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Íåïîëíûå îáðàòíûå çàäà÷è äëÿ
äèôôåðåíöèàëüíûõ îïåðàòîðîâ íà ãðàôàõ1

Í. Ï. Áîíäàðåíêî (Ñàðàòîâ, Ðîññèÿ)
bondarenkonp@info.sgu.ru

Â ñòàòüå ïðèâåäåí îáçîð ðåçóëüòàòîâ ïî íåïîëíûì îáðàòíûì çàäà÷àì äëÿ äèôôå-
ðåíöèàëüíûõ îïåðàòîðîâ íà ãðàôàõ. Òàêèå çàäà÷è ñîñòîÿò â âîññòàíîâëåíèè êî-
ýôôèöèåíòîâ äèôôåðåíöèàëüíûõ âûðàæåíèé (íàïðèìåð, ïîòåíöèàëîâ Øòóðìà-
Ëèóâèëëÿ) íà íåêîòîðûõ ðåáðàõ ãðàôà ïî ñïåêòðàëüíûì õàðàêòåðèñòèêàì ïðè
óñëîâèè, ÷òî êîýôôèöèåíòû íà îñòàëüíûõ ðåáðàõ èçâåñòíû àïðèîðè. Îáû÷íî
â íåïîëíûõ îáðàòíûõ çàäà÷àõ òðåáóåòñÿ ìåíüøå ñïåêòðàëüíûõ äàííûõ, ÷åì â
ïîëíûõ. Ðàññìîòðåíû äèôôåðåíöèàëüíûå îïåðàòîðû êàê ñ ðåãóëÿðíûìè êîýô-
ôèöèåíòàìè, òàê è ñ êîýôôèöèåíòàìè èç êëàññà ôóíêöèé-ðàñïðåäåëåíèé.
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The paper is an overview of the results on partial inverse problems for di�erential
operators on graphs. Such problems consist in the recovery of di�erential expression
coe�cients (e.g., Sturm-Liouville potentials) on some edges of a graph from spectral
characteristics under the assumption that the coe�cients on the remaining edges
are known a priori. Usually, partial inverse problems require less spectral data than
complete inverse problems. We consider di�erential operators with regular coe�cients
and also with distribution coe�cients.
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Äîêëàä ïîñâÿùåí íåïîëíûì îáðàòíûì çàäà÷àì, ñîñòîÿùèì â âîññòà-
íîâëåíèè äèôôåðåíöèàëüíûõ îïåðàòîðîâ ïî èõ ñïåêòðàëüíûì õàðàêòå-
ðèñòèêàì ïðè óñëîâèè, ÷òî êîýôôèöèåíòû îïåðàòîðà ÷àñòè÷íî èçâåñò-
íû àïðèîðè. Êëàññè÷åñêîé íåïîëíîé îáðàòíîé çàäà÷åé ÿâëÿåòñÿ çàäà÷à
Õîõøòàäòà-Ëèáåðìàíà, êîòîðàÿ ñîñòîèò â ñëåäóþùåì. Ðàññìîòðèì êðà-
åâóþ çàäà÷ó Øòóðìà-Ëèóâèëëÿ:

−y′′(x) + q(x)y(x) = λy(x), x ∈ (0, 1), (1)

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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y(0) = y(1) = 0, (2)

ãäå q ∈ L2(0, 1), λ � ñïåêòðàëüíûé ïàðàìåòð. Õ. Õîõøòàäò è Á. Ëèáåð-
ìàí [1] ïîêàçàëè, ÷òî åñëè ïîòåíöèàë q(x) èçâåñòíåí àïðèîðè íà èíòåðâà-
ëå (0, 1/2), òî q(x) íà (1/2, 1) îäíîçíà÷íî îïðåäåëÿåòñÿ ïî ñïåêòðó çàäà÷è
(1)-(2). Çàìåòèì, ÷òî ñîãëàñíî ðåçóëüòàòó Ã. Áîðãà [2], äëÿ åäèíñòâåííî-
ñòè âîññòàíîâëåíèÿ ïîòåíöèàëà q(x) íà âñåì èíòåðâàëå (0, 1) òðåáóþòñÿ
äâà ñïåêòðà êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ (1) ñ ðàçëè÷íûìè íàáîðàìè
êðàåâûõ óñëîâèé.

Ðàññìîòðèì íåêîòîðûå îáîáùåíèÿ çàäà÷è Õîõøòàäòà-Ëèáåðìàíà íà
äèôôåðåíöèàëüíûå îïåðàòîðû íà ãåîìåòðè÷åñêèõ ãðàôàõ. Â êà÷åñòâå
ïðèìåðà ïðèâåäåì ïîñòàíîâêè ïîëíîé è íåïîëíîé îáðàòíûõ çàäà÷ äëÿ
îïåðàòîðà Øòóðìà-Ëèóâèëëÿ íà ãðàôå-çâåçäå. Ïóñòü G � ãðàô-çâåçäà ñ
m ≥ 3 ðåáðàìè {ej}mj=1 îäèíàêîâîé äëèíû π. Êàæäîå ðåáðî ej ñîåäèíÿåò
âíóòðåííþþ âåðøèíó v0 ñ ãðàíè÷íîé âåðøèíîé vj. Íà êàæäîì ðåáðå ej
ââåäåì ïàðàìåòð xj ∈ [0, π]. Çíà÷åíèå xj = 0 ñîîòâåòñòâóåò ãðàíè÷íîé
âåðøèíå vj, à xj = π ñîîòâåòñòâóåò âíóòðåííåé âåðøèíå v0. Ðàññìîòðèì
íà ãðàôå G óðàâíåíèÿ Øòóðìà-Ëèóâèëëÿ

−y′′j (xj) + qj(xj)yj(xj) = λyj(xj), xj ∈ (0, π), j = 1,m, (3)

ñ âåùåñòâåííûìè ïîòåíöèàëàìè qj ∈ L2(0, π), j = 1,m, è ñòàíäàðòíûå
óñëîâèÿ ñêëåéêè âî âíóòðåííåé âåðøèíå:

y1(π) = yj(π), j = 2,m,
m∑
j=1

y′j(π) = 0. (4)

Îáîçíà÷èì ÷åðåç Λ è Λk, k = 1,m, ñïåêòðû ñîîòâåòñòâóþùèõ êðàåâûõ
çàäà÷ L è Lk, k = 1,m, äëÿ ñèñòåìû óðàâíåíèé (3) ñ óñëîâèÿìè ñêëåéêè
(4) è ñëåäóþùèìè óñëîâèÿìè â ãðàíè÷íûõ âåðøèíàõ:

L : yj(0) = 0, j = 1,m,

Lk : y′k(0) = 0, yj(0) = 0, j = 1,m \ k.

Ñïåêòðû ïðèâåäåííûõ çàäà÷ ïðåäñòàâëÿþò ñîáîé ñ÷åòíûå ìíîæåñòâà âå-
ùåñòâåííûõ ñîáñòâåííûõ çíà÷åíèé.

Ïîëíàÿ îáðàòíàÿ çàäà÷à äëÿ îïåðàòîðà Øòóðìà-Ëèóâèëëÿ íà ãðàôå-
çâåçäå ôîðìóëèðóåòñÿ ñëåäóþùèì îáðàçîì.

Îáðàòíàÿ çàäà÷à 1. Ïî ñïåêòðàì Λ, Λk, k = 1,m− 1, ïîñòðîèòü
ïîòåíöèàëû {qj}mj=1.

Îáðàòíàÿ çàäà÷à 1 ïðåäñòàâëÿåò ñîáîé ÷àñòíûé ñëó÷àé îáðàòíîé
ñïåêòðàëüíîé çàäà÷è äëÿ îïåðàòîðîâ Øòóðìà-Ëèóâèëëÿ íà ãðàôàõ-
äåðåâüÿõ (ò.å. ãðàôîâ áåç öèêëîâ), èçó÷åííîé â [3]. Â ðàáîòå [3] äîêàçàíà
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åäèíñòâåííîñòü ðåøåíèÿ îáðàòíîé çàäà÷è è ðàçðàáîòàí êîíñòðóêòèâíûé
àëãîðèòì âîññòàíîâëåíèÿ ïîòåíöèàëîâ, îñíîâàííûé íà ìåòîäå ñïåêòðàëü-
íûõ îòîáðàæåíèé (ñì. [4]). Çàìåòèì, ÷òî äëÿ âîññòàíîâëåíèÿ ïîòåíöèà-
ëîâ íà âñåõ ðåáðàõ ãðàôà èñïîëüçóåòñÿ äîñòàòî÷íî áîëüøîå êîëè÷åñòâî
äàííûõ � m ñïåêòðîâ. Âîïðîñ î ìèíèìàëüíîñòè ýòèõ äàííûõ, íàñêîëüêî
èçâåñòíî àâòîðó, ÿâëÿåòñÿ îòêðûòûì. Â íåäàâíèõ ðàáîòàõ [5,6] ïîëó÷åíà
õàðàêòåðèçàöèÿ ñïåêòðàëüíûõ äàííûõ îïåðàòîðîâØòóðìà-Ëèóâèëëÿ íà
ãðàôàõ ñ ðåãóëÿðíûìè è ñèíãóëÿðíûìè ïîòåíöèàëàìè, îäíàêî èñïîëüçó-
åìûå â íèõ ñïåêòðàëüíûå äàííûå ÿâëÿþòñÿ èçáûòî÷íûìè è ñîäåðæàò
äàííûå Â.À. Þðêî [3] â êà÷åñòâå ïîäìíîæåñòâà.

Â ñëó÷àå, åñëè ïîòåíöèàëû èçâåñòíû àïðèîðè íà ÷àñòè ðåáåð ãðàôà,
êîëè÷åñòâî äàííûõ îáðàòíîé çàäà÷è ìîæåò áûòü óìåíüøåíî. Â.Í. Ïèâî-
âàð÷èê [7] çàìåòèë, ÷òî åñëè ïîòåíöèàëû qj çàäàíû íà âñåõ ðåáðàõ, êðîìå
îäíîãî, òî ïîòåíöèàë íà îñòàâøåìñÿ ðåáðå îäíîçíà÷íî îïðåäåëÿåòñÿ ïî
îäíîìó ñïåêòðó. ×.-Ô. ßíã [8] ïîêàçàë, ÷òî â ýòîì ñëó÷àå òðåáóåòñÿ íå
âåñü ñïåêòð, à äîñòàòî÷íî 2

m-é ÷àñòè ñïåêòðà.
Ïðè êàæäîì j = 1,m îáîçíà÷èì ÷åðåç Sj(xj, λ) ðåøåíèå óðàâíå-

íèÿ (3), óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì Sj(0, λ) = 0, S ′
j(0, λ) = 1.

Ñîáñòâåííûå çíà÷åíèÿ çàäà÷è L ñîâïàäàþò ñ íóëÿìè õàðàêòåðèñòè÷åñêîé
ôóíêöèè

∆(λ) :=
m∑
j=1

S ′
j(π, λ)

m∏
k=1
k ̸=j

Sk(π, λ) (5)

è ìîãóò áûòü îáîçíà÷åíû ÷åðåç {λnk}n≥1, k=1,m ñ ó÷åòîì êðàòíîñòåé â
ñîîòâåòñòâèè ñ àñèìïòîòè÷åñêèìè ôîðìóëàìè√

λn1 = n− 1

2
+O

(
n−1
)
, (6)√

λnk = n+O
(
n−1
)
, k = 2,m. (7)

Íåïîëíàÿ îáðàòíàÿ çàäà÷à èç [8] ôîðìóëèðóåòñÿ ñëåäóþùèì îáðàçîì.

Îáðàòíàÿ çàäà÷à 2. Ïóñòü ïîòåíöèàëû {qj}mj=2 çàäàíû àïðèîðè.
Ïî ñîáñòâåííûì çíà÷åíèÿì {λnk}n≥1, k=1,2 íàéòè q1.

Ïîñëåäîâàòåëüíîñòü {λnk}n≥1,k=1,2 ìîæåò ñîäåðæàòü êîíå÷íîå ÷èñëî
êðàòíûõ çíà÷åíèé è îïðåäåëÿåòñÿ àñèìïòîòèêàìè (6)-(7) íåîäíîçíà÷íî.
Îáðàòíàÿ çàäà÷à 2 ìîæåò áûòü ðåøåíà ïî ëþáîìó íàáîðó ñîáñòâåííûõ
çíà÷åíèé, óäîâëåòâîðÿþùèõ (6)-(7) è äîïîëíèòåëüíîìó óñëîâèþ:

(Ðàçäåëåííîñòü): Íè äëÿ îäíîé ïàðû (n, k), n ≥ 1, k = 1, 2, íå
ñóùåñòâóåò èíäåêñîâ i è j, 2 ≤ i, j ≤ m, i ̸= j, ïðè êîòîðûõ Si(π, λnk) =
Sj(π, λnk) = 0.
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Åñëè óñëîâèå (Ðàçäåëåííîñòü) íàðóøàåòñÿ, è äëÿ íåêîòîðîãî ñîá-
ñòâåííîãî çíà÷åíèÿ λnk ñóùåñòâóþò èíäåêñû i ̸= j, i, j ≥ 2, òàêèå, ÷òî
Si(π, λnk) = Sj(π, λnk) = 0, òî ñîãëàñíî ôîðìóëå (5) çíà÷åíèå λnk íå íåñåò
èíôîðìàöèè î ïîòåíöèàëå q1.

Â ðàáîòå [9] ïðåäëîæåí êîíñòðóêòèâíûé ìåòîä ðåøåíèÿ îáðàòíîé
çàäà÷è 2, îñíîâàííûé íà åå ñâåäåíèè ê êëàññè÷åñêîé çàäà÷å Øòóðìà-
Ëèóâèëëÿ íå êîíå÷íîì èíòåðâàëå, ñîîòâåòñòâóþùåì ðåáðó ñ íåèçâåñò-
íûì ïîòåíöèàëîì. Ìåòîä îñíîâàí íà èñïîëüçîâàíèè ñïåöèàëüíîãî áà-
çèñà Ðèññà â ïðîñòðàíñòâå âåêòîð-ôóíêöèé, ïîñòðîåííîãî ïî èñõîäíûì
äàííûì îáðàòíîé çàäà÷è 2. Ïðè ïîìîùè ýòîãî ìåòîäà â [9] äîêàçàíû
ëîêàëüíàÿ ðàçðåøèìîñòü è óñòîé÷èâîñòü îáðàòíîé çàäà÷è, à òàêæå ìè-
íèìàëüíîñòü åå äàííûõ.

Âïîñëåäñòâèè íà îñíîâå èäåé ðàáîòû [9] áûë ðàçðàáîòàí óíèôèöèðî-
âàííûé ïîäõîä (ñì. [10, 11]), ïðèìåíèìûé ê øèðîêîìó êëàññó íåïîëíûõ
îáðàòíûõ çàäà÷ íà èíòåðâàëàõ è íà ãðàôàõ. Îí îñíîâàí íà ñâåäåíèè ê
çàäà÷å Øòóðìà-Ëèóâèëëÿ ñ öåëûìè àíàëèòè÷åñêèìè ôóíêöèÿìè f1(λ)
è f2(λ) â îäíîì èç êðàåâûõ óñëîâèé:

−y′′(x) + q(x)y(x) = λy(x), x ∈ (0, π), (8)
y(0) = 0, f1(λ)y

′(π) + f2(λ)y(π) = 0. (9)

Ñîáñòâåííûå çíà÷åíèÿ êðàåâîé çàäà÷è (8)-(9) ñîâïàäàþò ñ íóëÿìè öå-
ëîé ôóíêöèè

∆(λ) = f1(λ)S
′(π, λ) + f2(λ)S(π, λ), (10)

ãäå S(x, λ) � ðåøåíèå óðàâíåíèÿ (8), óäîâëåòâîðÿþùåå íà÷àëüíûì óñëî-
âèÿì S(0, λ) = 0, S ′(0, λ) = 1. Ñðàâíèâàÿ (5) è (10), íåòðóäíî âèäåòü,
÷òî êðàåâàÿ çàäà÷à L ýêâèâàëåíòíà çàäà÷å (8)-(9) ñ q = q1 è

f1(λ) :=
m∏
k=2

Sk(π, λ), f2(λ) :=
m∑
j=2

S ′
j(π, λ)

m∏
k=2
k ̸=j

Sk(π, λ). (11)

Ïîýòîìó îáðàòíàÿ çàäà÷à 2 ñâîäèòñÿ ê ñëåäóþùåé îáðàòíîé çàäà÷å:

Îáðàòíàÿ çàäà÷à 3. Ïðåäïîëîæèì, ÷òî ôóíêöèè f1(λ) è f2(λ) èç-
âåñòíû àïðèîðè. Ïî ïîäñïåêòðó {λn} êðàåâîé çàäà÷è (8)-(9) è ÷èñëó
ω := 1

2

� π
0 q(x) dx ïîñòðîèòü ïîòåíöèàë q.

Ôóíêöèè f1(λ) è f2(λ) ñòðîÿòñÿ ïî ôîðìóëàì (11) ïî èçâåñòíûì ïî-
òåíöèàëàì {qj}mj=2. ×èñëî ω ìîæåò áûòü íàéäåíî èç àñèìïòîòèêè çàäàí-
íîãî ïîäñïåêòðà.

Â ðàáîòàõ [10,11] ïîñòðîåíà ïîëíàÿ òåîðèÿ îáðàòíîé çàäà÷è 3: ïîëó÷å-
íû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ åäèíñòâåííîñòè åå ðåøåíèÿ, ïðè
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äîïîëíèòåëüíûõ óñëîâèÿõ íà ïîäñïåêòð {λn} ïîëó÷åíû êîíñòðóêòèâíîå
ðåøåíèå, ãëîáàëüíàÿ ðàçðåøèìîñòü, ëîêàëüíàÿ ðàçðåøèìîñòü è óñòîé÷è-
âîñòü. Â [12] äàííàÿ òåîðèÿ ïåðåíåñåíà íà óðàâíåíèå Øòóðìà-Ëèóâèëëÿ
(8) ñ ñèíãóëÿðíûì ïîòåíöèàëîì q èç êëàññà ôóíêöèé-ðàñïðåäåëåíèé
W−1

2 (0, π). Îòìåòèì, ÷òî íåñêîëüêî ðàçëè÷íûõ ïîäõîäîâ ê îïðåäåëåíèþ
îïåðàòîðîâØòóðìà-Ëèóâèëëÿ ñ ïîòåíöèàëàìè èç ýòîãî êëàññà áûëè ïðå-
ëîæåíû â ðàáîòå À.Ì. Ñàâ÷óêà è À.À. Øêàëèêîâà [13]. Â ÷àñòíîñòè,
óðàâíåíèå (8) ñ ïîòåíöèàëîì q ∈ W−1

2 (0, π) ìîæåò áûòü ïðåäñòàâëåíî â
ñëåäóþùåé ýêâèâàëåíòíîé ôîðìå:

−(y[1])′ − σ(x)y[1] − σ2(x)y = λy, x ∈ (0, π), (12)

ãäå q = σ′, σ ∈ L2(0, π), y[1] = y′ − σy � êâàçèïðîèçâîäíàÿ. Àíàëîãè÷íî
îáðàòíîé çàäà÷å 3, â [12] èññëåäîâàíà îáðàòíàÿ çàäà÷à äëÿ óðàâíåíèÿ
(12) ñ êðàåâûìè óñëîâèÿìè

y(0) = 0, f1(λ)y
[1](π) + f2(λ)y(π) = 0. (13)

Îáðàòíàÿ çàäà÷à 4. Ïðåäïîëîæèì, ÷òî ôóíêöèè f1(λ) è f2(λ) èç-
âåñòíû àïðèîðè. Ïî ïîäñïåêòðó {λn} êðàåâîé çàäà÷è (12)-(13) ïîñòðî-
èòü ôóíêöèþ σ.

Íà îñíîâå ðåøåíèÿ îáðàòíîé çàäà÷è 4 â [12] èññëåäîâàíà íåïîëíàÿ îá-
ðàòíàÿ çàäà÷à äëÿ îïåðàòîðà Øòóðìà-Ëèóâèëëÿ ñ ñèíãóëÿðíûìè ïîòåí-
öèàëàìè íà ãðàôå ïðîèçâîëüíîé ãåîìåòðè÷åñêîé ñòðóêòóðû, ñîñòîÿùàÿ â
âîññòàíîâëåíèè ïîòåíöèàëà íà îäíîì ãðàíè÷íîì ðåáðå ïî ÷àñòè ñïåêòðà.
Ïîòåíöèàëû íà îñòàëüíûõ ðåáðàõ ãðàôà ñ÷èòàþòñÿ èçâåñòíûìè.

Èçó÷àëèñü äðóãèå òèïû íåïîëíûõ îáðàòíûõ çàäà÷ äëÿ äèôôåðåí-
öèàëüíûõ îïåðàòîðîâ íà ãðàôàõ. Íàïðèìåð, â [14] ïîñòðîåíî êîíñòðóê-
òèâíîå ðåøåíèå îáðàòíîé çàäà÷è äëÿ îïåðàòîðà Øòóðìà-Ëèóâèëëÿ íà
ãðàôå-äåðåâå ñ èçâåñòíûì ïîòåíöèàëîì íà îäíîì âíóòðåííåì ðåáðå. Òðå-
áóåòñÿ íà îäèí ñïåêòð ìåíüøå, ÷åì ïðè ðåøåíèè ïîëíîé îáðàòíîé çàäà÷è
â [3]. Â [15] òàêæå ðàññìîòðåí îïåðàòîð Øòóðìà-Ëèóâèëëÿ íà ãðàôå-
äåðåâå è èññëåäîâàíà çàäà÷à âîññòàíîâëåíèÿ ïîòåíöèàëîâ íà íåêîòîðîì
ïîääåðåâå ïî ÷àñòÿì íåñêîëüêèõ ñïåêòðîâ ïðè ïðåäïîëîæåíèè, ÷òî ïî-
òåíöèàëû íà îñòàâøåìñÿ ïîääåðåâå çàäàíû.
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