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Î ñâÿçè ìåæäó íóëÿìè è òåéëîðîâñêèìè
êîýôôèöèåíòàìè öåëîé ôóíêöèè1
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Â òåîðèè ðîñòà öåëûõ ôóíêöèé èñòîðè÷åñêè ñëîæèëèñü äâà íàïðàâëåíèÿ. Ïåðâîå
ñâÿçàíî ñ âû÷èñëåíèåì èëè îöåíêàìè õàðàêòåðèñòèê ðîñòà ìàêñèìóìà ìîäóëÿ
öåëîé ôóíêöèè (ïîðÿäîê, òèï è äðóãèå) ÷åðåç êîýôôèöèåíòû åå ðÿäà Òåéëî-
ðà. Â ðàáîòàõ âòîðîãî íàïðàâëåíèÿ èññëåäóåòñÿ çàâèñèìîñòü ðîñòà ôóíêöèè îò
ðàñïðåäåëåíèÿ íóëåé. Öåëü ñîîáùåíèÿ � îáñóäèòü íåêîòîðûå íåïîñðåäñòâåííûå,
ïðÿìûå ñâÿçè ìåæäó íóëÿìè è òåéëîðîâñêèìè êîýôôèöèåíòàìè öåëîé ôóíêöèè,
ó÷èòûâàÿ êàê êëàññè÷åñêèå, òàê è íåäàâíèå äîñòèæåíèÿ â ðàññìàòðèâàåìîé îá-
ëàñòè.

Êëþ÷åâûå ñëîâà: íóëè öåëîé ôóíêöèè, òåéëîðîâñêèå êîýôôèöèåíòû, ñïðÿìëåí-
íûå ïî Àäàìàðó êîýôôèöèåíòû.

On the connection between zeros and Taylor
coe�cients of entire function1
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Historically, two directions have developed in the growth theory of entire functions.
The �rst one has to do with calculation or estimates for growth characteristics of
the maximum modulus of an entire function (order, type, and others) in terms of
the coe�cients of its Taylor series. In works of the second direction, the dependence
of the growth of a function on the distribution of zeros is investigated. The purpose
of this note is to discuss direct connections between zeros and Taylor coe�cients of
an entire function, considering both classic and recent advances in the �eld under
consideration.

Keywords: zeros of an entire function, Taylor coe�cients, Hadamard regularized
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Áóäåì ðàññìàòðèâàòü îòëè÷íûå îò ìíîãî÷ëåíà öåëûå ôóíêöèè

f(z) =
∞∑
n=0

fn z
n, z ∈ C, (1)

c áåñêîíå÷íûì ÷èñëîì íóëåé, ñ÷èòàÿ äëÿ ïðîñòîòû f(0) = 1. Ïîñëåäîâà-
òåëüíîñòü íóëåé òàêîé ôóíêöèè çàïèøåì â ïîðÿäêå íåóáûâàíèÿ ìîäóëåé
è ñ ó÷åòîì êðàòíîñòåé. ×åðåç Mf(r) îáîçíà÷èì ìàêñèìóì ìîäóëÿ ôóíê-
öèè f â êðóãå |z| ⩽ r.

Ñêîðîñòü ñòðåìëåíèÿ ê áåñêîíå÷íîñòè ìàêñèìóìà ìîäóëÿ Mf(r) ñâÿ-
çàíà ñ àñèìïòîòè÷åñêèì ïîâåäåíèåì ïîñëåäîâàòåëüíîñòè òåéëîðîâñêèõ
êîýôôèöèåíòîâ Φ = {fn}n∈N0

è ïîñëåäîâàòåëüíîñòè íóëåé Λ = {λn}n∈N
1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International

(CC-BY 4.0)
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ôóíêöèè f . Îäíèì èç ïîäõîäîâ ê îïèñàíèþ ¾ñîâìåñòíîãî èçìåíåíèÿ¿
÷èñëîâûõ ïîñëåäîâàòåëüíîñòåé Φ è Λ ÿâëÿåòñÿ ïðèâëå÷åíèå èçâåñò-
íûõ ôîðìóë äëÿ âû÷èñëåíèÿ ïîðÿäêà, òèïà è íåêîòîðûõ äðóãèõ õà-
ðàêòåðèñòèê ðîñòà öåëîé ôóíêöèè, îïðåäåëåííûõ ïîñðåäñòâîì âåëè÷è-
íû lnMf(r). Òàê, Ý. Áîðåëü [1] íà ðóáåæå äåâÿòíàäöàòîãî è äâàäöàòîãî
âåêîâ ââåë ïîðÿäîê è íèæíèé ïîðÿäîê öåëîé ôóíêöèè ñîîòâåòñòâåííî
ðàâåíñòâàìè

ρ = lim
r→+∞

ln lnMf(r)

ln r
, λ = lim

r→+∞

ln lnMf(r)

ln r
.

Çíà÷åíèÿ ýòèõ õàðàêòåðèñòèê ìîæíî îïðåäåëèòü ïî òåéëîðîâñêèì êîýô-
ôèöèåíòàì:

ρ = lim
n→∞

n lnn

lnF−1
n

= lim
n→∞

lnn

lnRn
, λ = lim

n→∞

n lnn

lnF−1
n

= lim
n→∞

lnn

lnRn
. (2)

Çäåñü Fn � ¾ñïðÿìëåííûå ïî Àäàìàðó¿ êîýôôèöèåíòû ñòåïåííîãî ðàç-
ëîæåíèÿ (1) è Rn = Fn−1/Fn. Ãîâîðÿ ÷óòü ïîäðîáíåå, Fn = e−G(n), ãäå
y = G(x) � óðàâíåíèå ãðàíèöû âûïóêëîé îáîëî÷êè ìíîæåñòâà òî÷åê
(n,− ln |fn|), n ∈ N0, ïðåäñòàâëÿþùåé ñîáîé òàê íàçûâàåìóþ ëîìàíóþ
Íüþòîíà�Àäàìàðà. Ïîñëåäîâàòåëüíîñòü

{
F−1
n

}
n∈N0

ëîãàðèôìè÷åñêè âû-
ïóêëà, ÷òî îçíà÷àåò âîçðàñòàíèå çíà÷åíèé Rn. Åñëè ïåðâîíà÷àëüíàÿ ïî-
ñëåäîâàòåëüíîñòü {|fn|}n∈N0

ëîãàðèôìè÷åñêè âûïóêëà, òî |fn| = Fn ïðè
âñåõ n ∈ N0. Â îáùåì æå ñëó÷àå òàêîå ðàâåíñòâî èìååò ìåñòî â àáñöèññàõ
âåðøèí ëîìàíîé.

Íàïîìíèì, ÷òî ïîêàçàòåëü ñõîäèìîñòè ïîñëåäîâàòåëüíîñòè Λ íóëåé
f ìîæåò áûòü íàéäåí ïî ôîðìóëå

ρ1 = lim
n→∞

lnn

ln |λn|
. (3)

Åñëè ïîðÿäîê ρ ôóíêöèè f íå ÿâëÿåòñÿ öåëûì ÷èñëîì, òî ïîêàçàòåëü
ñõîäèìîñòè ïîñëåäîâàòåëüíîñòè íóëåé f ñîâïàäàåò ñ åå ïîðÿäêîì, ò. å.
ρ1 = ρ. Â òàêîì ñëó÷àå, ñîïîñòàâëÿÿ (2) è (3), íàõîäèì

ρ = lim
n→∞

lnn

ln |λn|
⩾ lim

n→∞

lnn

lnRn
lim
n→∞

lnRn

ln |λn|
= λ lim

n→∞

lnRn

ln |λn|
.

Òàêèì îáðàçîì, äëÿ ôóíêöèé f íåöåëîãî ïîðÿäêà ρ âûïîëíåíî íåðàâåí-
ñòâî

lim
n→∞

lnRn

ln |λn|
⩽
ρ

λ
.
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Îïðåäåëèì òåïåðü òèï è íèæíèé òèï öåëîé ôóíêöèè îòíîñèòåëüíî
âåñà h(r) ñîîòâåòñòâåííî ôîðìóëàìè

T = Th(f) = lim
r→+∞

lnMf(r)

h(r)
, t = th(f) = lim

r→+∞

lnMf(r)

h(r)
. (4)

Åñëè âåñ h óäîâëåòâîðÿåò óñëîâèþ

lim
r→+∞

rh′(r) ln r

h(r)
= ρ, (5)

êàê, íàïðèìåð, ìîäåëüíûé âåñ h(r) = lnρ r, òî ôîðìóëû (4) çàäàþò òèï
è íèæíèé òèï öåëîé ôóíêöèè îòíîñèòåëüíî ëîãàðèôìè÷åñêîãî óòî÷íåí-
íîãî ïîðÿäêà.

Äëÿ ôîðìóëèðîâêè ñëåäóþùåãî ðåçóëüòàòà ïîòðåáóåòñÿ îïðåäåëåíèå
h-ïëîòíîñòè ∆h(Λ) ïîñëåäîâàòåëüíîñòè íóëåé Λ = {λn}n∈N ôóíêöèè f :

∆h(Λ) = lim
r→+∞

n(r)

rh′(r)
.

Çäåñü n(r) = max{n ∈ N : |λn| ⩽ r} � ñ÷èòàþùàÿ ôóíêöèÿ ïîñëåäîâà-
òåëüíîñòè íóëåé.

Â äèññåðòàöèè [2] äëÿ öåëûõ ôóíêöèé ëîãàðèôìè÷åñêîãî ïîðÿäêà,
áîëüøåãî åäèíèöû, äîêàçàíî òàêîå óòâåðæäåíèå.

Òåîðåìà. Ïóñòü ôóíêöèÿ h(r) óäîâëåòâîðÿåò óñëîâèþ (5) ñ ρ > 1,
è k(ζ) � îáðàòíàÿ ôóíêöèÿ ê h(er)/r. Ïóñòü, äàëåå, öåëàÿ ôóíêöèÿ f
òàêîâà, ÷òî ∆h(Λ) < +∞ è Th(f) = T, th(f) = t. Òîãäà èìåþò ìåñòî
ôîðìóëû

lim
n→∞

nk(n)

ln |λ1λ2 · . . . · λn|
=

ρ

ρ− 1
(Tρ)

1
ρ−1 , (6)

lim
n→∞

nk(n)

ln |λ1λ2 · . . . · λn|
=

ρ

ρ− 1
(tρ)

1
ρ−1 , (7)

(Tρ)
1

ρ−1 ⩽ lim
n→∞

k(n)

ln |λn|
⩽ (a2Tρ)

1
ρ−1 , (8)

(a1Tρ)
1

ρ−1 ⩽ lim
n→∞

k(n)

ln |λn|
⩽ (tρ)

1
ρ−1 , (9)

ãäå a1, a2 (a1 ⩽ 1 ⩽ a2) ÿâëÿþòñÿ êîðíÿìè óðàâíåíèÿ

ρa+ (1− ρ)a ρ/(ρ−1) = t/T.

Ñðàâíèâàÿ ôîðìóëû (6)�(9) ñ ñîîòâåòñòâóþùèìè ôîðìóëàìè äëÿ âû-
÷èñëåíèÿ ëîãàðèôìè÷åñêèõ òèïîâ öåëîé ôóíêöèè ïî êîýôôèöèåíòàì
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Òåéëîðà, çàìå÷àåì ¾ïîïàðíóþ èäåíòè÷íîñòü¿ óêàçàííûõ ñîîòíîøåíèé
ñ îãîâîðêîé î çàìåíå |λn| íà Rn. Âûïîëíèâ òàêóþ çàìåíó, ëåãêî ïîëó÷èì
îöåíêè (

a1
a2

) 1
ρ−1

⩽ lim
n→∞

ln |λn|
lnRn

⩽ lim
n→∞

ln |λn|
lnRn

⩽

(
a2
a1

) 1
ρ−1

,

(
t

T

) 1
ρ−1

⩽ lim
n→∞

ln |λ1λ2 · . . . · λn|
lnF−1

n

⩽ lim
n→∞

ln |λ1λ2 · . . . · λn|
lnF−1

n

⩽

(
T

t

) 1
ρ−1

,

ñâÿçûâàþùèå íóëè öåëîé ôóíêöèè ñ åå òåéëîðîâñêèìè êîýôôèöèåíòàìè
(ñïðÿìëåííûìè ïî Àäàìàðó).

Ðåçóëüòàòû ïîäîáíîãî ðîäà äîïóñêàþò êîíêðåòèçàöèþ ïðè äîïîëíè-
òåëüíûõ òðåáîâàíèÿõ íà òåéëîðîâñêèå êîýôôèöèåíòû. Íàïðèìåð, åùå
Âàëèðîí (ñì. [3, c. 134]) äîêàçàë, ÷òî äëÿ öåëîé ôóíêöèè (1) ïðè óñëî-
âèè

fn−1fn+1

f 2n
→ 0, n→ ∞, (10)

âåðíà (ñâÿçûâàþùàÿ íóëè è êîýôôèöèåíòû Òåéëîðà) àñèìïòîòè÷åñêàÿ
ôîðìóëà

λn ∼ − fn−1

fn
, n→ ∞.

Îòìåòèì, ÷òî öåëûå ôóíêöèè, êîýôôèöèåíòû êîòîðûõ ïîä÷èíåíû òðå-
áîâàíèþ (10), èìåþò ìåäëåííûé ðîñò, òî÷íåå, óäîâëåòâîðÿþò óñëîâèþ

lim
r→+∞

lnMf(r)

ln2 r
= 0.

Â íåäàâíåé ðàáîòå àâòîðà [4] ðàññìîòðåí îáùèé ñëó÷àé öåëîé ôóíê-
öèè ñ áåñêîíå÷íûì ÷èñëîì íóëåé, èìåþùåé ïðîèçâîëüíûé (íóëåâîé, êî-
íå÷íûé èëè áåñêîíå÷íûé) ïîðÿäîê, è äîêàçàíû íåóëó÷øàåìûå íåðàâåí-
ñòâà

lim
n→∞

n
√
Fn|λ1λ2 · . . . · λn| ⩾ 1, lim

n→∞

|λn|
Rn

⩾ 1.

Â äîêëàäå ïëàíèðóåòñÿ òàêæå ïðåäñòàâèòü ðåçóëüòàòû î âëèÿíèè ïî-
âåäåíèÿ òåéëîðîâñêèõ êîýôôèöèåíòîâ öåëîé ôóíêöèè íà ðàñïîëîæåíèå
åå íóëåé â êîìïëåêñíîé ïëîñêîñòè.
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