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Â ñòàòüå ðàññìàòðèâàþòñÿ àíèçîòðîïíîå ïðîñòðàíñòâî Ëîðåíöà-Êàðàìàòû ïå-
ðèîäè÷åñêèõ ôóíêöèé ìíîãèõ ïåðåìåííûõ è êëàññ Íèêîëüñêîãî-Áåñîâà â ýòîì
ïðîñòðàíñòâå. Óñòàíîâëåíû òî÷íûå ïî ïîðÿäêó îöåíêè íàèëó÷øèõ M�÷ëåííûõ
òðèãîíîìåòðè÷åñêèõ ïðèáëèæåíèé ôóíêöèé èç êëàññà Íèêîëüñêîãî-Áåñîâà ïî
íîðìå äðóãîãî ïðîñòðàíñòâà Ëîðåíöà-Êàðàìàòû.
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On estimates of the order of the best M - term
approximations of functions of several variables
in the anisotropic Lorentz - Karamata space1
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The article consider the anisotropic Lorentz-Karamata space of periodic functions
of several variables and the Nikol'skii-Besov class in this space. The order-sharp
estimates are established for the best M - term trigonometric approximations of
functions from the Nikol'skii-Besov class in the norm of another Lorentz-Karamata
space.
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Ïóñòü N, Z�ìíîæåñòâà íàòóðàëüíûõ, öåëûõ ÷èñåë ñîîòâåòñòâåííî
è Z+ = N ∪ {0}, Rm�m-ìåðíîå åâêëèäîâî ïðîñòðàíñòâî òî÷åê x =
(x1, . . . , xm) ñ âåùåñòâåííûìè êîîðäèíàòàìè; Tm = [0, 2π)m.

Îïðåäåëåíèå ([1], ñ. 108). Ïîëîæèòåëüíàÿ è èçìåðèìàÿ ïî Ëåáåãó
ôóíêöèÿ v(t) îïðåäåëåííàÿ íà [1,+∞) íàçûâàåòñÿ ñëàáî ìåíÿþùåéñÿ íà
[1,+∞) â ñìûñëå Êàðàìàòû, åñëè äëÿ ëþáîãî ε > 0 ôóíêöèÿ tεv(t) ïî-
÷òè âîçðàñòàåò íà [1,∞) è ôóíêöèÿ t−εv(t) ïî÷òè óáûâàåò íà [1,∞) (ñì.
íàïðèìåð [1]). Ìíîæåñòâî òàêèõ ôóíêöèé îáîçíà÷àåòñÿ SV [1,∞). Äëÿ
çàäàííîé ñëàáî ìåíÿþùåéñÿ ôóíêöèè v íà [1,∞), ïîëîæèì V (t) = v(1/t)
äëÿ t ∈ (0, 1].

Ïóñòü p = (p1, . . . pm), τ = (τ1, . . . τm), pj, τj ∈ (1,∞) è ôóíêöèè
vj ∈ SV [1,∞), j = 1, ...,m. ×åðåç L∗

p,V ,τ
(Tm) îáîçíà÷èì àíèçîòðîïíîå

ïðîñòðàíñòâî Ëîðåíöà�Êàðàìàòû � âñåõ èçìåðèìûõ ïî Ëåáåãó ôóíê-
öèé m ïåðåìåííûõ f èìåþùèõ ïåðèîä 2π ïî êàæäîé ïåðåìåííîé è äëÿ
êîòîðûõ âåëè÷èíà (ñì. [1])

∥f∥∗p,V̄ ,τ :=

[ 1�

0

[
. . .
[ 1�

0

(
f ∗1,...,∗m(t)

)τ1 ( m∏
j=1

Vj(tj)t
1
pj
− 1

τj

j

)τ1
dt1

] τ2
τ1 . . .

] τm
τm−1 dtm

] 1
τm

êîíå÷íà, ãäå f ∗1,...,∗m(t) := f ∗1,...,∗m(t1, ..., tm) íåâîçðàñòàþùàÿ ïåðåñòàíîâ-
êà ôóíêöèè |f(2πx)| ïî êàæäîé ïåðåìåííîé xj ∈ [0, 1) ïðè ôèêñèðîâàí-
íûõ îñòàëüíûõ ïåðåìåííûõ.

lp � ïðîñòðàíñòâî ïîñëåäîâàòåëüíîñòåé {an}n∈Zm
+
äåéñòâèòåëüíûõ ÷è-

ñåë ñ íîðìîé∥∥∥{an}
n∈Zm

+

∥∥∥
lp
=
{ ∞∑
nm=0

[
...
[ ∞∑
n1=0

|an|p1
]p2

p1 ...
] pm

pm−1

} 1
pm
< +∞,

äëÿ 1 ≤ pj < +∞, j = 1, 2, ...,m, p = (p1, . . . , pm) è
∥∥{an}∥∥l∞ = sup

n∈Zm
+

|an|

äëÿ pj = ∞, j = 1, ...,m.
Ââåäåì îáîçíà÷åíèÿ : an(f)�êîýôôèöèåíòû Ôóðüå ôóíêöèè f ∈

L1(Tm) ïî ñèñòåìå {ei⟨n,x⟩} è ⟨y, x⟩ =
m∑
j=1

yjxj,

δs (f, x) =
∑
n∈ρ(s)

an (f) e
i⟨n,x⟩,

ãäå ρ(s̄) =
{
k = (k1, ..., km) ∈ Zm : [2sj−1] ≤ |kj| < 2sj , j = 1, ...,m

}
, [y]�

öåëàÿ ÷àñòü äåéñòâèòåëüíîãî ÷èñëà y è sj ∈ Z+.

14



Ðàññìîòðèì ôóíêöèîíàëüíûé êëàññ Íèêîëüñêîãî � Áåñîâà

S r̄
p,V ,τ ,θ

B =
{
f ∈ L∗

p,V ,τ
(Tm) :

∥∥∥{2⟨s,r⟩∥δs̄(f)∥∗p,V ,τ}s̄∈Zm
+

∥∥∥
lθ̄
≤ 1
}
,

ãäå θ = (θ1, ..., θm), r = (r1, ..., rm), 1 ≤ θj ≤ +∞, 0 < rj < +∞, j =
1, ...,m.

Â ñëó÷àå Vj(t) = 1 è τj = pj = p, j = 1, . . . ,m êëàññ S r̄
p,V ,τ

B, ýòî

èçâåñòíûé êëàññ Íèêîëüñêîãî � Áåñîâà Srp,θB â ïðîñòðàíñòâå Ëåáåãà
Lp(Tm), 1 < p <∞ (ñì. [2], [3]).

Äëÿ ôóíêöèè f ∈ L∗
p,V ,τ

(Tm) ðàññìàòðèâàåòñÿ eM(f)p,V ,τ � íàèëó÷øåå
M -÷ëåííîå òðèãîíîìåòðè÷åñêîå ïðèáëèæåíèå, M ∈ N. Åñëè F � íåêîòî-
ðûé ôóíêöèîíàëüíûé êëàññ â ïðîñòðàíñòâå L∗

p,V ,τ
(Tm) , òî ïîëîæèì

eM(F )p,V ,τ = sup
f∈F

eM(f)p,V ,τ .

Òî÷íûå ïî ïîðÿäêó îöåíêè íàèëó÷øèõ M�÷ëåííûõ ïðèáëèæåíèé
ôóíêöèé èç êëàññîâ Ñîáîëåâà, Íèêîëüñêîãî-Áåñîâà, Ëèçîðêèíà Òðèáåëÿ
õîðîøî èçâåñòíû (ñì. íàïðèìåð áèáëèîãðàôèþ â [4]).

Â äîêëàäå áóäóò ïðåäñòàâëåíû îöåíêè âåëè÷èíû
eM(S r̄

p̄,V̄ (1),τ̄ (1),θ̄
B)q,V ,τ . Äëÿ ôîðìóëèðîâêè ðåçóëüòàòîâ ðàññìîòðèì

ñëåäóþùèå äâà êëàññà.
×åðåç SV L[1,∞) îáîçíà÷èì ìíîæåñòâî âñåõ ïîëîæèòåëüíûõ, èçìå-

ðèìûõ ïî Ëåáåãó íà [1,∞) ôóíêöèé v(t) îïðåäåëåííûõ íà [1,+∞), äëÿ
êîòîðûõ ôóíêöèÿ t−εv(t) ïî÷òè óáûâàåò è ôóíêöèÿ (log 2t)εv(t) ↑ íà
[1,∞) äëÿ ëþáîãî ÷èñëà ε > 0.

×åðåç SV L0[1,∞) îáîçíà÷èì ìíîæåñòâî âñåõ ïîëîæèòåëüíûõ, èçìå-
ðèìûõ ïî Ëåáåãó íà [1,∞) ïî÷òè âîçðàñòàþùèõ ôóíêöèé v(t), äëÿ êîòî-
ðûõ ôóíêöèÿ t−εv(t) ïî÷òè óáûâàåò íà [1,∞) äëÿ ëþáîãî ÷èñëà ε > 0.

Ñïðàâåäëèâà
Òåîðåìà 1. Ïóñòü p = (p1, . . . , pm), q = (q1, . . . , qm), τ

(1) =

(τ
(1)
1 , . . . , τ

(1)
m ), τ (2) = (τ

(2)
1 , . . . , τ

(2)
m ), r = (r1, . . . , rm), θ = (θ1, . . . , θm)

è 1 ⩽ θj ≤ ∞, 1 < τ
(1)
j , τ

(2)
j < +∞, 1 < pj < qj ⩽ 2, rj >

1
pj

− 1
qj
,

j = 1, ...,m è rj0 + 1
qj0

− 1
pj0

= min{rj + 1
qj

− 1
pj

: j = 1, ...,m},
A = {j : rj +

1
qj
− 1

pj
= rj0 +

1
qj0

− 1
pj0
, j = 1, ...,m}, j1 = min{j ∈ A} è

ôóíêöèè v
(1)
j , v

(2)
j ∈ SV [1,∞), V

(i)
j (t) = v

(i)
j (1/t), t ∈ (0, 1], j = 1, . . . ,m,

V
(i)
(t) = (V

(i)
1 (t), ..., V

(i)
m (t)), i = 1, 2.

1. Åñëè 1 < τ
(2)
j < θj ≤ +∞ è ôóíêöèè v

(2)
j /v

(1)
j ∈ SV L[1,∞), j =

1, ...,m, òî
eM
(
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p,V

(1)
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B
)
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≍M
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V
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− 1
pj0

)
(logM)

∑
j∈A\{j1}

( 1

τ
(2)
j

− 1
θj
)

,

2. Åñëè 1 ≤ θj = θ ⩽ τ
(2)
j = τ (2) < +∞, j = 1, ...,m, òî

eM
(
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p,V

(1)
,τ (1),θ

B
)
q,V

(2)
,τ (2)

≍M
−
(
rj0+

1
qj0

− 1
pj0
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V
(2)
j (M−1)

V
(1)
j (M−1)

×(logM)
(|A|−1)(rj0+

1
qj0

− 1
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θ )+

â ñëó÷àÿõ
v
(2)
j

v
(1)
j

∈ SV [1,∞), j = 1, ...,m è A \ {j1} = ∅ èëè
v
(2)
j

v
(1)
j

∈
SV L0[1,∞), j = 1, ...,m è ìíîæåñòâî A \ {j1} ≠ ∅, äëÿ M ∈ N, òàêèõ,
÷òî M > M0, ãäå M0 íåêîòîðîå ïîëîæèòåëüíîå ÷èñëî áîëüøåå 1. Çäåñü
|A| � êîëè÷åñòâî ýëåìåíòîâ ìíîæåñòâà A è y+ = max{y, 0}.

Çàìå÷àíèå. Â ñëó÷àå V (1)
j (t) = V

(2)
j (t) = 1, t ∈ (0, 1] è pj = τ

(1)
j = p,

qj = τ
(2)
j = q, θj = θ äëÿ j = 1, ...,m è r1 = ... = rν < rν+1 ≤ ... ≤ rm

èç òåîðåìû 1 ñëåäóþò ðàíåå èçâåñòíûå ðåçóëüòàòû Â. Í. Òåìëÿêîâà [5],
òåîðåìà 2.2 è À.Ñ. Ðîìàíþêà [6], òåîðåìà 3.1. Äëÿ V (1)

j (t) = V
(2)
j (t) = 1,

t ∈ (0, 1], j = 1, ...,m è r1 = ... = rν < rν+1 ≤ ... ≤ rm èç òåîðåìû 1
ñëåäóåò òåîðåìà 3 â [7].
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