
ÓÄÊ 517.518.224

Ïîïåðå÷íèêè ïî Êîëìîãîðîâó âåñîâûõ
êëàññîâ Ñîáîëåâà ñ îãðàíè÷åíèÿìè íà
íóëåâóþ è ñòàðøóþ ïðîèçâîäíûå1

À. À. Âàñèëüåâà (Ìîñêâà, Ðîññèéñêàÿ Ôåäåðàöèÿ)
vasilyeva_nastya@inbox.ru

Ïîëó÷åíû ïîðÿäêîâûå îöåíêè ïîïåðå÷íèêîâ âåñîâîãî êëàññà Ñîáîëåâà íà îáëà-
ñòè, óäîâëåòâîðÿþùåé óñëîâèþ Äæîíà. Êëàññ çàäàåòñÿ îãðàíè÷åíèÿìè íà ïðîèç-
âîäíûå ïîðÿäêà r â âåñîâîì ïðîñòðàíñòâå Lp1

è íà ôóíêöèþ â âåñîâîì ïðîñòðàí-
ñòâå Lp0 .
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Order estimates for widths of a weighted Sobolev class on a John domain is obtained.
The class is de�ned by conditions on the derivatives of order r in a weighted space
Lp1

and on a function in a weighted space Lp0
.
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Ïóñòü X � íîðìèðîâàííîå ïðîñòðàíñòâî, C ⊂ X, n ∈ Z+. Êîëìîãî-
ðîâñêèì ïîïåðå÷íèêîì ìíîæåñòâà C â ïðîñòðàíñòâå X íàçûâàåòñÿ âåëè-
÷èíà

dn(C, X) = inf
L∈Ln

sup
x∈C

inf
y∈L

∥x− y∥,

ãäå Ln � ñîâîêóïíîñòü ëèíåéíûõ ïîäïðîñòðàíñòâ â X ðàçìåðíîñòè íå
âûøå n.

Îáîçíà÷èì ÷åðåç Ba(x) åâêëèäîâ øàð ðàäèóñà a ñ öåíòðîì â òî÷êå x.
Îïðåäåëåíèå 1. Ïóñòü Ω ⊂ Rd � îãðàíè÷åííàÿ îáëàñòü, a > 0.

Ñêàæåì, ÷òî Ω ∈ FC(a), åñëè ñóùåñòâóåò òî÷êà x∗ ∈ Ω òàêàÿ, ÷òî äëÿ
ëþáîãî x ∈ Ω ñóùåñòâóåò ÷èñëî T (x) > 0 è êðèâàÿ γx : [0, T (x)] → Ω ñî
ñëåäóþùèìè ñâîéñòâàìè:

1. γx èìååò íàòóðàëüíóþ ïàðàìåòðèçàöèþ îòíîñèòåëüíî åâêëèäîâîé
íîðìû íà Rd,
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2. γx(0) = x, γx(T (x)) = x∗,

3. Bat(γx(t)) ⊂ Ω äëÿ ëþáîãî t ∈ [0, T (x)].

Ñêàæåì, ÷òî Ω óäîâëåòâîðÿåò óñëîâèþ Äæîíà, åñëè Ω ∈ FC(a) äëÿ íåêî-
òîðîãî a > 0.

Îïðåäåëåíèå 1. [2] Ïóñòü Γ ⊂ Rd � íåïóñòîé êîìïàêò, h :
(0, 1] → (0, ∞) � íåóáûâàþùàÿ ôóíêöèÿ. Ñêàæåì, ÷òî Γ ÿâëÿåòñÿ
h-ìíîæåñòâîì, åñëè ñóùåñòâóåò êîíñòàíòà c∗ ≥ 1 è êîíå÷íàÿ ñ÷åòíî-
àääèòèâíàÿ ìåðà µ íà Rd òàêàÿ, ÷òî suppµ = Γ è

c−1
∗ h(t) ≤ µ(Bt(x)) ≤ c∗h(t)

äëÿ ëþáûõ x ∈ Γ è t ∈ (0, 1].

Â [2] èçó÷àëàñü çàäà÷à îá îöåíêàõ ïîïåðå÷íèêîâ dn(M, Lq,v(Ω)), ãäå

M =

{
f : Ω → R,

∥∥∥∥∇rf

g

∥∥∥∥
Lp1

(Ω)

≤ 1, ∥wf∥Lp0
(Ω) ≤ 1

}
,

Lq,v(Ω) = {f : Ω → R, ∥f∥Lq,v(Ω) := ∥vf∥Lq(Ω) <∞}.

Â ÷àñòíîñòè, áûë ðàññìîòðåí ïðèìåð, êîãäà Ω � îáëàñòü, óäîâëåòâîðÿ-
þùàÿ óñëîâèþ Äæîíà, à âåñà èìåþò âèä

g(x) = dist−β(x, Γ), w(x) = dist−σ(x, Γ), v(x) = dist−λ(x, Γ), (1)

ãäå Γ ⊂ ∂Ω � h-ìíîæåñòâî,

h(t) = tθ, 0 ≤ θ < d. (2)

Ïîðÿäêîâûå îöåíêè êîëìîãîðîâñêèõ ïîïåðå÷íèêîâ dn(M, Lq,v(Ω)) ñ
âåñàìè, çàäàííûìè (1)�(2), áûëè ïîëó÷åíû ïðè äîïîëíèòåëüíûõ óñëîâè-
ÿõ íà ïàðàìåòðû:

r +
d

q
− d

p1
> 0, r +

d

p0
− d

p1
> 0,

β + σ − r − d

p0
+
d

p1
> 0, β + σ − r − d− θ

p0
+
d− θ

p1
> 0.

Îñòàëñÿ íåðàçîáðàííûì ñëó÷àé, êîãäà õîòÿ áû îäíî èç ýòèõ íåðàâåíñòâ
íå âûïîëíåíî.

Çäåñü áóäóò ïîëó÷åíû ïîðÿäêîâûå îöåíêè ïîïåðå÷íèêîâ â ñëó÷àå, êî-
ãäà p1 < q < p0, r + d

p0
− d

p1
< 0, β + σ − r − d−θ

p0
+ d−θ

p1
≥ 0.
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Òåîðåìà 1. Ïóñòü r, d ∈ N, 1 < p1 < q < p0 ≤ ∞, Ω ⊂
(
−1

2 ,
1
2

)d
�

îáëàñòü, óäîâëåòâîðÿþùàÿ óñëîâèþ Äæîíà, Γ ⊂ ∂Ω � h-ìíîæåñòâî,
âåñà g, v è w çàäàíû (1)�(2). Ïîëîæèì

γ∗ = θ, s∗ =
r

d
, µ∗ = β + λ− r − d

q
+
d

p1
, α∗ = σ − λ+

d

q
− d

p0
,

θ̃ = s∗
α∗ + γ∗/p0 − γ∗/q

µ∗ + α∗ + γ∗(s∗ + 1/p0 − 1/p1)
,

σ̂ = s∗ ·
1
q −

1
p0

−s∗ − 1
p0
+ 1

p1
+ 2s∗

q

.

Ïóñòü s∗ +
1
p0
− 1

p1
< 0, µ∗ + α∗ + γ∗/p0 − γ∗/p1 ≥ 0.

Îïðåäåëèì j0 ∈ N, θj ∈ R (1 ≤ j ≤ j0) ñëåäóþùèì îáðàçîì.

� Åñëè q ≤ 2, òî j0 = 2, θ1 = s∗
1/q−1/p0
1/p1−1/p0

, θ2 = θ̃.

� Åñëè q > 2, p1 ≤ 2, òî j0 = 2, θ1 = σ̂, θ2 = θ̃.

� Åñëè q > 2, p1 > 2, òî j0 = 3, θ1 = s∗, θ2 = σ̂, θ3 = θ̃.

Ïóñòü ñóùåñòâóåò j∗ ∈ {1, . . . , j0} òàêîå, ÷òî θj∗ < minj ̸=j∗ θj, ïðè
ýòîì θj∗ > 0. Òîãäà

dn(M, Lq,v(Ω)) ≍ n−θj∗ .
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