäëèâû ñëåäóþùèå îöåíêè:

1) åñëè x ∈
(
1− 2

n2 , 1
)
, òî

Jαr,n(x) ≤
c(α, r)

n2r
;
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2) åñëè x ∈
[
0, 1− 2

n2

]
, òî

Jαr,n(x) ≤ c(α, r)
(1− x)

r−α
2 − 3

4

nr+α+
3
2

;

3) åñëè x ∈ (−1, 0), òî

Jαr,n(x) ≤ c(α, r)
(1 + x)

r
2−

1
4

nr+α+
3
2

.
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