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Äëÿ ëèíåéíîé óïðàâëÿåìîé ñèñòåìû x′ ∈ Ax+ U , x(0) = 0, ãäå x åñòü n-ìåðíûé
âåêòîð, A ìàòðèöà n× n, U � êîìïàêò, îïðåäåëèì M(t) � ìíîæåñòâî äîñòèæè-
ìîñòè ýòîé ñèñòåìû â ìîìåíò t > 0. Ïóñòü M � âûïóêëûé n-ìåðíûé êîìïàêò.

Ðàññìàòðèâàåòñÿ çàäà÷à î òîì, âåðíî ëè ðàâåíñòâî M(t) ∩ M = ∅, âêëþ÷åíèå
M(t) ⊂M è ò.ï. Ïðè íåêîòîðûõ íåîáðåìåíèòåëüíûõ óñëîâèÿõ ïîêàçàíà âîçìîæ-
íîñòü ðåøåíèÿ òàêîé çàäà÷è ñ ïîìîùüþ ìåòîäà ïðîåêöèè ãðàäèåíòà.

Êëþ÷åâûå ñëîâà: ñèëüíàÿ âûïóêëîñòü, ðàâíîìåðíàÿ ãëàäêîñòü, óñëîâèå
Ëåæàíñêîãî-Ïîëÿêà-Ëîÿñåâè÷à, ìåòîä ïðîåêöèè ãðàäèåíòà.

Some optimization problems with a reachable
set of a linear controled system1
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For a linear controlled system x′ ∈ Ax + U , x(0) = 0, where x is an n -dimensional
vector, A is a n×n matrix, U is compact, we de�ne M(t) as the reachable set of this
system at the time t > 0. Let M be a convex n-dimensional compact.

We consider the problem of whether it is true the equalityM(t)∩M = ∅, the inclusion
M(t) ⊂ M , etc. Under some non-burdensome conditions, the possibility of solving
such a problem using the gradient projection method is shown.

Keywords: strong convexity, uniform smoothness, the Lezanski-Polyak-Lojasiewicz
condition, the gradient projection method.

Ââåäåíèå

Ðàññìîòðèì óïðàâëÿåìóþ ñèñòåìó x′ ∈ Ax + U , x(0) = 0. Çäåñü x ∈
Rn, A ∈ Rn×n, U ⊂ Rn � êîìïàêòíîå ïîäìíîæåñòâî, ñîäåðæàùåå 0.
Ðàññìîòðèì ìíîæåñòâî äîñòèæèìîñòè M(t) ýòîé ñèñòåìû â ìîìåíò
t > 0, ò.å. M(t) = {x(t) : ∃u(s) ∈ U − èçìåðèìûé ñåëåêòîð: x′(s) =
Ax+ u(s) ï.â. s ∈ [0, t]}. Ëåãêî ïîëó÷èòü, ÷òî

M(t) =

t�

0

eAsU ds, (1)

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
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ãäå ìíîãîçíà÷íûé èíòåãðàë ïîíèìàåòñÿ â ñìûñëå Àóìàíà èëè Ðèìàíà,
ñì. äåòàëè â [1]. Èç âûïóêëîñòè è çàìêíóòîñòè ìíîãîçíà÷íîãî èíòåãðàëà
ñëåäóåò, ÷òî M(t) åñòü âûïóêëûé êîìïàêò äëÿ ëþáîãî t > 0. Îòìåòèì,
÷òî, â ñèëó òåîðåìû Ëÿïóíîâà [2], êîìïàêòíîå ìíîæåñòâî U â ñèñòåìå
è èíòåãðàëå ìîæíî çàìåíèòü íà åãî âûïóêëóþ îáîëî÷êó. Ïîýòîìó äàëåå
áóäåì ñ÷èòàòü U âûïóêëûì êîìïàêòîì. Êðîìå òîãî, â ñèëó âêëþ÷åíèÿ
0 ∈ U , ìíîæåñòâî äîñòèæèìîñòè ìîíîòîííî âîçðàñòàåò ïî âêëþ÷åíèþ:
åñëè 0 ≤ t1 ≤ t2, òî M(t1) ⊂M(t2).

Ïóñòü M ⊂ Rn � âûïóêëûé êîìïàêò. Ìû ðàññìîòðèì ñëåäóþùèå
çàäà÷è.

Çàäà÷à 1. Äëÿ ìîìåíòà t > 0 âûÿñíèòü, âåðíî ëè, ÷òî M(t)∩M = ∅?
Çàäà÷à 2. Äëÿ ìîìåíòà t > 0 âûÿñíèòü, âåðíî ëè, ÷òî M(t) ⊂M?
Âîçìîæíû è äðóãèå ïîñòàíîâêè.
Ïóñòü (x, y) � ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ x, y ∈ Rn, ∥x∥2 =

(x, x), Br(0) � çàìêíóòûé øàð ðàäèóñà r ñ öåíòðîì â íóëå. Îïîðíîé
ôóíêöèåé êîìïàêòàM ⊂ Rn íàçûâàåòñÿ s(p,M) = maxx∈M(p, x), p ∈ Rn.

Äëÿ âûïóêëîãî êîìïàêòà M è âåêòîðà p ∈ Rn îïðåäåëèì M(p) =
{x ∈ M : (p, x) = s(p,M)}. Ìíîæåñòâî M(p) ÿâëÿåòñÿ ñóáãðàäèåíòîì
îïîðíîé ôóíêöèè ∂s(p,M) è íàçûâàåòñÿ îïîðíûì ýëåìåíòîì ìíîæåñòâà
M äëÿ âåêòîðà p [3].

Äëÿ ìíîæåñòâà M(t), çàâèñÿùåãî îò ïàðàìåòðà t (íàïðèìåð, ìíîæå-
ñòâà äîñòèæèìîñòè), îïîðíûé ýëåìåíò äëÿ âåêòîðà p áóäåì îáîçíà÷àòü
M(t)(p).

Íàïîìíèì, ÷òî ìíîæåñòâîM ⊂ Rn ñèëüíî âûïóêëî ñ ðàäèóñîì R > 0,
åñëèM ìîæíî ïðåäñòàâèòü â âèäå ïåðåñå÷åíèÿ çàìêíóòûõ øàðîâ ðàäèó-
ñà R. Ñèëüíàÿ âûïóêëîñòü âûïóêëîãî êîìïàêòàM ñ ðàäèóñîì R ýêâèâà-
ëåíòíà óñëîâèþ Ëèïøèöà ãðàäèåíòà îïîðíîé ôóíêöèè M(p) íà åäèíè÷-
íîé ñôåðå: äëÿ âñåõ ∥p∥ = ∥q∥ = 1 âûïîëíåíî ∥M(p)−M(q)∥ ≤ R∥p−q∥
[3, òåîðåìà 4.3.2].

Áóäåì ãîâîðèòü, ÷òî ìíîæåñòâî M ⊂ Rn ðàâíîìåðíî ãëàäêîå ñ êîí-
ñòàíòîé r > 0, åñëè M ìîæíî ïðåäñòàâèòü â âèäå M =M0 +Br(0), ãäå
M0 � âûïóêëûé êîìïàêò.

Ïóñòü ε > 0, S0 ⊂ Rn � ãëàäêàÿ ïîâåðõíîñòü áåç êðàÿ, x ∈ S0.
Äëÿ äèôôåðåíöèðóåìîé ôóíêöèè f : S0 + intBε(0) → R îïðåäåëèì S =
{x ∈ S0 : f(x) ≤ f(x)}. Ïóñòü S � ãëàäêàÿ ïîâåðõíîñòü ñ êðàåì ∂S =
{x ∈ S0 : f(x) = f(x)}. Áóäåì ãîâîðèòü, ÷òî íà S âûïîëíÿåòñÿ óñëîâèå
Ëåæàíñêîãî-Ïîëÿêà-Ëîÿñåâè÷à (LPL) [4, �3.2] ñ êîíñòàíòîé µ > 0, åñëè
Ω = Argminx∈S f(x) ̸= ∅ è äëÿ âñåõ x ∈ S âûïîëíåíî íåðàâåíñòâî

∥PTxf ′(x)∥2 ≥ µ(f(x)− f(Ω)). (2)

Çäåñü Tx � êàñàòåëüíîå ïîäïðîñòðàíñòâî ê S â òî÷êå x ∈ S, PTx � îðòî-
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ãîíàëüíûé ïðîåêòîð íà Tx, f ′(x) � ãðàäèåíò ôóíêöèè f â òî÷êå x ∈ S.

Îñíîâíîé ðåçóëüòàò

Ìû áóäåì ðàññìàòðèâàòü ñèòóàöèè, êîãäà ìíîæåñòâî äîñòèæèìîñòè
M(t) (1) ñèëüíî âûïóêëî ñ êîíñòàíòîé R äëÿ âñåõ t ∈ [0, T ], T > 0. Ïî-
ñëåäíåå èìååò ìåñòî, êîãäà ìíîæåñòâî eAsU ñèëüíî âûïóêëî ñ ðàäèóñîì
R(s) > 0. Òîãäà â ñèëó [5] è ëèíåéíîñòè èíòåãðàëà ïî îòðåçêó èíòåãðè-

ðîâàíèÿ ïîëó÷àåì, ÷òî M(t) ñèëüíî âûïóêëî ñ ðàäèóñîì R =
T�
0

R(s) ds

äëÿ âñåõ t ∈ [0, T ].
Îòìåòèì, ÷òî äàæå äëÿ íåñòðîãî âûïóêëîãî ìíîæåñòâà U èìååòñÿ ðÿä

ñèòóàöèé, êîãäà M(t) ñèëüíî âûïóêëî. ×àñòè÷íî îíè îïèñàíû â ðàáîòå
[6].

Ïóñòü T > 0 è äëÿ óïðàâëÿåìîé ñèñòåìû ìíîæåñòâî äîñòèæèìî-
ñòè M(t) ñèëüíî âûïóêëî ñ ðàäèóñîì RT > 0 ïðè âñåõ t ∈ [0, T ].
Ïóñòü âûïóêëûé êîìïàêò M ⊂ Rn ðàâíîìåðíî ãëàäêèé ñ êîíñòàíòîé
r > 0, ò.å. M = M0 + Br(0). Ïîòðåáóåì òàêæå, ÷òî ìíîæåñòâî M0

ñèëüíî âûïóêëî ñ ðàäèóñîì R0 > 0. Ðàññìîòðèì ïðè t ∈ [0, T ] ìíî-
æåñòâî Z(t) = M(t) + (−M0). Ìíîæåñòâî Z(t) ñèëüíî âûïóêëî ñ ðà-
äèóñîì R = RT + R0 êàê ñóììà ñèëüíî âûïóêëûõ ìíîæåñòâ [3, ïóíêò
3 ïðåäëîæåíèÿ 4.3.1]. Î÷åâèäíî, ÷òî ðàâåíñòâî M(t) ∩ M = ∅ ìîæíî
ïåðåôîðìóëèðîâàòü òàê: ðàññòîÿíèå îò íóëÿ äî Z(t) áîëåå r > 0. Åñëè
ýòî âåðíî, òî 0 /∈ M(t) + (−M). Íà ÿçûêå îïîðíûõ ôóíêöèé ïîñëåäíèé
âîïðîñ ñâîäèòñÿ ê ðåøåíèþ çàäà÷è: äëÿ ôóíêöèè f(p) = s(p, Z(t)) =
s(p,M(t))) + s(p,−M0) íàéòè

min
∥p∥=1

f(p) = J. (3)

Åñëè J < −r, òî ðàññòîÿíèå îò íóëÿ äî Z(t) áîëåå r. Åñëè J ≥ −r, òî òî
ðàññòîÿíèå îò íóëÿ äî Z(t) íå áîëåå r > 0 è çíà÷èò 0 ∈ M(t) + (−M).

Çàìåòèì, ÷òî f ′(p) = M(t)(p) + (−M0)(p) =
t�
0

(eAsU)(p) ds + (−M0)(p),

ñì. [1].
Ïîëîæèì S1 = {p ∈ Rn : ∥p∥ = 1}.
Òåîðåìà 1. Ïóñòü ε ∈ (0, 1) è â (3) J < 0. Ïðè ïðèâåäåííûõ âûøå

óñëîâèÿõ â çàäà÷å (3) ôóíêöèÿ f óäîâëåòâîðÿåò óñëîâèþ (LPL) (2) íà
S = {p ∈ S1 : f(p) ≤ 0} ñ êîíñòàíòîé µ = |J | è èìååò â ε-îêðåñòíîñòè
ñôåðû S1 ëèïøèöåâ ãðàäèåíò ñ êîíñòàíòîé L1 = R/(1− ε).

Äîêàçàòåëüñòâî. Ïóñòü p0 ∈ S1 � ðåøåíèå (3). Â ñèëó íåîáõîäèìîãî
óñëîâèÿ ýêñòðåìóìà f(p0) = (p0, f

′(p0)) = −∥f ′(p0)∥. Òîãäà PTp = I−ppT
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äëÿ ëþáîãî p ∈ S1 è ∥(I − ppT )f ′(p)∥2 = ∥f ′(p)∥2 − f 2(p). Îòñþäà äëÿ
ëþáîãî p ∈ S èìååì

∥f ′(p)∥2 − f 2(p) = (∥f ′(p)∥ − f(p))(∥f ′(p)∥+ f(p0) + f(p)− f(p0)).

Èç íåðàâåíñòâà f(p) ≤ 0 è òîãî, ÷òî f ′(p0) � ýòî îïîðíûé ýëåìåíò
Z(t)(p0) ñ íàèìåíüøåé íîðìîé, âûòåêàåò, ÷òî ∥f ′(p)∥− f(p) ≥ ∥f ′(p)∥ ≥
∥f ′(p0)∥ = |J |. Îñòàëîñü çàìåòèòü, ÷òî ∥f ′(p)∥ + f(p0) = ∥f ′(p)∥ −
∥f ′(p0)∥ ≥ 0.

Äëÿ ëþáûõ íåíóëåâûõ âåêòîðîâ p, q ∈ Rn èìååì
∥∥∥ p
∥p∥ −

q
∥q∥

∥∥∥ ≤
∥p−q∥√
∥p∥·∥q∥

, ïðè÷åì â ε-îêðåñòíîñòè S1 ∥p∥ ≥ 1 − ε, ∥q∥ ≥ 1 − ε. Ëèï-

øèöåâîñòü ãðàäèåíòà f ′(p) â ε-îêðåñòíîñòè S1 ñëåäóåò èç îöåíîê

∥f ′(p)− f ′(q)∥ ≤ R

∥∥∥∥ p

∥p∥
− q

∥q∥

∥∥∥∥ ≤ R∥p− q∥√
∥p∥ · ∥q∥

≤ R

1− ε
∥p− q∥.

Êàê ïîêàçàíî â [4, Theorem 2], [7, Theorems 2, 3; Corollary 2], óòâåðæäåíèÿ
òåîðåìû 1 äîñòàòî÷íî, ÷òîáû ïðîåêöèîííûé àëãîðèòì p1 ∈ S, pk+1 =
PS1

(pk− tf ′(pk)) ñ äîñòàòî÷íî ìàëûì øàãîì t > 0 ñõîäèëñÿ ê ðåøåíèþ p0
(3) ñî ñêîðîñòüþ ãåîìåòðè÷åñêîé ïðîãðåññèè ïðè ïðîèçâîëüíîì âûáîðå
íà÷àëüíîé òî÷êè p1 ∈ S.

Àíàëîãè÷íûé ðåçóëüòàò èìååò ìåñòî äëÿ çàäà÷è 2.
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