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Ïóñòü N, Z�ìíîæåñòâà íàòóðàëüíûõ, öåëûõ ÷èñåë ñîîòâåòñòâåííî
è Z+ = N ∪ {0}, Rm�m-ìåðíîå åâêëèäîâî ïðîñòðàíñòâî òî÷åê x =
(x1, . . . , xm) ñ âåùåñòâåííûìè êîîðäèíàòàìè; Tm = [0, 2π)m.

Îïðåäåëåíèå ([1], ñ. 108). Ïîëîæèòåëüíàÿ è èçìåðèìàÿ ïî Ëåáåãó
ôóíêöèÿ v(t) îïðåäåëåííàÿ íà [1,+∞) íàçûâàåòñÿ ñëàáî ìåíÿþùåéñÿ íà
[1,+∞) â ñìûñëå Êàðàìàòû, åñëè äëÿ ëþáîãî ε > 0 ôóíêöèÿ tεv(t) ïî-
÷òè âîçðàñòàåò íà [1,∞) è ôóíêöèÿ t−εv(t) ïî÷òè óáûâàåò íà [1,∞) (ñì.
íàïðèìåð [1]). Ìíîæåñòâî òàêèõ ôóíêöèé îáîçíà÷àåòñÿ SV [1,∞). Äëÿ
çàäàííîé ñëàáî ìåíÿþùåéñÿ ôóíêöèè v íà [1,∞), ïîëîæèì V (t) = v(1/t)
äëÿ t ∈ (0, 1].

Ïóñòü p = (p1, . . . pm), τ = (τ1, . . . τm), pj, τj ∈ (1,∞) è ôóíêöèè
vj ∈ SV [1,∞), j = 1, ...,m. ×åðåç L∗

p,V ,τ
(Tm) îáîçíà÷èì àíèçîòðîïíîå

ïðîñòðàíñòâî Ëîðåíöà�Êàðàìàòû � âñåõ èçìåðèìûõ ïî Ëåáåãó ôóíê-
öèé m ïåðåìåííûõ f èìåþùèõ ïåðèîä 2π ïî êàæäîé ïåðåìåííîé è äëÿ
êîòîðûõ âåëè÷èíà (ñì. [1])

∥f∥∗p,V̄ ,τ :=

[ 1�

0

[
. . .
[ 1�

0

(
f ∗1,...,∗m(t)

)τ1 ( m∏
j=1

Vj(tj)t
1
pj
− 1

τj

j

)τ1
dt1

] τ2
τ1 . . .

] τm
τm−1 dtm

] 1
τm

êîíå÷íà, ãäå f ∗1,...,∗m(t) := f ∗1,...,∗m(t1, ..., tm) íåâîçðàñòàþùàÿ ïåðåñòàíîâ-
êà ôóíêöèè |f(2πx)| ïî êàæäîé ïåðåìåííîé xj ∈ [0, 1) ïðè ôèêñèðîâàí-
íûõ îñòàëüíûõ ïåðåìåííûõ.

lp � ïðîñòðàíñòâî ïîñëåäîâàòåëüíîñòåé {an}n∈Zm
+
äåéñòâèòåëüíûõ ÷è-

ñåë ñ íîðìîé∥∥∥{an}
n∈Zm

+

∥∥∥
lp
=
{ ∞∑
nm=0

[
...
[ ∞∑
n1=0

|an|p1
]p2

p1 ...
] pm

pm−1

} 1
pm
< +∞,

äëÿ 1 ≤ pj < +∞, j = 1, 2, ...,m, p = (p1, . . . , pm) è
∥∥{an}∥∥l∞ = sup

n∈Zm
+

|an|

äëÿ pj = ∞, j = 1, ...,m.
Ââåäåì îáîçíà÷åíèÿ : an(f)�êîýôôèöèåíòû Ôóðüå ôóíêöèè f ∈

L1(Tm) ïî ñèñòåìå {ei⟨n,x⟩} è ⟨y, x⟩ =
m∑
j=1

yjxj,

δs (f, x) =
∑
n∈ρ(s)

an (f) e
i⟨n,x⟩,

ãäå ρ(s̄) =
{
k = (k1, ..., km) ∈ Zm : [2sj−1] ≤ |kj| < 2sj , j = 1, ...,m

}
, [y]�

öåëàÿ ÷àñòü äåéñòâèòåëüíîãî ÷èñëà y è sj ∈ Z+.
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Ðàññìîòðèì ôóíêöèîíàëüíûé êëàññ Íèêîëüñêîãî � Áåñîâà

S r̄
p,V ,τ ,θ

B =
{
f ∈ L∗

p,V ,τ
(Tm) :

∥∥∥{2⟨s,r⟩∥δs̄(f)∥∗p,V ,τ}s̄∈Zm
+

∥∥∥
lθ̄
≤ 1
}
,

ãäå θ = (θ1, ..., θm), r = (r1, ..., rm), 1 ≤ θj ≤ +∞, 0 < rj < +∞, j =
1, ...,m.

Â ñëó÷àå Vj(t) = 1 è τj = pj = p, j = 1, . . . ,m êëàññ S r̄
p,V ,τ

B, ýòî

èçâåñòíûé êëàññ Íèêîëüñêîãî � Áåñîâà Srp,θB â ïðîñòðàíñòâå Ëåáåãà
Lp(Tm), 1 < p <∞ (ñì. [2], [3]).

Äëÿ ôóíêöèè f ∈ L∗
p,V ,τ

(Tm) ðàññìàòðèâàåòñÿ eM(f)p,V ,τ � íàèëó÷øåå
M -÷ëåííîå òðèãîíîìåòðè÷åñêîå ïðèáëèæåíèå, M ∈ N. Åñëè F � íåêîòî-
ðûé ôóíêöèîíàëüíûé êëàññ â ïðîñòðàíñòâå L∗

p,V ,τ
(Tm) , òî ïîëîæèì

eM(F )p,V ,τ = sup
f∈F

eM(f)p,V ,τ .

Òî÷íûå ïî ïîðÿäêó îöåíêè íàèëó÷øèõ M�÷ëåííûõ ïðèáëèæåíèé
ôóíêöèé èç êëàññîâ Ñîáîëåâà, Íèêîëüñêîãî-Áåñîâà, Ëèçîðêèíà Òðèáåëÿ
õîðîøî èçâåñòíû (ñì. íàïðèìåð áèáëèîãðàôèþ â [4]).

Â äîêëàäå áóäóò ïðåäñòàâëåíû îöåíêè âåëè÷èíû
eM(S r̄

p̄,V̄ (1),τ̄ (1),θ̄
B)q,V ,τ . Äëÿ ôîðìóëèðîâêè ðåçóëüòàòîâ ðàññìîòðèì

ñëåäóþùèå äâà êëàññà.
×åðåç SV L[1,∞) îáîçíà÷èì ìíîæåñòâî âñåõ ïîëîæèòåëüíûõ, èçìå-

ðèìûõ ïî Ëåáåãó íà [1,∞) ôóíêöèé v(t) îïðåäåëåííûõ íà [1,+∞), äëÿ
êîòîðûõ ôóíêöèÿ t−εv(t) ïî÷òè óáûâàåò è ôóíêöèÿ (log 2t)εv(t) ↑ íà
[1,∞) äëÿ ëþáîãî ÷èñëà ε > 0.

×åðåç SV L0[1,∞) îáîçíà÷èì ìíîæåñòâî âñåõ ïîëîæèòåëüíûõ, èçìå-
ðèìûõ ïî Ëåáåãó íà [1,∞) ïî÷òè âîçðàñòàþùèõ ôóíêöèé v(t), äëÿ êîòî-
ðûõ ôóíêöèÿ t−εv(t) ïî÷òè óáûâàåò íà [1,∞) äëÿ ëþáîãî ÷èñëà ε > 0.

Ñïðàâåäëèâà
Òåîðåìà 1. Ïóñòü p = (p1, . . . , pm), q = (q1, . . . , qm), τ

(1) =

(τ
(1)
1 , . . . , τ

(1)
m ), τ (2) = (τ

(2)
1 , . . . , τ

(2)
m ), r = (r1, . . . , rm), θ = (θ1, . . . , θm)

è 1 ⩽ θj ≤ ∞, 1 < τ
(1)
j , τ

(2)
j < +∞, 1 < pj < qj ⩽ 2, rj >

1
pj

− 1
qj
,

j = 1, ...,m è rj0 + 1
qj0

− 1
pj0

= min{rj + 1
qj

− 1
pj

: j = 1, ...,m},
A = {j : rj +

1
qj
− 1

pj
= rj0 +

1
qj0

− 1
pj0
, j = 1, ...,m}, j1 = min{j ∈ A} è

ôóíêöèè v
(1)
j , v

(2)
j ∈ SV [1,∞), V

(i)
j (t) = v

(i)
j (1/t), t ∈ (0, 1], j = 1, . . . ,m,

V
(i)
(t) = (V

(i)
1 (t), ..., V

(i)
m (t)), i = 1, 2.

1. Åñëè 1 < τ
(2)
j < θj ≤ +∞ è ôóíêöèè v

(2)
j /v

(1)
j ∈ SV L[1,∞), j =

1, ...,m, òî
eM
(
Sr
p,V

(1)
,τ (1),θ

B
)
q,V

(2)
,τ (2)
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≍M
−(rj0+

1
qj0

− 1
pj0

)∏
j∈A

V
(2)
j (M−1)

V
(1)
j (M−1)

×(logM)
(|A|−1)(rj0+

1
qj0

− 1
pj0

)
(logM)

∑
j∈A\{j1}

( 1

τ
(2)
j

− 1
θj
)

,

2. Åñëè 1 ≤ θj = θ ⩽ τ
(2)
j = τ (2) < +∞, j = 1, ...,m, òî

eM
(
Sr
p,V

(1)
,τ (1),θ

B
)
q,V

(2)
,τ (2)

≍M
−
(
rj0+

1
qj0

− 1
pj0

)∏
j∈A

V
(2)
j (M−1)

V
(1)
j (M−1)

×(logM)
(|A|−1)(rj0+

1
qj0

− 1
pj0

+ 1

τ(2)
− 1

θ )+

â ñëó÷àÿõ
v
(2)
j

v
(1)
j

∈ SV [1,∞), j = 1, ...,m è A \ {j1} = ∅ èëè
v
(2)
j

v
(1)
j

∈
SV L0[1,∞), j = 1, ...,m è ìíîæåñòâî A \ {j1} ≠ ∅, äëÿ M ∈ N, òàêèõ,
÷òî M > M0, ãäå M0 íåêîòîðîå ïîëîæèòåëüíîå ÷èñëî áîëüøåå 1. Çäåñü
|A| � êîëè÷åñòâî ýëåìåíòîâ ìíîæåñòâà A è y+ = max{y, 0}.

Çàìå÷àíèå. Â ñëó÷àå V (1)
j (t) = V

(2)
j (t) = 1, t ∈ (0, 1] è pj = τ

(1)
j = p,

qj = τ
(2)
j = q, θj = θ äëÿ j = 1, ...,m è r1 = ... = rν < rν+1 ≤ ... ≤ rm

èç òåîðåìû 1 ñëåäóþò ðàíåå èçâåñòíûå ðåçóëüòàòû Â. Í. Òåìëÿêîâà [5],
òåîðåìà 2.2 è À.Ñ. Ðîìàíþêà [6], òåîðåìà 3.1. Äëÿ V (1)

j (t) = V
(2)
j (t) = 1,

t ∈ (0, 1], j = 1, ...,m è r1 = ... = rν < rν+1 ≤ ... ≤ rm èç òåîðåìû 1
ñëåäóåò òåîðåìà 3 â [7].
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ÓÄÊ 517.977

Ìîíîòîííàÿ ñâÿçíîñòü ñòðîãèõ ñîëíö1

À. Ð. Àëèìîâ (Ìîñêâà, Ðîññèÿ)
alexey.alimov-msul@yandex.ru

Äàåòñÿ õàðàêòåðèçàöèÿ òðåõìåðíûõ áàíàõîâûõ ïðîñòðàíñòâ, â êîòîðûõ ëþáîå
ñòðîãîå ñîëíöå (ìíîæåñòâî Êîëìîãîðîâà) ìîíîòîííî ëèíåéíî ñâÿçíî. À èìåííî,
â òðåõìåðíîì íîðìèðîâàííîì ïðîñòðàíñòâå X ëþáîå ñòðîãîå ñîëíöå ìîíîòîííî
ëèíåéíî ñâÿçíî, åñëè è òîëüêî åñëè âûïîëíåíî îäíî èç ñëåäóþùèõ äâóõ óñëîâèé:
ïðîñòðàíñòâî X ãëàäêî; X = Y ⊕∞ R (ò.å. åäèíè÷íàÿ ñôåðà ïðîñòðàíñòâà X �
öèëèíäð).

Êëþ÷åâûå ñëîâà: íàèëó÷øåå ïðèáëèæåíèå, ìîíîòîííî ëèíåéíî ñâÿçíîå ìíîæå-
ñòâî, ñîëíöå, ñòðîãîå ñîëíöå.

Áëàãîäàðíîñòè: ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíîáðíàóêè ÐÔ
â ðàìêàõ ðåàëèçàöèè ïðîãðàììû Ìîñêîâñêîãî öåíòðà ôóíäàìåíòàëüíîé è ïðè-
êëàäíîé ìàòåìàòèêè ïî ñîãëàøåíèþ � 075-15-2019-1621.

Monotone path-connectedness of strict suns1
A. R. Alimov (Moscow, Russia)

alexey.alimov-msul@yandex.ru

We characterize the three-dimensional Banach spaces in which any strict sub is
monotone path-connected. Namely, we show that in a three-dimensional space X
any strict sun is monotone path-connected if and only if one of the two conditions is
satis�ed: the space X is smooth or X = Y ⊕∞ R, i.e., the unit sphere of the space X
is a cylinder.

Keywords: best approximation, monotone path-connected set, sun, strict sun.
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of Education and Science of the Russian Federation as part of the program of the
Moscow Center for Fundamental and Applied Mathematics under the agreement no.
075-15-2019-1621.

Âåëè÷èíîé íàèëó÷øåãî ïðèáëèæåíèÿ, èëè ðàññòîÿíèåì îò çàäàííî-
ãî ýëåìåíòà x ëèíåéíîãî íîðìèðîâàííîãî ïðîñòðàíñòâà X äî çàäàí-
íîãî íåïóñòîãî ìíîæåñòâà M ⊂ X, íàçûâàåòñÿ âåëè÷èíà ρ(x,M) :=
infy∈M ∥x − y∥. Ìíîæåñòâî âñåõ áëèæàéøèõ òî÷åê (ýëåìåíòîâ íàèëó÷-
øåãî ïðèáëèæåíèÿ) èç ìíîæåñòâà M äëÿ çàäàííîãî x ∈ X îáîçíà÷àåòñÿ
PMx. Èíûìè ñëîâàìè, PMx := {y ∈M | ρ(x,M) = ∥x− y∥}.

Äëÿ íåïóñòîãî ïîäìíîæåñòâà M ⊂ X òî÷êà x ∈ X \M íàçûâàåòñÿ
òî÷êîé ñîëíå÷íîñòè, åñëè ñóùåñòâóåò òî÷êà y ∈ PMx (íàçûâàåìàÿ òî÷-
êîé ñâåòèìîñòè) òàêàÿ, ÷òî y ∈ PM

(
(1−λ)y+λx

)
äëÿ âñåõ λ ⩾ 0. Òî÷êà

x ∈ X \M íàçûâàåòñÿ òî÷êîé ñòðîãîé ñîëíå÷íîñòè, åñëè PMx ̸= ∅ è
óñëîâèå y ∈ PM

(
(1 − λ)y + λx

)
äëÿ âñåõ λ ⩾ 0 âûïîëíåíî äëÿ ëþáîé

òî÷êè y ∈ PMx. Ìíîæåñòâî M ⊂ X íàçûâàåòñÿ ñîëíöåì (ñîîòâåòñòâåí-
íî ñòðîãèì ñîëíöåì), åñëè êàæäàÿ òî÷êà x ∈ X \M ÿâëÿåòñÿ òî÷êîé
ñîëíå÷íîñòè (ñîîòâåòñòâåííî ñòðîãîé ñîëíå÷íîñòè) äëÿ M .

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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¾Ñîëíöà¿ ÿâëÿþòñÿ íàèáîëåå åñòåñòâåííûìè îáúåêòàìè, äëÿ êîòîðûõ
âûïîëíåí îáîáùåííûé êðèòåðèé Êîëìîãîðîâà ýëåìåíòà íàèëó÷øåãî ïðè-
áëèæåíèÿ (ñì. [1]). Èì ïðèñóùè òå èëè èíûå ñâîéñòâà îòäåëèìîñòè: øàð
ìîæíî îòäåëèòü îò òàêîãî ìíîæåñòâà ïîñðåäñòâîì áîëüøåãî øàðà èëè
îïîðíîãî êîíóñà (ñì., íàïðèìåð, [1]).

Íåïðåðûâíàÿ êðèâàÿ k(τ), 0 ⩽ τ ⩽ 1, â ëèíåéíîì íîðìèðîâàí-
íîì ïðîñòðàíñòâå X íàçûâàåòñÿ ìîíîòîííîé, åñëè ñêàëÿðíàÿ ôóíêöèÿ
f(k(τ)) ÿâëÿåòñÿ ìîíîòîííîé ïî τ äëÿ ëþáîãî ôóíêöèîíàëà f ∈ extS∗

(çäåñü è íèæå extS∗ � ìíîæåñòâî êðàéíèõ (ýêñòðåìàëüíûõ) òî÷åê åäè-
íè÷íîé ñôåðû S∗ ñîïðÿæåííîãî ïðîñòðàíñòâà). Çàìêíóòîå ìíîæåñòâî íà-
çûâàåòñÿ ìîíîòîííî ëèíåéíî ñâÿçíûì (ñì. [1]), åñëè ëþáûå äâå åãî òî÷-
êè ìîæíî ñîåäèíèòü íåïðåðûâíîé ìîíîòîííîé êðèâîé, ëåæàùåé â ýòîì
ìíîæåñòâå. Ìîíîòîííàÿ ëèíåéíàÿ ñâÿçíîñòü ÿâëÿåòñÿ áîëåå ñëàáûì ñâîé-
ñòâîì, ÷åì âûïóêëîñòü, è áîëåå ñèëüíûì, ÷åì ëèíåéíàÿ ñâÿçíîñòü.

Öåëüþ ðàáîòû ÿâëÿåòñÿ õàðàêòåðèçàöèÿ òðåõìåðíûõ ïðîñòðàíñòâ,
â êîòîðûõ ëþáîå ñòðîãîå ñîëíöå ìîíîòîííî ëèíåéíî ñâÿçíî (òåîðåìà 1).
Íà ïëîñêîñòè, â ïðîñòðàíñòâàõ ℓ∞n è â ïðîñòðàíñòâàõ âèäà Y1⊕∞. . .⊕∞Yn,
ãäå dimYi ⩽ 2, ëþáîå ñîëíöå ìîíîòîííî ëèíåéíî ñâÿçíî. Òðåõìåðíûå
áàíàõîâû ïðîñòðàíñòâ, â êîòîðûõ ëþáîå ÷åáûø¼âñêîå ìíîæåñòâî ìîíî-
òîííî ëèíåéíî ñâÿçíî, îõàðàêòåðèçîâàíû À.Ð. Àëèìîâûì è Á.Á. Áåä-
íîâûì [2]. Òðåõìåðíûå ïðîñòðàíñòâà, â êîòîðûõ ëþáîå çàìêíóòîå ìíî-
æåñòâî ñ íåïðåðûâíîé (ïîëóíåïðåðûâíîé ñíèçó) ìåòðè÷åñêîé ïðîåêöè-
åé ìîíîòîííî ëèíåéíî ñâÿçíî, îõàðàêòåðèçîâàíû À.Ð. Àëèìîâûì [4].
À. Ð. Àëèìîâ è È. Ã. Öàðüêîâ [5] óñòàíîâèëè, ÷òî â ïðîñòðàíñòâå C(Q)
îãðàíè÷åííî êîìïàêòíîå ìíîæåñòâî ÿâëÿåòñÿ ñîëíöåì åñëè è òîëüêî åñ-
ëè îíî ìîíîòîííî ëèíåéíî ñâÿçíî. Ïî ïîâîäó äàëüíåéøèõ ðåçóëüòàòîâ
ñì. òàêæå [6].

Òåîðåìà 1. B òðåõìåðíîì íîðìèðîâàííîì ïðîñòðàíñòâå X ñòðîãîå
ñîëíöå ìîíîòîííî ëèíåéíî ñâÿçíî, åñëè è òîëüêî åñëè âûïîëíåíî îäíî
èç ñëåäóþùèõ äâóõ óñëîâèé:

1) ïðîñòðàíñòâî X ãëàäêî (ò. å. smS = S);
2) ïðîñòðàíñòâî X èìååò öèëèíäðè÷åñêóþ íîðìó, ò. å. X = Y⊕∞R,

dimY = 2.
Ïðè äîêàçàòåëüñòâå òåîðåìû 1 âàæíóþ ðîëü èãðàåò íîâûé àïïàðàò

âûïóêëîñòè ìíîæåñòâ ïî êàñàòåëüíûì íàïðàâëåíèÿì åäèíè÷íîé ñôå-
ðû [3].
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ÓÄÊ 517.9

Î íåêîòîðûõ ñïåêòðàëüíûõ èññëåäîâàíèÿõ,
ñâÿçàííûõ ñ òåîðèåé îáðàòíûõ çàäà÷1
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Â òåîðèè îáðàòíûõ çàäà÷ äëÿ ýâîëþöèîííûõ óðàâíåíèé âñòðå÷àþòñÿ îñîáûå ñïåê-
òðàëüíûå ñîîòíîøåíèÿ, ïðåäñòàâëÿþùèå îïðåäåëåííûé èíòåðåñ. Â íàñòîÿùåé
çàìåòêå ðàññìàòðèâàåòñÿ îäíà õàðàêòåðíàÿ ñïåêòðàëüíàÿ çàäà÷à äëÿ îáûêíî-
âåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà. Äàíî îïèñàíèå åå ñïåê-
òðà â çàâèñèìîñòè îò âûáîðà ïàðàìåòðîâ â îñíîâíîì êðàåâîì óñëîâèè. Óêàçàíû
ïðèëîæåíèÿ ê òåîðèè îáðàòíûõ çàäà÷. Îòäåëüíî îáñóæäàåòñÿ âîïðîñ î âëèÿíèè
êðàòíûõ òî÷åê ñïåêòðà íà ýëåìåíòàðíûå ðåøåíèÿ èñõîäíîé îáðàòíîé çàäà÷è.

Êëþ÷åâûå ñëîâà: ñïåêòðàëüíàÿ çàäà÷à, õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ, ðàñïðåäå-
ëåíèå íóëåé, îáðàòíàÿ çàäà÷à, êðèòåðèé åäèíñòâåííîñòè ðåøåíèÿ, ýëåìåíòàðíûå
ðåøåíèÿ, ïðèñîåäèíåííûå ýëåìåíòàðíûå ðåøåíèÿ.
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On some spectral studies related to inverse
problem theory1

M. Almohamed, I. V. Tikhonov
(Moscow, Russia)
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Some special spectral relations often arise in inverse problem theory for evolution
di�erential equations. These relations may be quite interesting. In the note we consider
one typical spectral problem for an ordinary di�erential equation of the second order.
A description of its spectrum is given. It depends on a choice of parameters in a main
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Â òåîðèè îáðàòíûõ çàäà÷ äëÿ àáñòðàêòíûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé âòîðîãî ïîðÿäêà (ñì. [1]�[5]) âñòðå÷àåòñÿ ñïåêòðàëüíàÿ çàäà÷à ñïå-
öèàëüíîãî âèäà

y′′(t) = λ y(t) + 1, 0 ⩽ t ⩽ 1, (1)

y(0) = y′(0) = 0, (2)

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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αy(1) + βy′(1) = 0 (3)

ñ ôèêñèðîâàííûìè çíà÷åíèÿìè α, β ∈ C, |α| + |β| > 0. Çäåñü λ � ñïåê-
òðàëüíûé ïàðàìåòð. Òðåáóåòñÿ íàéòè çíà÷åíèÿ λ ∈ C, ïðè êîòîðûõ çà-
äà÷à (1)�(3) èìååò ðåøåíèå y ∈ C 2[0, 1].

Èç ñîîòíîøåíèé (1), (2) âèäíî, ÷òî òàêîå ðåøåíèå (ïðè ôèêñèðîâàí-
íîì λ) ìîæåò áûòü òîëüêî îäíî, ïðè÷åì y ∈ C∞[0, 1]. Òî÷íåå, ðåøåíèå
çàäà÷è Êîøè (1), (2) èìååò âèä

y(t, λ) =
ch

√
λ t− 1

λ
=

∞∑
j=0

λj
t2j+2

(2j + 2)!
(4)

ñ ïðîèçâîäíîé

y ′t(t, λ) =
sh

√
λ t√
λ

=
∞∑
j=0

λj
t2j+1

(2j + 1)!
. (5)

Óêàçàííûå ôóíêöèè ÿâëÿþòñÿ öåëûìè êàê ïî ïåðåìåííîé t ∈ R, òàê è
ïî ïàðàìåòðó λ ∈ C.

Ïðè ïîäñòàíîâêå (4), (5) â ñîîòíîøåíèå (3) ïîëó÷àåì óðàâíåíèå

α
ch

√
λ − 1

λ
+ β

sh
√
λ√
λ

= 0 (6)

îòíîñèòåëüíî íåèçâåñòíîé ïåðåìåííîé λ ∈ C. Òàêèì îáðàçîì, ìíîæå-
ñòâî ñïåêòðàëüíûõ çíà÷åíèé çàäà÷è (1)�(3) ñîâïàäàåò ñ ìíîæåñòâîì êîð-
íåé óðàâíåíèÿ (6) èëè, ÷òî ýêâèâàëåíòíî, ñ ìíîæåñòâîì íóëåé

Λ = Λ(α, β) ⊂ C (7)

ñïåöèàëüíîé õàðàêòåðèñòè÷åñêîé ôóíêöèè

L(λ) = L(λ;α, β) ≡ α
ch

√
λ − 1

λ
+ β

sh
√
λ√
λ

, λ ∈ C. (8)

Îòìåòèì äðóãóþ çàïèñü

L(λ) =
2√
λ

sh

√
λ

2

(
α√
λ

sh

√
λ

2
+ β ch

√
λ

2

)
, (9)

ñóùåñòâåííî îáëåã÷àþùóþ èçó÷åíèå ìíîæåñòâà (7). ßñíî, ÷òî ðåçóëüòàò
áóäåò çàâèñåòü îò âûáîðà ïàðàìåòðîâ α, β ∈ C, |α|+|β| > 0. Ïåðå÷èñëèì
îñíîâíûå çàêîíîìåðíîñòè.
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1) Ïðè ëþáîì âûáîðå çíà÷åíèé α, β â ìíîæåñòâî (7) ïîïàäàåò óíè-
âåðñàëüíàÿ ñåðèÿ íóëåé

λ
(1)
k = −4k2π2, k ∈ N, (10)

äàâàÿ ñïåêòðàëüíûå çíà÷åíèÿ çàäà÷è (1)�(3) ñ ñîîòâåòñòâóþùèìè ñîá-
ñòâåííûìè ôóíêöèÿìè yk(t) = (1− cos 2kπt)/(4k2π2).

2) Ñëó÷àé α ̸= 0, β = 0 ÿâëÿåòñÿ îñîáûì. Çäåñü ôîðìóëà (10) äàåò
âñå íóëè ôóíêöèè (8), è êàæäûé èç íóëåé èìååò êðàòíîñòü äâà.

3) Ïðè α = 0, β ̸= 0 íóëè ôóíêöèè (8) âûðàæàþòñÿ â âèäå

λm = −m2π2, m ∈ N, (11)

ïðè÷åì âñå îíè ÿâëÿþòñÿ ïðîñòûìè. Ôîðìóëà (11) î÷åâèäíî ñîäåðæèò
óíèâåðñàëüíóþ ñåðèþ (10) è äîïîëíèòåëüíóþ ñåðèþ λ

(2)
k = −(2k− 1)2π2

ñ íóìåðàöèåé k ∈ N. Íàëè÷èå ïîäîáíîé äîïîëíèòåëüíîé ñåðèè õàðàê-
òåðíî è äëÿ ñëåäóþùåãî ñëó÷àÿ ¾îáùåãî ïîëîæåíèÿ¿.

4) Ïðè âñåõ α, β ∈ C \ {0} õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ (8) ïîìèìî
óíèâåðñàëüíîé ñåðèè (10) èìååò âòîðóþ ñåðèþ íóëåé

λ
(2)
k = λ

(2)
k (p), k ∈ J = J(p) ⊂ Z, (12)

çàâèñÿùóþ îò ïàðàìåòðà p = 2β/α ∈ C\{0}. Ñåðèþ (12) îáðàçóþò íóëè
ýëåìåíòàðíîé öåëîé ôóíêöèè

H(λ) = H(λ; p) ≡ 2√
λ

sh

√
λ

2
+ p ch

√
λ

2
, λ ∈ C, (13)

î÷åâèäíî ñâÿçàííîé ñ ïîñëåäíèì ñîìíîæèòåëåì â ðàçëîæåíèè (9). Ìíî-
æåñòâà (10) è (12) íå ïåðåñåêàþòñÿ. Îñîáûé èíòåðåñ ïðåäñòàâëÿåò âåùå-
ñòâåííûé ñëó÷àé � êîãäà p ∈ R \ {0}. Çäåñü åñòü îïðåäåëåííàÿ ðàçíèöà
ìåæäó ïîëîæèòåëüíûìè è îòðèöàòåëüíûìè çíà÷åíèÿìè p.

5) Ïðè p > 0 âñå íóëè ôóíêöèè (13) ÿâëÿþòñÿ âåùåñòâåííûìè, îò-
ðèöàòåëüíûìè è ïðîñòûìè, ïðåäñòàâèìûìè â âèäå

−∞ < . . . < λ
(2)
k+1 < λ

(2)
k < . . . < λ

(2)
1 . (14)

Ïðè ëþáîì ôèêñèðîâàííîì k ∈ N íóëü λ(2)k = λ
(2)
k (p) ñòðîãî âîçðàñòàåò

ñ ðîñòîì p ∈ (0,+∞), íåïðåðûâíî äâèãàÿñü îò ëåâîé äî ïðàâîé ãðàíèöû
â èíòåðâàëå (−4k2π2, −(2k − 1)2π2).
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6) Ïðè p < 0 âñå íóëè ôóíêöèè (13) ÿâëÿþòñÿ âåùåñòâåííûìè è ïðî-
ñòûìè, ïðåäñòàâèìûìè â âèäå

−∞ < . . . < λ
(2)
k+1 < λ

(2)
k < . . . < λ

(2)
1 < λ

(2)
0 . (15)

Ïðè ëþáîì ôèêñèðîâàííîì k ∈ N íóëü λ(2)k = λ
(2)
k (p) ñòðîãî âîçðàñòàåò

ñ ðîñòîì p ∈ (−∞, 0), íåïðåðûâíî äâèãàÿñü îò ëåâîé äî ïðàâîé ãðàíèöû
â èíòåðâàëå (−(2k + 1)2π2, −4k2π2). Êðîìå òîãî, èìååòñÿ ñïåöèàëüíûé
íóëü λ(2)0 = λ

(2)
0 (p), êîòîðûé ñòðîãî âîçðàñòàåò â èíòåðâàëå (−π2,+∞),

íåïðåðûâíî äâèãàÿñü îò ëåâîé äî ïðàâîé ãðàíèöû òàê, ÷òî λ
(2)
0 (p) = 0

ïðè p = −1, λ(2)0 (p) > 0 ïðè p ∈ (−1, 0) è λ(2)0 (p) ∼ 4/p2 ïðè p → 0− 0.
Êàê ñëåäñòâèå ñêàçàííîãî, ïîëó÷àåì òàêîé ðåçóëüòàò.

7) Ïðè ëþáîì âûáîðå α, β ∈ R \ {0} âñå íóëè õàðàêòåðèñòè÷åñêîé
ôóíêöèè (8) ÿâëÿþòñÿ âåùåñòâåííûìè è ïðîñòûìè. Îíè ñîñòîÿò èç äâóõ
ñ÷åòíûõ ñåðèé (10) è (12), ïðè÷åì çíà÷åíèÿ (12) íàõîäÿòñÿ êàê íóëè öå-
ëîé ôóíêöèè (13) ñ ïàðàìåòðîì p = 2β/α. Â çàâèñèìîñòè îò òîãî, áóäåò
ëè p > 0 èëè p < 0, íóëè ñåðèè (12) äîïóñêàþò çàïèñü â âèäå (14)
èëè (15) ñ ñîîòâåòñòâóþùèìè èíòåðâàëàìè ëîêàëèçàöèè èç ïóíêòîâ 5)
èëè 6) âûøå. Ñïðàâåäëèâî òàêæå ñâîéñòâî ïåðåìåæàåìîñòè: ìåæäó äâó-
ìÿ ëþáûìè ïîñëåäîâàòåëüíûìè íóëÿìè èç ñåðèè (12) ðàñïîëîæåí ðîâíî
îäèí íóëü èç ñåðèè (10).

Ïåðå÷èñëåííûå óòâåðæäåíèÿ 1)�7) äàþò áàçîâîå ïðåäñòàâëåíèå î ðàñ-
ïðåäåëåíèè íóëåé õàðàêòåðèñòè÷åñêîé ôóíêöèè (8), à, ñëåäîâàòåëüíî, è
î ðàñïðåäåëåíèè ñïåêòðàëüíûõ çíà÷åíèé çàäà÷è (1)�(3).

Âñå ýòî íàõîäèò ïðèìåíåíèå ïðè èçó÷åíèè ëèíåéíîé îáðàòíîé çàäà÷è

u′′(t) = Au(t) + g, 0 ⩽ t ⩽ 1, (16)

u(0) = u′(0) = 0, (17)

αu(1) + βu′(1) = 0. (18)

Ñîîòíîøåíèÿ (16)�(18) ðàññìàòðèâàåì â êîìïëåêñíîì áàíàõîâîì ïðî-
ñòðàíñòâå E ñ ëèíåéíûì çàìêíóòûì îïåðàòîðîì A, çàäàííûì íà îáëàñòè
îïðåäåëåíèÿ D(A). Ôóíêöèþ u ∈ C 2( [0, 1], E ) ñî çíà÷åíèÿìè â D(A) è
ýëåìåíò g ∈ E ñ÷èòàåì íåèçâåñòíûìè. Çàäà÷à (16)�(18) âñåãäà èìååò òðè-
âèàëüíîå ðåøåíèå u(t) ≡ 0, g = 0. Ñòàâèòñÿ âîïðîñ î åäèíñòâåííîñòè
òàêîãî ðåøåíèÿ. Ñïðàâåäëèâ ñëåäóþùèé îáùèé êðèòåðèé (ñì. [2]�[5]).

Òåîðåìà 1. Îáðàòíàÿ çàäà÷à (16)�(18) ñ ëèíåéíûì çàìêíóòûì îïå-
ðàòîðîì A èìååò òîëüêî òðèâèàëüíîå ðåøåíèå u(t) ≡ 0, g = 0 òîãäà
è òîëüêî òîãäà, êîãäà íè îäèí íóëü õàðàêòåðèñòè÷åñêîé ôóíêöèè (8)
íå ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì îïåðàòîðà A.
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Ïîëíîå äîêàçàòåëüñòâî òåîðåìû ïîëó÷àåòñÿ ñðåäñòâàìè òåîðèè öåëûõ
ôóíêöèé, íî ¾íåîáõîäèìîñòü¿ â êðèòåðèè ïðîâåðÿåòñÿ ïðîñòî.

Äåéñòâèòåëüíî, ïóñòü íåêîòîðûé íóëü λ = a ∈ C èç ìíîæåñòâà (7)
ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì îïåðàòîðà A, ò. å. Af = af ñ ñîáñòâåí-
íûì âåêòîðîì f ∈ D(A), f ̸= 0. Òîãäà ïàðà

u(t) = y(t, a)f, g = f (19)

äàåò íåòðèâèàëüíîå ðåøåíèå îáðàòíîé çàäà÷è (16)�(18). Äëÿ ïðîâåðêè
íàïîìíèì, ÷òî ôóíêöèÿ y(t, λ) èç ôîðìóëû (4) ïðè λ = a áóäåò óäîâëå-
òâîðÿòü âñåì ñîîòíîøåíèÿì (1)�(3), òàê êàê λ = a åñòü íóëü õàðàêòå-
ðèñòè÷åñêîé ôóíêöèè (8). Íåòðèâèàëüíûå ðåøåíèÿ âèäà (19) íàçûâàåì
ýëåìåíòàðíûìè ðåøåíèÿìè îáðàòíîé çàäà÷è (16)�(18).

Âîîáùå ãîâîðÿ, íåëüçÿ èñêëþ÷àòü, ÷òî λ = a ÿâëÿåòñÿ êðàòíûì íó-
ëåì õàðàêòåðèñòè÷åñêîé ôóíêöèè (8). Íåòðóäíî óáåäèòüñÿ ïðè ýòîì, ÷òî
êðàòíîñòè íóëåé íå ìîãóò áûòü âûøå äâóõ. Äîïóñòèì, ÷òî âûáðàí èìåí-
íî òàêîé êðàòíûé íóëü λ = a, è îí æå ÿâëÿåòñÿ êðàòíûì ñîáñòâåííûì
çíà÷åíèåì îïåðàòîðà A â òîì ñìûñëå, ÷òî

Af = af, Af+ = af+ + f (20)

ñ ñîáñòâåííûì âåêòîðîì f ∈ D(A), f ̸= 0, è ïðèñîåäèíåííûì ê íåìó
âåêòîðîì f+ ∈ D(A2), f+ ̸= 0.

Èñõîäÿ èç ôîðìóëû (4), îïðåäåëèì ôóíêöèþ

z(t, λ) ≡ dy(t, λ)

dλ
=

√
λ t sh

√
λ t− 2 ch

√
λ t+ 2

2λ2
=

∞∑
j=0

λj
(j + 1) t2j+4

(2j + 4)!
,

çàâèñÿùóþ îò t ∈ R è λ ∈ C. Ýòî îïðåäåëåíèå âìåñòå ñ ñîîòíîøåíèÿìè{
y′′tt(t, λ) = λy(t, λ) + 1, 0 ⩽ t ⩽ 1,

y(0, λ) = y ′t(0, λ) = 0, αy(1, λ) + βy ′t(1, λ) = L(λ)
(21)

ïîêàçûâàåò, ÷òî{
z′′tt(t, λ) = λz(t, λ) + y(t, λ), 0 ⩽ t ⩽ 1,

z(0, λ) = z ′t(0, λ) = 0, αz(1, λ) + βz ′t(1, λ) = L′(λ)
(22)

ïðè âñåõ λ ∈ C. Èñïîëüçóÿ (20)�(22), à òàêæå óñëîâèå L(a) = L′(a) = 0,
âåðíîå äëÿ êðàòíîãî êîðíÿ λ = a, íåòðóäíî óñòàíîâèòü, ÷òî ïàðà

u(t) = y(t, a)f+ + z(t, a)f, g = f+ (23)
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äàåò íåòðèâèàëüíîå ðåøåíèå çàäà÷è (16)�(18). Ðåøåíèÿ òàêîãî âèäà áó-
äåì íàçûâàòü ïðèñîåäèíåííûìè ýëåìåíòàðíûìè ðåøåíèÿìè îáðàòíîé
çàäà÷è. Ïðè ïîìîùè ÿâíûõ âûðàæåíèé äëÿ y(t, λ) è z(t, λ) ôóíêöèþ u(t)
â ïàðå (23) ìîæíî çàïèñàòü â âèäå

u(t) =
ch

√
a t− 1

a
f+ +

√
a t sh

√
a t− 2 ch

√
a t+ 2

2a2
f. (24)

Ïîêàæåì, êàê ýòî âûãëÿäèò íà ïðàêòèêå.
Ðàññìîòðèì îáðàòíóþ çàäà÷ó (16)�(18) ñî çíà÷åíèÿìè α ̸= 0, β = 0.

Êàê áûëî îòìå÷åíî â ïóíêòå 2) âûøå, ôîðìóëà (10) ñîäåðæèò âñå íóëè
õàðàêòåðèñòè÷åñêîé ôóíêöèè L(λ), è êàæäûé èç íóëåé λ

(1)
k = −4k2π2

èìååò êðàòíîñòü äâà. Âûäåëèì îäèí òàêîé íóëü ñ êîíêðåòíûì k ∈ N
è îáîçíà÷èì åãî ÷åðåç a. Êðîìå òîãî, ïðåäïîëîæèì, ÷òî a = −4k2π2

åñòü êðàòíîå ñîáñòâåííîå çíà÷åíèå îïåðàòîðà A â ñìûñëå (20) ñ ñîáñòâåí-
íûì âåêòîðîì f = fk ̸= 0 è ïðèñîåäèíåííûì âåêòîðîì f+ = f+k ̸= 0.
Òîãäà äàííîìó a = −4k2π2 îòâå÷àåò ýëåìåíòàðíîå ðåøåíèå âèäà (19) è
ïðèñîåäèíåííîå ýëåìåíòàðíîå ðåøåíèå âèäà (23).

Óêàæåì ÿâíûå âûðàæåíèÿ äëÿ êîìïîíåíòà u(t) â òàêèõ êîìáèíàöèÿõ.
Ïðè a = −4k2π2 ýëåìåíòàðíîå ðåøåíèå (19) ñîäåðæèò ôóíêöèþ

u(t) =
1

4k2π2
(1− cos 2kπt)fk

ñ ñîáñòâåííûì âåêòîðîì fk ̸= 0. Áîëåå ñëîæíîå ïðèñîåäèíåííîå ðåøåíèå
âèäà (23) ñîäåðæèò ôóíêöèþ

u(t) =
1

16k4π4
(1− cos 2kπt)(fk + 4k2π2 f+k )−

t

16k3π3
sin 2kπt · fk

ñ ñîáñòâåííûì âåêòîðîì fk ̸= 0 è ïðèñîåäèíåííûì âåêòîðîì f+k ̸= 0.
Âûâîä ïîñëåäíåé ôîðìóëû äëÿ u(t) ïîëó÷àåòñÿ ïðîñòîé îáðàáîòêîé (24)
ñ ó÷åòîì êîíêðåòíîãî çíà÷åíèÿ a = −4k2π2. Èçëîæåííûå ñîîáðàæåíèÿ
àêòóàëüíû íà ïðàêòèêå: èçâåñòíû ïðèìåðû ¾ôèçè÷åñêèõ¿ äèôôåðåíöè-
àëüíûõ îïåðàòîðîâ A ñ áåñêîíå÷íûì íàáîðîì êðàòíûõ ñîáñòâåííûõ çíà-
÷åíèé ïî òèïó (20) (ñì. [6]).

Âîçíèêàåò âîïðîñ: âîçìîæíû ëè äðóãèå ñîîòíîøåíèÿ ìåæäó ïàðàìåò-
ðàìè α, β ∈ C, |α| + |β| > 0, ïðè êîòîðûõ õàðàêòåðèñòè÷åñêàÿ ôóíê-
öèÿ (8) èìååì êðàòíûå íóëè? Êàê ñëåäóåò èç ïóíêòîâ 1)�7) âûøå, â âå-
ùåñòâåííîì ñëó÷àå âñå èñ÷åðïûâàåòñÿ ïðèìåðîì α ̸= 0, β = 0 (êîòîðûé
ìû óæå ðàññìîòðåëè). Ñïåöèàëüíîå èññëåäîâàíèå, ïðîâåäåííîå àâòîðàìè
ñîâìåñòíî ñ Â.Á.Øåðñòþêîâûì, äîïîëíèëî êàðòèíó ñëåäóþùèì îáðà-
çîì: îêàçûâàåòñÿ, åñëè êîýôôèöèåíòû α, β ∈ C \ {0} ñâÿçàíû óñëîâèåì

α + (1 + ch z0)β = 0
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ñ íåêîòîðûì êîìïëåêñíûì êîðíåì z0 ̸= 0 óðàâíåíèÿ sh z = z, òî õà-
ðàêòåðèñòè÷åñêàÿ ôóíêöèÿ (8), ïîìèìî áåñêîíå÷íîãî ÷èñëà ïðîñòûõ íó-
ëåé, èìååò ðîâíî îäèí íóëü λ = z20 êðàòíîñòè äâà. Äðóãèõ âîçìîæíîñòåé
äëÿ êðàòíûõ íóëåé íåò. Ïîäðîáíåå ïðî ýòî � â çàìåòêå È.Â.Òèõîíîâà,
Â.Á.Øåðñòþêîâà, Ì.Àëìîõàìåäà (ñì. íàñòîÿùèé ñáîðíèê).

Îòìåòèì â çàêëþ÷åíèå, ÷òî ïðèñîåäèíåííûå ðåøåíèÿ âèäà (23) âû-
çûâàþò èíòåðåñ â ñâÿçè ñ ïðîáëåìîé ñïåêòðàëüíîãî ñèíòåçà äëÿ îäíîðîä-
íîé îáðàòíîé çàäà÷è (16)�(18). Ðå÷ü èäåò î ïðåäñòàâëåíèè ïðîèçâîëüíî-
ãî ðåøåíèÿ (u(t), g) ïðè ïîìîùè ýëåìåíòàðíûõ ðåøåíèé, ñîîòâåòñòâóþ-
ùèõ íóëÿì õàðàêòåðèñòè÷åñêîé ôóíêöèè L(λ) è âîçìîæíûì ñîáñòâåí-
íûì çíà÷åíèÿì îïåðàòîðà A. Â òàêîì ñëó÷àå, ïðè íàëè÷èè êðàòíûõ íó-
ëåé è ðàâíûõ èì êðàòíûõ ñîáñòâåííûõ çíà÷åíèé, ïîòðåáóþòñÿ íå òîëüêî
îáû÷íûå ýëåìåíòàðíûå ðåøåíèÿ âèäà (19), íî è ïðèñîåäèíåííûå ê íèì
ýëåìåíòàðíûå ðåøåíèÿ âèäà (23).
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Èçâåñòíî, ÷òî ñóììû íåêîòîðûõ ñèíóñ-ðÿäîâ ñ ìîíîòîííûìè êîýôôèöèåíòàìè
ïðèíèìàþò îòðèöàòåëüíûå çíà÷åíèÿ íà (0, π). Â ðàáîòå äîêàçàíî, ÷òî íà ¾íå
ñëèøêîì êîðîòêèõ¿ îòðåçêàõ âîçìîæíûå îòðèöàòåëüíûå çíà÷åíèÿ êîìïåíñèðó-
þòñÿ ïîëîæèòåëüíûìè: ñðåäíèå çíà÷åíèÿ ñóììû ïðîèçâîëüíîãî ñèíóñ-ðÿäà ñ ìî-
íîòîííûìè êîýôôèöèåíòàìè ïîëîæèòåëüíû íà âñåõ îòðåçêàõ [α, β] ⊂ (0, π), åñëè
β/α ≥ 2.

Êëþ÷åâûå ñëîâà: ðÿäû ïî ñèíóñàì, ìîíîòîííûå êîýôôèöèåíòû.
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On the positivity of the average sums of sine
series with monotone coe�cients1
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It is known that sine series with monotone coe�cients can have negative values on
subsets of (0, π). In this paper, we show that for su�ciently long segments possible
negative values are always compensated by positive ones. Speci�cally, we show that a
sum of such series has a positive mean over all segments [a, b] ⊂ (0, π) with b/a ≥ 2.

Keywords: sine series, monotone coe�cients.
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Ðàññìàòðèâàþòñÿ ðÿäû g(b;x) =
∞∑
k=1

bk sin(kx), ïîñëåäîâàòåëüíîñòè

êîýôôèöèåíòîâ êîòîðûõ b = {bk}k∈N ìîíîòîííî ñòðåìÿòñÿ ê íóëþ:
b1 > 0, bk+1 ≤ bk ∀k ∈ N, lim

k→∞
bk = 0. Êëàcc âñåõ òàêèõ ïîñëåäîâà-

òåëüíîñòåé îáîçíà÷èì M; ñóììû ðÿäîâ ñ êîýôôèöèåíòàìè èç M íåïðå-
ðûâíû íà (0, 2π), à ñàìè ðÿäû ðàâíîìåðíî ñõîäÿòñÿ íà ëþáîì îòðåçêå
âèäà [δ, 2π − δ] (0 < δ < π).

Ñóììû ñèíóñ-ðÿäîâ ñ êîýôôèöèåíòàìè èç M ïîëîæèòåëüíû â íåêî-
òîðîé ïðàâîé ïîëóîêðåñòíîñòè íóëÿ [1], íî ðàçìåð ìàêñèìàëüíîé òàêîé
îêðåñòíîñòè ñóùåñòâåííî çàâèñèò îò ïîñëåäîâàòåëüíîñòè b [2]. Ìû îá-
íàðóæèëè ñëåäóþùåå ÿâëåíèå. Ïðè èíòåãðèðîâàíèè ñóììû ñèíóñ-ðÿäà
ñ ìîíîòîííûìè êîýôôèöèåíòàìè ïî ¾íå ñëèøêîì êîðîòêîìó¿ îòðåçêó,

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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ëåæàùåìó íà (0, π], ïîëîæèòåëüíûå çíà÷åíèÿ âñåãäà êîìïåíñèðóþò îò-
ðèöàòåëüíûå.

Òåîðåìà 1. Ïðè ëþáûõ y, x ∈ (0, π), y ≤ x/2 âåðíî íåðàâåíñòâî

x�

y

g(b; t) dt > 0 ∀b ∈ M. (2)

Åñëè x = π, 0 < y < π/2, òî íåðàâåíñòâî (2) ñîõðàíÿåòñÿ. Íåðà-

âåíñòâî
π�

π/2

g(b; t) dt > 0 âåðíî äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè b ∈ M çà

èñêëþ÷åíèåì (b1, b1, 0, 0, 0, ...) � â ýòîì ñëó÷àå èíòåãðàë ðàâåí íóëþ.
Òåîðåìà 1 îïðàâäûâàåò ïîñòàíîâêó ñëåäóþùåé çàäà÷è.
Äëÿ ëþáîãî x ∈ (0, π] íàéòè âåëè÷èíó Y (x), ðàâíóþ òî÷íîé âåðõíåé

ãðàíè çíà÷åíèé y, äëÿ êîòîðûõ âåðíî ñîîòíîøåíèå (2). Èç òåîðåìû 1
âèäíî, ÷òî Y (π) = π/2. Ïðè x, îòñòîÿùèõ îò òî÷êè π ¾íå î÷åíü äàëåêî¿,
ìû òàêæå íàøëè òî÷íîå çíà÷åíèå Y (x).

Òåîðåìà 2. Ïðè x ∈ (arccos(−3/4), π] ñïðàâåäëèâî ðàâåíñòâî

Y (x) = arccos(−1− cosx), Y (arccos(−3/4)) = π/2.

Òåîðåìà 3. Ïðè x→ 0+ ñïðàâåäëèâî ïîðÿäêîâîå ñîîòíîøåíèå

x− Y (x) ≍ x2.
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Äëÿ ÷èñëåííîãî èíòåãðèðîâàíèÿ óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè â îáëàñòÿõ
ìåæäó êîíöåíòðè÷íûìè ñôåðàìè è äèôôåîìîðôíûõ èì îáëàñòÿõ ïðåäëîæåí âà-
ðèàíò ïðîåêöèîííîãî ìåòîäà Ãàëåðêèíà, ïîçâîëÿþùèé èçáåæàòü âîçíèêíîâåíèÿ
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A variant of the Galerkin projection method is proposed for numerical integration
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di�eomorphic regions, which avoids the occurrence of singularities in the poles of a
spherical coordinate system.
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Ââåäåíèå

Ìàòåìàòè÷åñêèå ìîäåëè ãèäðîäèíàìè÷åñêèõ ïîäâåñîâ [1,2] ïðåäñòàâëÿþò
ñîáîé ñâÿçàííûå ïîñðåäñòâîì ãðàíè÷íûõ óñëîâèé è óñëîâèé ñâÿçè ñèñòå-
ìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé è óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ ïðè ñîîòâåòñòâóþùèõ íà÷àëüíûõ óñëîâèÿõ (ò.í. êîìáèíè-
ðîâàííûå äèíàìè÷åñêèå ñèñòåìû). Â ñôåðè÷åñêèõ ãèäðîäèíàìè÷åñêèõ
ïîäâåñàõ [1,2] ïîääåðæèâàþùèé ñëîé âÿçêîé æèäêîñòè çàíèìàåò îáëàñòü
ìåæäó ïîäâèæíûìè ñôåðàìè, äèôôåîìîðôíî îòîáðàæàåìóþ íà îáëàñòü

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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ìåæäó êîíöåíòðè÷íûìè ñôåðàìè. Â äàííîì ñëó÷àå ïðèìåíåíèå êîíå÷íî-
ðàçíîñòíûõ ìåòîäîâ äèñêðåòèçàöèè óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè
îñëîæíÿåòñÿ îñîáåííîñòÿìè â ïîëþñàõ ñôåðè÷åñêîé ñèñòåìû êîîðäèíàò,
à ïðèìåíåíèå ìåòîäà êîíå÷íûõ ýëåìåíòîâ � ïîäâèæíîé ãðàíèöåé. Îïòè-
ìèçàöèÿ ïðîåêöèîííîãî ìåòîäà Ãàëåðêèíà äëÿ îáëàñòåé ïîäîáíîãî òèïà
âûïîëíÿåòñÿ íà îñíîâå èíâàðèàíòíîñòè îïåðàöèé âåêòîðíîãî àíàëèçà.

Îñíîâíûå óòâåðæäåíèÿ

Ïóñòü äåêàðòîâû (x, y, z) è ñôåðè÷åñêèå êîîðäèíàòû (r, ϑ, φ) ñâÿçàíû
ñîîòíîøåíèÿìè x = r sinϑ cosφ, y = r sinϑ sinφ, z = r cosϑ, è â
ïðîåêöèÿõ íà äåêàðòîâû îñè er = (sinϑ cosφ, sinϑ sinφ, cosϑ)T , eϑ =
(cosϑ cosφ, cosϑ sinφ,− sinϑ)T , eφ = (− sinφ, cosφ, 0)T . Äëÿ ñêàëÿðíîãî
f = f(r, ϑ, φ) è âåêòîðíîãî F = Fr(r, ϑ, φ)er+Fϑ(r, ϑ, φ)eϑ+Fφ(r, ϑ, φ)eφ
ïîëåé îñîáåííîñòè â ïîëþñàõ ϑ = 0, π îïåðàöèé âåêòîðíîãî àíàëèçà ∇f ,
∇·F, ∇×F â ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò èñ÷åðïûâàþòñÿ îñîáåííî-
ñòÿìè èõ ñôåðè÷åñêèõ ñîñòàâëÿþùèõ ∇(s)f = ∂f

∂ϑeϑ+
1

sinϑ
∂f
∂φeφ, ∇

(s) ·F =

1
sinϑ

(
∂
∂ϑ(Fϑ sinϑ) +

∂Fφ

∂φ

)
. Cïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà 1. Ïóñòü êîìïîíåíòû uϑ è uφ âåêòîðíîãî ïîëÿ u =
uϑ(ϑ, φ)eϑ + uφ(ϑ, φ)eφ, (ϑ, φ) ∈ [0, π] × R, u|φ+2π = u|φ, |u| < ∞ äâà-
æäû äèôôåðåíöèðóåìû, çà èñêëþ÷åíèåì, âîçìîæíî, ïîëþñîâ ϑ = 0, π,
è ∇(s) · u = 0, ∇(s) · (er × u) = 0. Òîãäà u ≡ 0.

Ïîëíàÿ â ïðîñòðàíñòâå íåïðåðûâíûõ íà ïîâåðõíîñòè åäèíè÷íîé ñôå-
ðû ôóíêöèé ñèñòåìà îðòîíîðìèðîâàííûõ ñôåðè÷åñêèõ ãàðìîíèê èìå-
åò âèä Y

(m)
k (ϑ, φ) = s

−1/2
km P

(m)
k (cosϑ) cosmφ, m = 0, k, k = 0, 1, 2, ....;

Y
(−m)
k (ϑ, φ) = s

−1/2
km P

(m)
k (cosϑ) sinmφ, m = 1, k, k = 1, 2, 3, ...; P (m)

k (z) =
(−1)

k

2kk!
(1− z2)

m
2
dk+m

dzk+m (1− z2)k, skm = 2π(1+δ0m)
2k+1

(k+m)!
(k−m)! .

Ïóñòü êîìïîíåíòà ur âåêòîðíîãî ïîëÿ u = ur(ϑ, φ)er + uϑ(ϑ, φ)eϑ +
uφ(ϑ, φ)eφ, (ϑ, φ) ∈ [0, π] × R, u|φ+2π = u|φ, |u| < ∞ ïî êðàéíåé ìåðå
íåïðåðûâíà íà ïîâåðõíîñòè åäèíè÷íîé ñôåðû, à êîìïîíåíòû uϑ è uφ
äâàæäû äèôôåðåíöèðóåìû, çà èñêëþ÷åíèåì, âîçìîæíî, ïîëþñîâ ϑ =
0, π. Â ñèëó ïîëíîòû ñôåðè÷åñêèõ ãàðìîíèê, èç óñëîâèé

� 2π

0 dφ
� π
0 sinϑdϑurY

(m)
k = 0, k = 0, 1, 2, ...; m = −k, k (1)

� 2π

0 dφ
� π
0 sinϑdϑY

(m)
k ∇(s) · u ≡ −

� 2π

0 dφ
� π
0 sinϑdϑu · ∇(s)Y

(m)
k =

= 0,
� 2π

0 dφ
� π
0 sinϑdϑY

(m)
k ∇(s) · (er × u) ≡ −

� 2π

0 dφ·
·
� π
0 sinϑdϑer × u · ∇(s)Y

(m)
k = 0, k = 1, 2, 3, ..., m = −k, k

(2)

(ïðè k = 0 óñëîâèÿ (2) âûïîëíåíû òîæäåñòâåííî) ñëåäóåò u ≡ 0.
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Ìîäåëèðîâàíèå ñôåðè÷åñêîãî ïîäâåñà

Ìàòåìàòè÷åñêàÿ ìîäåëü ñôåðè÷åñêîãî ãèäðîäèíàìè÷åñêîãî ïîäâåñà [1]
ïîñëå ïðåíåáðåæåíèÿ ñæèìàåìîñòüþ æèäêîñòè è ðàäèàëüíûìè ñîñòàâ-
ëÿþùèìè ëîêàëüíûõ óñêîðåíèé ïðèíèìàåò âèä:

β[ρ2ρ − 1]ẅ = γ[ρ2ρ − 1](g − a0 − µ1a1) +
3
4πQ− ((k1aẇ + k2aw)·

·ea(α1))ea(α1),Ω
(0)
1 = ω

(0)
1 ea(α

(0)
1 ),Ω

(1)
1 = B1(α1)α̇

(1)
1 + ω

(1)
1 ea(α1)+

+ω
(0)
1 fa(α

(0)
1 ,α

(1)
1 ),Ω = (ω

(0)
1 + µ1ω

(1)
1 )ea(α1)− A(α1)[B1(α2)α̇2+

+ω2ea(α2)], Ω2 = (ω2, 0, 0)
T + ω(r), ω(r) = B(α2)α̇2+

+µ1A
T (α2)B(α1)α̇

(1)
1 , ρ2ρ (JΩ̇2 + ω(r) × JΩ2) =

3β
4πσA

T (α2)A
T (α1)M

w = (wx, wy, wz)
T , α2 = (0, α22, α23)

T , α1 = α
(0)
1 + µ1α

(1)
1

J = diag(J1, J2, J2), J1 > J2
(3)

h = β−1{[(1 + β)2 + β2((w · er)2 −w2)]1/2 − 1} −w · er
v = βvrer + vϑeϑ + vφeφ, vr = −(1 + βξ)−2

� ξ
0 (1 + βξ)∇(s) · vdξ

p = p|ξ=0 + β
� ξ
0 [v2ϑ + v2φ − 2(Ω

(0)
1 + µ1Ω

(1)
1 )× v · er]dξ

(4)

∂vϑ
∂t = Sϑ, Sϑ = − 1

1+βξ
∂p
∂ϑ +

1
σ(

∂2vϑ
∂ξ2 + 2β ∂vϑ∂ξ ) + Fϑ[v]

∂vφ
∂t = Sφ, Sφ = − 1

1+βξ
1

sinϑ
∂p
∂φ + 1

σ(
∂2vφ
∂ξ2 + 2β

∂vφ
∂ξ ) + Fφ[v]

F [v] = −µ1(1 + βξ)Ω̇
(1)

1 × er −∇(s)((Ω
(0)
1 + µ1Ω

(1)
1 )× er · v)−

−vr[∂v∂ξ + βv]− 2(Ω
(0)
1 + µ1Ω

(1)
1 )× v + (Ω

(0)
1 + µ1Ω

(1)
1 )∇(s) · (er×

×v) + (1− βξ)[(er × v)∇(s) · (er × v)− 1
2∇

(s)(v2ϑ + v2φ)]+

+β2[∇(s)(∇(s) · v)− er ×∇(s)(∇(s) · (er × v))]/σ

vϑ|ξ=0 = −Ω · eφ, vϑ|ξ=h(ϑ,φ,t) = −β[ẇ − (Ω
(0)
1 + µ1Ω

(1)
1 )×w] · eϑ

vφ|ξ=0 = −Ω · eϑ, vφ|ξ=h(ϑ,φ,t) = −β[ẇ − (Ω
(0)
1 + µ1Ω

(1)
1 )×w] · eφ

(5)

Q =
� π
0 sinϑdϑ

� 2π

0 dφ[βσ(eϑ
∂vϑ
∂ξ

∣∣∣
ξ=0

+ eφ
∂vφ
∂ξ

∣∣∣
ξ=0

)− p|ξ=0er]

M = 8
3πβΩ+

� π
0 sinϑdϑ

� 2π

0 dφ[eφ(∂vϑ/∂ξ)|ξ=0 − eϑ(∂vφ/∂ξ)|ξ=0]
(6)

∇(s) ·Φ[v] = 0, Φ[v] =
� h
0 (1 + βξ)(vϑeϑ + vφeφ)dξ+

+1
2(1 + βh)2[ẇ − (Ω

(0)
1 + µ1Ω

(1)
1 )×w]

(7)

Çäåñü (1 + βξ, ϑ, φ) � ñôåðè÷åñêàÿ ñèñòåìà êîîðäèíàò, áåçðàçìåðíûå
ïåðåìåííûå, ïàðàìåòðû è ôóíêöèè ea(α), fa(α

(0),α(1)), A(α), B(α),
B1(α) ñîâïàäàþò ñ [1]. Â êà÷åñòâå íà÷àëüíûõ óñëîâèé äëÿ (3)-(7) çà-
äàþòñÿ w|t=0, ẇ|t=0, ω2|t=0, α22|t=0, α̇22|t=0, α23|t=0, α̇23|t=0, vϑ|t=0, vφ|t=0,
p|t=0. Ïîñëå ïåðåõîäà ê íîâîé íåçàâèñèìîé êîîðäèíàòå x = ξ/h, x ∈ [0, 1]
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ê ïðåîáðàçîâàííûì óðàâíåíèÿì (4)-(7) ïðèìåíÿëñÿ îñíîâàííûé íà (1),
(2) âàðèàíò ïðîåêöèîííîãî ìåòîäà Ãàëåðêèíà ñ ïðåäñòàâëåíèÿìè âèäà

v = βvrer +∇(s)U − er ×∇(s)V, p|x=0 =
∑N2

k=1

∑k
m=−k pkm(t)Y

(m)
k (ϑ, φ)

U(x, ϑ, φ, t) =
∑N1+2

n=0

∑N2

k=1

∑k
m=−k Unkm(t)Tn(2x− 1)Y

(m)
k (ϑ, φ)

V (x, ϑ, φ, t) =
∑N1+2

n=0

∑N2

k=1

∑k
m=−k Vnkm(t)Tn(2x− 1)Y

(m)
k (ϑ, φ),

Tn(z) = cos(n arccos z), N1 ⩾ 7
2σ

1/4, N2 ⩾ β−2/3(34σ)
1/3

Äèñêðåòíûå àíàëîãè óðàâíåíèé Íàâüå-Ñòîêñà è ãðàíè÷íûõ óñëîâèé
(5), óðàâíåíèÿ áàëàíñà ðàñõîäà æèäêîñòè (7) ïðèíèìàþò âèä
� π
0 sinϑdϑ

� 2π

0 dφ
� 1

0 dxTn(2x− 1)(∂v/∂t−Ψ[v, p]) · ∇(s)Y
(m)
k = 0� π

0 sinϑdϑ
� 2π

0 dφ
� 1

0 dxTn(2x− 1)er × (∂v∂t −Ψ[v, p]) · ∇(s)Y
(m)
k = 0

Ψ[v, p] = Sϑeϑ + Sφeφ +
ḣ
hx

∂v
∂x , n = 0, N1, k = 1, N2,m = −k, k∑N1+2

n=0 (−1)nUnkm = 0,
∑N1+2

n=0 Unkm = βS
(r)
km,
∑N1+2

n=0 (−1)nVnkm =

= S
(v)
km,
∑N1+2

n=0 Vnkm = 0, k = 1, N2,m = −k, k; S(v)
km = −δ1k(43π)

1/2·
·(δ1mΩx + δ−1

m Ωy + δ0mΩz), (S
(r)
1,1, S

(r)
1,−1, S

(r)
1,0)

T = (43π)
1/2[(Ω

(0)
1 +

+µ1Ω
(1)
1 )×w − ẇ], S

(r)
km = 0, k = m = 0, k = 2, N2, m = −k, k� π

0 sinϑdϑ
� 2π

0 dφΦ[v] · ∇(s)Y
(m)
k = 0, k = 1, N2, m = −k, k

(8)

Óðàâíåíèÿ (3), (4), (6), (8) ïðåäñòàâëÿþò ñîáîé ñèñòåìó îáûêíîâåí-
íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

Ẏ = F(t,Y),Y = (wx, wy, wz, ẇx, ẇy, ẇz, ω2, α22, α23, α̇22, α̇23, Unkm,

n = 1, N1, k = 1, N2,m = −k, k, Vnkm, n = 0, N1, k = 1, N2,m = −k, k)T

êîòîðàÿ èíòåãðèðóåòñÿ ÷èñëåííî ïðè íà÷àëüíûõ óñëîâèÿõ Y|t=0 = Y0,
ñîîòâåòñòâóþùèõ ðàâíîâåñíîìó ñîñòîÿíèþ, ò.å. F(−0,Y0) = 0. Ïîêàçàíî,
÷òî ïîäâåñ ñ ëåãêèì âíóòðåííèì òåëîì áûñòðî öåíòðèðóåòñÿ ïðè âîçðàñ-
òàíèè êîëåáàòåëüíîãî ÷èñëà Ðåéíîëüäñà, è ïðè âíåçàïíîì âîçðàñòàíèè
âíåøíåé ïåðåãðóçêè áûñòðî ïåðåõîäèò èç îäíîãî ðàâíîâåñíîãî ñîñòîÿ-
íèÿ â äðóãîå. Ðåçóëüòàòû ÷èñëåííîãî ìîäåëèîâàíèÿ õîðîøî ñîãëàñóþòñÿ
ñ ðåçóëüòàòàìè àñèìïòîòè÷åñêîãî èíòåãðèðîâàíèÿ èç ðàáîòû [2].
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ÓÄÊ 517.518+517.983

Ïðåääóàëüíûå ïðîñòðàíñòâà äëÿ
ïðîñòðàíñòâà (p, q)-ìóëüòèïëèêàòîðîâ
è èõ ïðèìåíåíèå â çàäà÷å Ñòå÷êèíà

î ïðèáëèæåíèè îïåðàòîðîâ
äèôôåðåíöèðîâàíèÿ1

Â. Â. Àðåñòîâ (Åêàòåðèíáóðã, Ðîññèÿ)
vitalii.arestov@urfu.ru

Áóäåò ïðèâåäåíà êîíñòðóêöèÿ ïðåääóàëüíîãî ïðîñòðàíñòâà Fp,q äëÿ ïðîñòðàí-
ñòâà Mp,q ìóëüòèïëèêàòîðîâ ïàðû (Lp, Lq) ïðîñòðàíñòâ Ëåáåãà íà Rm, îïèñàí-
íàÿ â äðóãèõ òåðìèíàõ â ñðàâíåíèè ñ ïðåääóàëüíûì ïðîñòðàíñòâîì Ap,q À.Fig�a-
Talamanca è G. I.Gaudry (1967). Áóäåò îáñóæäàòüñÿ ïðèìåíåíèå ïðîñòðàíñòâ Fp,q
â çàäà÷å Ñòå÷êèíà î ïðèáëèæåíèè îïåðàòîðîâ äèôôåðåíöèðîâàíèÿ ëèíåéíûìè
îãðàíè÷åííûìè îïåðàòîðàìè â ïðîñòðàíñòâàõ Ëåáåãà Lγ , 1 ≤ γ ≤ ∞, íà ÷èñëîâîé
îñè.

Êëþ÷åâûå ñëîâà: ïðîñòðàíñòâà ìóëüòèïëèêàòîðîâ, ïðåääóàëüíîå ïðîñòðàíñòâî,
îïåðàòîð äèôôåðåíöèðîâàíèÿ, çàäà÷à Ñòå÷êèíà, íåðàâåíñòâî Êîëìîãîðîâà.

Áëàãîäàðíîñòè: ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ïðîåêò
� 22-21-00526).

Predual spaces for the space of (p, q)-multipliers
and their application in Stechkin's problem
on approximation of di�erentiation operators1

V. V. Arestov (Ekaterinburg, Russia)
vitalii.arestov@urfu.ru

A construction of the predual space Fp,q will be given for the space Mp,q of
multipliers of the pair (Lp, Lq) of Lebesgue spaces on Rm described in other terms
in comparison with the predual space Ap,q of A.Figa-Talamanca and G.I.Gaudry
(1967). We will discuss the application of the spaces Fp,q in Stechkin's problem on
the best approximation of di�erentiation operators by bounded linear operators in
the Lebesgue spaces Lγ , 1 ≤ γ ≤ ∞, on the real axis.

Keywords: spaces of multipliers, predual space, di�erentiation operator, Stechkin
problem, Kolmogorov inequality.
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Îñíîâíûå îáîçíà÷åíèÿ

Ïóñòü Rm, m ≥ 1, åñòü m-ìåðíîå åâêëèäîâî ïðîñòðàíñòâî ñî ñêàëÿðíûì

ïðîèçâåäåíèåì tη =
m∑
j=1

tjηj òî÷åê t = (t1, t2, . . . , tm), η = (η1, η2, . . . , ηm)

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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∈ Rm è íîðìîé |t| =
√
tt. Íèæå èñïîëüçóþòñÿ ñòàíäàðòíûå îáîçíà÷åíèÿ

êëàññè÷åñêèõ ôóíêöèîíàëüíûõ êîìïëåêñíûõ ïðîñòðàíñòâ: Lγ = Lγ(Rm),
1 ≤ γ < ∞, � ïðîñòðàíñòâî Ëåáåãà èçìåðèìûõ íà Rm ôóíêöèé x, ó êî-
òîðûõ |x|γ ñóììèðóåì íà Rm; L∞ = L∞(Rm) � ïðîñòðàíñòâî èçìåðèìûõ
ñóùåñòâåííî îãðàíè÷åííûõ ôóíêöèé íà Rm, C = C(Rm) � ïðîñòðàíñòâî
íåïðåðûâíûõ îãðàíè÷åííûõ ôóíêöèé íà Rm, è C0 = C0(Rm) � ïîäïðî-
ñòðàíñòâî ôóíêöèé èç C, èìåþùèõ íóëåâîé ïðåäåë íà áåñêîíå÷íîñòè.

Ïóñòü äàëåå S åñòü ïðîñòðàíñòâî áûñòðî óáûâàþùèõ áåñêîíå÷íî äèô-
ôåðåíöèðóåìûõ ôóíêöèé íà Rm, à S ′ � ñîîòâåòñòâóþùåå äâîéñòâåííîå
ïðîñòðàíñòâî îáîáùåííûõ ôóíêöèé. Çíà÷åíèå ôóíêöèîíàëà θ ∈ S ′ íà
ýëåìåíòå x ∈ S áóäåì îáîçíà÷àòü ÷åðåç ⟨θ, x⟩. Ïðîñòðàíñòâî S ′ ñîäåðæèò
ìíîæåñòâî L = L(Rm) ôóíêöèé x, èçìåðèìûõ, ëîêàëüíî ñóììèðóåìûõ
íà Rm è óäîâëåòâîðÿþùèõ óñëîâèþ

�
(1 + |t|)d|x(t)|dt <∞ ñ íåêîòîðûì

d = d(x) ∈ R; çäåñü è íèæå â èíòåãðàëàõ ïî Rm ìíîæåñòâî èíòåãðèðîâà-
íèÿ íå óêàçûâàåòñÿ. Ôóíêöèè x ∈ L ñîïîñòàâëÿåòñÿ ôóíêöèîíàë x ∈ S ′

ïî ôîðìóëå ⟨x, ϕ⟩ =
�
x(t)ϕ(t)dt, ϕ ∈ S.

Ïðåîáðàçîâàíèå Ôóðüå ôóíêöèé (ïî êðàéíåé ìåðå, èç ïðîñòðàíñò-
âà L = L1(Rm)) îïðåäåëèì ôîðìóëîé x̂ (t) =

�
e−2πtηix(η) dη; îáðàòíîå

ïðåîáðàçîâàíèå Ôóðüå áóäåì îáîçíà÷àòü ñèìâîëîì x̌ . Ïðåîáðàçîâàíèå
Ôóðüå θ̂ ôóíêöèîíàëà θ ∈ S ′ åñòü ôóíêöèîíàë θ̂ ∈ S ′, äåéñòâóþùèé ïî
ôîðìóëå ⟨θ̂, x⟩ = ⟨θ, x̂⟩, x ∈ S.

Ñîïðÿæåííîñòü ïðîñòðàíñòâà èíâàðèàíòíûõ îïåðàòî-

ðîâ

Äëÿ 1 ≤ p, q ≤ ∞ îáîçíà÷èì ÷åðåç Tp,q = Tp,q(Rm) ìíîæåñòâî ëèíåéíûõ
îãðàíè÷åííûõ îïåðàòîðîâ èç Lp = Lp(Rm) â Lq = Lq(Rm), èíâàðèàíòíûõ
îòíîñèòåëüíî (ëþáîãî) ñäâèãà. Ñâîéñòâàì èíâàðèàíòíûõ îãðàíè÷åííûõ
îïåðàòîðîâ ïîñâÿùåíû îáøèðíûå èññëåäîâàíèÿ (ñì. [1�3] è ïðèâåäåííóþ
òàì áèáëèîãðàôèþ). Òàê èçâåñòíî, ÷òî åñëè p > q, òî [1, òåîðåìà 1.1]
ïðè p < ∞ ìíîæåñòâî Tp,q ñîñòîèò ëèøü èç îïåðàòîðà T ≡ 0, à ïðè
p = ∞ ñóæåíèå îïåðàòîðà T ∈ T∞,q íà ìíîæåñòâî (L∞)0 ôóíêöèé èç
L∞, èìåþùèõ íóëåâîé ïðåäåë íà áåñêîíå÷íîñòè, åñòü íóëåâîé îïåðàòîð.
Â ñâÿçè ñ ýòèì íèæå áóäåò ïðåäïîëàãàòüñÿ, ÷òî 1 ≤ p ≤ q ≤ ∞.

A.Fig�a-Talamanca è G. I.Gaudry (1967) â ñîâìåñòíîé ðàáîòå [4] äîêà-
çàëè, ÷òî ïðè 1 ≤ p ≤ q <∞ ïðîñòðàíñòâî Tp,q(G) ëèíåéíûõ îãðàíè÷åí-
íûõ îïåðàòîðîâ èç Lp(G) â Lq(G) íà ëîêàëüíî êîìïàêòíîé àáåëåâîé ãðóï-
ïå G, èíâàðèàíòíûõ îòíîñèòåëüíî ñäâèãà (òî÷íåå, îïåðàöèè ãðóïïû), ÿâ-
ëÿåòñÿ ñîïðÿæåííûì ïðîñòðàíñòâîì äëÿ êîíñòðóêòèâíî îïèñàííîãî èìè
ôóíêöèîíàëüíîãî ïðîñòðàíñòâà Ap,q = Ap,q(G). Òî÷íåå, â [5] è [4] áûëè
ïîñòðîåíû ôóíêöèîíàëüíûå ïðîñòðàíñòâà Ap,q = Ap,q(G) òàêèå, ÷òî ïðî-
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ñòðàíñòâî Tp,q(G) èíâàðèàíòíûõ îïåðàòîðîâ èçîìåòðè÷åñêè èçîìîðôíî
äâîéñòâåííîìó ïðîñòðàíñòâó A∗

p,q äëÿ ïðîñòðàíñòâà Ap,q = Ap,q(G) ôóíê-
öèé íà G, ÿâëÿþùèõñÿ ñóììàìè ôóíêöèîíàëüíûõ ðÿäîâ

h =
∞∑
ν=1

fν ∗ gν : fν ∈ C00, gν ∈ C00;
∞∑
ν=1

∥fν∥Lp
∥gν∥Lq′ <∞, (1)

ãäå C00 = C00(G) åñòü ïðîñòðàíñòâî íåïðåðûâíûõ ôóíêöèé ñ êîìïàêò-
íûì íîñèòåëåì íà G. Íîðìà ýëåìåíòà (ôóíêöèè) h ∈ Ap,q îïðåäåëÿåòñÿ
ôîðìóëîé

∥h∥Ap,q
= inf

{ ∞∑
ν=1

∥fν∥Lp
∥gν∥Lq′ , h =

∞∑
ν=1

fν ∗ gν
}
;

çäåñü íèæíÿÿ ãðàíü áåðåòñÿ ïî âñåì ïðåäñòàâëåíèÿì (1) ôóíêöèè h.
Èìååò ìåñòî âëîæåíèå Ap,q(G) ⊂ Lr(G), 1/r = 1/p − 1/q. Èçîìîð-
ôèçì ìåæäó ïðîñòðàíñòâàìè Tp,q(G) è A∗

p,q îñóùåñòâëÿåòñÿ ïî ñëå-
äóþùåìó ïðàâèëó: ýëåìåíòó T ∈ Tp,q(G) ñîïîñòàâëÿåòñÿ ôóíêöèîíàë

φT (h) =
∞∑
ν=1

(Tfν ∗ gν)(0), h ∈ Ap,q. Äâóìÿ ãîäàìè ðàíåå (1965) À. Ôèãà-

Òàëàìàíêà [5] ïîëó÷èë ïîäîáíûé ðåçóëüòàò äëÿ ñëó÷àÿ 1 < q = p <∞.
Îòíîñèòåëüíî ïàðû ëèíåéíûõ íîðìèðîâàííûõ ïðîñòðàíñòâ X, Y ñî

ñâîéñòâîì, ÷òî Y ÿâëÿåòñÿ ñîïðÿæåííûì äëÿ X, ò. å. X∗ = Y, ãîâîðÿò
òàêæå, ÷òî ïðîñòðàíñòâîX ÿâëÿåòñÿ ïðåääóàëüíûì äëÿ Y. Â ýòîé òåðìè-
íîëîãèè ïðîñòðàíñòâî Ap,q(G) ÿâëÿåòñÿ ïðåääóàëüíûì äëÿ ïðîñòðàíñòâà
Tp,q(G).

Ðåçóëüòàòû ðàáîò [5] è [4] ñïðàâåäëèâû, â ÷àñòíîñòè, äëÿ ïðîñòðàíñòâ
Tp,q(Rm) ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ èç ïðîñòðàíñòâà Lp(Rm) â
ïðîñòðàíñòâî Lq(Rm), èíâàðèàíòíûõ îòíîñèòåëüíî ãðóïïû ñäâèãîâ.

Ïðîñòðàíñòâî (p, q)-ìóëüòèïëèêàòîðîâ è åìó ïðåäó-

àëüíîå ïðîñòðàíñòâî Fp,q

Èçâåñòíî (ñì. [1, òåîðåìà 1.2] èëè [3, ãë. I, òåîðåìà 3.16]), ÷òî åñëè q ≥ p,
òî íà S îïåðàòîð T ∈ Tp,q èìååò âèä ñâåðòêè Tx = θ ∗x, x ∈ S, ñ ýëåìåí-
òîì θ = θT ∈ S ′. ÌíîæåñòâîMp,q = {θT : T ∈ Tp,q} ⊂ S ′ ÿâëÿåòñÿ áàíàõî-
âûì ïðîñòðàíñòâîì îòíîñèòåëüíî íîðìû ∥θT∥Mp,q

= ∥T∥Lp→Lq
. Ýëåìåíòû

θ ∈Mp,q, 1 ≤ p ≤ q ≤ ∞, íàçûâàþò (p, q)-ìóëüòèïëèêàòîðàìè.
Êîíñòðóêòèâíîå îïèñàíèå ìóëüòèïëèêàòîðîâ èçâåñòíî ëèøü â îòäåëü-

íûõ ñëó÷àÿõ. Èçâåñòíà ñòðóêòóðà ïðîñòðàíñòâ M(2, 2) è M(p,∞) =
M(1, p′) (ñì., íàïðèìåð, [1, � 1.2], [3, ãë. 1, � 3]); à èìåííî, ñïðàâåäëèâû
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ðàâåíñòâà (âìåñòå ñ ðàâåíñòâîì íîðì ýëåìåíòîâ)

M2,2 = L̂∞ = {θ̂ : θ ∈ L∞},

Mp,∞ =M1,p′ = Lp′ ïðè 1 ≤ p <∞,

M∞,∞ =M1,1 = V ;

çäåñü V = V (Rm) åñòü ïðîñòðàíñòâî (êîìïëåêñíûõ) îãðàíè÷åííûõ áîðå-
ëåâñêèõ ìåð íà Rm.

Ïðè 1 ≤ p ≤ q ≤ ∞ îïðåäåëèì íà ìíîæåñòâå S ôóíêöèîíàë

∥ϕ∥p,q = sup{|⟨θ, ϕ⟩| : θ ∈Mp,q, ∥θ∥Mp,q
≤ 1}, ϕ ∈ S. (2)

Ïðè âñåõ 1 ≤ p ≤ q ≤ ∞ ôóíêöèîíàë (2) íà ìíîæåñòâå S êîíå÷åí è
ÿâëÿåòñÿ íîðìîé.

Ïðè 1 ≤ p ≤ q ≤ ∞ îáîçíà÷èì ÷åðåç Fp,q = Fp,q(Rm) ïîïîëíåíèå
ïðîñòðàíñòâà S îòíîñèòåëüíî íîðìû (2). Ïðèâåäåì íåñêîëüêî ñâîéñòâ
ïðîñòðàíñòâ Fp,q äëÿ êîíêðåòíûõ çíà÷åíèé ïàðàìåòðîâ.

Ëåììà 1. Ïðîñòðàíñòâî Fp,q îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè.
1. Ïðè q = ∞ (p = 1)

F (p,∞) = F (1, p′) = Lp, 1 ≤ p <∞,

F (∞,∞) = F (1, 1) = C0.

2. Ïðè q = p = 2

F2,2 = Ľ = {f ∈ C0 : f̂ ∈ L}, ∥f∥F2,2
= ∥f̂ ∥L, f ∈ F2,2.

3. Ïóñòü q = p è p = max{p, p′}. Ïðîñòðàíñòâî Fp,p ïî p íå óáûâàåò,
à òî÷íåå, åñëè 2 ≤ p1 ≤ p2 ≤ ∞, òî

Fp1,p1 ⊂ Fp2,p2 è ∥f∥Fp2,p2
≤ ∥f∥Fp1,p1

, f ∈ Fp1,p1,

â ÷àñòíîñòè, ïðè âñåõ çíà÷åíèÿõ p, 1 ≤ p ≤ ∞,

Fp,p ⊂ C0 è ∥f∥Fp,p
≥ ∥f∥C0

, f ∈ Fp.p,

F2,2 ⊂ Fp,p è ∥f∥Fp,p
≤ ∥f∥F2,2

= ∥f̂ ∥L, f ∈ F2.2.

Îñíîâíûì â äàííîé ðàáîòå ÿâëÿåòñÿ ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 1. Äëÿ ëþáûõ 1 ≤ p ≤ q ≤ ∞ ïðîñòðàíñòâîMp,q ÿâëÿåòñÿ
ñîïðÿæåííûì äëÿ ïðîñòðàíñòâà Fp,q:

F ∗
p,q =Mp,q.
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Òåîðåìó 1 ìîæíî, â ÷àñòíîñòè, âîñïðèíèìàòü êàê åùå îäíî äîêàçà-
òåëüñòâî ñîïðÿæåííîñòè ïðîñòðàíñòâà Mp,q, 1 ≤ p ≤ q ≤ ∞.

Ñîãëàñíî ðåçóëüòàòàì ðàáîòû [4] è òåîðåìå 1 ïðîñòðàíñòâà Ap,q(Rm)
è Fp,q(Rm), ïî êðàéíåé ìåðå, ïðè 1 ≤ p ≤ q < ∞, èìåþò îäíî è òî
æå ñîïðÿæåííîå ïðîñòðàíñòâî Mp,q. Â îáùåì ñëó÷àå îòñþäà íå ñëåäóåò,
÷òî ýòè äâà ïðîñòðàíñòâà ñîâïàäàþò. Òåì íå ìåíåå, â äàííîé êîíêðåòíîé
ñèòóàöèè èìååò ìåñòî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 2. Ïðè âñåõ 1 ≤ p ≤ q < ∞ ïðîñòðàíñòâà Fp,q(Rm) è
Ap,q(Rm) ñîâïàäàþò:

Fp,q(Rm) = Ap,q(Rm).

Ïðè q = p êîíñòðóêöèÿ ïðîñòðàíñòâà Fp = Fp,p è äîêàçàòåëüñòâî
òåîðåì 1 è 2 áûëè äàíû â ðàáîòå àâòîðà [6]. Èññëåäîâàíèå îáùåãî ñëó÷àÿ
p ≤ q ïîòðåáîâàëî ïðèâëå÷åíèÿ äîïîëíèòåëüíûõ ñîîáðàæåíèé.

Ïðèìåíåíèå â çàäà÷å Ñòå÷êèíà î íàèëó÷øåì ïðèáëè-

æåíèè îïåðàòîðîâ äèôôåðåíöèðîâàíèÿ

Ïóñòü p, q, r, s � ïàðàìåòðû, óäîâëåòâîðÿþùèå îãðàíè÷åíèÿì 1 ≤
p, q, r, s ≤ ∞. Äëÿ öåëîãî n ≥ 1 îïðåäåëèì ïðîñòðàíñòâî W n

r,p ôóíê-
öèé f ∈ Lr, êîòîðûå n − 1 ðàç íåïðåðûâíî äèôôåðåíöèðóåìû íà îñè,
ïðîèçâîäíàÿ f (n−1) ïîðÿäêà n − 1 ëîêàëüíî àáñîëþòíî íåïðåðûâíà, à
f (n) ∈ Lp. Â ïðîñòðàíñòâå W n

r,p âûäåëèì êëàññ

Qn
r,p = {f ∈ W n

r,p : ∥f (n)∥Lp
≤ 1}.

Îáîçíà÷èì ÷åðåç B(Lr, Ls) ìíîæåñòâî âñåõ ëèíåéíûõ îãðàíè÷åííûõ îïå-
ðàòîðîâ èç Lr â Ls, à ÷åðåç B(N ;Lr, Ls) ïðè N > 0 � ìíîæåñòâî îïåðà-
òîðîâ T ∈ B(Lr, Ls) ñ íîðìîé ∥T∥Lr→Ls

≤ N. Ïóñòü 0 ≤ k < n � öåëûå,
ïðè÷åì k > 0, åñëè r = s. Äëÿ îïåðàòîðà T ∈ B(Lr, Ls) ïîëîæèì

U(T ) = sup{∥f (k) − Tf∥Lq
: f ∈ Qn

r,p};

åñëè ðàçíîñòü f (k) − Tf íå ïðèíàäëåæèò ïðîñòðàíñòâó Lq, òî ñ÷èòàåì,
÷òî ∥f (k) − Tf∥Lq

= ∞. Ïðè N > 0 âåëè÷èíà

En,k(N) = En,k(N ; r, s; p, q) = inf{U(T ) : T ∈ B(N ;Lr, Ls)} (3)

åñòü íàèëó÷øåå ïðèáëèæåíèå (â ïðîñòðàíñòâå Lq) îïåðàòîðà äèôôåðåí-
öèðîâàíèÿDk íà êëàññåQn

r,p ìíîæåñòâîì ëèíåéíûõ îãðàíè÷åííûõ îïåðà-
òîðîâ B(N ;Lr, Ls). Çàäà÷à Ñòå÷êèíà ñîñòîèò â âû÷èñëåíèè âåëè÷èíû (3)
è ýêñòðåìàëüíîãî îïåðàòîðà, íà êîòîðîì â (3) äîñòèãàåòñÿ íèæíÿÿ ãðàíü;
ñì. [7] è îáçîð èññëåäîâàíèé â ýòîé çàäà÷å â [8].
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Ïóñòü K åñòü íàèëó÷øàÿ êîíñòàíòà â íåðàâåíñòâå

∥x(k)∥C ≤ K∥x∥αr,s∥x(n)∥1−αp,q , (4)

α =
n− k + 1/q − 1/p

n+ 1/q − 1/p+ 1/r − 1/s
, β = 1− α.

Òåîðåìà 3. Åñëè s ≥ r ≥ 1, q ≥ p > 1, ïðè÷åì s > r ïðè k = 0, òî
äëÿ ëþáîãî çíà÷åíèÿ N > 0 èìååò ìåñòî ðàâåíñòâî

En,k(N) = βαα/βK1/βN−α/β,

ãäå K � íàèìåíüøàÿ êîíñòàíòà â (4).

Îáñóäèì ñëó÷àé p = q = ∞, 1 ≤ s = r ≤ ∞, èññëåäîâàííûé â [9, 10].
Â ýòîì ñëó÷àå íåðàâåíñòâî (4) èìååò âèä

∥x(k)∥C ≤ Kn,k(r)∥x∥
n−k
n

L(r,r)

(
∥x(n)∥L∞

) k
n

. (5)

Ïðè s = r = ∞ ýòî åñòü êëàññè÷åñêèé âàðèàíò íåðàâåíñòâà ìåæäó ðàâíî-
ìåðíûìè íîðìàìè ïðîèçâîäíûõ, èçó÷åííûé À.Í.Êîëìîãîðîâûì. Â ñëó-
÷àå r = 2 íåðàâåíñòâî (5) ïðèíèìàåò âèä

∥x(k)∥C ≤ Kn,k(2)∥x̂∥
n−k
n

L

(
∥x(n)∥L∞

) k
n

. (6)

Äëÿ íàèëó÷øèõ êîíñòàíò â (5) è, â ÷àñòíîñòè, â (6) ñïðàâåäëèâî [9,10]
íåðàâåíñòâî Kn,k(r) ≤ Kn,k(∞), 1 ≤ r ≤ ∞. Äëÿ íå÷åòíûõ n ≥ 3 èìååò
ìåñòî ðàâåíñòâî Kn,k(r) = Kn,k(∞), 1 ≤ r ≤ ∞. Äëÿ ÷åòíûõ n ≥ 2 ýòî,
âîîáùå ãîâîðÿ, óæå íå òàê. Ïî êðàéíåé ìåðå, ïðè n = 2 (k = 1), r = 2
íåðàâåíñòâî ñòðîãîå [9]:

K2,1(2) =
π

2

(
4

π

∞∑
ℓ=0

1

(2ℓ+ 1)3

)−1/2

< K2,1(∞) =
√
2.
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ÓÄÊ 517.9

Íåêîòîðûå îïòèìèçàöèîííûå çàäà÷è ñ
ìíîæåñòâîì äîñòèæèìîñòè ëèíåéíîé

óïðàâëÿåìîé ñèñòåìû1

Ì. Â. Áàëàøîâ (Ìîñêâà, Ðîññèÿ)
balashov73@mail.ru

Äëÿ ëèíåéíîé óïðàâëÿåìîé ñèñòåìû x′ ∈ Ax+ U , x(0) = 0, ãäå x åñòü n-ìåðíûé
âåêòîð, A ìàòðèöà n× n, U � êîìïàêò, îïðåäåëèì M(t) � ìíîæåñòâî äîñòèæè-
ìîñòè ýòîé ñèñòåìû â ìîìåíò t > 0. Ïóñòü M � âûïóêëûé n-ìåðíûé êîìïàêò.

Ðàññìàòðèâàåòñÿ çàäà÷à î òîì, âåðíî ëè ðàâåíñòâî M(t) ∩ M = ∅, âêëþ÷åíèå
M(t) ⊂M è ò.ï. Ïðè íåêîòîðûõ íåîáðåìåíèòåëüíûõ óñëîâèÿõ ïîêàçàíà âîçìîæ-
íîñòü ðåøåíèÿ òàêîé çàäà÷è ñ ïîìîùüþ ìåòîäà ïðîåêöèè ãðàäèåíòà.

Êëþ÷åâûå ñëîâà: ñèëüíàÿ âûïóêëîñòü, ðàâíîìåðíàÿ ãëàäêîñòü, óñëîâèå
Ëåæàíñêîãî-Ïîëÿêà-Ëîÿñåâè÷à, ìåòîä ïðîåêöèè ãðàäèåíòà.

Some optimization problems with a reachable
set of a linear controled system1

M. V. Balashov (Moscow, Russia)
balashov73@mail.ru

For a linear controlled system x′ ∈ Ax + U , x(0) = 0, where x is an n -dimensional
vector, A is a n×n matrix, U is compact, we de�ne M(t) as the reachable set of this
system at the time t > 0. Let M be a convex n-dimensional compact.

We consider the problem of whether it is true the equalityM(t)∩M = ∅, the inclusion
M(t) ⊂ M , etc. Under some non-burdensome conditions, the possibility of solving
such a problem using the gradient projection method is shown.

Keywords: strong convexity, uniform smoothness, the Lezanski-Polyak-Lojasiewicz
condition, the gradient projection method.

Ââåäåíèå

Ðàññìîòðèì óïðàâëÿåìóþ ñèñòåìó x′ ∈ Ax + U , x(0) = 0. Çäåñü x ∈
Rn, A ∈ Rn×n, U ⊂ Rn � êîìïàêòíîå ïîäìíîæåñòâî, ñîäåðæàùåå 0.
Ðàññìîòðèì ìíîæåñòâî äîñòèæèìîñòè M(t) ýòîé ñèñòåìû â ìîìåíò
t > 0, ò.å. M(t) = {x(t) : ∃u(s) ∈ U − èçìåðèìûé ñåëåêòîð: x′(s) =
Ax+ u(s) ï.â. s ∈ [0, t]}. Ëåãêî ïîëó÷èòü, ÷òî

M(t) =

t�

0

eAsU ds, (1)

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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ãäå ìíîãîçíà÷íûé èíòåãðàë ïîíèìàåòñÿ â ñìûñëå Àóìàíà èëè Ðèìàíà,
ñì. äåòàëè â [1]. Èç âûïóêëîñòè è çàìêíóòîñòè ìíîãîçíà÷íîãî èíòåãðàëà
ñëåäóåò, ÷òî M(t) åñòü âûïóêëûé êîìïàêò äëÿ ëþáîãî t > 0. Îòìåòèì,
÷òî, â ñèëó òåîðåìû Ëÿïóíîâà [2], êîìïàêòíîå ìíîæåñòâî U â ñèñòåìå
è èíòåãðàëå ìîæíî çàìåíèòü íà åãî âûïóêëóþ îáîëî÷êó. Ïîýòîìó äàëåå
áóäåì ñ÷èòàòü U âûïóêëûì êîìïàêòîì. Êðîìå òîãî, â ñèëó âêëþ÷åíèÿ
0 ∈ U , ìíîæåñòâî äîñòèæèìîñòè ìîíîòîííî âîçðàñòàåò ïî âêëþ÷åíèþ:
åñëè 0 ≤ t1 ≤ t2, òî M(t1) ⊂M(t2).

Ïóñòü M ⊂ Rn � âûïóêëûé êîìïàêò. Ìû ðàññìîòðèì ñëåäóþùèå
çàäà÷è.

Çàäà÷à 1. Äëÿ ìîìåíòà t > 0 âûÿñíèòü, âåðíî ëè, ÷òî M(t)∩M = ∅?
Çàäà÷à 2. Äëÿ ìîìåíòà t > 0 âûÿñíèòü, âåðíî ëè, ÷òî M(t) ⊂M?
Âîçìîæíû è äðóãèå ïîñòàíîâêè.
Ïóñòü (x, y) � ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ x, y ∈ Rn, ∥x∥2 =

(x, x), Br(0) � çàìêíóòûé øàð ðàäèóñà r ñ öåíòðîì â íóëå. Îïîðíîé
ôóíêöèåé êîìïàêòàM ⊂ Rn íàçûâàåòñÿ s(p,M) = maxx∈M(p, x), p ∈ Rn.

Äëÿ âûïóêëîãî êîìïàêòà M è âåêòîðà p ∈ Rn îïðåäåëèì M(p) =
{x ∈ M : (p, x) = s(p,M)}. Ìíîæåñòâî M(p) ÿâëÿåòñÿ ñóáãðàäèåíòîì
îïîðíîé ôóíêöèè ∂s(p,M) è íàçûâàåòñÿ îïîðíûì ýëåìåíòîì ìíîæåñòâà
M äëÿ âåêòîðà p [3].

Äëÿ ìíîæåñòâà M(t), çàâèñÿùåãî îò ïàðàìåòðà t (íàïðèìåð, ìíîæå-
ñòâà äîñòèæèìîñòè), îïîðíûé ýëåìåíò äëÿ âåêòîðà p áóäåì îáîçíà÷àòü
M(t)(p).

Íàïîìíèì, ÷òî ìíîæåñòâîM ⊂ Rn ñèëüíî âûïóêëî ñ ðàäèóñîì R > 0,
åñëèM ìîæíî ïðåäñòàâèòü â âèäå ïåðåñå÷åíèÿ çàìêíóòûõ øàðîâ ðàäèó-
ñà R. Ñèëüíàÿ âûïóêëîñòü âûïóêëîãî êîìïàêòàM ñ ðàäèóñîì R ýêâèâà-
ëåíòíà óñëîâèþ Ëèïøèöà ãðàäèåíòà îïîðíîé ôóíêöèè M(p) íà åäèíè÷-
íîé ñôåðå: äëÿ âñåõ ∥p∥ = ∥q∥ = 1 âûïîëíåíî ∥M(p)−M(q)∥ ≤ R∥p−q∥
[3, òåîðåìà 4.3.2].

Áóäåì ãîâîðèòü, ÷òî ìíîæåñòâî M ⊂ Rn ðàâíîìåðíî ãëàäêîå ñ êîí-
ñòàíòîé r > 0, åñëè M ìîæíî ïðåäñòàâèòü â âèäå M =M0 +Br(0), ãäå
M0 � âûïóêëûé êîìïàêò.

Ïóñòü ε > 0, S0 ⊂ Rn � ãëàäêàÿ ïîâåðõíîñòü áåç êðàÿ, x ∈ S0.
Äëÿ äèôôåðåíöèðóåìîé ôóíêöèè f : S0 + intBε(0) → R îïðåäåëèì S =
{x ∈ S0 : f(x) ≤ f(x)}. Ïóñòü S � ãëàäêàÿ ïîâåðõíîñòü ñ êðàåì ∂S =
{x ∈ S0 : f(x) = f(x)}. Áóäåì ãîâîðèòü, ÷òî íà S âûïîëíÿåòñÿ óñëîâèå
Ëåæàíñêîãî-Ïîëÿêà-Ëîÿñåâè÷à (LPL) [4, �3.2] ñ êîíñòàíòîé µ > 0, åñëè
Ω = Argminx∈S f(x) ̸= ∅ è äëÿ âñåõ x ∈ S âûïîëíåíî íåðàâåíñòâî

∥PTxf ′(x)∥2 ≥ µ(f(x)− f(Ω)). (2)

Çäåñü Tx � êàñàòåëüíîå ïîäïðîñòðàíñòâî ê S â òî÷êå x ∈ S, PTx � îðòî-
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ãîíàëüíûé ïðîåêòîð íà Tx, f ′(x) � ãðàäèåíò ôóíêöèè f â òî÷êå x ∈ S.

Îñíîâíîé ðåçóëüòàò

Ìû áóäåì ðàññìàòðèâàòü ñèòóàöèè, êîãäà ìíîæåñòâî äîñòèæèìîñòè
M(t) (1) ñèëüíî âûïóêëî ñ êîíñòàíòîé R äëÿ âñåõ t ∈ [0, T ], T > 0. Ïî-
ñëåäíåå èìååò ìåñòî, êîãäà ìíîæåñòâî eAsU ñèëüíî âûïóêëî ñ ðàäèóñîì
R(s) > 0. Òîãäà â ñèëó [5] è ëèíåéíîñòè èíòåãðàëà ïî îòðåçêó èíòåãðè-

ðîâàíèÿ ïîëó÷àåì, ÷òî M(t) ñèëüíî âûïóêëî ñ ðàäèóñîì R =
T�
0

R(s) ds

äëÿ âñåõ t ∈ [0, T ].
Îòìåòèì, ÷òî äàæå äëÿ íåñòðîãî âûïóêëîãî ìíîæåñòâà U èìååòñÿ ðÿä

ñèòóàöèé, êîãäà M(t) ñèëüíî âûïóêëî. ×àñòè÷íî îíè îïèñàíû â ðàáîòå
[6].

Ïóñòü T > 0 è äëÿ óïðàâëÿåìîé ñèñòåìû ìíîæåñòâî äîñòèæèìî-
ñòè M(t) ñèëüíî âûïóêëî ñ ðàäèóñîì RT > 0 ïðè âñåõ t ∈ [0, T ].
Ïóñòü âûïóêëûé êîìïàêò M ⊂ Rn ðàâíîìåðíî ãëàäêèé ñ êîíñòàíòîé
r > 0, ò.å. M = M0 + Br(0). Ïîòðåáóåì òàêæå, ÷òî ìíîæåñòâî M0

ñèëüíî âûïóêëî ñ ðàäèóñîì R0 > 0. Ðàññìîòðèì ïðè t ∈ [0, T ] ìíî-
æåñòâî Z(t) = M(t) + (−M0). Ìíîæåñòâî Z(t) ñèëüíî âûïóêëî ñ ðà-
äèóñîì R = RT + R0 êàê ñóììà ñèëüíî âûïóêëûõ ìíîæåñòâ [3, ïóíêò
3 ïðåäëîæåíèÿ 4.3.1]. Î÷åâèäíî, ÷òî ðàâåíñòâî M(t) ∩ M = ∅ ìîæíî
ïåðåôîðìóëèðîâàòü òàê: ðàññòîÿíèå îò íóëÿ äî Z(t) áîëåå r > 0. Åñëè
ýòî âåðíî, òî 0 /∈ M(t) + (−M). Íà ÿçûêå îïîðíûõ ôóíêöèé ïîñëåäíèé
âîïðîñ ñâîäèòñÿ ê ðåøåíèþ çàäà÷è: äëÿ ôóíêöèè f(p) = s(p, Z(t)) =
s(p,M(t))) + s(p,−M0) íàéòè

min
∥p∥=1

f(p) = J. (3)

Åñëè J < −r, òî ðàññòîÿíèå îò íóëÿ äî Z(t) áîëåå r. Åñëè J ≥ −r, òî òî
ðàññòîÿíèå îò íóëÿ äî Z(t) íå áîëåå r > 0 è çíà÷èò 0 ∈ M(t) + (−M).

Çàìåòèì, ÷òî f ′(p) = M(t)(p) + (−M0)(p) =
t�
0

(eAsU)(p) ds + (−M0)(p),

ñì. [1].
Ïîëîæèì S1 = {p ∈ Rn : ∥p∥ = 1}.
Òåîðåìà 1. Ïóñòü ε ∈ (0, 1) è â (3) J < 0. Ïðè ïðèâåäåííûõ âûøå

óñëîâèÿõ â çàäà÷å (3) ôóíêöèÿ f óäîâëåòâîðÿåò óñëîâèþ (LPL) (2) íà
S = {p ∈ S1 : f(p) ≤ 0} ñ êîíñòàíòîé µ = |J | è èìååò â ε-îêðåñòíîñòè
ñôåðû S1 ëèïøèöåâ ãðàäèåíò ñ êîíñòàíòîé L1 = R/(1− ε).

Äîêàçàòåëüñòâî. Ïóñòü p0 ∈ S1 � ðåøåíèå (3). Â ñèëó íåîáõîäèìîãî
óñëîâèÿ ýêñòðåìóìà f(p0) = (p0, f

′(p0)) = −∥f ′(p0)∥. Òîãäà PTp = I−ppT
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äëÿ ëþáîãî p ∈ S1 è ∥(I − ppT )f ′(p)∥2 = ∥f ′(p)∥2 − f 2(p). Îòñþäà äëÿ
ëþáîãî p ∈ S èìååì

∥f ′(p)∥2 − f 2(p) = (∥f ′(p)∥ − f(p))(∥f ′(p)∥+ f(p0) + f(p)− f(p0)).

Èç íåðàâåíñòâà f(p) ≤ 0 è òîãî, ÷òî f ′(p0) � ýòî îïîðíûé ýëåìåíò
Z(t)(p0) ñ íàèìåíüøåé íîðìîé, âûòåêàåò, ÷òî ∥f ′(p)∥− f(p) ≥ ∥f ′(p)∥ ≥
∥f ′(p0)∥ = |J |. Îñòàëîñü çàìåòèòü, ÷òî ∥f ′(p)∥ + f(p0) = ∥f ′(p)∥ −
∥f ′(p0)∥ ≥ 0.

Äëÿ ëþáûõ íåíóëåâûõ âåêòîðîâ p, q ∈ Rn èìååì
∥∥∥ p
∥p∥ −

q
∥q∥

∥∥∥ ≤
∥p−q∥√
∥p∥·∥q∥

, ïðè÷åì â ε-îêðåñòíîñòè S1 ∥p∥ ≥ 1 − ε, ∥q∥ ≥ 1 − ε. Ëèï-

øèöåâîñòü ãðàäèåíòà f ′(p) â ε-îêðåñòíîñòè S1 ñëåäóåò èç îöåíîê

∥f ′(p)− f ′(q)∥ ≤ R

∥∥∥∥ p

∥p∥
− q

∥q∥

∥∥∥∥ ≤ R∥p− q∥√
∥p∥ · ∥q∥

≤ R

1− ε
∥p− q∥.

Êàê ïîêàçàíî â [4, Theorem 2], [7, Theorems 2, 3; Corollary 2], óòâåðæäåíèÿ
òåîðåìû 1 äîñòàòî÷íî, ÷òîáû ïðîåêöèîííûé àëãîðèòì p1 ∈ S, pk+1 =
PS1

(pk− tf ′(pk)) ñ äîñòàòî÷íî ìàëûì øàãîì t > 0 ñõîäèëñÿ ê ðåøåíèþ p0
(3) ñî ñêîðîñòüþ ãåîìåòðè÷åñêîé ïðîãðåññèè ïðè ïðîèçâîëüíîì âûáîðå
íà÷àëüíîé òî÷êè p1 ∈ S.

Àíàëîãè÷íûé ðåçóëüòàò èìååò ìåñòî äëÿ çàäà÷è 2.
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ÓÄÊ 517.53

Îá îäíîì ñâîéñòâå êîðíåâûõ ìíîæåñòâ
ôóíêöèé êëàññîâ A∞

α , ãäå α > −1, íà
îäíîñâÿçíîé îáëàñòè êîìïëåêñíîé ïëîñêîñòè1

Â. À. Áåäíàæ, Ä. Ñ. Åðìàêîâà (Áðÿíñê, Ðîññèÿ)
vera.bednazh@mail.ru

Â ðàáîòå äîêàçàíî, ÷òî íóëè àíàëèòè÷åñêîé ôóíêöèè F ∈ A∞
α (G), α > −1, ìîæíî

âûäåëèòü, íå âûõîäÿ èç ïðîñòðàíñòâà A∞
α (G), ãäå G � îäíîñâÿçíàÿ îáëàñòü íà

êîìïëåêñíîé ïëîñêîñòè, ãðàíèöà êîòîðîé ñîäåðæèò áîëåå îäíîé òî÷êè.

Êëþ÷åâûå ñëîâà: åäèíè÷íûé êðóã, àíàëèòè÷åñêàÿ ôóíêöèÿ, íóëè àíàëèòè÷åñêîé
ôóíêöèè, êîìïëåêñíàÿ ïëîñêîñòü, áåñêîíå÷íîå ïðîèçâåäåíèå.

On one property of the root sets of functions of
classes A∞

α , α > −1, on the simply connected
domain of the complex plane1

V. A. Bednazh, D. S. Ermakova (Bryansk, Russia)
vera.bednazh@mail.ru

It is proved that the zeros of an analytic function F ∈ A∞
α (G), α > −1, can

be distinguished without leaving the space A∞
α (G), where G is a simply connected

domain on the complex plane whose boundary contains more than one point.

Keywords: unit disk, analytic function, zeros of an analytic function, complex plane,
in�nite product.

Ïóñòü D = {z : |z| < 1} � åäèíè÷íûé êðóã íà êîìïëåêñíîé ïëîñêî-
ñòè, H(D) � ìíîæåñòâî âñåõ àíàëèòè÷åñêèõ â D ôóíêöèé. Â 1914 ãîäó
Õàðäè ðàññìîòðåë êëàññ Hp, p > 0, àíàëèòè÷åñêèõ ôóíêöèé, óäîâëå-
òâîðÿþùèõ óñëîâèþ

sup
0<r<1

π�

−π

∣∣f(reiθ)∣∣p dθ < +∞.

Íà ñåãîäíÿøíèé äåíü õîðîøî èçó÷åíû êîðíåâûå ìíîæåñòâà ôóíêöèé
êëàññà Hp. Èçâåñòíî, ÷òî åñëè ôóíêöèÿ f ∈ Hp(D), 0 < p < +∞, òî
íóëè {zk}+∞

k=1 ôóíêöèè ïîä÷èíÿþòñÿ èçâåñòíîìó óñëîâèþ Áëÿøêå

+∞∑
k=1

(1− |zk|) < +∞.

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Ââåäåì â ðàññìîòðåíèå êëàññ ôóíêöèé

A∞
α (D) =

{
f ∈ H(D) : |f(z)| ≤ cf

(1− |z|)α
}
,

ãäå cf � ïîëîæèòåëüíàÿ ïîñòîÿííàÿ, çàâèñÿùàÿ òîëüêî îò f, α > −1.
Â ðàáîòå Ô. À. Øàìîÿíà [1] óñòàíîâëåíî, ÷òî íóëè àíàëèòè÷åñêîé

ôóíêöèè ìîæíî âûäåëèòü, íå âûõîäÿ èç ïðîñòðàíñòâà A∞
α (D).

Îáîáùèì ýòîò ðåçóëüòàò íà ñëó÷àé ïðîèçâîëüíîé îäíîñâÿçíîé îáëà-
ñòè êîìïëåêñíîé ïëîñêîñòè.

Îáîçíà÷èì

A∞
α (G) =

{
f ∈ H(G) : |F (w)| ≤ cF

(dist(w, ∂G))α

}
,

ãäå dist(w, ∂G) � ðàññòîÿíèå îò òî÷êè w äî ãðàíèöû îáëàñòè ∂G,
cF � ïîëîæèòåëüíàÿ ïîñòîÿííàÿ, çàâèñÿùàÿ òîëüêî îò F, α > −1.

Òåîðåìà 1. Åñëè ôóíêöèÿ f ∈ A∞
α (D), α > −1, è f(zk) = 0, k =

1, 2, ..., zk ∈ D, òîãäà ôóíêöèÿ f

B̃
∈ A∞

α (D), ãäå B̃ (z, zk) � áåñêîíå÷íîå
ïðîèçâåäåíèå âèäà

B̃ (z, zk) =
+∞∏
k=1

(2− bk (z, zk)) · bk (z, zk) , z, zk ∈ D.

Òåîðåìà 2. Ïóñòü G � îäíîñâÿçíàÿ îáëàñòü íà êîìïëåêñíîé ïëîñ-
êîñòè, ãðàíèöà êîòîðîé ñîäåðæèò áîëåå îäíîé òî÷êè. Åñëè ôóíêöèÿ
F ∈ A∞

α (G), α > −1, è F (wk) = 0, k = 1, 2, ..., wk ∈ G, òîãäà
ôóíêöèÿ F

B̃
∈ A∞

α (G), ãäå B̃ (w,wk) � áåñêîíå÷íîå ïðîèçâåäåíèå âèäà

B̃ (w,wk) =
+∞∏
k=1

(2− bk (ψ(w), ψ(wk))) · bk (ψ(w), ψ(wk)) , w, wk ∈ G,

ψ(w) � ôóíêöèÿ, êîíôîðìíî îòîáðàæàþùàÿ îáëàñòü G íà åäèíè÷íûé
êðóã D.
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ÓÄÊ 519.668

Àíàëîãè áûñòðîãî ïðåîáðàçîâàíèÿ Õààðà1

Ì. Ñ. Áåñïàëîâ (Âëàäèìèð, Ðîññèÿ)
bespalov@vlsu.ru

Ïðèâåäåíû íîâûå ìàòðè÷íî-àëãîðèòìè÷åñêèå ôîðìû çàïèñè áûñòðîãî ïðåîáðà-
çîâàíèÿ Õààðà, êîòîðûå äîïóñêàþò p-è÷íîå îáîáùåíèå. Ïðåäëîæåíû äåéñòâè-
òåëüíûå ñ ïðîðåæèâàíèåì ïî ÷àñòîòå è ïî âðåìåíè âàðèàíòû ýòèõ îáîáùåíèé.

Êëþ÷åâûå ñëîâà: äèñêðåòíîå ïðåîáðàçîâàíèå Õààðà, îðòîãîíàëüíàÿ ñèñòåìà,
áûñòðûé àëãîðèòì.

Analogues of the fast Haar transform1

M. S. Bespalov (Vladimir, Russia)
bespalov@vlsu.ru

New matrix-algorithmic notation forms for the fast Haar transform, which admit p-ary
generalization, are presented. Real versions of these generalizations with decimation
in frequency and in time are proposed.

Keywords: discrete Haar transform, orthogonal system, fast algorithm.

Ñðåäè áûñòðûõ àëãîðèòìîâ öèôðîâîé îáðàáîòêè ñèãíàëîâ, ê êîòîðûì
îòíîñÿòñÿ àëãîðèòì Êóëè - Òüþêè äëÿ äèñêðåòíîãî ïðåîáðàçîâàíèÿ
Ôóðüå (ÄÏÔ) è àëãîðèòìû Ãóäà äëÿ äèñêðåòíîãî ïðåîáðàçîâàíèÿ Óî-
ëøà (ÄÏÓ), âûäåëÿåòñÿ àëãîðèòì ðåàëèçàöèè äèñêðåòíîãî ïðåîáðàçîâà-
íèÿ Õààðà (ÄÏÕ) â âèäå áûñòðîãî ïðåîáðàçîâàíèÿ Õààðà (ÁÏÕ). Åñëè
÷èñëî îïåðàöèé äëÿ ÄÏÔ èëè ÄÏÓ ïîðÿäêàN = 2n îöåíèâàåòñÿ: âåëè÷è-
íîé N 2 â ñëó÷àå ïðÿìîãî âû÷èñëåíèÿ, âåëè÷èíîé nN = N logN â ñëó÷àå
áûñòðîãî àëãîðèòìà, òî äëÿ ÁÏÕ îíî ðàâíîN . Ïðè÷åì äëÿ ÄÏÔ ýòî îïå-
ðàöèè êîìïëåêñíîãî ñëîæåíèÿ ïëþñ êîìïëåêñíîãî óìíîæåíèÿ. Ðàçëè÷èå
íà ïîðÿäîê â ýòèõ öèôðàõ îáóñëîâëåíî îñîáûì âèäîì ÄÏÕ, ìèíèìèçè-
ðóåùåì ÷èñëî îïåðàöèé íà êëàññå ñòóïåí÷àòûõ ôóíêöèé.

Â îáçîðå [1] ïî ýòîé òåìàòèêå ñàì àëãîðèòì ÁÏÕ íå ïðèâîäèòñÿ. Â [2]
îòìå÷åíî, ÷òî êðîìå îñíîâíîãî ÄÏÕ, ãäå ïðîðåæèâàíèå ýëåìåíòîâ áåðåò-
ñÿ ïî ÷àñòîòå, ñóùåñòâóåò âàðèàíò ÄÏÕ ñ ïðîðåæèâàíèåì ïî âðåìåíè.

Àëãîðèòì ÁÏÕ ïî ÷àñòîòå.
Äëÿ k îò 0 äî n− 1 âûïîëíÿåì
(äëÿ j îò 0 äî 2n−k−1 − 1 âûïîëíÿåì

a2n−k−1+j := x2j − x2j+1, xj := x2j + x2j+1). a0 := x0.

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Àëãîðèòì ÁÏÕ ïî âðåìåíè.
Äëÿ k îò 0 äî n− 1 âûïîëíÿåì
(äëÿ j îò 0 äî 2n−k−1 − 1 âûïîëíÿåì{

xj := xj + x2n−k−1+j

a2n−k−1+j := xj − x2n−k−1+j

)
. a0 := x0.

Â ýòèõ àëãîðèòìàõ â êà÷åñòâå ðàáî÷åãî ìàññèâà èñïîëüçîâàëè èñõîä-
íûé ìàññèâ. Âî âòîðîì àëãîðèòìå ìîæíî îãðàíè÷èòüñÿ âñåãî îäíèì ìàñ-
ñèâîì, çàìåíèâ âûõîäíîé ìàññèâ A = {aj}N−1

j=0 íà âõîäíîé ìàññèâ X, òàê
êàê ðåçóëüòàòû îïåðàöèé ïîìåùàþòñÿ â òå æå ÿ÷åéêè, îòêóäà áåðóòñÿ.

Â [1] àëãîðèòì ÄÏÕ (íî íå ÁÏÕ) ïðèâåäåí â óíèòàðíîé ôîðìå ìàò-
ðè÷íîãî âàðèàíòà. Ñðàâíèâàòü åãî ñ áûñòðûìè àëãîðèòìàìè äëÿ ÄÏÔ
è ÄÏÓ çàòðóäíèòåëüíî, òàê êàê äëÿ ïîñëåäíèõ ñóùåñòâóåò ìàòðè÷íûé
âàðèàíò áûñòðîãî àëãîðèòìà â âèäå ôàêòîðèçàöèè.

Ïðåäëîæèì ìàòðè÷íî-àëãîðèòìè÷åñêóþ êîíñòðóêöèþ ÁÏÕ. Äëÿ ýòî-
ãî âõîäíîé îäíîìåðíûé ìàññèâ x ïðåäñòàâèì â âèäå ìàòðèöû X0 íóëå-
âîãî øàãà (âåðõíèé èíäåêñ óêàçûâàåò øàã àëãîðèòìà) ðàçìåðà 2× 2n−1.
Ïðè÷åì, äëÿ àëãîðèòìà ïî ÷àñòîòå ðàñïîëàãàåì x â ìàòðèöå ïî ñòîëáöàì
(òî åñòü ïî ïàðàì), äëÿ àëãîðèòìà ïî âðåìåíè ðàñïîëàãàåì x â ìàòðèöå
ïî ñòðîêàì (ïîë-ìàññèâà ââåðõó è ïîë-ìàññèâà âíèçó). Ñóììà ñòðîê ìàò-
ðèöû X0 îáðàçóåò âõîäíîé îäíîìåðíûé ìàññèâ x1 ñëåäóþùåãî øàãà, à
ðàçíîñòü ýòèõ æå ñòðîê çàïîìèíàåòñÿ â âûõîäíîì ìàññèâå m1 êàê íàáîð
ñïåêòðàëüíûõ õàðàêòåðèñòèê. È òàê äàëåå.

Ìàòðè÷íî-àëãîðèòìè÷åñêèé âèä ÁÏÕ.
Äëÿ k îò 1 äî n âûïîëíÿåì(

xk

mk

)
=

(
1 1

1 −1

)
·Xk−1, (1)

ãäå ìàòðèöà Xk èç äâóõ ñòðîê åñòü ïðåäñòàâëåíèå îäíîìåðíîãî ìàñ-
ñèâà xk: ïî ñòîëáöàì â ñëó÷àå àëãîðèòìà ïî ÷àñòîòå èëè ïî ñòðîêàì
â ñëó÷àå àëãîðèòìà ïî âðåìåíè.

Âûõîäíîé îäíîìåðíûé ìàññèâ (ñòðîêà) ôîðìèðóåòñÿ èç îäíîìåðíûõ
ìàññèâîâ ðàçíîãî îáúåìà â ñëåäóþùåì ïîðÿäêå

A = (xn mn mn−1 . . .m1).

Ïðåäëîæåííàÿ (1) ôîðìà (·) = HXk−1 àëãîðèòìà ÁÏÕ äîïóñêàåò
ñëåäóþùåå p-è÷íîå îáîáùåíèå, êîòîðîå ñòðîèòñÿ çàìåíîé ìàòðèöû H íà
ïðîèçâîëüíóþ íåâûðîæäåííóþ ìàòðèöó Q ïîðÿäêà p ñ íà÷àëüíîé ñòðî-
êîé èç åäèíèö. Ïåðâîíà÷àëüíî áóäåì ñ÷èòàòü, ÷òî ñòðîêè φj ýòîé ìàò-
ðèöû Q îðòîãîíàëüíû. Íîâûå âàðèàíòû òàêîé ìàòðèöû Q äëÿ âõîäíîãî
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îäíîìåðíîãî ìàññèâà x ∈ RN ïðè N = pn ïðåäëîæåíû â [3]. Åñëè p ñàìî
ÿâëÿåòñÿ ñòåïåíüþ äâîéêè, òî â êà÷åñòâå Q ïîäîéäåò ìàòðèöà ÄÏÓ. Åñ-
ëè ðàçðåøèòü ïåðåõîä ê êîìïëåêñíûì ÷èñëàì, òî â êà÷åñòâå Q ïîäîéäåò
ìàòðèöà ÄÏÔ.

Ìàòðè÷íî-àëãîðèòìè÷åñêèé p-è÷íûé àíàëîã ÁÏÕ.
Äëÿ k îò 1 äî n âûïîëíÿåì(

xk

Mk

)
= Q ·Xk−1,

ãäå ìàòðèöà Xk ðàçìåðà p × pn−k−1 åñòü ïðåäñòàâëåíèå îäíîìåðíîãî
ìàññèâà xk (ñòðîêè): ïî ñòîëáöàì â ñëó÷àå àëãîðèòìà ïî ÷àñòîòå èëè
ïî ñòðîêàì â ñëó÷àå àëãîðèòìà ïî âðåìåíè.

Âûõîäíîé ìàññèâ A = (xn Mn Mn−1 . . .M 1).
Ôîðìó ïðåäñòàâëåíèÿ âûõîäíîãî ìàññèâà A äëÿ ðàçíûõ ñëó÷àåâ àë-

ãîðèòìà ñëåäóåò ïðîäóìàòü.
Ìàòðè÷íî-àëãîðèòìè÷åñêèé îáðàòíûé p-ÀÁÏÕ.
Äëÿ k îò n äî 1 âûïîëíÿåì

Xk−1 = Q−1 ·

(
xk

Mk

)
,

ãäå xk åñòü ðàçâåðòêà (ïî ñòîëáöàì â ñëó÷àå àëãîðèòìà ïî ÷àñòîòå
èëè ïî ñòðîêàì â ñëó÷àå àëãîðèòìà ïî âðåìåíè) ìàòðèöû Xk â âèäå
ñòðîêè.

Â ñëó÷àå îðòîãîíàëüíîñòè ñòðîê φj ìàòðèöû Q èìååì Q−1 = Q∗ ·D
ñ äèàãîíàëüíîé D, ó êîòîðîé íà äèàãîíàëè ðàñïîëîæåíû ÷èñëà 1

∥φj∥2 .

Â ÷àñòíîñòè, äëÿ àëãîðèòìà ÁÏÕ (1) ñ ìàòðèöåé H èìååì H−1 = 1
2H,

îòêóäà âûòåêàåò, ÷òî ïðè îáðàòíîì ÁÏÕ âû÷èñëÿåì ïîëóñóììû è ïîëó-
ðàçíîñòè.

Â êà÷åñòâå ïðèìåðà ðàññìîòðèì ñëó÷àé p = 4. Â [3] â êà÷åñòâå ìàòðèö
Q ïðåäëîæåíû ìàòðèöû

1 1 1 1

3 −1 −1 −1

0 2 −1 −1

0 0 1 −1

 &


1 1 1 1

1 −1 0 0

0 1 −1 0

0 0 1 −1

 . (2)

Íîâûé âàðèàíò ñ äèñêðåòíûìè ôóíêöèÿìè Óîëøà â êà÷åñòâå áàçè-
ñà R4 ñ ìàòðèöåé Q = H⊗2 â âèäå êðîíåêåðîâà êâàäðàòà ìàòðèöû H. Â
ýòîì ñëó÷àå äëÿ ìàòðèöû Q ìîæíî ïðèìåíèòü áûñòðûé àëãîðèòì Ãóäà â
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ëþáîì èç äâóõ âàðèàíòîâ. Â [4] ïðåäëîæåíà çàïèñü îñíîâíîãî àëãîðèòìà
Ãóäà ñ èñïîëüçîâàíèåì îïåðàöèè b-ïðîèçâåäåíèÿ ìàòðèö (ñèìâîë îïåðà-
öèè ⊘): H⊗2 = (H ⊘ E)2, ãäå E � åäèíè÷íàÿ ìàòðèöà âòîðîãî ïîðÿäêà.

Ïðåäëîæåííàÿ ôîðìà çàïèñè ïðåäïîëàãàåò èñïîëüçîâàíèå ïàðàëëåëü-
íûõ àëãîðèòìîâ, òî åñòü âû÷èñëåíèÿ â âåêòîðíîé ôîðìå. Îáîçíà÷èì (íà
êàæäîì k-ì øàãå) ñòðîêè îáðàáàòûâàåìîé ìàòðèöû Xk−1 ñèìâîëàìè X0,
X1, X2 è X3. Â ñëó÷àå ìàòðèöû Q âèäà (2) ôîðìóëû, âûïèñàííûå â [3]
äëÿ ýëåìåíòîâ, ïðåäëàãàåòñÿ èñïîëüçîâàòü äëÿ ñòðîê. Â ñëó÷àå Q = H⊗2

ýòî âûãëÿäèò òàê: âû÷èñëÿåì íîâûå ñòðîêè â ïîðÿäêå X0+X2, X0−X2,
X1 +X3, X1 −X3; ïåðåîáîçíà÷àåì èõ ïðåæíèìè ñèìâîëàìè X0, X1, X2

è X3; ïîâòîðÿåì ïðåäûäóùèé øàã. ×èñëî îïåðàöèé íàä ñòðîêàìè: â ïåð-
âîì ñëó÷àå � 2 óìíîæåíèÿ è 7 ñëîæåíèé (X2 + X3 ñ÷èòàåì îäèí ðàç),
âî âòîðîì � 6 ñëîæåíèé (âû÷èòàíèé), â òðåòüåì � 8 ñëîæåíèé. Ïðîñòî-
òà âû÷èñëåíèÿ âî âòîðîì ñëó÷àå êîìïåíñèðóåòñÿ áîëåå ñëîæíûì, ÷åì â
ïåðâîì è òðåòüåì ñëó÷àÿõ, âèäîì îáðàòíîé ìàòðèöû Q−1.

Âàðèàíò àëãîðèòìà ñ ïðîðåæèâàíèåì ïî âðåìåíè äîïóñêàåò ðåàëè-
çàöèþ áåç ôîðìèðîâàíèÿ ìàòðèöû Xk−1 ñ p ñòðîêàìè íà êàæäîì øàãå.
Ìîæíî ïðîñòî îáðàáàòûâàåìûé îäíîìåðíûé ìàññèâ ðàçáèòü íà p äèçú-
þíêòèâíûõ îäèíàêîâûõ ïî îáúåìó ïîäìàññèâîâ � X0, X1, X2 è X3 â
ðàññìîòðåííîì ñëó÷àå p = 4.

Âñþ êîíñòðóêöèþ íå ñëîæíî ïåðåôîðìóëèðîâàòü â òåðìèíàõ ñòóïåí-
÷àòûõ ôóíêöèé íà åäèíè÷íîì îòðåçêå. Â ýòîì ñëó÷àå êîíñòðóêöèÿ ïðåä-
ñòàâëÿåò ñîáîé ìîäåëüíûé ñëó÷àé p-è÷íîé âåéâëåòíîé ñõåìû íà êëàññå
ñòóïåí÷àòûõ ôóíêöèé, ãäå òîæäåñòâåííàÿ åäèíèöà åñòü ìàñøòàáèðóþ-
ùàÿ ôóíêöèÿ, îñòàëüíûå p− 1 ôóíêöèé áàçèñà ñîñòàâëÿþò íàáîð ìàòå-
ðèíñêèõ ôóíêöèé, à òàêæå âûäåëÿþòñÿ p-è÷íûå ñæàòèÿ è ñäâèãè.
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ÓÄÊ 519.63

Îá îäíîì èòåðàöèîííîì ìåòîäå ðåøåíèÿ
ïàðàáîëè÷åñêèõ óðàâíåíèé1

È. Â. Áîéêîâ, Â. À. Ðÿçàíöåâ (Ïåíçà, Ðîññèÿ)
i.v.boykov@gmail.com, ryazantsevv@mail.ru

Â ðàáîòå ïðåäëîæåí ýôôåêòèâíûé ÷èñëåííûé ìåòîä ðåøåíèÿ ïðÿìûõ è îáðàòíûõ
çàäà÷ äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé (ëèíåéíûõ è íåëèíåéíûõ), îñíîâàííûé íà
íåïðåðûâíîì ìåòîäå ðåøåíèÿ íåëèíåéíûõ îïåðàòîðíûõ óðàâíåíèé. Ðàññìàòðè-
âàþòñÿ ïðÿìûå çàäà÷è äëÿ íåëèíåéíûõ óðàâíåíèé è îáðàòíûå çàäà÷è äëÿ ïàðàáî-
ëè÷åñêèõ óðàâíåíèé â ñëåäóþùèõ ïîñòàíîâêàõ: êîýôôèöèåíòíàÿ çàäà÷à, çàäà÷à
âîññòàíîâëåíèÿ ãðàíè÷íûõ óñëîâèé, çàäà÷à âîññòàíîâëåíèÿ íà÷àëüíûõ óñëîâèé.

Êëþ÷åâûå ñëîâà: îáðàòíûå çàäà÷è, íåêîððåêòíûå çàäà÷è, ïàðàáîëè÷åñêèå óðàâ-
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On an iterative method for solution of
parabolic equations1

I. V. Boykov (Penza, Russia), V. A. Ryazantsev (Penza, Russia)
i.v.boykov@gmail.com, ryazantsevv@mail.ru

In this paper we propose an e�cient numerical method for solution of direct and
inverse problems for parabolic equations (both linear and nonlinear). The method is
based on the continuous method for solution of operator equations. We consider direct
problems for nonlinear equations and the following statements of inverse problems for
parabolic equations: inverse coe�cient problem, the problem of recovering boundary
conditions and the problem of recovering initial conditions.

Keywords: inverse problems, ill-posed problems, parabolic equations, stability theory,
logarithmic norm.

Ïðèáëèæåííûì ìåòîäàì ðåøåíèÿ ïðÿìûõ è îáðàòíûõ çàäà÷ äëÿ ïà-
ðàáîëè÷åñêèõ óðàâíåíèé ïîñâÿùåíà îáøèðíàÿ ëèòåðàòóðà [1], [2], [3], [4].
Òåì íå ìåíåå, ðàçðàáîòêà íîâûõ ìåòîäîâ ðåøåíèÿ ýòèõ çàäà÷ ÿâëÿåòñÿ
àêòóàëüíîé çàäà÷åé. Ýòî îáóñëîâëåíî êàê ïîÿâëåíèåì íîâûõ ïðèêëàäíûõ
çàäà÷, ìîäåëèðóåìûõ ïàðàáîëè÷åñêèìè óðàâíåíèÿìè è èõ ñèñòåìàìè, òàê
è âîçðàñòàþùèìè òðåáîâàíèÿìè ê òî÷íîñòè è óñòîé÷èâîñòè ÷èñëåííûõ
ìåòîäîâ.

Â òå÷åíèå íåñêîëüêèõ ïîñëåäíèõ ëåò àâòîðû èññëåäóþò ïðèìåíèìîñòü
íåïðåðûâíîãî ìåòîäà ðåøåíèÿ íåëèíåéíûõ îïåðàòîðíûõ óðàâíåíèé [5] ê
ðåøåíèþ ïðÿìûõ è îáðàòíûõ çàäà÷ äëÿ ïàðàáîëè÷åñêèõ è ãèïåðáîëè÷å-
ñêèõ óðàâíåíèé. Âûáîð ýòîãî ìåòîäà îáóñëîâëåí äâóìÿ îáñòîÿòåëüñòâà-
ìè: 1) Â îòëè÷èå îò ìåòîäà Íüþòîíà - Êàíòîðîâè÷à ìåòîä íå òðåáóåò
îáðàòèìîñòè ïðîèçâîäíîé Ôðåøå (èëè Ãàòî) íåëèíåéíîãî îïåðàòîðà íà
êàæäîì øàãå èòåðàöèîííîãî ïðîöåññà. Áîëåå òîãî, îí îñóùåñòâèì äà-
æå ïðè âûðîæäåíèè ïðîèçâîäíîé íà íåêîòîðîì ìíîãîîáðàçèè; 2) ìåòîä

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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îñíîâàí íà òåîðèè óñòîé÷èâîñòè Ëÿïóíîâà è óñòîé÷èâ ïðè âîçìóùåíèè
ýëåìåíòîâ óðàâíåíèé è íà÷àëüíûõ óñëîâèé.

Â ðàáîòå äàí îáçîð ðÿäà ðåçóëüòàòîâ, ïîëó÷åííûõ â ýòîì íàïðàâëå-
íèè.

Äàäèì êðàòêîå îïèñàíèå íåïðåðûâíîãî îïåðàòîðíîãî ìåòîäà. Ïóñòü
òðåáóåòñÿ íàéòè ðåøåíèå íåëèíåéíîãî îïåðàòîðíîãî óðàâíåíèÿ

A(x)− f = 0, (1)

ãäå A : X → X � íåëèíåéíûé îïåðàòîð, îòîáðàæàùèé áàíàõîâî ïðîñ-
òðàíñòâî X â ñåáÿ. Óðàâíåíèþ (1) ñòàâèòñÿ â ñîîòâåòñòâèå çàäà÷à Êîøè

dx(s)

ds
= A (x(s))− f, (2)

x(0) = x0. (3)

Èìååò ìåñòî ñëåäóþùàÿ òåîðåìà.
Òåîðåìà 1. Ïóñòü çàäà÷à (2)-(3) èìååò ðåøåíèå x∗, è íà âñÿ-

êîé äèôôåðåíöèðóåìîé êðèâîé g(s), ðàñïîëîæåííîé â øàðå B (x∗, r),
ñïðàâåäëèâû ñëåäóþùèå óñëîâèÿ: 1) ïðè ëþáîì s (s > 0) âûïîëíÿåò-

ñÿ íåðàâåíñòâî
s�
0

Λ (A′ (g(τ))) dτ ⩽ 0; 2) èìååò ìåñòî íåðàâåíñòâî

lim
s→∞

1

s

s�
0

Λ (A′ (g(τ))) dτ ⩽ −αg, αg > 0. Òîãäà ðåøåíèå çàäà÷è Êîøè

(2)-(3) ïðè s, ñòðåìÿùåìñÿ ê áåñêîíå÷íîñòè, ñõîäèòñÿ ê ðåøåíèþ x∗

óðàâíåíèÿ (1).
×åðåç Λ (A′) îáîçíà÷åíà ëîãàðèôìè÷åñêàÿ íîðìà îïåðàòîðà A′, ÿâ-

ëÿþùåãîñÿ ïðîèçâîäíîé Ôðåøå (ïðîèçâîäíîé Ãàòî) îïåðàòîðà A. Ëî-
ãàðèôìè÷åñêàÿ íîðìà Λ(A) îïåðàòîðà A : X → X îïðåäåëÿåòñÿ [6]

ïîñðåäñòâîì ôîðìóëû Λ(A) = lim
h↓0

(
∥I+hA∥−1

h

)
, ãäå ñèìâîë ↓ îçíà÷àåò ìî-

íîòîííîå ñòðåìëåíèå ê íóëþ.
Â ðàáîòå [7] ïîñòðîåíû ÷èñëåííûå ìåòîäû ðåøåíèÿ îáðàòíûõ êîýô-

ôèöèåíòíûõ çàäà÷ äëÿ îäíî- è äâóìåðíûõ óðàâíåíèé òåïëîïðîâîäíîñòè
â ñëåäóþùèõ ïîñòàíîâêàõ.

Äàíà çàäà÷à Êîøè:

∂u

∂t
= γ

(
∂2u

∂x2
+
∂2u

∂y2

)
, (4)

u(0, x, y) = φ(x, y),

ãäå t ⩾ 0, −∞ < x, y < ∞, è â òî÷êå (t∗, x∗, y∗) èçâåñòíî åå ðåøåíèå
u (t∗, x∗, y∗). Òðåáóåòñÿ íàéòè êîýôôèöèåíò γ.
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Äàíî óðàâíåíèå (4) ñ íà÷àëüíûì óñëîâèåì

u(0, x, y) = φ(x, y), (x, y) ∈ [0; ℓ]2 (5)

è ãðàíè÷íûìè óñëîâèÿìè

u(t, x, 0) = q1(t, x), u(t, x, ℓ) = q2(t, x), (6)

u(t, 0, y) = q3(t, y), u(t, ℓ, y) = q4(t, y). (7)

Èçâåñòíî ðåøåíèå ãðàíè÷íîé çàäà÷è (4)-(7) â òî÷êå (t∗, x∗, y∗). Òðå-
áóåòñÿ îïðåäåëèòü êîýôôèöèåíò γ.

Ïîêàçàíî [8], ÷òî ìåòîä ïðèìåíèì äëÿ íàõîæäåíèÿ äâóõ íåèçâåñòíûõ
ïîñòîÿííûõ êîýôôèöèåíòîâ â íåëèíåéíîì óðàâíåíèè

∂u(t, x1, x2)

∂t
= a

[
∂2u(t, x1, x2)

∂x21
+
∂2u(t, x1, x2)

∂x22

]
+ bu(t, x1, x2),

u(0, x1) = φ(x1, x2),

ãäå −∞ < x1, x2 < ∞, 0 ⩽ t ⩽ T , êîýôôèöèåíò a ïîëîæèòåëü-
íûé. Ïðåäïîëàãàåòñÿ, ÷òî äîïîëíèòåëüíî èçâåñòíû çíà÷åíèÿ ðåøåíèÿ
u(t(1), x

(1)
1 , x

(1)
2 ) è u(t(2), x(2)1 , x

(2)
2 ).

Â ðàáîòå [9] ðåçóëüòàòû ðàáîòû [7] ðàñïðîñòðàíåíû íà ïàðàáîëè÷åñêèå
óðàâíåíèÿ ñ íåèçâåñòíûì êîýôôèöèåíòîì, çàâèñÿùèì îò âðåìåíè.

Â ðàáîòå [10] íåïðåðûâíûé îïåðàòîðíûé ìåòîä ðåøåíèÿ íåëèíåé-
íûõ îïåðàòîðíûõ óðàâíåíèé ïðèìåíÿåòñÿ äëÿ ðåøåíèÿ çàäà÷è Êîøè äëÿ
íåëèíåéíîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ

∂u

∂t
= a

∂2u

∂x2
+ Φ(t, x, u(t, x)) , (8)

u(0, x) = φ(x). (9)

Ïðåäâàðèòåëüíî çàäà÷à (8)-(9) ñâîäèòñÿ ê íåëèíåéíîìó èíòåãðàëüíî-
ìó óðàâíåíèþ

u(t, x) =

∞�

−∞

φ(ξ)G(x, ξ, t) dξ +

t�

0

∞�

−∞

Φ (x, ξ, u(x, ξ))G(x, ξ, t− s) dξ ds,

ãäå G(x, ξ, t) =
1

2
√
πat

exp
[
− (x−ξ)2

4at

]
.

Íà îñíîâå íåïðåðûâíîãî îïåðàòîðíîãî ìåòîäà àâòîðàìè òàêæå óñïåø-
íî ïîñòðîåíû ýôôåêòèâíûå ÷èñëåííûå ìåòîäû ðåøåíèÿ ñëåäóþùèõ çà-
äà÷ äëÿ ëèíåéíûõ ïàðàáîëè÷åñêèõ óðàâíåíèé: 1) âîññòàíîâëåíèÿ íà÷àëü-
íûõ óñëîâèé â çàäà÷å Êîøè [11]; 2) âîññòàíîâëåíèÿ ãðàíè÷íîãî óñëîâèÿ â
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ïåðâîé è âòîðîé êðàåâîé çàäà÷å [12] è 3) âîññòàíîâëåíèÿ êîýôôèöèåíòîâ
ãðàíè÷íûõ óñëîâèé â òðåòüåé êðàåâîé çàäà÷å [13].
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ÓÄÊ 517.984

Íåïîëíûå îáðàòíûå çàäà÷è äëÿ
äèôôåðåíöèàëüíûõ îïåðàòîðîâ íà ãðàôàõ1

Í. Ï. Áîíäàðåíêî (Ñàðàòîâ, Ðîññèÿ)
bondarenkonp@info.sgu.ru

Â ñòàòüå ïðèâåäåí îáçîð ðåçóëüòàòîâ ïî íåïîëíûì îáðàòíûì çàäà÷àì äëÿ äèôôå-
ðåíöèàëüíûõ îïåðàòîðîâ íà ãðàôàõ. Òàêèå çàäà÷è ñîñòîÿò â âîññòàíîâëåíèè êî-
ýôôèöèåíòîâ äèôôåðåíöèàëüíûõ âûðàæåíèé (íàïðèìåð, ïîòåíöèàëîâ Øòóðìà-
Ëèóâèëëÿ) íà íåêîòîðûõ ðåáðàõ ãðàôà ïî ñïåêòðàëüíûì õàðàêòåðèñòèêàì ïðè
óñëîâèè, ÷òî êîýôôèöèåíòû íà îñòàëüíûõ ðåáðàõ èçâåñòíû àïðèîðè. Îáû÷íî
â íåïîëíûõ îáðàòíûõ çàäà÷àõ òðåáóåòñÿ ìåíüøå ñïåêòðàëüíûõ äàííûõ, ÷åì â
ïîëíûõ. Ðàññìîòðåíû äèôôåðåíöèàëüíûå îïåðàòîðû êàê ñ ðåãóëÿðíûìè êîýô-
ôèöèåíòàìè, òàê è ñ êîýôôèöèåíòàìè èç êëàññà ôóíêöèé-ðàñïðåäåëåíèé.

Êëþ÷åâûå ñëîâà: îáðàòíûå ñïåêòðàëüíûå çàäà÷è, îïåðàòîðû Øòóðìà-Ëèóâèëëÿ
íà ãðàôàõ, äèôôåðåíöèàëüíûå îïåðàòîðû ñ êîýôôèöèåíòàìè-ðàñïðåäåëåíèÿìè.

Áëàãîäàðíîñòè: ðàáîòà âûïîëíåíà â Ñàðàòîâñêîì ãîñóäàðñòâåííîì óíè-
âåðñèòåòå çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà � 21-71-10001,
https://rscf.ru/project/21-71-10001/.

Partial inverse problems for di�erential
operators on graphs1

N. P. Bondarenko (Saratov, Russia)
bondarenkonp@info.sgu.ru

The paper is an overview of the results on partial inverse problems for di�erential
operators on graphs. Such problems consist in the recovery of di�erential expression
coe�cients (e.g., Sturm-Liouville potentials) on some edges of a graph from spectral
characteristics under the assumption that the coe�cients on the remaining edges
are known a priori. Usually, partial inverse problems require less spectral data than
complete inverse problems. We consider di�erential operators with regular coe�cients
and also with distribution coe�cients.

Keywords: inverse spectral problems, Sturm-Liouville operators on graphs, di�erential
operators with distribution coe�cients.
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Äîêëàä ïîñâÿùåí íåïîëíûì îáðàòíûì çàäà÷àì, ñîñòîÿùèì â âîññòà-
íîâëåíèè äèôôåðåíöèàëüíûõ îïåðàòîðîâ ïî èõ ñïåêòðàëüíûì õàðàêòå-
ðèñòèêàì ïðè óñëîâèè, ÷òî êîýôôèöèåíòû îïåðàòîðà ÷àñòè÷íî èçâåñò-
íû àïðèîðè. Êëàññè÷åñêîé íåïîëíîé îáðàòíîé çàäà÷åé ÿâëÿåòñÿ çàäà÷à
Õîõøòàäòà-Ëèáåðìàíà, êîòîðàÿ ñîñòîèò â ñëåäóþùåì. Ðàññìîòðèì êðà-
åâóþ çàäà÷ó Øòóðìà-Ëèóâèëëÿ:

−y′′(x) + q(x)y(x) = λy(x), x ∈ (0, 1), (1)

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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y(0) = y(1) = 0, (2)

ãäå q ∈ L2(0, 1), λ � ñïåêòðàëüíûé ïàðàìåòð. Õ. Õîõøòàäò è Á. Ëèáåð-
ìàí [1] ïîêàçàëè, ÷òî åñëè ïîòåíöèàë q(x) èçâåñòíåí àïðèîðè íà èíòåðâà-
ëå (0, 1/2), òî q(x) íà (1/2, 1) îäíîçíà÷íî îïðåäåëÿåòñÿ ïî ñïåêòðó çàäà÷è
(1)-(2). Çàìåòèì, ÷òî ñîãëàñíî ðåçóëüòàòó Ã. Áîðãà [2], äëÿ åäèíñòâåííî-
ñòè âîññòàíîâëåíèÿ ïîòåíöèàëà q(x) íà âñåì èíòåðâàëå (0, 1) òðåáóþòñÿ
äâà ñïåêòðà êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ (1) ñ ðàçëè÷íûìè íàáîðàìè
êðàåâûõ óñëîâèé.

Ðàññìîòðèì íåêîòîðûå îáîáùåíèÿ çàäà÷è Õîõøòàäòà-Ëèáåðìàíà íà
äèôôåðåíöèàëüíûå îïåðàòîðû íà ãåîìåòðè÷åñêèõ ãðàôàõ. Â êà÷åñòâå
ïðèìåðà ïðèâåäåì ïîñòàíîâêè ïîëíîé è íåïîëíîé îáðàòíûõ çàäà÷ äëÿ
îïåðàòîðà Øòóðìà-Ëèóâèëëÿ íà ãðàôå-çâåçäå. Ïóñòü G � ãðàô-çâåçäà ñ
m ≥ 3 ðåáðàìè {ej}mj=1 îäèíàêîâîé äëèíû π. Êàæäîå ðåáðî ej ñîåäèíÿåò
âíóòðåííþþ âåðøèíó v0 ñ ãðàíè÷íîé âåðøèíîé vj. Íà êàæäîì ðåáðå ej
ââåäåì ïàðàìåòð xj ∈ [0, π]. Çíà÷åíèå xj = 0 ñîîòâåòñòâóåò ãðàíè÷íîé
âåðøèíå vj, à xj = π ñîîòâåòñòâóåò âíóòðåííåé âåðøèíå v0. Ðàññìîòðèì
íà ãðàôå G óðàâíåíèÿ Øòóðìà-Ëèóâèëëÿ

−y′′j (xj) + qj(xj)yj(xj) = λyj(xj), xj ∈ (0, π), j = 1,m, (3)

ñ âåùåñòâåííûìè ïîòåíöèàëàìè qj ∈ L2(0, π), j = 1,m, è ñòàíäàðòíûå
óñëîâèÿ ñêëåéêè âî âíóòðåííåé âåðøèíå:

y1(π) = yj(π), j = 2,m,
m∑
j=1

y′j(π) = 0. (4)

Îáîçíà÷èì ÷åðåç Λ è Λk, k = 1,m, ñïåêòðû ñîîòâåòñòâóþùèõ êðàåâûõ
çàäà÷ L è Lk, k = 1,m, äëÿ ñèñòåìû óðàâíåíèé (3) ñ óñëîâèÿìè ñêëåéêè
(4) è ñëåäóþùèìè óñëîâèÿìè â ãðàíè÷íûõ âåðøèíàõ:

L : yj(0) = 0, j = 1,m,

Lk : y′k(0) = 0, yj(0) = 0, j = 1,m \ k.

Ñïåêòðû ïðèâåäåííûõ çàäà÷ ïðåäñòàâëÿþò ñîáîé ñ÷åòíûå ìíîæåñòâà âå-
ùåñòâåííûõ ñîáñòâåííûõ çíà÷åíèé.

Ïîëíàÿ îáðàòíàÿ çàäà÷à äëÿ îïåðàòîðà Øòóðìà-Ëèóâèëëÿ íà ãðàôå-
çâåçäå ôîðìóëèðóåòñÿ ñëåäóþùèì îáðàçîì.

Îáðàòíàÿ çàäà÷à 1. Ïî ñïåêòðàì Λ, Λk, k = 1,m− 1, ïîñòðîèòü
ïîòåíöèàëû {qj}mj=1.

Îáðàòíàÿ çàäà÷à 1 ïðåäñòàâëÿåò ñîáîé ÷àñòíûé ñëó÷àé îáðàòíîé
ñïåêòðàëüíîé çàäà÷è äëÿ îïåðàòîðîâ Øòóðìà-Ëèóâèëëÿ íà ãðàôàõ-
äåðåâüÿõ (ò.å. ãðàôîâ áåç öèêëîâ), èçó÷åííîé â [3]. Â ðàáîòå [3] äîêàçàíà
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åäèíñòâåííîñòü ðåøåíèÿ îáðàòíîé çàäà÷è è ðàçðàáîòàí êîíñòðóêòèâíûé
àëãîðèòì âîññòàíîâëåíèÿ ïîòåíöèàëîâ, îñíîâàííûé íà ìåòîäå ñïåêòðàëü-
íûõ îòîáðàæåíèé (ñì. [4]). Çàìåòèì, ÷òî äëÿ âîññòàíîâëåíèÿ ïîòåíöèà-
ëîâ íà âñåõ ðåáðàõ ãðàôà èñïîëüçóåòñÿ äîñòàòî÷íî áîëüøîå êîëè÷åñòâî
äàííûõ � m ñïåêòðîâ. Âîïðîñ î ìèíèìàëüíîñòè ýòèõ äàííûõ, íàñêîëüêî
èçâåñòíî àâòîðó, ÿâëÿåòñÿ îòêðûòûì. Â íåäàâíèõ ðàáîòàõ [5,6] ïîëó÷åíà
õàðàêòåðèçàöèÿ ñïåêòðàëüíûõ äàííûõ îïåðàòîðîâØòóðìà-Ëèóâèëëÿ íà
ãðàôàõ ñ ðåãóëÿðíûìè è ñèíãóëÿðíûìè ïîòåíöèàëàìè, îäíàêî èñïîëüçó-
åìûå â íèõ ñïåêòðàëüíûå äàííûå ÿâëÿþòñÿ èçáûòî÷íûìè è ñîäåðæàò
äàííûå Â.À. Þðêî [3] â êà÷åñòâå ïîäìíîæåñòâà.

Â ñëó÷àå, åñëè ïîòåíöèàëû èçâåñòíû àïðèîðè íà ÷àñòè ðåáåð ãðàôà,
êîëè÷åñòâî äàííûõ îáðàòíîé çàäà÷è ìîæåò áûòü óìåíüøåíî. Â.Í. Ïèâî-
âàð÷èê [7] çàìåòèë, ÷òî åñëè ïîòåíöèàëû qj çàäàíû íà âñåõ ðåáðàõ, êðîìå
îäíîãî, òî ïîòåíöèàë íà îñòàâøåìñÿ ðåáðå îäíîçíà÷íî îïðåäåëÿåòñÿ ïî
îäíîìó ñïåêòðó. ×.-Ô. ßíã [8] ïîêàçàë, ÷òî â ýòîì ñëó÷àå òðåáóåòñÿ íå
âåñü ñïåêòð, à äîñòàòî÷íî 2

m-é ÷àñòè ñïåêòðà.
Ïðè êàæäîì j = 1,m îáîçíà÷èì ÷åðåç Sj(xj, λ) ðåøåíèå óðàâíå-

íèÿ (3), óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì Sj(0, λ) = 0, S ′
j(0, λ) = 1.

Ñîáñòâåííûå çíà÷åíèÿ çàäà÷è L ñîâïàäàþò ñ íóëÿìè õàðàêòåðèñòè÷åñêîé
ôóíêöèè

∆(λ) :=
m∑
j=1

S ′
j(π, λ)

m∏
k=1
k ̸=j

Sk(π, λ) (5)

è ìîãóò áûòü îáîçíà÷åíû ÷åðåç {λnk}n≥1, k=1,m ñ ó÷åòîì êðàòíîñòåé â
ñîîòâåòñòâèè ñ àñèìïòîòè÷åñêèìè ôîðìóëàìè√

λn1 = n− 1

2
+O

(
n−1
)
, (6)√

λnk = n+O
(
n−1
)
, k = 2,m. (7)

Íåïîëíàÿ îáðàòíàÿ çàäà÷à èç [8] ôîðìóëèðóåòñÿ ñëåäóþùèì îáðàçîì.

Îáðàòíàÿ çàäà÷à 2. Ïóñòü ïîòåíöèàëû {qj}mj=2 çàäàíû àïðèîðè.
Ïî ñîáñòâåííûì çíà÷åíèÿì {λnk}n≥1, k=1,2 íàéòè q1.

Ïîñëåäîâàòåëüíîñòü {λnk}n≥1,k=1,2 ìîæåò ñîäåðæàòü êîíå÷íîå ÷èñëî
êðàòíûõ çíà÷åíèé è îïðåäåëÿåòñÿ àñèìïòîòèêàìè (6)-(7) íåîäíîçíà÷íî.
Îáðàòíàÿ çàäà÷à 2 ìîæåò áûòü ðåøåíà ïî ëþáîìó íàáîðó ñîáñòâåííûõ
çíà÷åíèé, óäîâëåòâîðÿþùèõ (6)-(7) è äîïîëíèòåëüíîìó óñëîâèþ:

(Ðàçäåëåííîñòü): Íè äëÿ îäíîé ïàðû (n, k), n ≥ 1, k = 1, 2, íå
ñóùåñòâóåò èíäåêñîâ i è j, 2 ≤ i, j ≤ m, i ̸= j, ïðè êîòîðûõ Si(π, λnk) =
Sj(π, λnk) = 0.
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Åñëè óñëîâèå (Ðàçäåëåííîñòü) íàðóøàåòñÿ, è äëÿ íåêîòîðîãî ñîá-
ñòâåííîãî çíà÷åíèÿ λnk ñóùåñòâóþò èíäåêñû i ̸= j, i, j ≥ 2, òàêèå, ÷òî
Si(π, λnk) = Sj(π, λnk) = 0, òî ñîãëàñíî ôîðìóëå (5) çíà÷åíèå λnk íå íåñåò
èíôîðìàöèè î ïîòåíöèàëå q1.

Â ðàáîòå [9] ïðåäëîæåí êîíñòðóêòèâíûé ìåòîä ðåøåíèÿ îáðàòíîé
çàäà÷è 2, îñíîâàííûé íà åå ñâåäåíèè ê êëàññè÷åñêîé çàäà÷å Øòóðìà-
Ëèóâèëëÿ íå êîíå÷íîì èíòåðâàëå, ñîîòâåòñòâóþùåì ðåáðó ñ íåèçâåñò-
íûì ïîòåíöèàëîì. Ìåòîä îñíîâàí íà èñïîëüçîâàíèè ñïåöèàëüíîãî áà-
çèñà Ðèññà â ïðîñòðàíñòâå âåêòîð-ôóíêöèé, ïîñòðîåííîãî ïî èñõîäíûì
äàííûì îáðàòíîé çàäà÷è 2. Ïðè ïîìîùè ýòîãî ìåòîäà â [9] äîêàçàíû
ëîêàëüíàÿ ðàçðåøèìîñòü è óñòîé÷èâîñòü îáðàòíîé çàäà÷è, à òàêæå ìè-
íèìàëüíîñòü åå äàííûõ.

Âïîñëåäñòâèè íà îñíîâå èäåé ðàáîòû [9] áûë ðàçðàáîòàí óíèôèöèðî-
âàííûé ïîäõîä (ñì. [10, 11]), ïðèìåíèìûé ê øèðîêîìó êëàññó íåïîëíûõ
îáðàòíûõ çàäà÷ íà èíòåðâàëàõ è íà ãðàôàõ. Îí îñíîâàí íà ñâåäåíèè ê
çàäà÷å Øòóðìà-Ëèóâèëëÿ ñ öåëûìè àíàëèòè÷åñêèìè ôóíêöèÿìè f1(λ)
è f2(λ) â îäíîì èç êðàåâûõ óñëîâèé:

−y′′(x) + q(x)y(x) = λy(x), x ∈ (0, π), (8)
y(0) = 0, f1(λ)y

′(π) + f2(λ)y(π) = 0. (9)

Ñîáñòâåííûå çíà÷åíèÿ êðàåâîé çàäà÷è (8)-(9) ñîâïàäàþò ñ íóëÿìè öå-
ëîé ôóíêöèè

∆(λ) = f1(λ)S
′(π, λ) + f2(λ)S(π, λ), (10)

ãäå S(x, λ) � ðåøåíèå óðàâíåíèÿ (8), óäîâëåòâîðÿþùåå íà÷àëüíûì óñëî-
âèÿì S(0, λ) = 0, S ′(0, λ) = 1. Ñðàâíèâàÿ (5) è (10), íåòðóäíî âèäåòü,
÷òî êðàåâàÿ çàäà÷à L ýêâèâàëåíòíà çàäà÷å (8)-(9) ñ q = q1 è

f1(λ) :=
m∏
k=2

Sk(π, λ), f2(λ) :=
m∑
j=2

S ′
j(π, λ)

m∏
k=2
k ̸=j

Sk(π, λ). (11)

Ïîýòîìó îáðàòíàÿ çàäà÷à 2 ñâîäèòñÿ ê ñëåäóþùåé îáðàòíîé çàäà÷å:

Îáðàòíàÿ çàäà÷à 3. Ïðåäïîëîæèì, ÷òî ôóíêöèè f1(λ) è f2(λ) èç-
âåñòíû àïðèîðè. Ïî ïîäñïåêòðó {λn} êðàåâîé çàäà÷è (8)-(9) è ÷èñëó
ω := 1

2

� π
0 q(x) dx ïîñòðîèòü ïîòåíöèàë q.

Ôóíêöèè f1(λ) è f2(λ) ñòðîÿòñÿ ïî ôîðìóëàì (11) ïî èçâåñòíûì ïî-
òåíöèàëàì {qj}mj=2. ×èñëî ω ìîæåò áûòü íàéäåíî èç àñèìïòîòèêè çàäàí-
íîãî ïîäñïåêòðà.

Â ðàáîòàõ [10,11] ïîñòðîåíà ïîëíàÿ òåîðèÿ îáðàòíîé çàäà÷è 3: ïîëó÷å-
íû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ åäèíñòâåííîñòè åå ðåøåíèÿ, ïðè
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äîïîëíèòåëüíûõ óñëîâèÿõ íà ïîäñïåêòð {λn} ïîëó÷åíû êîíñòðóêòèâíîå
ðåøåíèå, ãëîáàëüíàÿ ðàçðåøèìîñòü, ëîêàëüíàÿ ðàçðåøèìîñòü è óñòîé÷è-
âîñòü. Â [12] äàííàÿ òåîðèÿ ïåðåíåñåíà íà óðàâíåíèå Øòóðìà-Ëèóâèëëÿ
(8) ñ ñèíãóëÿðíûì ïîòåíöèàëîì q èç êëàññà ôóíêöèé-ðàñïðåäåëåíèé
W−1

2 (0, π). Îòìåòèì, ÷òî íåñêîëüêî ðàçëè÷íûõ ïîäõîäîâ ê îïðåäåëåíèþ
îïåðàòîðîâØòóðìà-Ëèóâèëëÿ ñ ïîòåíöèàëàìè èç ýòîãî êëàññà áûëè ïðå-
ëîæåíû â ðàáîòå À.Ì. Ñàâ÷óêà è À.À. Øêàëèêîâà [13]. Â ÷àñòíîñòè,
óðàâíåíèå (8) ñ ïîòåíöèàëîì q ∈ W−1

2 (0, π) ìîæåò áûòü ïðåäñòàâëåíî â
ñëåäóþùåé ýêâèâàëåíòíîé ôîðìå:

−(y[1])′ − σ(x)y[1] − σ2(x)y = λy, x ∈ (0, π), (12)

ãäå q = σ′, σ ∈ L2(0, π), y[1] = y′ − σy � êâàçèïðîèçâîäíàÿ. Àíàëîãè÷íî
îáðàòíîé çàäà÷å 3, â [12] èññëåäîâàíà îáðàòíàÿ çàäà÷à äëÿ óðàâíåíèÿ
(12) ñ êðàåâûìè óñëîâèÿìè

y(0) = 0, f1(λ)y
[1](π) + f2(λ)y(π) = 0. (13)

Îáðàòíàÿ çàäà÷à 4. Ïðåäïîëîæèì, ÷òî ôóíêöèè f1(λ) è f2(λ) èç-
âåñòíû àïðèîðè. Ïî ïîäñïåêòðó {λn} êðàåâîé çàäà÷è (12)-(13) ïîñòðî-
èòü ôóíêöèþ σ.

Íà îñíîâå ðåøåíèÿ îáðàòíîé çàäà÷è 4 â [12] èññëåäîâàíà íåïîëíàÿ îá-
ðàòíàÿ çàäà÷à äëÿ îïåðàòîðà Øòóðìà-Ëèóâèëëÿ ñ ñèíãóëÿðíûìè ïîòåí-
öèàëàìè íà ãðàôå ïðîèçâîëüíîé ãåîìåòðè÷åñêîé ñòðóêòóðû, ñîñòîÿùàÿ â
âîññòàíîâëåíèè ïîòåíöèàëà íà îäíîì ãðàíè÷íîì ðåáðå ïî ÷àñòè ñïåêòðà.
Ïîòåíöèàëû íà îñòàëüíûõ ðåáðàõ ãðàôà ñ÷èòàþòñÿ èçâåñòíûìè.

Èçó÷àëèñü äðóãèå òèïû íåïîëíûõ îáðàòíûõ çàäà÷ äëÿ äèôôåðåí-
öèàëüíûõ îïåðàòîðîâ íà ãðàôàõ. Íàïðèìåð, â [14] ïîñòðîåíî êîíñòðóê-
òèâíîå ðåøåíèå îáðàòíîé çàäà÷è äëÿ îïåðàòîðà Øòóðìà-Ëèóâèëëÿ íà
ãðàôå-äåðåâå ñ èçâåñòíûì ïîòåíöèàëîì íà îäíîì âíóòðåííåì ðåáðå. Òðå-
áóåòñÿ íà îäèí ñïåêòð ìåíüøå, ÷åì ïðè ðåøåíèè ïîëíîé îáðàòíîé çàäà÷è
â [3]. Â [15] òàêæå ðàññìîòðåí îïåðàòîð Øòóðìà-Ëèóâèëëÿ íà ãðàôå-
äåðåâå è èññëåäîâàíà çàäà÷à âîññòàíîâëåíèÿ ïîòåíöèàëîâ íà íåêîòîðîì
ïîääåðåâå ïî ÷àñòÿì íåñêîëüêèõ ñïåêòðîâ ïðè ïðåäïîëîæåíèè, ÷òî ïî-
òåíöèàëû íà îñòàâøåìñÿ ïîääåðåâå çàäàíû.
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Î ñâÿçè ìåæäó íóëÿìè è òåéëîðîâñêèìè
êîýôôèöèåíòàìè öåëîé ôóíêöèè1

Ã. Ã. Áðàé÷åâ (Ìîñêâà, Ðîññèÿ)
braichev@mail.ru

Â òåîðèè ðîñòà öåëûõ ôóíêöèé èñòîðè÷åñêè ñëîæèëèñü äâà íàïðàâëåíèÿ. Ïåðâîå
ñâÿçàíî ñ âû÷èñëåíèåì èëè îöåíêàìè õàðàêòåðèñòèê ðîñòà ìàêñèìóìà ìîäóëÿ
öåëîé ôóíêöèè (ïîðÿäîê, òèï è äðóãèå) ÷åðåç êîýôôèöèåíòû åå ðÿäà Òåéëî-
ðà. Â ðàáîòàõ âòîðîãî íàïðàâëåíèÿ èññëåäóåòñÿ çàâèñèìîñòü ðîñòà ôóíêöèè îò
ðàñïðåäåëåíèÿ íóëåé. Öåëü ñîîáùåíèÿ � îáñóäèòü íåêîòîðûå íåïîñðåäñòâåííûå,
ïðÿìûå ñâÿçè ìåæäó íóëÿìè è òåéëîðîâñêèìè êîýôôèöèåíòàìè öåëîé ôóíêöèè,
ó÷èòûâàÿ êàê êëàññè÷åñêèå, òàê è íåäàâíèå äîñòèæåíèÿ â ðàññìàòðèâàåìîé îá-
ëàñòè.

Êëþ÷åâûå ñëîâà: íóëè öåëîé ôóíêöèè, òåéëîðîâñêèå êîýôôèöèåíòû, ñïðÿìëåí-
íûå ïî Àäàìàðó êîýôôèöèåíòû.

On the connection between zeros and Taylor
coe�cients of entire function1

G. G. Braichev (Moscow, Russia)
braichev@mail.ru

Historically, two directions have developed in the growth theory of entire functions.
The �rst one has to do with calculation or estimates for growth characteristics of
the maximum modulus of an entire function (order, type, and others) in terms of
the coe�cients of its Taylor series. In works of the second direction, the dependence
of the growth of a function on the distribution of zeros is investigated. The purpose
of this note is to discuss direct connections between zeros and Taylor coe�cients of
an entire function, considering both classic and recent advances in the �eld under
consideration.

Keywords: zeros of an entire function, Taylor coe�cients, Hadamard regularized
coe�cients.

Áóäåì ðàññìàòðèâàòü îòëè÷íûå îò ìíîãî÷ëåíà öåëûå ôóíêöèè

f(z) =
∞∑
n=0

fn z
n, z ∈ C, (1)

c áåñêîíå÷íûì ÷èñëîì íóëåé, ñ÷èòàÿ äëÿ ïðîñòîòû f(0) = 1. Ïîñëåäîâà-
òåëüíîñòü íóëåé òàêîé ôóíêöèè çàïèøåì â ïîðÿäêå íåóáûâàíèÿ ìîäóëåé
è ñ ó÷åòîì êðàòíîñòåé. ×åðåç Mf(r) îáîçíà÷èì ìàêñèìóì ìîäóëÿ ôóíê-
öèè f â êðóãå |z| ⩽ r.

Ñêîðîñòü ñòðåìëåíèÿ ê áåñêîíå÷íîñòè ìàêñèìóìà ìîäóëÿ Mf(r) ñâÿ-
çàíà ñ àñèìïòîòè÷åñêèì ïîâåäåíèåì ïîñëåäîâàòåëüíîñòè òåéëîðîâñêèõ
êîýôôèöèåíòîâ Φ = {fn}n∈N0

è ïîñëåäîâàòåëüíîñòè íóëåé Λ = {λn}n∈N
1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International

(CC-BY 4.0)
1This is an open access article distributed under the terms of Creative Commons Attribution 4.0

International License (CC-BY 4.0)
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ôóíêöèè f . Îäíèì èç ïîäõîäîâ ê îïèñàíèþ ¾ñîâìåñòíîãî èçìåíåíèÿ¿
÷èñëîâûõ ïîñëåäîâàòåëüíîñòåé Φ è Λ ÿâëÿåòñÿ ïðèâëå÷åíèå èçâåñò-
íûõ ôîðìóë äëÿ âû÷èñëåíèÿ ïîðÿäêà, òèïà è íåêîòîðûõ äðóãèõ õà-
ðàêòåðèñòèê ðîñòà öåëîé ôóíêöèè, îïðåäåëåííûõ ïîñðåäñòâîì âåëè÷è-
íû lnMf(r). Òàê, Ý. Áîðåëü [1] íà ðóáåæå äåâÿòíàäöàòîãî è äâàäöàòîãî
âåêîâ ââåë ïîðÿäîê è íèæíèé ïîðÿäîê öåëîé ôóíêöèè ñîîòâåòñòâåííî
ðàâåíñòâàìè

ρ = lim
r→+∞

ln lnMf(r)

ln r
, λ = lim

r→+∞

ln lnMf(r)

ln r
.

Çíà÷åíèÿ ýòèõ õàðàêòåðèñòèê ìîæíî îïðåäåëèòü ïî òåéëîðîâñêèì êîýô-
ôèöèåíòàì:

ρ = lim
n→∞

n lnn

lnF−1
n

= lim
n→∞

lnn

lnRn
, λ = lim

n→∞

n lnn

lnF−1
n

= lim
n→∞

lnn

lnRn
. (2)

Çäåñü Fn � ¾ñïðÿìëåííûå ïî Àäàìàðó¿ êîýôôèöèåíòû ñòåïåííîãî ðàç-
ëîæåíèÿ (1) è Rn = Fn−1/Fn. Ãîâîðÿ ÷óòü ïîäðîáíåå, Fn = e−G(n), ãäå
y = G(x) � óðàâíåíèå ãðàíèöû âûïóêëîé îáîëî÷êè ìíîæåñòâà òî÷åê
(n,− ln |fn|), n ∈ N0, ïðåäñòàâëÿþùåé ñîáîé òàê íàçûâàåìóþ ëîìàíóþ
Íüþòîíà�Àäàìàðà. Ïîñëåäîâàòåëüíîñòü

{
F−1
n

}
n∈N0

ëîãàðèôìè÷åñêè âû-
ïóêëà, ÷òî îçíà÷àåò âîçðàñòàíèå çíà÷åíèé Rn. Åñëè ïåðâîíà÷àëüíàÿ ïî-
ñëåäîâàòåëüíîñòü {|fn|}n∈N0

ëîãàðèôìè÷åñêè âûïóêëà, òî |fn| = Fn ïðè
âñåõ n ∈ N0. Â îáùåì æå ñëó÷àå òàêîå ðàâåíñòâî èìååò ìåñòî â àáñöèññàõ
âåðøèí ëîìàíîé.

Íàïîìíèì, ÷òî ïîêàçàòåëü ñõîäèìîñòè ïîñëåäîâàòåëüíîñòè Λ íóëåé
f ìîæåò áûòü íàéäåí ïî ôîðìóëå

ρ1 = lim
n→∞

lnn

ln |λn|
. (3)

Åñëè ïîðÿäîê ρ ôóíêöèè f íå ÿâëÿåòñÿ öåëûì ÷èñëîì, òî ïîêàçàòåëü
ñõîäèìîñòè ïîñëåäîâàòåëüíîñòè íóëåé f ñîâïàäàåò ñ åå ïîðÿäêîì, ò. å.
ρ1 = ρ. Â òàêîì ñëó÷àå, ñîïîñòàâëÿÿ (2) è (3), íàõîäèì

ρ = lim
n→∞

lnn

ln |λn|
⩾ lim

n→∞

lnn

lnRn
lim
n→∞

lnRn

ln |λn|
= λ lim

n→∞

lnRn

ln |λn|
.

Òàêèì îáðàçîì, äëÿ ôóíêöèé f íåöåëîãî ïîðÿäêà ρ âûïîëíåíî íåðàâåí-
ñòâî

lim
n→∞

lnRn

ln |λn|
⩽
ρ

λ
.
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Îïðåäåëèì òåïåðü òèï è íèæíèé òèï öåëîé ôóíêöèè îòíîñèòåëüíî
âåñà h(r) ñîîòâåòñòâåííî ôîðìóëàìè

T = Th(f) = lim
r→+∞

lnMf(r)

h(r)
, t = th(f) = lim

r→+∞

lnMf(r)

h(r)
. (4)

Åñëè âåñ h óäîâëåòâîðÿåò óñëîâèþ

lim
r→+∞

rh′(r) ln r

h(r)
= ρ, (5)

êàê, íàïðèìåð, ìîäåëüíûé âåñ h(r) = lnρ r, òî ôîðìóëû (4) çàäàþò òèï
è íèæíèé òèï öåëîé ôóíêöèè îòíîñèòåëüíî ëîãàðèôìè÷åñêîãî óòî÷íåí-
íîãî ïîðÿäêà.

Äëÿ ôîðìóëèðîâêè ñëåäóþùåãî ðåçóëüòàòà ïîòðåáóåòñÿ îïðåäåëåíèå
h-ïëîòíîñòè ∆h(Λ) ïîñëåäîâàòåëüíîñòè íóëåé Λ = {λn}n∈N ôóíêöèè f :

∆h(Λ) = lim
r→+∞

n(r)

rh′(r)
.

Çäåñü n(r) = max{n ∈ N : |λn| ⩽ r} � ñ÷èòàþùàÿ ôóíêöèÿ ïîñëåäîâà-
òåëüíîñòè íóëåé.

Â äèññåðòàöèè [2] äëÿ öåëûõ ôóíêöèé ëîãàðèôìè÷åñêîãî ïîðÿäêà,
áîëüøåãî åäèíèöû, äîêàçàíî òàêîå óòâåðæäåíèå.

Òåîðåìà. Ïóñòü ôóíêöèÿ h(r) óäîâëåòâîðÿåò óñëîâèþ (5) ñ ρ > 1,
è k(ζ) � îáðàòíàÿ ôóíêöèÿ ê h(er)/r. Ïóñòü, äàëåå, öåëàÿ ôóíêöèÿ f
òàêîâà, ÷òî ∆h(Λ) < +∞ è Th(f) = T, th(f) = t. Òîãäà èìåþò ìåñòî
ôîðìóëû

lim
n→∞

nk(n)

ln |λ1λ2 · . . . · λn|
=

ρ

ρ− 1
(Tρ)

1
ρ−1 , (6)

lim
n→∞

nk(n)

ln |λ1λ2 · . . . · λn|
=

ρ

ρ− 1
(tρ)

1
ρ−1 , (7)

(Tρ)
1

ρ−1 ⩽ lim
n→∞

k(n)

ln |λn|
⩽ (a2Tρ)

1
ρ−1 , (8)

(a1Tρ)
1

ρ−1 ⩽ lim
n→∞

k(n)

ln |λn|
⩽ (tρ)

1
ρ−1 , (9)

ãäå a1, a2 (a1 ⩽ 1 ⩽ a2) ÿâëÿþòñÿ êîðíÿìè óðàâíåíèÿ

ρa+ (1− ρ)a ρ/(ρ−1) = t/T.

Ñðàâíèâàÿ ôîðìóëû (6)�(9) ñ ñîîòâåòñòâóþùèìè ôîðìóëàìè äëÿ âû-
÷èñëåíèÿ ëîãàðèôìè÷åñêèõ òèïîâ öåëîé ôóíêöèè ïî êîýôôèöèåíòàì
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Òåéëîðà, çàìå÷àåì ¾ïîïàðíóþ èäåíòè÷íîñòü¿ óêàçàííûõ ñîîòíîøåíèé
ñ îãîâîðêîé î çàìåíå |λn| íà Rn. Âûïîëíèâ òàêóþ çàìåíó, ëåãêî ïîëó÷èì
îöåíêè (

a1
a2

) 1
ρ−1

⩽ lim
n→∞

ln |λn|
lnRn

⩽ lim
n→∞

ln |λn|
lnRn

⩽

(
a2
a1

) 1
ρ−1

,

(
t

T

) 1
ρ−1

⩽ lim
n→∞

ln |λ1λ2 · . . . · λn|
lnF−1

n

⩽ lim
n→∞

ln |λ1λ2 · . . . · λn|
lnF−1

n

⩽

(
T

t

) 1
ρ−1

,

ñâÿçûâàþùèå íóëè öåëîé ôóíêöèè ñ åå òåéëîðîâñêèìè êîýôôèöèåíòàìè
(ñïðÿìëåííûìè ïî Àäàìàðó).

Ðåçóëüòàòû ïîäîáíîãî ðîäà äîïóñêàþò êîíêðåòèçàöèþ ïðè äîïîëíè-
òåëüíûõ òðåáîâàíèÿõ íà òåéëîðîâñêèå êîýôôèöèåíòû. Íàïðèìåð, åùå
Âàëèðîí (ñì. [3, c. 134]) äîêàçàë, ÷òî äëÿ öåëîé ôóíêöèè (1) ïðè óñëî-
âèè

fn−1fn+1

f 2n
→ 0, n→ ∞, (10)

âåðíà (ñâÿçûâàþùàÿ íóëè è êîýôôèöèåíòû Òåéëîðà) àñèìïòîòè÷åñêàÿ
ôîðìóëà

λn ∼ − fn−1

fn
, n→ ∞.

Îòìåòèì, ÷òî öåëûå ôóíêöèè, êîýôôèöèåíòû êîòîðûõ ïîä÷èíåíû òðå-
áîâàíèþ (10), èìåþò ìåäëåííûé ðîñò, òî÷íåå, óäîâëåòâîðÿþò óñëîâèþ

lim
r→+∞

lnMf(r)

ln2 r
= 0.

Â íåäàâíåé ðàáîòå àâòîðà [4] ðàññìîòðåí îáùèé ñëó÷àé öåëîé ôóíê-
öèè ñ áåñêîíå÷íûì ÷èñëîì íóëåé, èìåþùåé ïðîèçâîëüíûé (íóëåâîé, êî-
íå÷íûé èëè áåñêîíå÷íûé) ïîðÿäîê, è äîêàçàíû íåóëó÷øàåìûå íåðàâåí-
ñòâà

lim
n→∞

n
√
Fn|λ1λ2 · . . . · λn| ⩾ 1, lim

n→∞

|λn|
Rn

⩾ 1.

Â äîêëàäå ïëàíèðóåòñÿ òàêæå ïðåäñòàâèòü ðåçóëüòàòû î âëèÿíèè ïî-
âåäåíèÿ òåéëîðîâñêèõ êîýôôèöèåíòîâ öåëîé ôóíêöèè íà ðàñïîëîæåíèå
åå íóëåé â êîìïëåêñíîé ïëîñêîñòè.
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Äèñêðåòíàÿ êðàåâàÿ çàäà÷à ñ íåëîêàëüíûìè
ãðàíè÷íûìè óñëîâèÿìè1
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Â ðàáîòà ðàññìàòðèâàåòñÿ äèñêðåòíîå ýëëèïòè÷åñêîå ïñåâäîäèôôåðåíöèàëüíîå
óðàâíåíèå â êâàäðàíòå è ñâÿçàííàÿ ñ íèì äèñêðåòíàÿ êðàåâàÿ çàäà÷à. Îïèñà-
íû óñëîâèÿ ðàçðåøèìîñòè äèñêðåòíîé êðàåâîé çàäà÷è â äèñêðåòíûõ àíàëîãàõ
ïðîñòðàíñòâ Ñîáîëåâà-Ñëîáîäåöêîãî. Äàåòñÿ ñðàâíåíèå äèñêðåòíîãî ðåøåíèÿ ñ
ðåøåíèåì ñîîòâåòñòâóþùåé êîíòèíóàëüíîé êðàåâîé çàäà÷è â çàâèñèìîñòè îò ïà-
ðàìåòðà äèñêðåòèçàöèè.

Êëþ÷åâûå ñëîâà: äèñêðåòíûé ïñåâäîäèôôåðåíöèàëüíûé îïåðàòîð, äèñêðåòíàÿ
êðàåâàÿ çàäà÷à, îöåíêà ïîãðåøíîñòè.
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Discrete boundary value problem with
nonlocal boundary conditions1
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The paper considers a discrete elliptic pseudodi�erential equation in a quadrant and a
discrete boundary value problem associated with it. The conditions of solvability of a
discrete boundary value problem in discrete analogues of Sobolev-Slobodetsky spaces
are described. The discrete solution is compared with the solution of the corresponding
continuum boundary value problem depending on the discretization parameter.

Keywords: discrete pseudo-di�erential operator, discrete boundary value problem,
error estimate.
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Àâòîðû íà÷àëè ðàçðàáîòêó äèñêðåòíîé òåîðèè ïñåâäîäèôôåðåíöèàëü-
íûõ óðàâíåíèé ñ ñèíãóëÿðíûõ èíòåãðàëîâ Êàëüäåðîíà-Çèãìóíäà [1, 3]
êàê ïðîñòåéøåãî ïðåäñòàâëåíèÿ ïñåâäîäèôôåðåíöèàëüíûõ îïåðàòîðîâ,
ïîñòåïåííî ïåðåõîäÿ ê ìîäåëüíûì ïñåâäîäèôôåðåíöèàëüíûì îïåðàòî-
ðàì è óðàâíåíèÿì (ïîêà â êàíîíè÷åñêèõ îáëàñòÿõ) â äèñêðåòíûõ ïðî-
ñòðàíñòâàõ L2(hZm), L2(hZm+), h > 0, è ñðàâíåíèå äèñêðåòíûõ è êîíòè-
íóàëüíûõ ðåøåíèé.
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Îêàçàëîñü, ÷òî êàðòèíà ðàçðåøèìîñòè äèñêðåòíûõ óðàâíåíèé âûãëÿ-
äèò ïîäîáíî êîíòèíóàëüíîìó ñëó÷àþ, è â ñëó÷àå ñòðåìëåíèÿ ê íóëþ ïà-
ðàìåòðà äèñêðåòèçàöèè äèñêðåòíûå óñëîâèÿ ðàçðåøèìîñòè ïåðåõîäÿò â
ñâîé êîíòèíóàëüíûé àíàëîã. Àíàëîãè÷íûå èññëåäîâàíèÿ áûëè ïðîâåäå-
íû äëÿ áîëåå îáùèõ ìîäåëüíûõ ïñåâäîäèôôåðåíöèàëüíûõ îïåðàòîðîâ â
äèñêðåòíûõ àíàëîãàõ Hs-ïðîñòðàíñòâ [4, 5] ñî ñðàâíåíèåì äèñêðåòíûõ è
íåïðåðûâíûõ ðåøåíèé [6, 7].

Â ýòîé ðàáîòå ìû ðàññìàòðèâàåì íîâóþ ìîäåëüíóþ îáëàñòü � êâàä-
ðàíò â R2, âûäåëÿåì äèñêðåòíóþ êðàåâóþ çàäà÷ó è îïèñûâàåì åå óñëîâèÿ
ðàçðåøèìîñòè, à òàêæå äàåì ñðàâíåíèå äèñêðåòíûõ è êîíòèíóàëüíûõ ðå-
øåíèé. Ìû èñïîëüçóåì ïåðèîäè÷åñêèé àíàëîã âîëíîâîé ôàêòîðèçàöèè [1]
äëÿ îïèñàíèÿ ðàçðåøèìîñòè ìîäåëüíûõ ïñåâäîäèôôåðåíöèàëüíûõ óðàâ-
íåíèé è ïîñòàíîâêè äèñêðåòíûõ êðàåâûõ çàäà÷. Âñþäó íèæå ïðåäïîëà-
ãàåòñÿ, ÷òî òàêîå ñïåöèàëüíîå ïðåäñòàâëåíèå ñèìâîëà âîçìîæíî.

Îñíîâíûå îïðåäåëåíèÿ

Ïóñòü Z2 � öåëî÷èñëåííàÿ ðåøåòêà íà ïëîñêîñòè. Îáîçíà÷èì K = {x ∈
R2 : x = (x1, x2), x1 > 0, x2 > 0} ïåðâûé êâàäðàíò íà ïëîñêîñòè, ks =
hZ2 ∩ K,h > 0. Ââåäåì ïðîñòðàíñòâî ôóíêöèé äèñêðåòíîãî àðãóìåíòà
ud(x̃), x̃ = (x̃1, x̃2) ∈ hZ2,, óäîâëåòâîðÿþùèõ óñëîâèþ

Îáîçíà÷èì T2 êâàäðàò [−π, π]2, h > 0, ℏ = h−1. Áóäåì ðàññìàòðèâàòü
ôóíêöèè, èçíà÷àëüíî çàäàííûå â êâàäðàòå, êàê ïåðèîäè÷åñêèå ôóíêöèè,
îïðåäåëåííûå íà âñåé ïëîñêîñòè Rm ñ îñíîâíûì êâàäðàòîì ïåðèîäîâ T2.

Äëÿ òàêèõ ôóíêöèé ìîæíî îïðåäåëèòü äèñêðåòíîå ïðåîáðàçîâàíèå
Ôóðüå ôîðìóëîé

(Fdud)(ξ) ≡ ũd(ξ) =
∑
x̃∈hZ2

e−ix̃·ξud(x̃)h
2, ξ ∈ ℏT2,

â ñëó÷àå ñõîäèìîñòè òàêîãî ðÿäà, è ôóíêöèÿ ũd(ξ) áóäåò ïåðèîäè÷åñêîé
ôóíêöèé â R2 ñ îñíîâíûì êâàäðàòîì ïåðèîäîâ ℏT2.

Ñ ïîìîùüþ ðàçäåëåííûõ ðàçíîñòåé è èõ äèñêðåòíûõ ïðåîáðàçîâàíèé
Ôóðüå ìû îïðåäåëèì äèñêðåòíûå ïðîñòðàíñòâà Ñîáîëåâà�Ñëîáîäåöêîãî
äëÿ èññëåäîâàíèÿ ðàçðåøèìîñòè øèðîêîãî êëàññà äèñêðåòíûõ óðàâíå-
íèé. Ââîäèòñÿ äèñêðåòíûé àíàëîã ïðîñòðàíñòâà Øâàðöà è îáîçíà÷åíèå

ζ2 = h−2((e−ih·ξ1 − 1)2 + (e−ih·ξ2 − 1)2).

Îïðåäåëåíèå 1. Ïðîñòðàíñòâî Hs(hZ2) ñîñòîèò èõ äèñêðåòíûõ
(îáîáùåííûõ) ôóíêöèé è ÿâëÿåòñÿ çàìûêàíèåì ïðîñòðàíñòâà S(hZ2)
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ïî íîðìå

||ud||s =

�

ℏT2

(1 + |ζ2|)s|ũd(ξ)|2dξ

1/2

.

Ïðîñòðàíñòâî Hs(Kd) ñîñòîèò èõ äèñêðåòíûõ ôóíêöèé èç ïðîñòðàí-
ñòâà Hs(hZ2), ÷üè íîñèòåëè ñîäåðæàòñÿ â Kd. Íîðìà â ïðîñòðàíñòâå
Hs(Kd) èíäóöèðóåòñÿ íîðìîé ïðîñòðàíñòâà Hs(hZ2).

Åñëè Ãd(ξ) � èçìåðèìàÿ ïåðèîäè÷åñêàÿ ôóíêöèÿ â R2 ñ îñíîâíûì
êóáîì ïåðèîäîâ ℏT2, ìû íàçûâàåì åå ñèìâîëîì.

Îïðåäåëåíèå 2. Äèñêðåòíûì ïñåâäîäèôôåðåíöèàëüíûì îïåðàòî-
ðîì Ad ñ ñèìâîëîì Ãd(ξ) â äèñêðåòíîì êâàäðàíòå Kd íàçûâàåòñÿ îïå-
ðàòîð ñëåäóþùåãî âèäà

(Adud)(x̃) =
∑
ỹ∈hZ2

h2
�

ℏT2

Ãd(ξ)e
i(x̃−ỹ)·ξũd(ξ)dξ, x̃ ∈ Kd,

Ãîâîðÿò, ÷òî îïåðàòîð Ad � ýëëèïòè÷åñêèé, åñëè

ess inf
ξ∈ℏT2

|Ãd(ξ)| > 0.

Ìû áóäåì ðàññìàòðèâàòü êëàññ ñèìâîëîâ, óäîâëåòâîðÿþùèõ óñëîâèþ

c1(1 + |ζ2|)α/2 ≤ |Ad(ξ)| ≤ c2(1 + |ζ2|)α/2

ñ ïîñòîÿííûìè c1, c2, íå çàâèñÿùèìè îò h.

Äèñêðåòíûå è íåïðåðûâíûå ðåøåíèÿ

Ìû èññëåäóåì ðàçðåøèìîñòü äèñêðåòíîãî óðàâíåíèÿ

(Adud)(x̃) = 0, x̃ ∈ Kd, (1)

â ïðîñòðàíñòâå Hs(Kd) ñ ãðàíè÷íûìè óñëîâèÿìè∑
x̃1∈hZ+

ud(x̃1, x̃2)h = fd(x̃2),
∑

x̃2∈hZ+

ud(x̃1, x̃2)h = gd(x̃1),∑
x̃∈hZ++

ud(x̃1, x̃2)h
2 = 0.

(2)

Ïðè íàëè÷èè ñïåöèàëüíîé ïåðèîäè÷åñêîé âîëíîâîé ôàêòîðèçàöèè
ñèìâîëà Ãd(ξ) ñ èíäåêñîì æ, òàêèì, ÷òî æ − s = 1 + δ, |δ| < 1/2 ìîæíî
îòìåòèòü ñëåäóþùèé ôàêò.
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Òåîðåìà 1. Ïóñòü fd, gd ∈ Hs+1/2(hZ). Òîãäà äèñêðåòíàÿ êðàåâàÿ
çàäà÷à (1),(2) èìååò åäèíñòâåííîå ðåøåíèå ñ àïðèîðíîé îöåíêîé

||ud||s ≤ const(||fd||s+1/2 + ||gd||s+1/2)

ñ ïîñòîÿííîé, íå çàâèñÿùåé îò h.
Êîíòèíóàëüíûé àíàëîã � ýòî ñëåäóþùàÿ êðàåâàÿ çàäà÷à

(Au)(x) = 0, x ∈ K, (3)
+∞�

0

u(x1, x2)dx1 = f(x2),

+∞�

0

u(x1, x2)dx2 = g(x1),

�

K

u(x)dx = 0. (4)

ãäå A � ïñåâäîäèôôåðåíöèàëüíûé îïåðàòîð ñ ñèìâîëîì A(ξ), ξ = (ξ1, ξ2),
óäîâëåòâîðÿþùèì óñëîâèþ

c1(1 + |ξ)α ≤ |A(ξ)| ≤ c2(1 + |ξ)α.

è äîïóñêàþùèì âîëíîâóþ ôàêòîðèçàöèþ îòíîñèòåëüíî K ñ èíäåêñîì æ,
òàêèì, ÷òî æ − s = 1 + δ, |δ| < 1/2. Ñïåöèàëüíûé ïîäáîð äèñêðåòíûõ
ôóíêöèé fd, gd è ýëåìåíòîâ ïåðèîäè÷åñêîé âîëíîâîé ôàêòîðèçàöèè ïðè-
âîäèò ê ñëåäóþùåìó ðåçóëüòàòó.

Òåîðåìà 2. Ïóñòü f, g ∈ S(R),æ > 1. Òîãäà ñïðàâåäëèâà ñëåäóþùàÿ
îöåíêà äëÿ ðåøåíèé u è ud êîíòèíóàëüíîé çàäà÷è (3),(4) è åå äèñêðåò-
íîãî àíàëîãà (1),(2)

|u(x̃)− ud(x̃)| ≤ C(f, g)hβ,

ãäå ïîñòîÿííàÿ C(f, g) çàâèñèò îò ôóíêöèé f, g, β > 0 ìîæåò áûòü
ïðîèçâîëüíûì.
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Çàäà÷à ëèíåéíîãî ñîïðÿæåíèÿ è
èíòåãðàëüíûå ïðåîáðàçîâàíèÿ1

À. Â. Âàñèëüåâ (Ìîñêâà, Ðîññèÿ), Â. Á. Âàñèëüåâ (Áåëãîðîä,
Ðîññèÿ), Í. Â. Ýáåðëåéí (Áåëãîðîä, Ðîññèÿ)

alexvassel@gmail.com, vbv57@inbox.ru, eberlein92@mail.ru

Â ïðîñòðàíñòâàõ Ñîáîëåâà - Ñëîáîäåöêîãî èçó÷àåòñÿ îïðåäåëåííàÿ çàäà÷à ñî-
ïðÿæåíèÿ äëÿ ýëëèïòè÷åñêîãî ïñåâäîäèôôåðåíöèàëüíîãî óðàâíåíèÿ â ïëîñêîì
ñåêòîðå. Èñïîëüçóÿ âîëíîâóþ ôàêòîðèçàöèþ äëÿ ýëëèïòè÷åñêîãî ñèìâîëà ñ êîí-
êðåòíûì èíäåêñîì, ìû ðàññìàòðèâàåì óñëîâèÿ Äèðèõëå è Íåéìàíà íà ñòîðîíàõ
ñåêòîðà. Äëÿ ÷àñòíîãî ñëó÷àÿ ìû ñâîäèì ðàññìàòðèâàåìóþ êðàåâóþ çàäà÷ó ê
ñèñòåìå ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî 8 íåèçâåñòíûõ ôóíê-
öèé.

Êëþ÷åâûå ñëîâà: ýëëèïòè÷åñêèé ïñåâäîäèôôåðåíöèàëüíûé îïåðàòîð, çàäà÷à ñî-
ïðÿæåíèÿ, óñëîâèå ðàçðåøèìîñòè.

Áëàãîäàðíîñòè: ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíîáðíàóêè ÐÔ
(ïðîåêò � FZWG-2020-0029).

Linear conjugation problem and integral
transforms1

A. V. Vasilyev (Moscow, Russia), V. B. Vasilyev (Belgorod,
Russia), N. V. Eberlein (Belgorod, Russia)

alexvassel@gmail.com, vbv57@inbox.ru, eberlein92@mail.ru

A certain conjugation problem for an elliptic pseudo-di�erential equation in a plane
sector is studied in Sobolev�Slobodetskii spaces. Using wave factorization for an
elliptic symbol with concrete index we consider Dirichlet and Neumann conditions
on sector sides. For a special case we reduce the considered boundary value problem
to a system of linear algebraic equations with respect to 8 unknown functions.

Keywords: elliptic pseudo-di�erential operator, conjugation problem, solvability
condition.
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Ââåäåíèå

Â ýòîé ðàáîòå ðàññìàòðèâàåòñÿ îäíà çàäà÷à ñîïðÿæåíèÿ â ïëîñêîì óãëå
äëÿ ïðîñòåéøèõ ýëëèïòè÷åñêèõ ïñåâäîäèôôåðåíöèàëüíûõ óðàâíåíèé. Â
îïðåäåëåííîì ñìûñëå îíà ÿâëÿåòñÿ îáîáùåíèåì êëàññè÷åñêîé êðàåâîé
çàäà÷è Ðèìàíà äëÿ àíàëèòè÷åñêèõ ôóíêöèé. Èññëåäîâàíèå îïèðàåòñÿ íà
ìåòîä âîëíîâîé ôàêòîðèçàöèè, ðàçâèòûé â [1], è ïðèâîäèò ïðè íåêîòîðûõ
äîïîëíèòåëüíûõ ïðåäïîëîæåíèÿõ íà ñèìâîë îïåðàòîðà ê êðèòåðèþ îäíî-
çíà÷íîé ðàçðåøèìîñòè ïîñòàâëåííîé çàäà÷è ñîïðÿæåíèÿ. Èñïîëüçóåìûé

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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àïïàðàò âîëíîâîé ôàêòîðèçàöèè ñ óñïåõîì ïðèìåíÿëñÿ ïðè ïîñòàíîâêå
è èññëåäîâàíèè äðóãèõ êðàåâûõ çàäà÷ äëÿ ýëëèïòè÷åñêèõ ïñåâäîäèôôå-
ðåíöèàëüíûõ óðàâíåíèé [2�5].

Ïîñòàíîâêà çàäà÷è

Â ïðîñòðàíñòâå Ñîáîëåâà�Ñëîáîäåöêîãî Hs ðàññìàòðèâàåòñÿ ñëåäóþùàÿ
çàäà÷à: íàéòè ôóíêöèþ

U(x) =

{
u+(x), x ∈ Ca

+

u−(x), x ∈ R2 \ Ca
+

òàêóþ, ÷òî u+ ∈ Hs(Ca
+), v− ∈ Hs(R2 \ Ca

+), óäîâëåòâîðÿþùóþ óðàâíå-
íèÿì {

(Au+)(x) = 0, x ∈ Ca
+,

(Au−)(x) = 0, x ∈ R2 \ Ca
+,

(1)

ãäå Ca
+ = {x ∈ R2 : x2 > a|x1|, a > 0},Γ = ∂Ca

+, A � ýëëèïòè÷åñêèé
ïñåâäîäèôôåðåíöèàëüíûé îïåðàòîð ñ ñèìâîëîì A(ξ),

c1 ≤ |A(ξ)(1 + |ξ|)−α| ≤ c2.

Ê óðàâíåíèÿì (1) ìû äîáàâëÿåì ñëåäóþùèå ãðàíè÷íûå óñëîâèÿ:

θ · u+|∂Ca
+
+ ω · u−|∂Ca

+
= µ, η ·

(
∂u+
∂n

)
|∂Ca

+

+ γ ·
(
∂u−
∂n

)
|∂Ca

+

= ν, (2)

ãäå θ, ω, η, γ � êîìïëåêñíûå ÷èñëà, ïðèíèìàþùèå ðàçëè÷íûå çíà÷åíèÿ
íà ñòîðîíàõ óãëà ∂Ca

+, µ ∈ Hs−1/2(Γ), ν ∈ Hs−3/2(Γ)� çàäàííûå íà Γ
ôóíêöèè..

Ïîäîáíàÿ çàäà÷à ðàññìàòðèâàëàñü â [2] ïðè äîïîëíèòåëüíûõ ïðåäïî-
ëîæåíèÿõ îòíîñèòåëüíî ñèìâîëà A(ξ) è áûëà ñâåäåíà ê íåêîòîðîé ñèñòå-
ìå îäíîìåðíûõ èíòåãðàëüíûõ óðàâíåíèé, êîòîðóþ ìû îáîçíà÷èì (X).
Ïðåäïîëàãàëîñü, ÷òî ñèìâîë A(ξ) äîïóñêàåò âîëíîâóþ ôàêòîðèçàöèþ [1]
îòíîñèòåëüíî êîíóñà Ca

+

A(ξ) = A̸=(ξ) · A=(ξ)

ñ èíäåêñîì æ òàêèì, ÷òî æ− s = 1 + δ, |δ| < 1/2.
Ìû ïðèâåäåì íèæå îïèñàíèå òåðìèíîâ, èñïîëüçîâàííûõ â ïîñòàíîâêå

çàäà÷è.
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Ïðîñòðàíñòâî Ñîáîëåâà�Ñëîáîäåöêîãî Hs(R2) � ýòî ãèëüáåðòîâî ïðî-
ñòðàíñòâî ñ íîðìîé

||f ||s =

�

R2

|f̃(ξ)|2(1 + |ξ|)2sdξ

1/2

,

ãäå f̃ îáîçíà÷àåò ïðåîáðàçîâàíèå Ôóðüå

f̃(ξ) =

�

R2

e−ix·ξf(x)dx.

Åñëè D ⊂ R2 � îáëàñòü, òî Hs(D) � ýòî ïîäïðîñòðàíñòâî Hs(R2), ñîñòî-
ÿùåå èç ôóíêöèé ñ íîñèòåëÿìè â D.

Ïóñòü A(ξ) � èçìåðèìàÿ ôóíêöèÿ, îïðåäåëåííàÿ íà R2. Ïñåâäîäèô-
ôåðåíöèàëüíûì îïåðàòîðîè A â îáëàñòè D ñ ñèìâîëîì A(ξ) íàçûâàåòñÿ
ñëåäóþùèé îïåðàòîð

(Au)(x) =

�

R2

eix·ξA(ξ)ũ(ξ)dξ, x ∈ D.

Àëãåáðàè÷åñêîå óñëîâèå ðàçðåøèìîñòè

Ñ ïîìîùüþ ýëåìåíòîâ âîëíîâîé ôâêòîðèçàöèè A̸=(ξ), A=(ξ) ñòðîÿòñÿ
ôóíêöèè bj(t3−j), Bj(t3−j), j = 1, 2. Èñïîëüçîâàíèå ïðåîáðàçîâàíèÿ Ìåë-
ëèíà ïîçâîëÿåò ïîëó÷èòü ñëåäóþùóþ ðåäóêöèþ.

Òåîðåìà 1. Ïóñòü æ = α/2 è ñîìíîæèòåëè A̸=(ξ), A=(ξ) îä-
íîðîäíû ñòåïåíè α/2 è äèôôåðåíöèðóåìû âíå íà÷àëà êîîðäèíàò,
bj(t3−j) ̸= 0, Bj(t3−j) ̸= 0, j = 1, 2, ∀t1, t2 ̸= 0. Òîãäà ñèñòåìà ëè-
íåéíûõ èíòåãðàëüíûõ óðàâíåíèé (X) ýêâèâàëåíòíà ñèñòåìå ëèíåé-
íûõ àëãåáðàè÷åñêèõ óðàâíåíèé (3) îòíîñèòåëüíî íåèçâåñòíûõ ôóíêöèé
Ĉk(λ), D̂k(λ), R̂k(λ), Q̂k(λ), k = 1, 2.

Âñå êîýôôèöèåíòû ñèñòåìû (3) è ïðàâûå ÷àñòè òàêæå âû÷èñëÿþò-
ñÿ ïî ýëåìåíòàì A̸=(ξ), A=(ξ) è çàäàííûì ãðàíè÷íûì óñëîâèÿì. Åñëè
ìàòðèöó ñèñòåìû îáîçíà÷èòü A(λ), òî ïîëó÷àåòñÿ ñëåäóþùèé êðèòåðèé
ðàçðåøèìîñòè çàäà÷è ëèíåéíîãî ñîïðÿæåíèÿ (1),(2).

Îòìåòèì, ÷òî àïðèîðíûå îöåíêè ðåøåíèÿ ìîãóò áûòü ïîëó÷åíû ïî
ñõåìå, îïèñàííîé â [1].
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θ1k̂11(λ)Ĉ1(λ) + θ1k̂21(λ)Ĉ2(λ) + θ1l11D̂1(λ)+

+ω1m̂11(λ)R̂1(λ) + ω1m̂21(λ)R̂2(λ) + ω1Q̂1(λ) = µ̂11(λ)

θ1k̂12(λ)Ĉ1(λ) + θ1k̂22(λ)Ĉ2(λ) + θ1l12D̂2(λ)+

+ω1m̂12(λ)R̂1(λ) + ω1m̂22(λ)R̂2(λ) + ω1Q̂2(λ) = µ̂12(λ)

θ2l21Ĉ1(λ) + θ2n̂11(λ)D̂1(λ) + θ2n̂21(λ)D̂2(λ)+

+ω2R̂1(λ) + ω2p̂11(λ)Q̂1(λ) + ω2p̂21(λ)Q̂2(λ) = µ̂21(λ)

θ2l22Ĉ2(λ) + θ2n̂12(λ)D̂1(λ) + θ2n̂22(λ)D̂2(λ)+

+ω2R̂2(λ) + ω2p̂12(λ)Q̂1(λ) + ω2p̂22(λ)Q̂2(λ) = µ̂22(λ)

η1K̂11(λ)Ĉ1(λ) + η1K̂21(λ)Ĉ2(λ) + η1L11D̂1(λ)+

+γ1M̂11(λ)R̂1(λ) + γ1M̂21(λ)R̂2(λ) + γ1Q̂1(λ) = ν̂11(λ)

η1K̂12(λ)Ĉ1(λ) + η1K̂22(λ)Ĉ2(λ) + η1L12D̂2(λ)+

+γ1M̂12(λ)R̂1(λ) + γ1M̂22(λ)R̂2(λ) + γ1Q̂2(λ) = ν̂12(λ)

η2L21Ĉ1(λ) + η2N̂11(λ)D̂1(λ) + η2N̂21(λ)D̂2(λ)+

+γ2R̂1(λ) + γ2P̂11(λ)Q̂1(λ) + γ2P̂21(λ)Q̂2(λ) = ν̂21(λ)

η2L22Ĉ2(λ) + η2N̂12(λ)D̂1(λ) + η2N̂22(λ)D̂2(λ)+

+γ2R̂2(λ) + γ2P̂12(λ)Q̂1(λ) + γ2P̂22(λ)Q̂2(λ) = ν̂22(λ)

(3)

Òåîðåìà 2. Â ïðåäïîëîæåíèÿõ Òåîðåìû 1 óñëîâèå

inf | detA(λ)| > 0, Reλ = 1/2

ÿâëÿåòñÿ íåîáõîäèìûì è äîñòàòî÷íûì äëÿ ñóùåñòâîâàíèÿ åäèíñòâåí-
íîãî ðåøåíèÿ çàäà÷è (1), (2).
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Ïîïåðå÷íèêè ïî Êîëìîãîðîâó âåñîâûõ
êëàññîâ Ñîáîëåâà ñ îãðàíè÷åíèÿìè íà
íóëåâóþ è ñòàðøóþ ïðîèçâîäíûå1
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Ïîëó÷åíû ïîðÿäêîâûå îöåíêè ïîïåðå÷íèêîâ âåñîâîãî êëàññà Ñîáîëåâà íà îáëà-
ñòè, óäîâëåòâîðÿþùåé óñëîâèþ Äæîíà. Êëàññ çàäàåòñÿ îãðàíè÷åíèÿìè íà ïðîèç-
âîäíûå ïîðÿäêà r â âåñîâîì ïðîñòðàíñòâå Lp1

è íà ôóíêöèþ â âåñîâîì ïðîñòðàí-
ñòâå Lp0 .

Êëþ÷åâûå ñëîâà: êîëìîãîðîâñêèå ïîïåðå÷íèêè, ïåðåñå÷åíèÿ ôóíêöèîíàëüíûõ
êëàññîâ, âåñîâûå ïðîñòðàíñòâà ôóíêöèé.

Kolmogorov widths of weighted Sobolev classes
with conditions on the highest and zero

derivatives1
A. A. Vasil'eva (Moscow, Russian Federation)

vasilyeva_nastya@inbox.ru

Order estimates for widths of a weighted Sobolev class on a John domain is obtained.
The class is de�ned by conditions on the derivatives of order r in a weighted space
Lp1

and on a function in a weighted space Lp0
.

Keywords: Kolmogorov widths, intersections of function classes, weighted function
spaces.

Ïóñòü X � íîðìèðîâàííîå ïðîñòðàíñòâî, C ⊂ X, n ∈ Z+. Êîëìîãî-
ðîâñêèì ïîïåðå÷íèêîì ìíîæåñòâà C â ïðîñòðàíñòâå X íàçûâàåòñÿ âåëè-
÷èíà

dn(C, X) = inf
L∈Ln

sup
x∈C

inf
y∈L

∥x− y∥,

ãäå Ln � ñîâîêóïíîñòü ëèíåéíûõ ïîäïðîñòðàíñòâ â X ðàçìåðíîñòè íå
âûøå n.

Îáîçíà÷èì ÷åðåç Ba(x) åâêëèäîâ øàð ðàäèóñà a ñ öåíòðîì â òî÷êå x.
Îïðåäåëåíèå 1. Ïóñòü Ω ⊂ Rd � îãðàíè÷åííàÿ îáëàñòü, a > 0.

Ñêàæåì, ÷òî Ω ∈ FC(a), åñëè ñóùåñòâóåò òî÷êà x∗ ∈ Ω òàêàÿ, ÷òî äëÿ
ëþáîãî x ∈ Ω ñóùåñòâóåò ÷èñëî T (x) > 0 è êðèâàÿ γx : [0, T (x)] → Ω ñî
ñëåäóþùèìè ñâîéñòâàìè:

1. γx èìååò íàòóðàëüíóþ ïàðàìåòðèçàöèþ îòíîñèòåëüíî åâêëèäîâîé
íîðìû íà Rd,

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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2. γx(0) = x, γx(T (x)) = x∗,

3. Bat(γx(t)) ⊂ Ω äëÿ ëþáîãî t ∈ [0, T (x)].

Ñêàæåì, ÷òî Ω óäîâëåòâîðÿåò óñëîâèþ Äæîíà, åñëè Ω ∈ FC(a) äëÿ íåêî-
òîðîãî a > 0.

Îïðåäåëåíèå 1. [2] Ïóñòü Γ ⊂ Rd � íåïóñòîé êîìïàêò, h :
(0, 1] → (0, ∞) � íåóáûâàþùàÿ ôóíêöèÿ. Ñêàæåì, ÷òî Γ ÿâëÿåòñÿ
h-ìíîæåñòâîì, åñëè ñóùåñòâóåò êîíñòàíòà c∗ ≥ 1 è êîíå÷íàÿ ñ÷åòíî-
àääèòèâíàÿ ìåðà µ íà Rd òàêàÿ, ÷òî suppµ = Γ è

c−1
∗ h(t) ≤ µ(Bt(x)) ≤ c∗h(t)

äëÿ ëþáûõ x ∈ Γ è t ∈ (0, 1].

Â [2] èçó÷àëàñü çàäà÷à îá îöåíêàõ ïîïåðå÷íèêîâ dn(M, Lq,v(Ω)), ãäå

M =

{
f : Ω → R,

∥∥∥∥∇rf

g

∥∥∥∥
Lp1

(Ω)

≤ 1, ∥wf∥Lp0
(Ω) ≤ 1

}
,

Lq,v(Ω) = {f : Ω → R, ∥f∥Lq,v(Ω) := ∥vf∥Lq(Ω) <∞}.

Â ÷àñòíîñòè, áûë ðàññìîòðåí ïðèìåð, êîãäà Ω � îáëàñòü, óäîâëåòâîðÿ-
þùàÿ óñëîâèþ Äæîíà, à âåñà èìåþò âèä

g(x) = dist−β(x, Γ), w(x) = dist−σ(x, Γ), v(x) = dist−λ(x, Γ), (1)

ãäå Γ ⊂ ∂Ω � h-ìíîæåñòâî,

h(t) = tθ, 0 ≤ θ < d. (2)

Ïîðÿäêîâûå îöåíêè êîëìîãîðîâñêèõ ïîïåðå÷íèêîâ dn(M, Lq,v(Ω)) ñ
âåñàìè, çàäàííûìè (1)�(2), áûëè ïîëó÷åíû ïðè äîïîëíèòåëüíûõ óñëîâè-
ÿõ íà ïàðàìåòðû:

r +
d

q
− d

p1
> 0, r +

d

p0
− d

p1
> 0,

β + σ − r − d

p0
+
d

p1
> 0, β + σ − r − d− θ

p0
+
d− θ

p1
> 0.

Îñòàëñÿ íåðàçîáðàííûì ñëó÷àé, êîãäà õîòÿ áû îäíî èç ýòèõ íåðàâåíñòâ
íå âûïîëíåíî.

Çäåñü áóäóò ïîëó÷åíû ïîðÿäêîâûå îöåíêè ïîïåðå÷íèêîâ â ñëó÷àå, êî-
ãäà p1 < q < p0, r + d

p0
− d

p1
< 0, β + σ − r − d−θ

p0
+ d−θ

p1
≥ 0.
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Òåîðåìà 1. Ïóñòü r, d ∈ N, 1 < p1 < q < p0 ≤ ∞, Ω ⊂
(
−1

2 ,
1
2

)d
�

îáëàñòü, óäîâëåòâîðÿþùàÿ óñëîâèþ Äæîíà, Γ ⊂ ∂Ω � h-ìíîæåñòâî,
âåñà g, v è w çàäàíû (1)�(2). Ïîëîæèì

γ∗ = θ, s∗ =
r

d
, µ∗ = β + λ− r − d

q
+
d

p1
, α∗ = σ − λ+

d

q
− d

p0
,

θ̃ = s∗
α∗ + γ∗/p0 − γ∗/q

µ∗ + α∗ + γ∗(s∗ + 1/p0 − 1/p1)
,

σ̂ = s∗ ·
1
q −

1
p0

−s∗ − 1
p0
+ 1

p1
+ 2s∗

q

.

Ïóñòü s∗ +
1
p0
− 1

p1
< 0, µ∗ + α∗ + γ∗/p0 − γ∗/p1 ≥ 0.

Îïðåäåëèì j0 ∈ N, θj ∈ R (1 ≤ j ≤ j0) ñëåäóþùèì îáðàçîì.

� Åñëè q ≤ 2, òî j0 = 2, θ1 = s∗
1/q−1/p0
1/p1−1/p0

, θ2 = θ̃.

� Åñëè q > 2, p1 ≤ 2, òî j0 = 2, θ1 = σ̂, θ2 = θ̃.

� Åñëè q > 2, p1 > 2, òî j0 = 3, θ1 = s∗, θ2 = σ̂, θ3 = θ̃.

Ïóñòü ñóùåñòâóåò j∗ ∈ {1, . . . , j0} òàêîå, ÷òî θj∗ < minj ̸=j∗ θj, ïðè
ýòîì θj∗ > 0. Òîãäà

dn(M, Lq,v(Ω)) ≍ n−θj∗ .
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îïåðàòîðíûìè êîýôôèöèåíòàìè â
ïðîñòðàíñòâàõ âåêòîð-ôóíêöèé,
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Èçó÷àþòñÿ èíòåãðî-äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ íåîãðàíè÷åííûìè îïåðàòîð-
íûìè êîýôôèöèåíòàìè â ãèëüáåðòîâîì ïðîñòðàíñòâå. Ãëàâíîé ÷àñòüþ óêàçàí-
íîãî óðàâíåíèÿ ÿâëÿåòñÿ àáñòðàêòíîå ïàðàáîëè÷åñêîå óðàâíåíèå, âîçìóùåííîå
âîëüòåððîâûì èíòåãðàëüíûì îïåðàòîðîì. Ïðèíöèïèàëüíîå îòëè÷èå äàííîé ðà-
áîòû îò èìåþùèõñÿ ñîñòîèò â òîì, ÷òî ìû ðàññìàòðèâàåì è èçó÷àåì èíòåãðî-
äèôôåðåíöèàëüíûå óðàâíåíèÿ äëÿ âåêòîð-ôóíêöèé, àðãóìåíòû êîòîðûõ ïðèíè-
ìàþò çíà÷åíèÿ â óãëîâîé îáëàñòè êîìïëåêñíîé ïëîñêîñòè.

Êëþ÷åâûå ñëîâà: âîëüòåððîâû èíòåãðî-äèôôåðåíöèàëüíûå óðàâíåíèÿ, ãîëîìîô-
íàÿ â óãëîâîé îáëàñòè âåêòîð-ôóíêöèÿ, ïðîñòðàíñòâî Õàðäè.
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On correct solvability of integro-di�erential
equations with operator coe�cients in spaces
of vector-functions holomorphic in the angle1

V. V. Vlasov (Moscow, Russia)
victor.vlasov@math.msu.ru

We study the integro-di�erential equations with unbounded operator coe�cients in
Hilbert space. The main part of this equation is an abstract parabolic equation
perturbed by the Volterra integral operator. The fundamental di�erence between this
work and the existing ones is that we consider and study integro-di�erential equations
for vector functions, the arguments of which take values in the angular domain on the
complex plane.

Keywords: Volterra integro-di�erential equations, holomophic in the angular domain
vector function, Hardy space.

Acknowledgements: this work was supported by the Russian Foundation for Basic
Research (project No. 20-01-00288).

Èçó÷åíû êëàññû Re 2 (Sθ, H) è W n
2 (Sθ, A

n) ôóíêöèé ñî çíà÷åíèÿìè
â ñåïàðàáåëüíîì ãèëüáåðòîâîì ïðîñòðàíñòâå H, ãîëîìîðôíûõ â îáëàñòè
Sθ = {τ ∈ C : |arg τ | < θ}. Ïðè ýòîì êëàññ L2 (Sθ, H) ñîñòîèò èç âåêòîð-
ôóíêöèé, äëÿ êîòîðûõ

sup
φ:|φ|<θ

∞�

0

∥∥f (teiφ)∥∥2dt <∞,

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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à êëàññ W n
2 (Sθ, A

n) èç âåêòîð-ôóíêöèé, äëÿ êîòîðûõ

sup
φ:|φ|<θ

∞�

0

(∥∥∥∥ ∂n∂tnu (teiφ)
∥∥∥∥2 + ∥∥Anu

(
teiφ
)∥∥2) dt <∞,

ãäå A � ñàìîñîïðÿæåííûé ïîëîæèòåëüíûé îïåðàòîð â ïðîñòðàíñòâå H,
èìåþùèé êîìïàêòíûé îáðàòíûé.

Ïîêàçàíî, ÷òî ñíàáæåííûé ñîîòâåòñòâóþùåé íîðìîé êëàññ L2 (Sθ, H)
îáðàçóåò ãèëüáåðòîâî ïðîñòðàíñòâî, à òàêæå óñòàíîâëåí àíàëîã òåîðåìû
Ïýëè-Âèíåðà äëÿ L2 (Sθ, H) . Äîêàçàíî, ÷òî ñíàáæåííûé ñîîòâåòñòâóþ-
ùåé íîðìîé êëàññ W n

2 (Sθ, A
n) ÿâëÿåòñÿ ãèëüáåðòîâûì ïðîñòðàíñòâîì,

óñòàíîâëåí àíàëîã òåîðåìû î ïðîìåæóòî÷íûõ ïðîèçâîäíûõ è òåîðåìû
î ñëåäàõ. Óñòàíîâëåíà êîððåêòíàÿ ðàçðåøèìîñòü íà÷àëüíîé çàäà÷è äëÿ
èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ îïåðàòîðíûìè êîýôôèöèåíòà-
ìè â ïðîñòðàíñòâå W 1

2 (Sθ, A) , ðàíåå èçó÷àâøåãîñÿ â ìîíîãðàôèè [1], à
òàêæå â ðàáîòå [2].
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[1] Âëàñîâ Â.Â., Ðàóòèàí Í.À. Ñïåêòðàëüíûé àíàëèç ôóíêöèîíàëüíî-

äèôôåðåíöèàëüíûõ óðàâíåíèé. Ì : ÌÀÊÑ Ïðåññ, 2016. 488 ñ. ISBN 978-5-
317-05443-4

[2] Âëàñîâ Â. Â., Ðàóòèàí Í. À., Øàìàåâ À. C. Ñïåêòðàëüíûé àíàëèç è êîððåêò-
íàÿ ðàçðåøèìîñòü àáñòðàêòíûõ èíòåãðîäèôôåðåíöèàëüíûõ óðàâíåíèé, âîçíèêà-
þùèõ â òåïëîôèçèêå è àêóñòèêå // Ñîâðåìåííàÿ ìàòåìàòèêà. Ôóíäàìåíòàëüíûå
íàïðàâëåíèÿ. 2011. Ò. 39. C. 36�65.

77



ÓÄÊ 517.518
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Ââåäåíèå

Ïóñòü ôóíêöèÿ f : R2
+ → C èíòåãðèðóåìà ïî Ëåáåãó íà R2

+, ò.å. f ∈
L1(R2

+). Òîãäà äâîéíûå êîñèíóñ- è êîñèíóñ-ñèíóñ-ïðåîáðàçîâàíèÿ Ôóðüå
îïðåäåëÿþòñÿ ðàâåíñòâàìè

f̂cc(x, y) =
2

π

� ∞

0

� ∞

0

f(u, v) cosux cos vy du dv,

f̂cs(x, y) =
2

π

� ∞

0

� ∞

0

f(u, v) cosux sin vy du dv.

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Â îäíîìåðíîì ñëó÷àå ñì. [2]. Îáå ôóíêöèè f̂cc(x, y) è f̂cs(x, y) ðàâíî-
ìåðíî íåïðåðûâíû è ñòðåìÿòñÿ ê íóëþ, êîãäà max(x, y) → ∞. Ôóíêöèþ
f̂cc(x, y) ìîæíî ðàññìàòðèâàòü, êàê äâîéíîå êîìïëåêñíîå ïðåîáðàçîâàíèå
Ôóðüå ïðîäîëæåííîé ÷åòíûì îáðàçîì ïî îáåèì ïåðåìåííûì ôóíêöèè f ,
àíàëîãè÷íî, õîòÿ è áîëåå ñëîæíî ìîæíî îïðåäåëèòü f̂cs(x, y). Ïóñòü

△̇m,n
t,τ f(x, y) =

m∑
j=0

n∑
k=0

(−1)j+k
(
m

j

)(
n

k

)
f(x+ (m− 2j)

t

2
, y + (n− 2k)

τ

2
)

åñòü ñìåøàííàÿ ðàçíîñòü ïîðÿäêîâ m,n ∈ N ñ øàãàìè t, τ ôóíêöèè f
â òî÷êå (x, y). Ðàññìîòðèì êëàññ Φ(2) ïîëîæèòåëüíûõ íà R2

+ \ {(0, 0)}
ôóíêöèé ω, äëÿ êîòîðûõ ω(0, 0) = 0, ω(x1, y1) ≤ ω(x2, y1), ω(x1, y1) ≤
ω(x1, y2) ïðè x2 ≥ x1, y2 ≥ y1, xi, yi ∈ R+, i = 1, 2.

Åñëè ω ∈ Φ(2) òàêîâà, ÷òî
� u

0

� v

0

ω(x, y)

xy
dx dy = O(ω(u, v)), u, v > 0,

òî ω ïðèíàäëåæèò êëàññó BB. Åñëè m,n > 0 è ω ∈ Φ(2) òàêîâà, ÷òî
� ∞

u

� ∞

v

ω(x, y)

xm+1yn+1
dx dy ≤ C

ω(u, v)

umvn
,

òî áóäåì ïèñàòü ω ∈ BmBn.
Äëÿ m,n ∈ N è ω ∈ Φ(2) ïî îïðåäåëåíèþ f ∈ Hm,n(ω), åñëè äëÿ âñåõ

δ1, δ2 ≥ 0 ñïðàâåäëèâî íåðàâåíñòâî

ωmn(f, δ1, δ2) = sup{|△̇m,n
t,τ f(x, y)| : 0 ≤ t ≤ δ1, 0 ≤ τ ≤ δ2} ≤ Cω(δ1, δ2),

ãäå x, y ∈ R+. Ðàññìîòðèì òàêæå êëàññ

hm,n(ω) = {f ∈ Hm,n(ω) : ωmn(f, δ1, δ2) = o(ω(δ1, δ2)), δ1, δ2 → 0}.

Îñíîâíûå ðåçóëüòàòû

Òåîðåìà 1. a) Ïóñòü f : R2
+ → C òàêîâà, ÷òî f ∈ L1

loc(R2
+). Åñëè

m,n ∈ N, ω ∈ BB ∩∆2 è âûïîëíåíî óñëîâèå

� t

0

� s

0

xmyn|f(x, y)| dy dx = O(tmsnω(t−1, s−1)), s, t ≥ 0, (1)

òî f̂cc ∈ Hm,n(ω).
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b) Ïóñòü m,n ∈ N, f : R2
+ → R+ òàêîâà, ÷òî f ∈ L1(R2

+). Åñëè

ω ∈ BB ∩∆2 è m,n ÿâëÿþòñÿ ÷åòíûìè, òî èç óñëîâèÿ f̂cc ∈ Hm,n(ω)
âûòåêàåò, ÷òî (1) èìååò ìåñòî. Åñëè æå m èëè n íå÷åòíî è ω ∈
BB ∩BmBn , òî óñëîâèå f̂cc ∈ Hm,n(ω) òàêæå âëå÷åò (1).

Òåîðåìà 2. a) Ïóñòü f : R2
+ → C òàêîâà, ÷òî f ∈ L1

loc(R2
+). Åñëè

m,n ∈ N, ω ∈ BB ∩∆2 è âûïîëíåíî óñëîâèå (1), òî f̂cs ∈ Hm,n(ω).
b) Ïóñòü m,n ∈ N, f : R2

+ → R+ òàêîâà, ÷òî f ∈ L1(R2
+). Åñëè

ω ∈ BB ∩ ∆2 è m ÷åòíî, à n íå÷åòíî, òî èç óñëîâèÿ f̂cs ∈ Hm,n(ω)
âûòåêàåò, ÷òî (1) èìååò ìåñòî. Åñëè æå m íå÷åòíî èëè n ÷åòíî è

ω ∈ BB ∩BmBn , òî óñëîâèå f̂cs ∈ Hm,n(ω) òàêæå âëå÷åò (1).
Áóäåì ãîâîðèòü, ÷òî f : R2

+ → R+ ÿâëÿåòñÿ ñëàáî ìîíîòîííî óáûâà-
þùåé, åñëè Cf(x1, y1) ≥ f(x, y) äëÿ âñåõ x1 ∈ [x/2, x], y1 ∈ [y/2, y] (ñì.
ïîõîæåå îäíîìåðíîå îïðåäåëåíèå â [2].

Òåîðåìà 3. Ïóñòü f(x, y) ÿâëÿåòñÿ ñëàáî ìîíîòîííî óáûâàþùåé
ôóíêöèåé, m,n ∈ N, ω ∈ BB ∩BmBn, f ∈ L1(R2

+). Òîãäà óñëîâèÿ
a) f(x, y) = O(x−1y−1ω(x−1, y−1)), x, y > 0;

b) f̂cc ∈ Hm,n(ω);

c) f̂cs ∈ Hm,n(ω);
ÿâëÿþòñÿ ýêâèâàëåíòíûìè.

Òåîðåìà 4. a) Ïóñòü f : R2
+ → C òàêîâà, ÷òî f ∈ L1

loc(R2
+). Åñëè

m,n ∈ N, ω ∈ BB ∩∆2 è âûïîëíåíî óñëîâèÿ (1) è

� t

0

� s

0

xmyn|f(x, y)| dy dx = o(tmsnω(t−1, s−1)), s, t→ ∞, (2)

òî f̂cc ∈ hm,n(ω).
b) Ïóñòü m,n ∈ N, f : R2

+ → R+ òàêîâà, ÷òî f ∈ L1(R2
+). Åñëè

ω ∈ BB ∩ ∆2 è m,n ÿâëÿþòñÿ ÷åòíûìè, òî èç óñëîâèÿ f̂cc ∈ hm,n(ω)
âûòåêàåò, ÷òî (2) èìååò ìåñòî. Åñëè æå m èëè n íå÷åòíî è ω ∈
BB ∩BmBn, òî óñëîâèå f̂cc ∈ hm,n(ω) òàêæå âëå÷åò (2).

Àíàëîã òåîðåìû 4 âåðåí äëÿ f̂cs. Òåîðåìà 1 îáîáùàåò, à òåîðåìà 2 ðàñ-
ïðîñòðàíÿåò íà ñëó÷àé f̂cs íåêîòîðûå ðåçóëüòàòû Â.Ôþëîï è Ô.Ìîðèöà
[3], ïîëó÷åííûå äëÿ ω(δ1, δ2) = δα1 δ

β
2 , m = n = 1 è m = n = 2.
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Ââåäåíèå

Ïóñòü P={pj}∞j=1 � ïîñëåäîâàòåëüíîñòü íàòóðàëüíûõ ÷èñåë, òàêàÿ ÷òî
2 ≤ pj ≤ N ïðè âñåõ j ∈ N è Zj = {0, 1, . . . , pj − 1}. Îïðåäåëèì ïîñëå-
äîâàòåëüíîñòü {mj}∞j=0 ñëåäóþùèì îáðàçîì: m0 = 1, mn = mn−1pn ïðè
n ∈ N. Òîãäà ëþáîå ÷èñëî x ∈ [0, 1) ïðåäñòàâèìî â âèäå

x =
∞∑
j=1

xjm
−1
j , xj ∈ Zj, (1)

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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à êàæäîå k ∈ Z+ îäíîçíà÷íî ïðåäñòàâèìî â âèäå

k =
∞∑
j=1

kjmj−1, kj ∈ Zj. (2)

Ðàçëîæåíèå (1) òàêæå îäíîçíà÷íî, åñëè ïðè x = s/mn, 0 < s < mn,
s ∈ Z, áðàòü êîíå÷íîå ÷èñëî íåíóëåâûõ xj.

Äëÿ ÷èñåë x ∈ [0, 1) è k ∈ Z+ ñ ðàçëîæåíèÿìè (1), (2) ïîëîæèì

ïî îïðåäåëåíèþ χk(x) = exp

(
2πi

(
∞∑
j=1

xjkj/pj

))
. Ñèñòåìà ôóíêöèé

{χk(x)}∞k=0 íàçûâàåòñÿ ìóëüòèïëèêàòèâíîé ñèñòåìîé. Èçâåñòíî, ÷òî îíà
îðòîíîðìèðîâàíà è ïîëíà â L1[0, 1) (ñì. [1, ãë. 1,� 1.5]). Ëåãêî âèäåòü, ÷òî
ïðè 0 ≤ n < mk ôóíêöèÿ χn(x) ïîñòîÿííà íà Ikj = [(j − 1)/mk, j/mk),
1 ≤ j ≤ mk, k ∈ Z+.

Äëÿ f ∈ L1[0, 1) êîýôôèöèåíòû Ôóðüå è ÷àñòè÷íàÿ ñóììà Ôóðüå ïî
ñèñòåìå {χj(x)}∞j=0 çàäàþòñÿ ôîðìóëàìè

f̂(j) =

1�

0

f(t)χj(t) dt, j ∈ Z+, Sn(f)(x) =
n−1∑
j=0

f̂(j)χj(x), n ∈ N.

×åðåç C∗[0, 1) îáîçíà÷èì çàìûêàíèå ìíîæåñòâà ïîëèíîìîâ ïî ñèñòåìå
{χi}∞i=0 â ðàâíîìåðíîé íîðìå ∥f∥∞ = supx∈[0,1) |f(x)|. Êàê îáû÷íî, ïðîñ-

òðàíñòâî Lp[0, 1), 1 ≤ p <∞, ñíàáæåíî íîðìîé ∥f∥p =
(

1�
0

|f(t)|p dt
)1/p

.

Ïóñòü Pn = {f ∈ L1[0, 1) : f̂(i) = 0, i ≥ n}, n ∈ N, òîãäà îïðåäå-
ëèì íàèëó÷øåå ïðèáëèæåíèå äëÿ f ∈ Lp[0, 1), 1 ≤ p < ∞, ôîðìóëîé
En(f)p = inf{∥f − Q∥p : Q ∈ Pn}, n ∈ N. Àíàëîãè÷íî îïðåäåëÿåòñÿ
En(f)∞ äëÿ f ∈ C∗[0, 1).

Äëÿ óáûâàþùåé ê íóëþ ïîñëåäîâàòåëüíîñòè {εn}∞n=0 áóäåì ïèñàòü
f ∈ E(ε), åñëè ∥f∥∞ ≤ ε0 è En(f)∞ ≤ εn äëÿ âñåõ n ∈ N. Äëÿ óáûâàþùåé
ê íóëþ ïîñëåäîâàòåëüíîñòè {λn}∞n=0 ðàññìîòðèì

A(λ) = {f ∈ C∗[0, 1) : ρn(f) :=
∞∑
k=n

|f̂(k)| ≤ λn, n ∈ Z+}.

Áóäåì èñïîëüçîâàòü òàêæå ñðåäíèå Âàëëå-Ïóññåíà vn(f) =

n−1
2n∑

k=n+1

Sk(f).

Áóäåì ïèñàòü An ≍ Bn, n ∈ N, åñëè ñóùåñòâóþò ïîñòîÿííûå C1, C2 >
0, òàêèå ÷òî C1An ≤ Bn ≤ C2An, n ∈ N.

82



Ôîðìóëû, òåîðåìû

Ëåììà 1 óñòàíîâëåíà â [2].

Ëåììà 1. Äëÿ ëþáîãî n ∈ N ñóùåñòâóåò Qn ∈ Pmn
, òàêîé ÷òî 1)

∥Qn∥∞ ≤ Cm
1/2
n ; 2)

mn−1∑
k=0

|Q̂n(k)| ≥ mn.

Ëåììà 2 äîêàçûâàåòñÿ àíàëîãè÷íî òåîðåìå 4.23 èç [3, ãë. 4, � 10].

Ëåììà 2. f ∈ C∗[0, 1) ∥f − vn(f)∥∞ ≤ CEn(f)∞, n ∈ N.

Òåîðåìà 1. Ïóñòü f ∈ C∗[0, 1) è ñõîäèòñÿ ðÿä
∞∑
n=1

n−1/2En(f)∞.

Òîãäà âåëè÷èíà ρn(f) =
∞∑
k=n

|f̂(k)| óäîâëåòâîðÿåò íåðàâåíñòâó

ρn(f) ≤ C

(
n1/2En(f)∞ +

∞∑
k=n

k−1/2Ek(f)∞

)
, n ∈ N.

Òåîðåìà 2. Ïóñòü ïîñëåäîâàòåëüíîñòü {εn}∞n=0 óáûâàåò ê íóëþ,

ðÿä
∞∑
n=1

n−1/2εn ñõîäèòñÿ è ïîñëåäîâàòåëüíîñòü {nβεn}∞n=0 íå óáûâàåò

äëÿ íåêîòîðîãî β > 0. Òîãäà

sup{ρn(f) : f ∈ E(ε)} ≍
∞∑
k=n

k−1/2εk, n ∈ N.

Òåîðåìà 3. Ïóñòü {λn}∞n=0 óáûâàåò ê íóëþ è óäîâëåòâîðÿåò ∆2-
óñëîâèþ λn ≤ Cλ2n, n ∈ N. Òîãäà ñïðàâåäëèâî ñîîòíîøåíèå

sup{En(f)∞ : f ∈ A(λ)} ≍ λn, n ∈ N.

Äîêàçàòåëüñòâî. Íà÷íåì ñ î÷åâèäíîãî íåðàâåíñòâà

En(f)∞ ≤ ∥f − Sn(f)∥∞ ≤
∞∑
k=n

|f̂(k)χk(x)| ≤ ρn(f) ≤ λn

äëÿ f ∈ A(λ). Ñ äðóãîé ñòîðîíû, ïóñòü an = λn−λn+1, n ∈ N. Òîãäà äëÿ
ôóíêöèè h(x) =

∞∑
n=1

anχn(x) íàõîäèì, ÷òî

ρn(h)∞ =
∞∑
k=n

|ak| =
∞∑
k=n

(λk − λk+1) = λn, n ∈ N,
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è ρ0(h) = λ−1 ≤ λ0, òî åñòü h ∈ A(λ). Â ñèëó ëåììû 2 è ïî÷òè î÷åâèäíîãî

ðàâåíñòâà ∥
∞∑
k=0

bkχk∥∞ =
∞∑
k=0

bk ïðè bk ≥ 0, ïîëó÷àåì

En(h)∞ ≥ C1∥h− vn(h)∥∞ = C1

(
2n−1∑
k=n+1

k − n

n
ak +

∞∑
k=2n

ak

)
≥

≥ C1

∞∑
k=2n

ak = C1λ2n ≥ C2λn.

Òàêèì îáðàçîì, ñîîòíîøåíèå ðåçóëüòàò òåîðåìû óñòàíîâëåí.
Îòìåòèì, ÷òî áëèçêèå âîïðîñû äëÿ òðèãîíîìåòðè÷åñêèõ ðÿäîâ ðàñ-

ñìàòðèâàëèñü Í. À. Èëüÿñîâûì [4].
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Óñëîâèÿ êâàçèíèëüïîòåíòíîñòè ïîëóãðóïïû
ïåðåíîñà íà ïîëóîñè1

Âó Íãóåí Øîí Òóíã (Õàíîé, Âüåòíàì)
vnsontung@mail.ru

Ðàññìàòðèâàåòñÿ îïåðàòîð ïåðåíîñà íà ïîëóîñè â âåñîâîì áàíàõîâîì ïðîñòðàí-
ñòâå òèïà Lp. Óêàçàíû îáùèå óñëîâèÿ íà âûáîð âåñîâîé ôóíêöèè è íà êîýôôè-
öèåíò ïîãëîùåíèÿ â îïåðàòîðå ïåðåíîñà, ïðè êîòîðûõ ïîðîæäåííàÿ ïîëóãðóïïà
îêàçûâàåòñÿ êâàçèíèëüïîòåíòíîé (ñóïåðóñòîé÷èâîé).

Êëþ÷åâûå ñëîâà: îïåðàòîð ïåðåíîñà, êâàçèíèëüïîòåíòíàÿ ïîëóãðóïïà, âåñîâîå
áàíàõîâî ïðîñòðàíñòâî.

Superstability conditions for transport
semigroup on the semiaxis1
Vu Nguyen Son Tung (Hanoi, Vietnam)

vnsontung@mail.ru

Transport operator on the semiaxis is studied in a weighted Banach space of Lp-type.
We give general conditions for a choice of a weight function and for an absorption
coe�cient, for which a generated transport semigroup turns out to be superstable.

Keywords: transport operator, superstable semigroup, weighted Banach space.

Èñïîëüçóåì ñòàíäàðòíûå ïîíÿòèÿ òåîðèè ïîëóãðóïï (ñì. [1]�[3]). Îá-
ñóäèì óñëîâèÿ, ïðè êîòîðûõ îïåðàòîð âèäà

A ≡ − d

dx
− a(x), x ∈ [0,+∞), (1)

ò. å. îïåðàòîð ïåðåíîñà ñ ïîãëîùåíèåì íà ïîëóîñè, áóäåò ïîðîæäàòü ñó-
ïåðóñòîé÷èâóþ (èëè, ÷òî òî æå ñàìîå, êâàçèíèëüïîòåíòíóþ) ïîëó-
ãðóïïó U(t) êëàññà C0 â âåñîâîì áàíàõîâîì ïðîñòðàíñòâå òèïà Lp.
Â òàêîì ñëó÷àå (ñì. [4]�[7]) ýêñïîíåíöèàëüíûé òèï ω0 ïîëóãðóïïû U(t)
ðàâåí (−∞), à ñïåêòð ïðîèçâîäÿùåãî îïåðàòîðà A ÿâëÿåòñÿ ïóñòûì.

Îòìåòèì, ÷òî ïåðâûå èññëåäîâàíèÿ ïî òåìå � äëÿ êëàññà îïåðàòîðîâ
âèäà (1) � ïðîâåäåíû íàìè â ðàáîòå [8]. Çàòåì, â ðàáîòå [9], òåîðèÿ áû-
ëà äîâåäåíà äî êîíöà. Ñåé÷àñ ìû êîðîòêî ïðåäñòàâèì ñîîòâåòñòâóþùèå
ðåçóëüòàòû èç [9]. Ïîìèìî ïðî÷åãî, èõ ìîæíî èñïîëüçîâàòü â ðàçëè÷íûõ
íåëîêàëüíûõ è îáðàòíûõ çàäà÷àõ, ñâÿçàííûõ ñ òåîðèåé ïåðåíîñà. Îáùèå
ïîñòàíîâêè ïîäîáíûõ çàäà÷ ñì. â [9]�[11].

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Ðàññìîòðèì íà ïîëóîñè R+ ≡ [0,+∞) â âåñîâîì áàíàõîâîì ïðîñòðàí-
ñòâå E ≡ Lp

(
R+ ; e

−ν(x) dx
)
ñ íîðìîé

∥h∥ = ∥h∥ p, ν ≡
( +∞�

0

|h(x)|p e−ν(x) dx
)1/p

, h ∈ E,

äèôôåðåíöèàëüíûé îïåðàòîð A èç ôîðìóëû (1). Ôóíêöèè a(x) è ν(x),
à òàêæå êîíå÷íîå çíà÷åíèå p ⩾ 1 ñ÷èòàåì çàäàííûìè.

Îïåðàòîð ïåðåíîñà A ñ îáëàñòüþ îïðåäåëåíèÿ

D(A) = {h ∈ AC loc(R+) : h ∈ E, Ah ∈ E, h(0) = 0 }

ïîðîæäàåò ïîëóãðóïïó U(t), äåéñòâóþùóþ íà ýëåìåíò h ∈ E ïî ïðàâèëó

U(t)h(x) =


0, 0 ⩽ x ⩽ t,

h(x− t) exp

(
−

t�
0

a(x− s) ds

)
, t < x < +∞.

(2)

Íàïîìíèì, ÷òî AC loc(R+) � ìíîæåñòâî ëîêàëüíî àáñîëþòíî íåïðåðûâ-
íûõ ôóíêöèé íà R+.

Óêàæåì åñòåñòâåííûå îãðàíè÷åíèÿ íà âåñîâîé ïîêàçàòåëü ν(x) è êî-
ýôôèöèåíò a(x), ïðè êîòîðûõ ïîëóãðóïïà (2) ÿâëÿåòñÿ ñóïåðóñòîé÷èâîé
(êâàçèíèëüïîòåíòíîé) â E. Ðå÷ü èäåò î ïîëóãðóïïàõ êëàññà C0.

Òåîðåìà 1. Ïóñòü ν(x) � èçìåðèìàÿ, íåîòðèöàòåëüíàÿ, ñóïåðàä-
äèòèâíàÿ ôóíêöèÿ íà R+ , ïðè÷åì

lim
x→+∞

ν(x)

x
= +∞. (3)

Òîãäà äëÿ ëþáîé èçìåðèìîé, íåîòðèöàòåëüíîé, ëîêàëüíî îãðàíè÷åííîé
ôóíêöèè a(x) íà R+ ïîëóãðóïïà (2) áóäåò cóïåðóñòîé÷èâîé â ïðî-
ñòðàíñòâå Lp

(
R+ ; e

−ν(x) dx
)
. Â ÷àñòíîñòè, ïîäõîäèò âûáîð a(x) ≡ 0.

Îáðàòèì âíèìàíèå íà ñî÷åòàíèå âàæíîãî òðåáîâàíèÿ (3) è òîãî, ÷òî
ôóíêöèÿ ν(x) äîëæíà áûòü ñóïåðàääèòèâíîé íà R+ . Ïîñëåäíåå îçíà÷à-
åò (ñì. [12]), ÷òî

ν(x1 + x2) ⩾ ν(x1) + ν(x2), ∀x1, x2 ⩾ 0. (4)

Óñëîâèå (4) çàâåäîìî âûïîëíåíî, åñëè ν(x) = xν0(x) ñ íåîòðèöàòåëüíîé,
ìîíîòîííî âîçðàñòàþùåé íà R+ ôóíêöèåé ν0(x). Íî åñòü è ïðèìåðû, ãäå
òàêîå ïðåäñòàâëåíèå íåâîçìîæíî (ñì. [9]). Â ëþáîì ñëó÷àå ïîä äåéñòâèå
òåîðåìû 1 ïîïàäàþò ñòàíäàðòíûå ïîêàçàòåëè âèäà ν(x) = xα ïðè α > 1,
èëè ν(x) = x ln+ x, èëè ν(x) = x ln+ ln+ x è òàê äàëåå.

Èìååòñÿ âîçìîæíîñòü èçáåæàòü ñóùåñòâåííûõ îãðàíè÷åíèé íà ν(x)
ïðè ñîîòâåòñòâóþùåì âûáîðå êîýôôèöèåíòà a(x).
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Òåîðåìà 2. Ïóñòü a(x) � èçìåðèìàÿ, íåîòðèöàòåëüíàÿ, ëîêàëüíî
îãðàíè÷åííàÿ ôóíêöèÿ íà R+ , ïðè÷åì

lim
x→+∞

a(x) = +∞. (5)

Òîãäà ïðè ëþáîì âûáîðå íåîòðèöàòåëüíîé, ìîíîòîííî íåóáûâàþùåé
ôóíêöèè ν(x) íà R+ ïîëóãðóïïà (2) áóäåò ñóïåðóñòîé÷èâîé â ïðî-
ñòðàíñòâå Lp

(
R+ ; e

−ν(x) dx
)
. Â ÷àñòíîñòè, ïîäõîäèò âûáîð ν(x) ≡ 0.

Ïðè äîêàçàòåëüñòâå òåîðåìû 2 ñíîâà èñïîëüçóþòñÿ ñîîáðàæåíèÿ ñó-
ïåðàääèòèâíîñòè (ñì. [9]), äåéñòâóþùèå äëÿ ôóíêöèè

Φ(x) =

x�

0

inf
τ∈[s,+∞)

a(τ) ds, x ⩾ 0,

ñâÿçàííîé ñ êîýôôèöèåíòîì a(x). Îñíîâíîå óñëîâèå (5) ñóùåñòâåííî äëÿ
íàøåãî ðåçóëüòàòà. Íåñìîòðÿ íà ñâîé îãðàíè÷èòåëüíûé õàðàêòåð, îíî
ïðèìåíèìî ê áîëüøîìó ÷èñëó ïðèìåðîâ òèïà a(x) = xβ ïðè β > 0,
èëè a(x) = ln+ x, èëè a(x) = |x− 1|1/2 è òàê äàëåå.

Â êà÷åñòâå ïðîñòîãî ïðèëîæåíèÿ èçëîæåííîé òåîðèè óêàæåì íåëî-
êàëüíóþ çàäà÷ó 

ut + ux + a(x)u = 0,

u(0, t) = 0,
T�
0

η(t)u(x, t) dt = u1(x),

(6)

ñ íåèçâåñòíîé ôóíêöèåé u = u(x, t) íà ïîëóîñè x ∈ R+ ïðè t ∈ [0, T ].
Ôóíêöèþ u1(x) ñ÷èòàåì çàäàííîé. Ïóñòü êîýôôèöèåíò a(x) ⩾ 0 âûáðàí
â ñîãëàñèè ñ òåîðåìîé 2. Òîãäà, êàê ñëåäóåò èç ðåçóëüòàòîâ [9], çàäà÷à (6)
áóäåò êîððåêòíî ðàçðåøèìîé â ïðîñòðàíñòâå Lp(R+) ñ p ∈ [1,+∞) ïðè
ëþáîì âûáîðå âåñîâîé ôóíêöèè η ∈ BV [0, T ], òàêîé, ÷òî η(0 + 0) ̸= 0.
Áîëåå òîãî, íà÷àëüíîå ñîñòîÿíèå u(x, 0) = u0(x) ðåøåíèÿ u = u(x, t)
êîíñòðóêòèâíî âîññòàíàâëèâàåòñÿ ìåòîäîì èòåðàöèé.

Àâòîð èñêðåííå áëàãîäàðåí È. Â. Òèõîíîâó çà ïîñòàíîâêó çàäà÷è è
ïîääåðæêó â èññëåäîâàíèè.
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Îá àïïðîêñèìàòèâíûõ ñâîéñòâàõ ðÿäîâ
Ôóðüå ïî ïîëèíîìàì ßêîáè � Ñîáîëåâà1

Ð. Ì. Ãàäæèìèðçàåâ (Ìàõà÷êàëà, Ðîññèÿ)
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Ðàññìàòðèâàåòñÿ çàäà÷à î ïðèáëèæåíèè ôóíêöèè f èç ïðîñòðàíñòâà W r ÷àñòè÷-
íûìè ñóììàìè ðÿäà Ôóðüå ïî ñèñòåìå ïîëèíîìîâ ßêîáè {Pα−r,−r

n (x)}∞n=0, îðòî-
ãîíàëüíîé îòíîñèòåëüíî ñêàëÿðíîãî ïðîèçâåäåíèÿ òèïà Ñîáîëåâà. Îñíîâíîå âíè-
ìàíèå óäåëåíî ïîëó÷åíèþ îöåíêè ñâåðõó äëÿ ôóíêöèè òèïà Ëåáåãà ÷àñòè÷íûõ
ñóìì ðÿäà Ôóðüå ïî ñèñòåìå {Pα−r,−r

n (x)}∞n=0.

Êëþ÷åâûå ñëîâà: ïîëèíîìû ßêîáè, ðÿäû Ôóðüå, ñêàëÿðíîå ïðîèçâåäåíèå òèïà
Ñîáîëåâà, ôóíêöèÿ Ëåáåãà.

On the approximation properties of the Fourier
series by the Jacobi � Sobolev polynomials1

R. M. Gadzhimirzaev (Makhachkala, Russia)
ramis3004@gmail.com

We consider the problem of approximating a function f from the space W r by partial
sums of the Fourier series by the system of Jacobi polynomials {Pα−r,−r

n (x)}∞n=0,
orthogonal with respect to the Sobolev-type inner product. Upper bounds are obtained
for the Lebesgue-type function of partial sums of the Fourier series by the system
{Pα−r,−r

n (x)}∞n=0.

Keywords: Jacobi polynomials, Fourier series, Sobolev type inner product, Lebesgue
function.

Ââåäåíèå

Ïóñòü −1 < α � íåöåëîå, ρ(x) = (1 − x)α, L2
ρ � âåñîâîå ïðîñòðàíñòâî

Ëåáåãà, ñîñòîÿùåå èç èçìåðèìûõ íà [−1, 1] ôóíêöèé f , äëÿ êîòîðûõ

1�

−1

f 2(x)ρ(x)dx <∞.

Äëÿ r ∈ N ÷åðåç W r
L2
ρ
îáîçíà÷èì ïðîñòðàíñòâî ôóíêöèé f , íåïðåðûâíî

äèôôåðåíöèðóåìûõ r − 1 ðàç, ïðè÷åì f (r−1) àáñîëþòíî íåïðåðûâíà íà
[−1, 1], à f (r) ∈ L2

ρ, W
r � êëàññ r ðàç íåïðåðûâíî äèôôåðåíöèðóåìûõ

ôóíêöèé f , çàäàííûõ íà [−1, 1] è äëÿ êîòîðûõ |f (r)| ≤ 1. Äëÿ f, g ∈ W r
L2
ρ

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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îïðåäåëèì ñêàëÿðíîå ïðîèçâåäåíèå Ñîáîëåâà ñëåäóþùåãî âèäà

⟨f, g⟩S =
r−1∑
ν=0

f (ν)(−1)g(ν)(−1) +

1�

−1

f (r)(x)g(r)(x)ρ(x)dx. (1)

Ðàññìîòðèì ñèñòåìó ïîëèíîìîâ

φn(x) =

{ (x+1)n

n! , 0 ≤ n ≤ r − 1
2r

(n+α−r)[r]
√
hα,0n−r

P α−r,−r
n (x), r ≤ n,

(2)

ãäå P α−r,−r
n (x) � ïîëèíîì ßêîáè ñòåïåíè n. Â ðàáîòå [1] áûëî ïîêàçàíî,

÷òî ñèñòåìà (2) ïîëíà âW r
L2
ρ
è îðòîíîðìèðîâàíà îòíîñèòåëüíî ñêàëÿðíîãî

ïðîèçâåäåíèÿ (1). Ðÿä Ôóðüå ïî ýòîé ñèñòåìå èìååò ñëåäóþùèé âèä

f(x) =
r−1∑
k=0

f (k)(−1)

k!
(x+ 1)k +

∞∑
k=r

2rf̂kP
α−r,−r
k (x)√

hα,0k−r(k + α− r)[r]
, (3)

ãäå

f̂k = ⟨f, φk⟩S =

1�

−1

f (r)(t)
P α,0
k−r(t)√
hα,0k−r

(1− t)αdt, k ≥ r.

×åðåç Sαn+2r(f) = Sαn+2r(f, x) îáîçíà÷èì ÷àñòè÷íóþ ñóììó ðÿäà (3):

Sαn+2r(f) =
r−1∑
k=0

f (k)(−1)

k!
(x+ 1)k +

n+2r∑
k=r

2rf̂kP
α−r,−r
k (x)√

hα,0k−r(k + α− r)[r]
.

Â òîé æå ðàáîòå áûëè èññëåäîâàíû àïïðîêñèìàòèâíûå ñâîéñòâà ñóìì
Sαn+2r(f) äëÿ ôóíêöèé èç ïðîñòðàíñòâà W

r. Â ÷àñòíîñòè áûëà äîêàçàíà
ñëåäóþùàÿ (ñì. [1, òåîðåìà 4])

Òåîðåìà À. Ïóñòü −1 < α � íåöåëîå, r ∈ N, f ∈ W r. Òîãäà

|f(x)− Sαn+2r(f)| ≤ c(r)

(√
1− x2

n+ 2r

)r

ω

(
f (r),

√
1− x2

n+ 2r

)
+

c(r)

[
ω

(
f (r),

1

n+ 2r

)
Iαr,n(x)

(n+ 2r)r
+ ω

(
f (r),

1

(n+ 2r)2

)
Jαr,n(x)

]
, (4)

ãäå

Iαr,n(x) = (1 + x)r
1−1/n2�

−1

(1− t)α−
r
2 (1 + t)

r
2 |Kα−r,r

n+r (x, t)|dt, (5)
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Jαr,n(x) = (1 + x)r
1�

1−1/n2

(1− t)α|Kα−r,r
n+r (x, t)|dt, (6)

ω(g, δ) = sup
x,t∈[−1,1],|x−t|≤δ

|f(x)− f(t)|.

Â ñâÿçè ñ íåðàâåíñòâîì (4) âîçíèêàåò çàäà÷à îá îöåíêå âåëè÷èí Iαr,n(x)
è Jαr,n(x), îïðåäåëåííûõ ðàâåíñòâàìè (5) è (6) ñîîòâåòñòâåííî. Îñíîâíû-
ìè ðåçóëüòàòàìè íàñòîÿùåé ðàáîòû ÿâëÿþòñÿ òåîðåìû 1 è 2, â êîòîðûõ
ïîëó÷åíû îöåíêè ñâåðõó äëÿ Iαr,n(x), J

α
r,n(x) ïðè x ∈ (−1, 1).

Îñíîâíîé ðåçóëüòàò

Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.

Òåîðåìà 1. Ïóñòü r − 1 < α � íåöåëîå, x ∈ (−1, 1). Òîãäà äëÿ
âåëè÷èíû Iαr,n(x) ñïðàâåäëèâû ñëåäóþùèå îöåíêè:

1) åñëè x ∈
[
0, 1− 1

2n2

]
, òî

Iαr,n(x) ≤ c(α, r)(1− x)
r
2

[
ln(n

√
1− x+ 1) + (1− x)−

α
2−

1
4 + 1

]
;

2) åñëè x ∈
(
1− 1

2n2 , 1
)
, òî

Iαr,n(x) ≤ c(α, r)

{
1, α ≤ r − 1

2 ,

(1− x)
r−α
2 − 1

4 , α > r − 1
2 ;

3) åñëè x ∈
[
−1 + 1

2n2 , 0
)
, òî

Iαr,n(x) ≤ c(α, r)(1 + x)
r
2

(
ln(n

√
1 + x+ 1) + (1 + x)−

1
4 + 1

)
;

4) åñëè x ∈
(
−1,−1 + 1

2n2

)
, òî

Iαr,n(x) ≤ c(α, r)(1 + x)
r
2−

1
4 .

Òåîðåìà 2. Ïóñòü r − 1 < α � íåöåëîå, x ∈ (−1, 1). Òîãäà äëÿ
âåëè÷èíû Jαr,n(x) ñïðàâåäëèâû ñëåäóþùèå îöåíêè:

1) åñëè x ∈
(
1− 2

n2 , 1
)
, òî

Jαr,n(x) ≤
c(α, r)

n2r
;
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2) åñëè x ∈
[
0, 1− 2

n2

]
, òî

Jαr,n(x) ≤ c(α, r)
(1− x)

r−α
2 − 3

4

nr+α+
3
2

;

3) åñëè x ∈ (−1, 0), òî

Jαr,n(x) ≤ c(α, r)
(1 + x)

r
2−

1
4

nr+α+
3
2

.
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Î ñõîäèìîñòè îðòîðåêóðñèâíûõ ðàçëîæåíèé
ïî÷òè âñþäó1
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Ò. Ï. Ëóêàøåíêî (Ìîñêâà, Ðîññèÿ)
lukashenko@mail.ru

Â. À. Ñàäîâíè÷èé (Ìîñêâà, Ðîññèÿ)
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Èçëîæåíû ðåçóëüòàòû î ñõîäèìîñòè ïî÷òè âñþäó îðòîðåêóðñèâíûõ ðàçëîæåíèé.
Óñòàíîâëåíî, ÷òî äëÿ îðòîðåêóðñèâíûõ ðàçëîæåíèé, ñõîäÿùèõñÿ ê ðàçëàãàåìîé
ôóíêöèè, ìíîæèòåëü Âåéëÿ W (k) = log22(k+1), êàê è äëÿ îðòîãîíàëüíûõ ðàçëî-
æåíèé.

Êëþ÷åâûå ñëîâà: îðòîðåêóðñèâíûå ðàçëîæåíèÿ ôóíêöèé, ñõîäèìîñòü ïî÷òè âñþ-
äó, ìíîæèòåëü Âåéëÿ.

Áëàãîäàðíîñòè: èññëåäîâàíèå âûïîëíåíî ïðè ïîääåðæêå Ìåæäèñöèïëèíàðíîé
íàó÷íî�îáðàçîâàòåëüíîé øêîëû Ìîñêîâñêîãî óíèâåðñèòåòà "Ìàòåìàòè÷åñêèå ìå-
òîäû àíàëèçà ñëîæíûõ ñèñòåì".

An almost everywhere convergence
orthorecursive expansions1

V. V. Galatenko (Moscow, Russian Federation)
vgalat@imscs.msu.ru

T. P. Lukashenko (Moscow, Russian Federation)
lukashenko@mail.ru

V. A. Sadovnichiy (Moscow, Russian Federation)
info@rector.msu.ru

State results on almost everywhere convergence for orthorecursive expansions.
Establish for orthorecursive expansions convergent to the expanded functions Weil
multiplier W (k) = log22(k + 1) as for orthogonal expansions.

Keywords: orthorecursive expansions of functions, almost everywhere convergence,
Weil multiplier.
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Îðòîðåêóðñèâíûå ðàçëîæåíèÿ [1, 2] ÿâëÿþòñÿ åñòåñòâåííûì îáîáùå-
íèåì êëàññè÷åñêèõ îðòîãîíàëüíûõ ðàçëîæåíèé. Íàïîìíèì èõ îïðåäåëå-
íèå.

Ïóñòü H � ïðîñòðàíñòâî ñî ñêàëÿðíûì ïðîèçâåäåíèåì ( · , · ) (äëÿ
îïðåäåëåííîñòè áóäåì ðàññìàòðèâàòü ïðîñòðàíñòâà íàä R), {en}∞n=1 ⊂ H

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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� ïðîèçâîëüíàÿ ñèñòåìà íîðìèðîâàííûõ ýëåìåíòîâ, f ∈ H � ðàñêëà-
äûâàåìûé ýëåìåíò. Îïðåäåëèì èíäóêòèâíî ïîñëåäîâàòåëüíîñòü îñòàòêîâ
{rn}∞n=0 è ïîñëåäîâàòåëüíîñòü êîýôôèöèåíòîâ {f̂n}∞n=1:

r0 = f ; f̂n = (rn−1, en), rn = rn−1 − f̂nen, n = 1, 2, . . . .

Îðòîðåêóðñèâíûì ðàçëîæåíèåì ýëåìåíòà f ïî ñèñòåìå {en}∞n=1 íàçûâàåò-

ñÿ ðÿä
∞∑
n=1

f̂nen.

Ëåãêî âèäåòü, ÷òî åñëè ñèñòåìà {en}∞n=1 îðòîãîíàëüíà, òî îðòîðåêóð-
ñèâíîå ðàçëîæåíèå ïî íåé ñîâïàäàåò ñ êëàññè÷åñêèì ðÿäîì Ôóðüå. Äàæå
áåç îðòîãîíàëüíîñòè ñèñòåìû äëÿ îðòîðåêóðñèâíûõ ðàçëîæåíèé âûïîë-
íÿþòñÿ êëàññè÷åñêèå ñâîéñòâà îðòîãîíàëüíûõ ðàçëîæåíèé, òàêèå êàê ðà-
âåíñòâî Áåññåëÿ

∥rN∥2 =

∥∥∥∥∥f −
N∑
n=1

f̂nen

∥∥∥∥∥
2

= ∥f∥2 −
N∑
n=1

∣∣∣f̂n∣∣∣2 ,
íåðàâåíñòâî Áåññåëÿ

∞∑
n=1

∣∣∣f̂n∣∣∣2 ≤ ∥f∥2

è ýêâèâàëåíòíîñòü ñõîäèìîñòè ðàçëîæåíèÿ ê ðàçëàãàåìîìó ýëåìåíòó ðà-
âåíñòâó Ïàðñåâàëÿ

∞∑
n=1

∣∣∣f̂n∣∣∣2 = ∥f∥2

(ñì., íàïðèìåð, [2]).
Â òåîðèè îðòîãîíàëüíûõ ðÿäîâ èçâåñòíà òåîðåìà Ìåíüøîâà�Ðàäåìà-

õåðà (ñì. [3, 4] èëè [5, ñ. 332, 532]), óòâåðæäàþùàÿ, ÷òî äëÿ ñõîäèìîñòè

ïî÷òè âñþäó íà [0, 1] ðÿäà îðòîíîðìèðîâàííûõ ôóíêöèé σ =
∞∑
k=1

akφk(x)

äîñòàòî÷íî, ÷òîáû ñõîäèëñÿ ðÿä
∞∑
k=1

|ak|2 log22(k + 1).

Ìåíüøîâûì Ä.Å. â [3] áûëî òàêæå ïîêàçàíî, ÷òî â ïðèâåäåííîì óñëî-
âèè log22(k+1) íåëüçÿ çàìåíèòü íà ëþáóþ íåóáûâàþùóþ ïîñëåäîâàòåëü-
íîñòü o

(
log22(k + 1)

)
� ðàñòóùóþ ìåäëåííåå log22(k + 1). Äîêàçûâàþùèå

ýòîò ôàêò òåîðåìû ðÿäà àâòîðîâ ñì. â [5, ãë. 9, � 1].
Î ïåðåíîñå òåîðåìû Ìåíüøîâà�Ðàäåìàõåðà íà ðÿä äðóãèõ ñèñòåì ñì.

[6].
Ðàññìîòðèì âîïðîñ îá àíàëîãè÷íîì óñëîâèè íà êîýôôèöèåíòû îðòî-

ðåêóðñèâíûõ ðàçëîæåíèé, ãàðàíòèðóþùèå èõ ñõîäèìîñòü ïî÷òè âñþäó.
Îêàçàëîñü, ÷òî â îáùåì ñëó÷àå ñèòóàöèÿ ñëåäóþùàÿ (ñì. [7]).
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Òåîðåìà 1. Åñëè ïðîñòðàíñòâî Ëåáåãà L2(Ω), 0 < µΩ < ∞, ñåïà-
ðàáåëüíî, à λk � òàêàÿ ñòðîãî ïîëîæèòåëüíàÿ ïîñëåäîâàòåëüíîñòü,
÷òî âñå λk ≥ 1 è

∞∑
k=1

1

λk
= ∞,

òî äëÿ ëþáîé ôóíêöèè f(x) ∈ L2(Ω), ∥f(x)∥ > 0, íàéäåòñÿ òàêàÿ íîð-
ìèðîâàííàÿ ïîñëåäîâàòåëüíîñòü ôóíêöèé {ek(x)}∞k=1, ÷òî îðòîðåêóð-
ñèâíûé ðÿä f(x) ïî ñèñòåìå {ek(x)}∞k=1 íå ñõîäèòñÿ ïî íîðìå ïðîñò-
ðàíñòâà, íå ñõîäèòñÿ ïîòî÷å÷íî ïî÷òè âñþäó íà Ω è ïðè ýòîì

∞∑
k=1

|f̂k|2 · λk <∞.

Òåîðåìà 2. Åñëè {ek(x)}∞k=1 � ïîñëåäîâàòåëüíîñòü ôóíêöèé èç ïðî-
ñòðàíñòâà Ëåáåãà L2(Ω), íîðìû êîòîðûõ îãðàíè÷åíû â ñîâîêóïíîñòè
sup
k

∥ek(x)∥ = C < ∞, ïîëîæèòåëüíàÿ ïîñëåäîâàòåëüíîñòü λk ≥ 1 òà-

êîâà, ÷òî ðÿä
∞∑
k=1

1

λk
= Λ <∞,

à ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü ak óäîâëåòâîðÿåò óñëîâèþ

∞∑
k=1

|ak|2 · λk = L <∞,

òî ôóíêöèîíàëüíàé ðÿä
∞∑
k=1

akek(x) àáñîëþòíî ñõîäèòñÿ ïî÷òè âñþäó

íà Ω è ∥∥∥∥∥
∞∑
k=1

|akek(x)|

∥∥∥∥∥ ≤ C
√
LΛ.

Çàìå÷àíèå. Óñëîâèÿ òåîðåì 1 è 2 ïîêàçûâàþò, ÷òî ýòè òåîðåìû äî-
ïîëíÿþò äðóã äðóãà è íå ìîãóò áûòü óñèëåíû.

Óñëîâèå ñõîäèìîñòè ðÿäà
∞∑
k=1

1
λk

ìîæåò áûòü ñóùåñòâåííî îñëàáëåíî,

åñëè îãðàíè÷èòüñÿ ðàññìîòðåíèåì îðòîðåêóðñèâíûõ ðàçëîæåíèé, ñõîäÿ-
ùèõñÿ ïî íîðìå ê ðàçëàãàåìîé ôóíêöèè (÷òî èìååò ìåñòî, â ÷àñòíî-
ñòè, äëÿ ïîëíûõ îðòîíîðìèðîâàííûõ ñèñòåì). Áîëåå êîíêðåòíî, ïîëó-
÷åíà ñëåäóþùàÿ òåîðåìà.
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Òåîðåìà 3. Åñëè îðòîðåêóðñèâíîå ðàçëîæåíèå ôóíêöèè f(x) ∈
L2(Ω) ïî ïîñëåäîâàòåëüíîñòè íîðìèðîâàííûõ ôóíêöèé {ek(x)}∞k=1 ñõî-
äèòñÿ ê f(x) â L2(Ω) è ñõîäèòñÿ ðÿä

∞∑
k=1

|f̂k|2 log22(k + 1),

òî îðòîðåêóðñèâíîå ðàçëîæåíèå
∞∑
k=1

f̂kek(x) ñõîäèòñÿ ê f(x) ïî÷òè âñþ-

äó íà Ω.

Òàêèì îáðàçîì, äëÿ îðòîðåêóðñèâíûõ ðàçëîæåíèé ïî ïîñëåäîâàòåëü-
íîñòè íîðìèðîâàííûõ ôóíêöèé, ñõîäÿùèõñÿ ïî íîðìå ê ðàçëàãàåìîé
ôóíêöèè, ìíîæèòåëåì Âåéëÿ ÿâëÿåòñÿ, êàê è äëÿ îðòîíîðìèðîâàííûõ
ñèñòåì (ñì. [5, Ãë. 9]), ïîñëåäîâàòåëüíîñòü λk = log22(k + 1). Ýòî óñè-
ëåíèå ðåçóëüòàòà èç [7], ãäå áûëî äîêàçàíî, ÷òî äëÿ îðòîðåêóðñèâíûõ
ðàçëîæåíèé, ñõîäÿùèõñÿ ïî íîðìå ê ðàçëàãàåìîé ôóíêöèè, ìíîæèòåëåì
Âåéëÿ ÿâëÿåòñÿ ïîñëåäîâàòåëüíîñòü λk =

√
k. Óëó÷øèòü òåîðåìó 3 íåëü-

çÿ, òàê êàê îêîí÷àòåëüíîñòü ìíîæèòåëÿ Âåéëÿ log22(k + 1) óñòàíîâëåíà
äàæå äëÿ îðòîíîðìèðîâàííûõ ñèñòåì (ñì. â [3] è [5, ãë. 9, � 1]).
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ÓÄÊ 517.9

Îá îäíîì êëàññå ðàçíîñòíûõ îïåðàòîðîâ1

Ã. Â. Ãàðêàâåíêî, Í. Á. Óñêîâà (Âîðîíåæ, Ðîññèÿ)
g.garkavenko@mail.ru, nat-uskova@mail.ru

Â ðàáîòå ðàññìàòðèâàåòñÿ ðàçíîñòíûé îïåðàòîð âòîðîãî ïîðÿäêà ñ èíâîëþöèåé
ïðè ïîòåíöèàëå. Ïîëó÷åíû óñëîâèÿ íà ïîòåíöèàë, ïðè êîòîðûõ âîçìîæíî ïðå-
îáðàçîâàíèå ïîäîáèÿ èññëåäóåìîãî îïåðàòîðà â îïåðàòîð áëî÷íî-äèàãîíàëüíîãî
âèäà è ïðèâåäåíû îöåíêè åãî ñîáñòâåííûõ çíà÷åíèé.
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On a class of di�erence operators1
G. V. Garkavenko, N. B. Uskova (Voronezh, Russia)
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We consider the di�erence operator two order with involution. The conditions for
the potential, in which the similarity transform this operator for the block-diagonal
operator was obtained. We obtain also the asymptotic estimates for the eigenvalues.

Keywords: di�erence operator, method of similar operators, spectrum.
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Â ðàáîòàõ [1] � [6] èññëåäîâàëèñü ñïåêòðàëüíûå ñâîéñòâà ðàçíîñòíîãî
îïåðàòîðà, âîçíèêàþùåãî ïðè äèñêðåòèçàöèè äèôôåðåíöèàëüíîãî îïå-
ðàòîðà âòîðîãî ïîðÿäêà ñ ðàñòóùèì ïîòåíöèàëîì. Ïîëó÷åíû àñèìïòîòè-
÷åñêèå îöåíêè ñîáñòâåííûõ çíà÷åíèé, ñîáñòâåííûõ âåêòîðîâ è ñïåêòðàëü-
íûõ ïðîåêòîðîâ. Ïåðâîíà÷àëüíî çàäà÷à èññëåäîâàíèÿ òàêîãî ðàçíîñòíî-
ãî îïåðàòîðà ñòàâèëàñü â [7]. Â íàñòîÿùåé ðàáîòå èçó÷àåòñÿ ðàçíîñòíûé
îïåðàòîð, ñîîòâåòñòâóþùèé äèñêðåòèçàöèè îïåðàòîðà âòîðîãî ïîðÿäêà ñ
ðàñòóùèì ïîòåíöèàëîì ñ èíâîëþöèåé, ò. å. îïåðàòîðó d2x/dt2−q(−t)x(t)
è èçó÷àåòñÿ âîïðîñ åãî ïðèâåäåíèÿ ñ ïîìîùüþ ïðåîáðàçîâàíèÿ ïîäîáèÿ ê
îïåðàòîðó áëî÷íî-äèàãîíàëüíîãî âèäà. Ïðè ýòîì âûïèñûâàþòñÿ óñëîâèÿ
íà ïîòåíöèàë, ïðè êîòîðûõ òàêîå ïðåîáðàçîâàíèå âîçìîæíî.

Çàìåòèì, ÷òî äèôôåðåíöèàëüíûå îïåðàòîðû âòîðîãî ïîðÿäêà ñ èíâî-
ëþöèåé àêòèâíî èçó÷àþòñÿ â íàñòîÿùåå âðåìÿ (ñì., íàïðèìåð, [8] � [10]).

Ïåðåéäåì ê áîëåå ïîäðîáíîé ïîñòàíîâêå çàäà÷è. Êàê îáû÷íî, ÷å-
ðåç l2(Z) îáîçíà÷åíî ãèëüáåðòîâî ïðîñòðàíñòâî äâóñòîðîííèõ êîìïëåêñ-
íûõ ïîñëåäîâàòåëüíîñòåé y : Z → C, ñóììèðóåìûõ ñ êâàäðàòîì ìî-
äóëÿ

∑
i∈Z

|y(i)|2 < ∞, ñî ñêàëÿðíûì ïðîèçâåäåíèåì (x, y) =
∑
i∈Z

x(i)y(i)

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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è ñ íîðìîé ∥y∥2 =
(∑
i∈Z

|y(i)|2
)1/2

, ïîðîæäàåìîé ýòèì ñêàëÿðíûì ïðî-

èçâåäåíèåì. Ââåäåì â ðàññìîòðåíèå ñëåäóþùèå ïðîñòðàíñòâà îïåðàòî-
ðîâ. Ñèìâîëîì End l2 îáîçíà÷èì áàíàõîâó àëãåáðó îãðàíè÷åííûõ ëèíåé-
íûõ îïåðàòîðîâ, äåéñòâóþùèõ â l2 ñ íîðìîé ∥X∥ = sup

∥x∥≤1

∥Xx∥, x ∈ l2,

X ∈ End l2. Íàì òàêæå ïîòðåáóåòñÿ áîëåå óçêîå ïîäïðîñòðàíñòâî îïåðà-
òîðîâ èç End l2. Ïóñòü {Qn, n ∈ Z} � äèçúþíêòíàÿ ñèñòåìà îðòîïðîåê-
òîðîâ â End l2. Òîãäà êàæäîìó îïåðàòîðó X ∈ End l2 ìîæíî ïîñòàâèòü â
ñîîòâåòñòâèå äâå ìàòðèöû: ÷èñëîâóþ X ∼ (xij) îòíîñèòåëüíî ñòàíäàðò-
íîãî áàçèñà {en, n ∈ Z}, en(k) = δnk, n, k ∈ Z, δnk � ñèìâîë Êðîíåêå-
ðà è îïåðàòîðíóþ X ∼ (Xij), ãäå Xij = QiXQj, i, j ∈ Z, îòíîñèòåëü-
íî ââåäåííîé ñèñòåìû îðòîïðîåêòîðîâ. Îïåðàòîð X ∈ End l2 îòíåñåì ê
End1 l2 ⊂ End l2, åñëè êîíå÷íà âåëè÷èíà

∑
p∈Z

max
i−j=p

∥QiXQj∥, ïðèíèìàåìàÿ

çà íîðìó â End1 l2. Òàêèì îáðàçîì, End1 l2 � ïîäïðîñòðàíñòâî îïåðà-
òîðîâ èç End l2, (îïåðàòîðíûå) ìàòðèöû êîòîðûõ èìåþò ñóììèðóåìûå
äèàãîíàëè. Çàìåòèì, ÷òî â ðàáîòàõ [1] � [6] èñïîëüçîâàëîñü èìåííî ýòî
ïðîñòðàíñòâî â êà÷åñòâå ïðîñòðàíñòâà äîïóñòèìûõ âîçìóùåíèé ìåòîäà
ïîäîáíûõ îïåðàòîðîâ.

Ðàññìîòðèì â ïðîñòðàíñòâå l2 ðàçíîñòíûé îïåðàòîð E : D(E) ⊂ l2 →
l2, äåéñòâóþùèé ïî ôîðìóëå (Ex)(n) = x(n − 1) + x(n + 1) − 2x(n) −
q(−n)x(n), n ∈ Z, ãäå q : Z → C � ðàñòóùàÿ ïîñëåäîâàòåëüíîñòü, óñëî-
âèÿ íà êîòîðóþ ïîÿâÿòñÿ íèæå. Îáëàñòü îïðåäåëåíèÿ D(E) îïåðàòîðà E
ñîñòîèò èç òàêèõ x ∈ l2, ÷òî Ex ∈ l2, ò. å.

∑
n∈Z

|q(−n)x(n)|2 < ∞. Ñëåäóÿ

äàëåå îáùåé ñõåìå ìåòîäà ïîäîáíûõ îïåðàòîðîâ [1], îïåðàòîð E ïðåäñòàâ-
ëÿþò â âèäå E = A − B, ãäå A � îïåðàòîð ñ äèàãîíàëüíîé ìàòðèöåé è
B ∈ End1 l2 (ñì. [1] � [6]). Ïðåîáðàçîâàíèåì ïîäîáèÿ îïåðàòîð E ïðèâîäèò
ê îïåðàòîðó A− Y , ãäå Y ∈ End1 l2 òàêæå èìååò äèàãîíàëüíóþ ìàòðèöó
(èëè ìàòðèöó, èìåþùóþ íåíóëåâîé öåíòðàëüíûé áëîê ïîðÿäêà 2k + 1,
ãäå k ∈ Z+ � íåêîòîðîå ÷èñëî è íåíóëåâóþ ãëàâíóþ äèàãîíàëü). Â ðàñ-
ñìàòðèâàåìîì ñëó÷àå ýòîò âàðèàíò íå ïðîõîäèò, òàê êàê ó îïåðàòîðà E
ñòîèò ðàñòóùàÿ ïîñëåäîâàòåëüíîñòü ïî ïîáî÷íîé äèàãîíàëè. Ïîýòîìó ìû
áóäåì îñóùåñòâëÿòü áëî÷íóþ äèàãîíàëèçàöèþ îïåðàòîðà E , ò. å. áóäåì
ïðåîáðàçîâàíèåì ïîäîáèÿ ïðèâîäèòü åãî ê ñëåäóþùåìó âèäó: ïî ãëàâíîé
äèàãîíàëè áóäóò ñòîÿòü íåíóëåâûå áëîêè ðàçìåðà 2 × 2 è öåíòðàëüíûé
áëîê ðàçìåðà 2k + 1× 2k + 1.

Ïóñòü Pn(x) = (x, en)en+(x, e−n)e−n, n ∈ N, P0(x) = (x, e0)e0, ãäå em,
m ∈ Z, � âåêòîðû ñòàíäàðòíîãî áàçèñà â l2. Â êà÷åñòâå íåâîçìóùåííî-
ãî îïåðàòîðà áåðåì îïåðàòîð A =

∑
n∈Z+

PnEPn, à âîçìóùåíèåì ñ÷èòàåì
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îïåðàòîð B = E −
∑
n∈Z+

PnEPn. Î÷åâèäíî, ÷òî B ∈ End1 l2. Îïåðàòîð A

èìååò ñîáñòâåííûå çíà÷åíèÿ, ñîâïàäàþùèå ñ îáúåäèíåíèåì ñîáñòâåííûõ
çíà÷åíèé ìàòðèö (

−2 q(n)

q(−n) −2

)
.

À èìåííî,
σ(A) =

⋃
n∈Z+

σn,

ãäå σ0 = {q(0)− 2}, σn = {−2±
√
q(n)q(−n)}, n ∈ N. Ñîîòâåòñòâóþùèå

îðòîãîíàëüíûå ñîáñòâåííûå âåêòîðû íàõîäÿòñÿ â ImPn è â ImPn, n ∈ N,
èìåþò êîîðäèíàòû en,1 = (1,−

√
q(−n)
q(n) ), en,2 = (

√
q(n)
q(−n) , 1), n ∈ N. Òàêèì

îáðàçîì, â áàçèñå èç ñâîèõ ñîáñòâåííûõ âåêòîðîâ ìàòðèöà Ã îïåðàòîðà
A äèàãîíàëüíà. Íî, ÷òîáû ýòî áûëî âîçìîæíî, íåîáõîäèìî òðåáîâàòü
ñáàëàíñèðîâàííîñòü ïîñëåäîâàòåëüíîñòè q : Z → C (ïîòåíöèàëà q): ïóñòü
ñóùåñòâóþò òàêèå êîíñòàíòû c1 > 0, c2 > 0, ÷òî

c1|q(−n)| < |q(n)| < c2|q(−n)|. (1)

Â áàçèñå e0, ei,1, ei,2, i ∈ N, ìàòðèöà âîçìóùåíèÿ B̃ èìååò íåíóëåâûå
áëîêè Bi,i+1 è Bi,i−1, êîòîðûå ëåãêî ìîæíî íåïîñðåäñòâåííî âû÷èñëèòü.
Ïðè ýòîì B̃ = U−1BU ∈ End1 l2.

Òåïåðü ê îïåðàòîðó Ã− B̃ ìîæíî ïðèìåíèòü ñõåìó ìåòîäà ïîäîáíûõ
îïåðàòîðîâ èç, íàïðèìåð, [4].

Èìååò ìåñòî

Òåîðåìà 1. Ïóñòü âûïîëíåíî óñëîâèå (1) è

γi = dist (σi, σ(Ã) \ σi) → ∞ (2)

ïðè i → ∞. Òîãäà ñóùåñòâóåò òàêîå k > 0, ÷òî îïåðàòîð E ïîäîáåí
îïåðàòîðó Ã−P(k)XP(k)−

∑
i>k

PiXPi, ãäå X ∈ End1 l2 � ðåøåíèå íåêîòî-

ðîãî íåëèíåéíîãî óðàâíåíèÿ ìåòîäà ïîäîáíûõ îïåðàòîðîâ è åãî ìîæíî
íàéòè ìåòîäîì ïðîñòûõ èòåðàöèé, ïðè÷åì X(0) = 0, X(1) = B̃ è ò. ä.

Òåîðåìà 2. Â óñëîâèÿõ òåîðåìû 1 ñîáñòâåííûå çíà÷åíèÿ λ̃n,1 è λ̃n,2
èìåþò àñèìïòîòèêó

|λ̃n,i − λn,i| ≤ c3γ
−1
n , i = 1, 2,

ãäå c3 > 0.
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ÓÄÊ 517.9

Ïðèìåíåíèå ìåòîäà îáîáùåííûõ ñòåïåíåé
äëÿ ïîñòðîåíèÿ ðåøåíèé êâàòåðíèîííîãî

âàðèàíòà ñèñòåìû Êîøè-Ðèìàíà1

Þ. À. Ãëàäûøåâ, Å. À. Ëîøêàðåâà (Êàëóãà, Ðîññèÿ)
losh-elena@yandex.ru

Ðàññìàòðèâàåòñÿ îáîáùåííàÿ ñèñòåìà Êîøè-Ðèìàíà äëÿ êâàòåðíèîííûõ ôóíê-
öèé â âîñüìèìåðíîì ïðîñòðàíñòâå. Èçó÷åíû íåêîòîðûå êëàññû ðåøåíèé ýòîé ñè-
ñòåìû è çàÿâëåíî, ÷òî ñóùåñòâóåò âîçìîæíîñòü èñïîëüçîâàíèÿ äëÿ ïîñòðîåíèÿ
ðåøåíèé ýòîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé îáîáùåííûõ ñòåïåíåé. Â
íàñòîÿùåì ñîîáùåíèè óêàçàí îäèí èç ñïîñîáîâ ðåøåíèÿ ýòîé çàäà÷è.

Êëþ÷åâûå ñëîâà: îáîáùåííûå ñòåïåíè Áåðñà, êâàòåðíèîíû, ñèñòåìà Êîøè-
Ðèìàíà.

Application of the generalized degree method
for constructing solutions of the quaternion
variant of the Cauchy-Riemann system1

Yu. A. Gladyshev, E. A. Loshkareva (Kaluga, Russia)
losh-elena@yandex.ru

A generalized Cauchy-Riemann system for quaternionic functions in an eight-
dimensional space is considered. Some classes of solutions of this system are studied
and it is stated that it is possible to use generalized degrees of di�erential equations
to construct solutions of this system. This message indicates one of the ways to solve
this problem.

Keywords: generalized degrees of Bers, quaternions, Cauchy-Riemann system.

Ââåäåíèå

Îáîáùåííàÿ ñèñòåìà Êîøè-Ðèìàíà â ïðîñòðàíñòâå R8 [1] èìååò âèä

D1X −ΨD2 = 0,

XD̄2 + D̄1Ψ = 0

}
. (1)

Çäåñü X,Ψ - ôóíêöèè ïåðåìåííîé xi
(
i = 1, 8

)
, ïðèíèìàþùèå çíà÷åíèÿ

â òåëå êâàòåðíèîíîâ ñ ñèñòåìîé åäèíèö ei
(
i = 0, 3

)
, à D1, D2 êâàòåðíè-

îíûå îïåðàòîðû

D1 =
3∑
0

ei
∂

∂xi+1
, D2 =

3∑
0

ei
∂

∂xi+5
, i =

(
0, 3
)
. (2)

Äàëåå ïåðåìåííûå x5, x6, x7, x8 äëÿ óäîáñòâà îáîçíà÷èì yk, k = (1, 4).

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Îá îäíîì èñïîëüçîâàíèè ìåòîäà îáîùåííûõ ñòåïåíåé

Ñèñòåìà (1) äîïóñêàåò ââåäåíèå íîâûõ ôóíêöèé α, β îò xi, yk âèäà

X = D̄1α + βD2, ψ = −αD̄2 +D1β. (3)

Ïðåäïîëàãàÿ, ÷òî α, β òàêîâû, ÷òî X,Ψ èìåþò íåïðåðûâíûå ïåðâûå
ïðîèçâîäíûå, óáåæäàåìñÿ, ÷òî ôóíêöèè α, β ãàðìîíè÷åñêèå êâàòåðíèî-
íû (

D1D̄1 +D2D̄2

)
α = 0,

(
D1D̄1 +D2D̄2

)
β = 0, (4)

òî åñòü âñå êîìïîíåíòû α, β ÿâëÿþòñÿ ðåøåíèÿìè âîñüìèìåðíîãî óðàâ-
íåíèÿ Ëàïëàñà.

Îáðàòíî, åñëè α, β óäîâëåòâîðÿþò (4), òî X ′,Ψ′ è X ′′,Ψ′′

X ′ = D̄1α, Ψ′ = −αD̄2, (5)

X ′′ = βD2, Ψ′′ = D̄1β, (6)

äàþò ðåøåíèÿ ñèñòåìû (1).
Òàêèì îáðàçîì ïðåîáðàçîâàíèå (3) ñâîäèò ðåøåíèå ñèñòåìû (1) ê ïî-

ñòðîåíèþ ðåøåíèé óðàâíåíèÿ Ëàïëàñà è ïîñëåäóþùåìó èñïîëüçîâàíèþ
ñîîòíîøåíèé (5), (6).

Ïîñêîëüêó ïðè ôèçè÷åñêîé èíòåðïðåòàöèè ñèñòåìû (1) îíà ñîâïàäàåò
ñ ñèñòåìîé Ìàêñâåëëà [2,3,4], ïðè îïðåäåëåííîì îòîæäåñòâëåíèè êîìïî-
íåíò Xi,Ψi ñ íàïðÿæåííîñòÿìè ïîëåé , òî âåëè÷èíû α, β ìîæíî ñâÿçàòü
ñ ýëåêòðè÷åñêèìè è ìàãíèòíûìè ïîòåíöèàëàìè. Ïîýòîìó íàçîâåì α, β
êâàòåðíèîííûìè ïîòåíöèàëàìè.

Äëÿ ïðèëîæåíèÿ ÎÑ ââåäåì êîìïëåêñíûå ïåðåìåííûå

zk = xk + iyk, z̄k = xk − iyk, i = 1, 4. (7)

Çàïèøåì ñîîòâåòñòâóþùèå îïåðàòîðû

Dk =
∂
∂zk

= 1
2

(
∂
∂xk

− i ∂
∂yk

)
, D̄k =

∂
∂z̄k

= 1
2

(
∂
∂xk

+ i ∂
∂yk

)
, (8)

à òàê æå èõ ïðàâûå îáðàòíûå

Ik =
zk�
zk0

dξ..., Īk =
z̄k�
z̄k0

dη.... (9)

Îãðàíè÷èì èõ äåéñòâèå ÷èñòî àëãåáðàè÷åñêèìè îïåðàöèÿìè íàä ïå-
ðåìåííûìè zk, z̄k. Ââåäåííûå îïåðàòîðû îáëàäàþò âñåìè ñâîéñòâàìè,
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íåîáõîäèìûìè äëÿ ïðèìåíåíèÿ ìåòîäà ÎÑ. Íèæå âñþäó èñïîëüçîâàí
ïàðàìåòðè÷åñêèé âàðèàíò ìåòîäà ÎÑ. Ïîýòîìó ôóíêöèè, èñïîëüçóå-
ìûå âî âñåõ âûðàæåíèÿõ è êîíñòðóêöèÿõ, ÿâëÿþòñÿ êîìïëåêñíîçíà÷-
íûìè îäíîêîìïîíåíòíûìè ôóíêöèÿìè âîñüìè êîìïëåêñíûõ ïåðåìåííûõ
zk, z̄k, k = 1, 4. Â ïåðåìåííûõ zk, z̄k óðàâíåíèå Ëàïëàñà çàïèøåì

4∑
k=1

4 ∂2αi

∂zk∂z̄k
= 0,

4∑
k=1

4 ∂2βi
∂zk∂z̄k

= 0, i = 1, 4, (10)

èëè, ïðèíÿâ îáîçíà÷åíèå Dk = 4 ∂2

∂zk∂z̄k
, êàê

4∑
k=1

Dkαi = 0,
4∑

k=1

Dkβi = 0. (11)

Äëÿ îáîáùåííîé êîíñòàíòû Ñ íàéäåì

C =
4∏

k=1

(f1k (zk) + f2k (z̄k)). (12)

Çäåñü f1k, f2k àíàëèòè÷åñêèå ôóíêöèè ñîîòâåòñòâóþùèõ êîìïëåêñíûõ ïå-
ðåìåííûõ. Èç âèäà Ñ ñëåäóåò, ÷òî îíà ïðåäñòàâëåíà êàê ïðîèçâåäåíèå
ôóíêöèé, çàâèñÿùèõ îò ïàð ïåðåìåííûõ zk, z̄k .

Â äàëüíåéøåì â êà÷åñòâå f1k, f2k âîçüìåì âàæíûé ñëó÷àé ñòåïåííûõ
ôóíêöèé

f1k = c1kz
lk
k , f2k = c2kz̄

mk

k . (13)

Êîìïëåêñíûå âåëè÷èíû c1k, c2k äàþò â äàëüíåéøåì ïðè ïîäñòàíîâêå
â (12) 16 ïðîèçâåäåíèé. Íàçîâåì ýòè ïðîèçâîëüíûå ïîñòîÿííûå ïàðàìåò-
ðàìè. Äàëåå áóäåì èñïîëüçîâàòü èíòåãðàëüíûå îïåðàòîðû Ik , îïðåäåëèâ
èõ íà îñíîâå (9) êàê

Ik =
1
4

zk�
zk0

dη
z̄k�
z̄k0

dξ, k = 1, 4. (14)

Íàïîìíèì, ÷òî zk, z̄k ðàññìàòðèâàþòñÿ êàê íåçàâèñèìûå ïåðåìåííûå.
Îáîçíà÷åííàÿ ñòåïåíü X(p)C îïðåäåëåíà

X
(p1)
1 X

(p2)
2 X

(p3)
3 X

(p4)
4 C = p1!p2!p3!p4!I

(p1)
1 I

(p2)
2 I

(p3)
3 I

(p4)
4 C =

4∏
k=1

pk!I
(pk)
k C.

(15)
Ëåâàÿ ñòîðîíà ôîðìóëû èìååò ñèìâîëè÷åñêèé õàðàêòåð è óêàçûâàåò íà
êîíñòðóêöèþ è ñâîéñòâà ïðàâîé ÷àñòè, êîòîðàÿ ìîæåò áûòü âû÷èñëåíà
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êàê êîìïëåêñíàÿ ôóíêöèÿ 8 êîìïëåêñíûõ ïåðåìåííûõ zk, z̄k, k = 1, 4 .
Äåéñòâèòåëüíî, èñïîëüçóÿ (11) è íåçàâèñèìîñòü êîìïëåêñíûõ ïåðåìåí-
íûõ, íàéäåì, ïðîâîäÿ îïåðàöèè èíòåãðèðîâàíèÿ ïî êîìïëåêñíûì ïåðå-
ìåííûì ïðè Ñ, îïðåäåëåííîì â (11)

X(p)C =
4∏

k=1

pk!

(
lk!z

pk+lk
k

(pk + lk)!pk!
ck1 +

mk!z
pk
k z̄

pk+mk

k

(pk +mk)!pk!
ck2

)
. (16)

Ïî ïîñòðîåíèþ (15) èìååò ñëåäóþùèå ïðàâèëà ¾äèôôåðåíöèðîâà-
íèÿ¿, òî åñòü äåéñòâèÿ îïåðàòîðîâ

Di

4∏
k=1

X
(pk)
k C = pi

4∏
k=1

X
(pk−δki)
k C, (17)

ãäå δki äåëüòà Êðîíåêåðà. Ñîñòàâèì ëèíåéíóþ êîìáèíàöèþ ñòåïå-
íåé X(p)C, ïîäñòàâèâ åå â ñèìâîëè÷åñêîé ôîðìå êàê ñòåïåíü ñóììû∑
αkX

(1)
k C

Vn =

(
4∑

k=1

αkX
(1)
k

)n

. (18)

Çäåñü αk íåêîòîðûå ïðîèçâîëüíûå äåéñòâèòåëüíûå ÷èñëà. Ïðåæäå ÷åì
ïåðåõîäèòü ê ïîñòðîåíèþ áàçèñíûõ ðåøåíèé (10) ïðèâåäåì ñëåäóþùóþ
ôîðìóëó

Di

(
4∑
j=1

αjX
(p)
j

)n

= nαi

(
4∑
j=1

αjX
(p−1)
j

)n−1

. (19)

Èç âèäà (19) ñëåäóåò, ÷òî âûðàæåíèå Vn , ââåäåííîå â (18) óäîâëåòâîðÿåò
(10), åñëè ïîòðåáîâàòü

4∑
j=0

αj = 0. (20)

Åñòü âîçìîæíîñòü ïîñòðîèòü ðåøåíèå ìåòîäîì ÎÑ íåñêîëüêî â äðó-
ãîì âèäå.
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Ïðåîáðàçîâàíèÿ Ôóðüå ñâåðòîê ôóíêöèé èç
ïðîñòðàíñòâ Ëåáåãà è Ëîðåíöà1
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Â ðàáîòå ïðèâîäÿòñÿ óñëîâèÿ âåñîâîé èíòåãðèðóåìîñòè ïðåîáðàçîâàíèé Ôóðüå
ñâåðòîê ôóíêöèé èç ïðîñòðàíñòâ Ëîðåíöà è Ëåáåãà, à òàêæå êîëè÷åñòâåííûå
îöåíêè, ñâÿçàííûå ñ ýòîé èíòåãðèðóåìîñòüþ. Äîêàçàíà íåóëó÷øàåìîñòü ïîëó-
÷åííûõ ðåçóëüòàòîâ.

Êëþ÷åâûå ñëîâà: ïðåîáðàçîâàíèå Ôóðüå, âåñîâàÿ èíòåãðèðóåìîñòü, ñâåðòêà, ïðî-
ñòðàíñòâî Ëåáåãà, ïðîñòðàíñòâî Ëîðåíöà.
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0006).

Fourier transforms of convolutions of functions
from Lebesgue and Lorentz spaces1

B. I. Golubov (Dolgoprudnyi, Russia),
S. S. Volosivets (Saratov, Russia)

golubovboris1939@gmail.com, volosivetsss@mail.ru

In the paper the conditions for weighted integrability of Fourier transforms of
convolutions of functions from Lebesgue and Lorentz spaces and the quantitative
estimates connected with such integrabilty are given. The sharpness of obtained results
is proved.

Keywords: Fourier transform, weighted integrability, convolution systems, Lebesgue
space, Lorentz space.
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Ââåäåíèå

Ïóñòü Lp(R), 1 ≤ p <∞, îáîçíà÷àåò ïðîñòðàíñòâî èçìåðèìûõ ïî Ëåáåãó
íà R = (−∞,∞) ôóíêöèé, äëÿ êîòîðûõ íîðìà

∥f∥p =

�

R

|f(x)|p dx

1/p

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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êîíå÷íà. Ïðè p = ∞ âìåñòî L∞(R) áóäåì ðàññìàòðèâàòü ïðîñòðàíñòâî
B(R) îãðàíè÷åííûõ èçìåðèìûõ ôóíêöèé èëè ïðîñòðàíñòâî C0(R) íåïðå-
ðûâíûõ ôóíêöèé f(x), ñòðåìÿùèõñÿ ê íóëþ ïðè x → ±∞, ñ íîðìîé
∥f∥∞ = supx∈R |f(x)|.

Äëÿ f ∈ L1(R) îïðåäåëèì êîìïëåêñíîå ïðåîáðàçîâàíèå Ôóðüå f̂ ðà-
âåíñòâîì

f̂(t) = (2π)−1/2

�

R

f(x)e−itx dx.

Ëåãêî âèäåòü, ÷òî â ýòîì ñëó÷àå f̂ ∈ C0(R) (ñì. [1, ãë. 5. ïðåäë. 5.1.2].
Â ñëó÷àå 1 < p ≤ 2 ïðåîáðàçîâàíèå Ôóðüå f̂ ôóíêöèè f ∈ Lp(R)

îïðåäåëÿåòñÿ êàê ïðåäåë ïðè a→ +∞ ôóíêöèè (2π)−1/2
a�

−a
f(t)e−itx dt â

íîðìå Lp
′
(R), ãäå 1/p+ 1/p′ = 1, ò.å.

f̂(x) = (Lp
′
(R)) lim

a→+∞
(2π)−1/2

a�

−a

f(t)e−itx dt.

Â ÷àñòíîñòè, f̂ ∈ Lp
′
(R) è èìååò ìåñòî àíàëîã íåðàâåíñòâà Õàóñäîðôà-

Þíãà ∥f̂∥p′ ≤ (2π)1/(2p
′)−1/(2p)∥f∥p, äîêàçàííûé Å. Òèò÷ìàðøåì (ñì. [2,

ãë. 4, òåîðåìà 74] èëè [1, ãë. 5. ïðåäë. 5.2.5]). Ïðè p = p′ = 2 ïîëó÷àåì
f̂ ∈ L2(R) è â ýòîì ñëó÷àå ñïðàâåäëèâî ðàâåíñòâî Ïëàíøåðåëÿ ∥f∥2 =

∥f̂∥2 (ñì. [1, ãë. 5. òåîðåìà 5.2.4]). Âàæíîé ÷àñòüþ òåîðåìû Ïëàíøåðåëÿ
ÿâëÿåòñÿ âîññòàíîâëåíèå f(x) ïî ôîðìóëå

f(x) = (L2(R)) lim
a→+∞

(2π)−1/2

a�

−a

f̂(t)eitx dt.

Ïóñòü p, q ≥ 1, ωp,q(x) = |x|1/p−1/q. Ðàññìîòðèì âåñîâîå ïðîñòðàíñòâî
Lqωp,q

(R) èçìåðèìûõ íà R ôóíêöèé ñ êîíå÷íîé íîðìîé

∥f∥q,ωp,q
=

�

R

(|x|1/p−1/q|f(x)|)q dx

1/q

=

�

R

|x|q/p−1|f(x)|q dx

1/q

.

Ïóñòü | · | � ìåðà Ëåáåãà è f ∗ � íåâîçðàñòàþùàÿ ïåðåñòàíîâêà f , ò.å.
f ∗ íåñòðîãî óáûâàåò íà (0,+∞) è

|{x ∈ (0,+∞) : f ∗(x) > λ}| = |{x ∈ R : |f(x)| > λ}|
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äëÿ ëþáîãî λ > 0. Òîãäà ïðè 1 ≤ p, q <∞ ïðîñòðàíñòâî Ëîðåíöà Lp,q(R)
(ñì. [3]) ñîñòîèò èç èçìåðèìûõ íà R ôóíêöèé, äëÿ êîòîðûõ êîíå÷íà íîð-
ìà

∥f∥∗Lp,q =

 ∞�

0

(x1/p−1/qf ∗(x))q dx

1/q

=

 ∞�

0

xq/p−1(f ∗(x))q dx

1/q

.

Ëåãêî âèäåòü, ÷òî Lqωq,q
(R) = Lq,q(R) = Lq(R) ïðè 1 ≤ q < ∞. Ïðè

1 ≤ p <∞ ïî îïðåäåëåíèþ

∥f∥∞,ωp,∞ = sup
x∈R

|x|1/p|f(x)|, ∥f∥∗Lp,∞ = sup
x∈R

x1/pf ∗(x).

Äëÿ f ∈ Lp(R), 1 < p ≤ 2, ñïðàâåäëèâî íåðàâåíñòâî Õàðäè-Ëèòòëâóäà�

R

|f̂(x)|p|x|p−2 dx

1/p

≤ C∥f∥p,

èëè ∥f∥p,ωp′,p ≤ C∥f∥p (ñì. [2, ãë. 4, òåîðåìà 80]).
Ñâåðòêà ôóíêöèé f, g ∈ L1

loc(R) (ò.å. f, g èíòåãðèðóåìû ïî Ëåáåãó íà
êàæäîì êîìïàêòå èç R) îïðåäåëÿåòñÿ ðàâåíñòâîì f ∗ g(x) =

�
R
f(x −

y)g(y) dy, åñëè ïîñëåäíèé èíòåãðàë ñóùåñòâóåò. Èçâåñòíî, ÷òî äëÿ f ∈
Lp(R), 1 ≤ p < ∞, g ∈ L1(R), ôóíêöèÿ f ∗ g ïðèíàäëåæèò Lp(R) è
âåðíî íåðàâåíñòâî ∥f ∗g∥p ≤ ∥f∥p∥g∥1 (ñì. [1, ïðåäë. 0.2.2]). Êðîìå òîãî,
äëÿ f ∈ Lp(R), 1 ≤ p ≤ 2, g ∈ L1(R) ñïðàâåäëèâî ðàâåíñòâî f̂ ∗ g(x) =
(2π)1/2f̂(x)ĝ(x), ïî÷òè âñþäó íà R (ñì. [1, ãë. 5, òåîðåìû 5.1.3 è 5.2.12]).
Èñïîëüçóÿ ïëîòíîñòü L1(R) ∩ Lp,q(R) â Lp,q(R) ïðè 1 < p < 2, 1 ≤ q ≤
∞, ìåòîäîì äîêàçàòåëüñòâà òåîðåìû 5.2.12 èç [1] ìîæíî óñòàíîâèòü, ÷òî
ôîðìóëà âûøå âåðíà äëÿ f ∈ Lp,q(R) ïðè 1 < p < 2, 1 ≤ q ≤ ∞.

Â ñëó÷àå òðèãîíîìåòðè÷åñêèõ ðÿäîâ àáñîëþòíàÿ ñõîäèìîñòü ðÿäîâ
Ôóðüå 2π-ïåðèîäè÷åñêèõ ñâåðòîê è åå îáîáùåíèÿ èçó÷àëèñü Ì. Èçóìè è
Ñ. Èçóìè [4], à òàêæå Ê.Îííåâèðîì [5]. Ïîëîæèì äëÿ 2π-ïåðèîäè÷åñêîé
èíòåãðèðóåìîé íà ïåðèîäå ôóíêöèè f (ò.å. f ∈ L1

2π, ïðîñòðàíñòâà L
p
2π

ââîäÿòñÿ àíàëîãè÷íî)

ck(f) = (2π)−1

2π�

0

f(t)e−ikt dt, k ∈ Z,

à äëÿ f, g ∈ L1
2π ñâåðòêà ââîäèòñÿ ðàâåíñòâîì (f ∗g)2π =

2π�
0

f(x−t)g(t) dt.

Áóäåì ïèñàòü òàêæå An ≍ Bn, n ∈ N, åñëè An = O(Bn) è Bn = O(An)
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ïðè n ∈ N. Äàëåå òàêîå æå îáîçíà÷åíèå áóäåò èñïîëüçîâàòüñÿ äëÿ âû-
ðàæåíèé, çàâèñÿùèõ îò ôóíêöèè f . Ðåçóëüòàòû ñëåäóþùåé òåîðåìû A
ñîäåðæàòñÿ â ðàáîòå Ê. Îííåâèðà [5].

Òåîðåìà À. 1) Åñëè g, h ∈ Lp2π, 1 < p ≤ 2, 1/p + 1/p′ = 1, òî ðÿä∑
k∈Z

|ck((g ∗ h)2π)|p
′/2 ñõîäèòñÿ.

2) Äëÿ ëþáîãî 1 < p ≤ 2 íàéäóòñÿ g, h ∈ Lp2π òàêèå, ÷òî äëÿ ëþáîãî
0 < β < p′/2 ðÿä

∑
k∈Z

|ck((g ∗ h)2π)|β ðàñõîäèòñÿ.

Àíàëîã òåîðåìû A äëÿ ïðåîáðàçîâàíèÿ Ôóðüå äîêàçàí â [6].
Í.À. Èëüÿñîâ [7], [8], [9] ðàññìàòðèâàë ïðè r > 0 âåëè÷èíó

(ρ(r)n (f))r =
∑
|k|≥n

|ck(f)|r, n ∈ N,

ãäå f = (g ∗h)2π è èçó÷àë ñîîòíîøåíèÿ ìåæäó ýòîé âåëè÷èíîé è íàèëó÷-
øèìè ïðèáëèæåíèÿìè ôóíêöèé g è h â ñîîòâåòñòâóþùèõ ìåòðèêàõ. Â
÷àñòíîñòè, â [7] èì äîêàçàí òàêîé êîëè÷åñòâåííûé âàðèàíò òåîðåìû A.

Òåîðåìà B. 1) Ïóñòü 1 < p ≤ 2, 1/p + 1/p′ = 1, g, h ∈ Lp2π, f =
(g ∗ h)2π, γ = p′/2. Òîãäà

ρ
(γ)
n+1(f) ≤ C(p)En(g)Lp

2π
En(h)Lp

2π
, n ∈ Z+ = {0, 1, . . . },

ãäå En(g)Lp
2π

= inftn∈Tn ∥g − tn∥Lp
2π

� íàèëó÷øåå ïðèáëèæåíèå òðèãî-
íîìåòðè÷åñêèìè ïîëèíîìàìè tn ïîðÿäêà íå âûøå n (tn ∈ Tn) ôóíêöèè
g ∈ Lp2π â L

p
2π.

2) Ïóñòü 1 < p ≤ 2, 1/p + 1/p′ = 1, α, β > 0, γ = p′/2. Òîãäà
ñóùåñòâóþò g, h ∈ Lp2π, òàêèå ÷òî En(g)Lp

2π
≍ n−α, En(h)Lp

2π
≍ n−β,

n ∈ N, è äëÿ f = (g ∗ h)2π ñïðàâåäëèâî ñîîòíîøåíèå ρ
(γ)
n+1(f) ≍ n−α−β,

n ∈ N.
Õîðîøî èçâåñòåí êðèòåðèé Ì. Ðèññà àáñîëþòíîé ñõîäèìîñòè òðèãî-

íîìåòðè÷åñêîãî ðÿäà (ñì. [10, ãë. 9, � 7]).
Òåîðåìà C. Ðÿä Ôóðüå ôóíêöèè f ∈ L1

2π ñõîäèòñÿ àáñîëþòíî òîãäà
è òîëüêî òîãäà, êîãäà ôóíêöèþ f ìîæíî ïðåäñòàâèòü â âèäå f = (g ∗
h)2π, ãäå g, h ∈ L2

2π.

Â ðàáîòå Í.À. Èëüÿñîâà [9] óñòàíîâëåí êîëè÷åñòâåííûé âàðèàíò ýòîé
òåîðåìû.

Òåîðåìà D. Ïóñòü ïîñëåäîâàòåëüíîñòü{λn}∞n=0 óáûâàåò è ñòðå-
ìèòñÿ ê íóëþ. Òîãäà ìíîæåñòâî íåïðåðûâíûõ 2π-ïåðèîäè÷åñêèõ ôóíê-

öèé f ñî ñâîéñòâîì ρ
(1)
n+1(f) = O(λn), n ∈ Z+, ñîâïàäàåò ñî ìíîæå-

ñòâîì

{(g ∗ h)2π : f, g ∈ L2
2π, En(g)L2

2π
= O(λ1/2n ), En(h)L2

2π
= O(λ1/2n ), n ∈ Z+}.
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Âìåñòî En(g)Lp
2π
ìû áóäåì ðàññìàòðèâàòü íàèëó÷øèå ïðèáëèæåíèÿ

öåëûìè ôóíêöèÿìè ýêñïîíåíöèàëüíîãî òèïà. Ïóñòü σ ≥ 0, g(z) ÿâëÿåòñÿ
öåëîé ôóíêöèåé è äëÿ ëþáîãî ε > 0 ñóùåñòâóåò A = A(ε) > 0, òàêîå
÷òî |g(z)| ≤ Ae(σ+ε)|z| äëÿ âñåõ z ∈ C. Òîãäà áóäåì ãîâîðèòü, ÷òî g(z)
ïðèíàäëåæèò ïðîñòðàíñòâó öåëûõ ôóíêöèé Eσ ýêñïîíåíöèàëüíîãî òèïà
íå âûøå σ. Äëÿ f ∈ Lp,q(R), 1 ≤ p <∞, 1 ≤ q ≤ ∞, σ ≥ 0, îïðåäåëèì

Aσ(f)Lp,q = inf{∥f − g∥Lp,q : g ∈ Lp,q(R) ∩ Eσ}.

Ïðè p = q âìåñòî Aσ(f)Lp,p áóäåì ïèñàòü Aσ(f)p.
Öåëüþ íàøåé ðàáîòû ÿâëÿåòñÿ óñòàíîâëåíèå àíàëîãà òåîðåìû A äëÿ

äâóõ ðàçëè÷íûõ ïðîñòðàíñòâ Ëîðåíöà è ïðåîáðàçîâàíèé Ôóðüå, à òàêæå
òåîðåìû B äëÿ ðàçëè÷íûõ ïðîñòðàíñòâ Ëåáåãà è øèðîêèõ êëàññîâ ïî-
ñëåäîâàòåëüíîñòåé, ýêâèâàëåíòíûõ ïîñëåäîâàòåëüíîñòè íàèëó÷øèõ ïðè-
áëèæåíèé. Ïðèâîäèòñÿ êîëè÷åñòâåííûé àíàëîã òåîðåìû Ì. Ðèññà äëÿ
ïðåîáðàçîâàíèé Ôóðüå.

Îñíîâíûå ðåçóëüòàòû

Òåîðåìà 1. Ïóñòü 1 < p1, p2 < 2, 1 ≤ q1 ≤ p′1, 1 ≤ q2 ≤ p′2, 1/r =
1/p1 + 1/p2 − 1 ∈ (1/2, 1), 1/s = 1/q1 + 1/q2 (ò.å. 1/s ≥ 1/r′). Åñëè
f ∈ Lp1,q1(R), g ∈ Lp2,q2(R), òî h = f ∗ g ∈ Lr,s(R) è ñïðàâåäëèâû
íåðàâåíñòâà�

R

|x|s/r′−1|ĥ(x)|s dx

1/s

≤ C∥f∥∗Lp1,q1∥g∥∗Lp2,q2 ,

 �

|x|≥n

|x|s/r′−1|ĥ(x)|s dx


1/s

≤ CAn(f)Lp1,q1An(g)Lp2,q2 , n ∈ N,

ãäå An(f)Lp,q îïðåäåëåíî â êîíöå Ââåäåíèÿ.

Ñëåäñòâèå 1. Ïóñòü 1 < p1, p2 < 2, 1/r = 1/p1+1/p2− 1 ∈ (1/2, 1).
Åñëè f ∈ Lp1(R), g ∈ Lp2(R), òî h = f ∗ g ∈ Lr(R) è ñïðàâåäëèâû
íåðàâåíñòâà �

R

|ĥ(x)|r′ dx

1/r′

≤ C∥f∥p1∥g∥p2,

 �

|x|≥n

|ĥ(x)|r′


1/r′

≤ CAn(f)p1An(g)p2, (1)
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ãäå An(f)p = An(f)Lp,p.

Òåîðåìà 2. Ïóñòü 1 < p1, p2 < 2, 1 ≤ q1 ≤ p′1, 1 ≤ q2 ≤ p′2, 1/r =
1/p1 + 1/p2 − 1 ∈ (1/2, 1), 1/s = 1/q1 + 1/q2. Åñëè 1 ≤ θ < s, òî
ñóùåñòâóþò f0 ∈ Lp1,q1(R), g0 ∈ Lp2,q2(R), òàêèå ÷òî h0 = f0 ∗ g0 /∈

Lr,θ(R) è èíòåãðàë
∞�
0

xθ/r
′−1|ĥ0(x)|θ dx ðàñõîäèòñÿ.

Çàìå÷àíèå 1. Òåîðåìû 1 è 2 äàþò îáîáùåíèå òåîðåìû A íà ñëó÷àé
ðàçëè÷íûõ ïðîñòðàíñòâ Ëîðåíöà è ïðåîáðàçîâàíèé Ôóðüå.

Äîêàæåì òî÷íîñòü íåðàâåíñòâà (1) èç ñëåäñòâèÿ 1.

Òåîðåìà 3. Ïóñòü 1 < p1, p2 < 2, 1/r = 1/p1 + 1/p2 − 1, ïîñëåäî-
âàòåëüíîñòè {νn}∞n=1 è {µn}∞n=1 óáûâàþò ê íóëþ è äëÿ íèõ âûïîëíåíû
óñëîâèÿ

∞∑
k=n

νp1k k
−1 ≍ νp1n , n ∈ N;

∞∑
k=n

µp2k k
−1 ≍ µp2n , n ∈ N. (2)

Ïóñòü òàêæå {νn}∞n=1 è {µn}∞n=1 óäîâëåòâîðÿþò ∆2-óñëîâèþ νn ≤
Cν2n, µn ≤ Cµ2n, n ∈ N. Òîãäà ñóùåñòâóþò ôóíêöèè f0 ∈ Lp1(R),
g0 ∈ Lp2R), òàêèå ÷òî An(f0)p1 ≍ νn, An(g0)p2 ≍ µn, n ∈ N. è äëÿ
h0 = f0 ∗ g0 ∈ Lr(R) âåðíî, ÷òî �

|x|≥n

(ĥ0(x))
r′ dx


1/r′

≍ νnµn, n ∈ N.

Çàìå÷àíèå 2. Ñëåäñòâèå 1 è òåîðåìà 3 äàþò îáîáùåíèå òåîðåìû B íà
áîëåå øèðîêèé êëàññ äâóñòîðîííèõ ìàæîðàíò íàèëó÷øèõ ïðèáëèæåíèé
è íà ñëó÷àé ïðåîáðàçîâàíèé Ôóðüå. Ëåãêî âèäåòü, ÷òî ïîñëåäîâàòåëüíî-
ñòè νn = n−α, α > 0, µn = n−β, β > 0, óäîâëåòâîðÿþò óñëîâèþ (2).

Òåîðåìà 4. Ïóñòü âûïîëíåíû óñëîâèÿ ñëåäñòâèÿ 1, 2 ≥ θ > r,
γ ∈ (0, r′). Òîãäà ñóùåñòâóþò ôóíêöèè f0 ∈ Lp1(R), g0 ∈ Lp2(R), òàêèå
÷òî h0 = f0 ∗ g0 /∈ Lθ(R) è ĥ0 /∈ Lγ(R).

Â çàêëþ÷åíèå óñòàíîâèì àíàëîã òåîðåìû D.

Òåîðåìà 5. Ïóñòü f ∈ L1(R), f̂ ∈ L1(R) è {εn}∞n=1 � óáûâàþ-
ùàÿ ê íóëþ ïîñëåäîâàòåëüíîñòü. Òîãäà ôóíêöèÿ f óäîâëåòâîðÿåò ñî-
îòíîøåíèþ

�
|x|≥n

|f̂(t)| dt = O(εn), n ∈ N, â òîì è òîëüêî â òîì ñëó-

÷àå, êîãäà f = g ∗ h, ãäå g, h ∈ L2(R) è ïðè ýòîì An(f)2 = O(ε
1/2
n ) è

An(g)2 = O(ε
1/2
n ) äëÿ âñåõ n ∈ N.
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Çàìå÷àíèå 3. Íåêîòîðûå ðåçóëüòàòû äëÿ ìóëüòèïëèêàòèâíûõ ïðå-
îáðàçîâàíèé Ôóðüå. áëèçêèå ê òåîðåìàì 3-5 íàñòîÿùåé ðàáîòû, ìîæíî
íàéòè â [11].
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Ïóñòü Sd ⊂ Rd+1 � åäèíè÷íàÿ ñôåðà. Ìíîæåñòâî óçëîâ {xν}Nν=1 ⊂ Sd
è ïîëîæèòåëüíûõ âåñîâ {λν}Nν=1,

∑N
ν=1 λν = 1, íàçûâàåòñÿ ñôåðè÷åñêèì

s-äèçàéíîì, åñëè êâàäðàòóðíàÿ ôîðìóëà

1

|Sd|

�
Sd
f(x) dx =

N∑
ν=1

λνf(xν)

ñïðàâåäëèâà äëÿ ëþáîãî àëãåáðàè÷åñêîãî ìíîãî÷ëåíà

f(x) =
∑

k1+...+kd+1≤s

ck1...kd+1
xk11 . . . x

kd+1

d+1

ñòåïåíè íå âûøå s. Äèçàéí íàçûâàåòñÿ ìèíèìàëüíûì, åñëè îí ñîäåðæèò
íàèìåíüøåå ÷èñëî óçëîâ N(d, s).

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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P. Delsarte, J.M. Goethals è J.J. Seidel (1977) â ñëó÷àå ðàâíûõ âåñîâ
λ1 = . . . = λN = 1

N äîêàçàëè, ÷òî

N(d, s) ≥ A(d, s) = sup f(1),

ãäå ñóïðåìóì áåðåòñÿ ïî âñåì íåîòðèöàòåëüíûì íåïðåðûâíûì íà îòðåçêå
[−1, 1] ôóíêöèÿì âèäà

f(t) = 1 +
∞∑
k=1

fkPk(t), Pk(t) =
P

(d2−1,d2−1)
n (t)

P
(d2−1,d2−1)
n (1)

,

äëÿ êîòîðûõ f(1) > 0 è fk ≤ 0 äëÿ âñåõ k ≥ s+1. Äàííàÿ îöåíêà îñòàåòñÿ
ñïðàâåäëèâîé è äëÿ ïðîèçâîëüíûõ âåñîâ.

Ðåøåíèå âàðèàíòà çàäà÷è A(d, s) äëÿ ìíîãî÷ëåíîâ ñòåïåíè íå âûøå s
(fk = 0 ïðè k ≥ s+ 1) âëå÷åò îöåíêó æåñòêèõ äèçàéíîâ

N(d, s) ≥
(
d+ [s+1

2 ]− 1

d

)
+

(
d+ [s2 ]

d

)
.

Â.À. Þäèí, Í.Í. Àíäðååâ, P. Boyvalenkov ñ ñîàâòîðàìè ïîêàçàëè, ÷òî
ðåøåíèå îáùåé çàäà÷è A(d, s) ïîçâîëÿåò â íåêîòîðûõ ñëó÷àÿõ óñèëèòü
îöåíêó æåñòêèõ äèçàéíîâ.

Ïðåäëàãàåòñÿ ìåòîä òî÷íîãî ðåøåíèÿ çàäà÷è A(d, s) â ÷àñòíûõ ñëó-
÷àÿõ. Îí áàçèðóåòñÿ íà èäåå Â.Â. Àðåñòîâà è À.Ã. Áàáåíêî (1997) äëÿ
ñôåðè÷åñêèõ êîäîâ, êîòîðàÿ çàêëþ÷àåòñÿ â ñóùåñòâîâàíèè ñïåöèàëüíîé
êâàäðàòóðíîé ôîðìóëû, ñîãëàñîâàííîé ñ ýêñòðåìàëüíîé ôóíêöèåé.

Òåîðåìà. Ïóñòü ñóùåñòâóþò óçëû −1 ≤ r1 < r2 < . . . < ru < ru+1 =
1, âåñà ρ1 > 0, . . . , ρu+1 > 0, öåëûå ÷èñëà s + 1 ≤ k1 < . . . < kv è
íåîòðèöàòåëüíûé íà [−1, 1] ìíîãî÷ëåí f ∗, òàêèå ÷òî

Q(P0) = 1, Q(Pk) = 0, k ∈ {1, . . . , s, k1, . . . , kv},

Q(Pk) > 0, k ∈ {s+ 1, s+ 2, . . .} \ {k1, . . . , kv},

f ∗(t) = 1 +
s∑

k=1

f ∗kPk(t) +
v∑
i=1

f ∗kiPki(t),

f ∗(ri) = 0, i = 1, . . . ,m, f ∗ki < 0, i = 1, . . . , v,

ãäå

Q(f) =
u+1∑
i=1

ρif(ri).

Òîãäà f ∗ � ýêñòðåìàëüíàÿ ôóíêöèÿ è

A(d, s) = f ∗(1) =
1

ρu+1
.
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Ïðàêòè÷åñêîå ïðèìåíåíèå òåîðåìû ñîñòîèò èç ñëåäóþùèõ øàãîâ.
Âíà÷àëå ìåòîäàìè îïòèìèçàöèè ìíîãî÷ëåí f ∗ íàõîäèòñÿ ÷èñëåííî. Ýòî
ïîçâîëÿåò îïðåäåëèòü ïàðàìåòðû u, v, ki â òåîðåìå è íàéòè íà÷àëüíûå
ïðèáëèæåíèÿ íåèçâåñòíûõ óçëîâ ri è âåñîâ ρi. Çàòåì óçëû è âåñà ìî-
ãóò áûòü ðàññ÷èòàíû ñ áîëüøîé òî÷íîñòüþ èç ïîëèíîìèàëüíîé ñèñòåìû
óðàâíåíèé ñ ðàöèîíàëüíûìè êîýôôèöèåíòàìè S(r, ρ) = 0. Äàëåå ìíîãî-
÷ëåí f ∗ óòî÷íÿåòñÿ, äëÿ ÷åãî âåñà ri áåðóòñÿ â êà÷åñòâå äâîéíûõ íóëåé,
à îñòàâøèéñÿ ìíîæèòåëü âû÷èñëÿåòñÿ èç ðåøåíèÿ ñèñòåìû ëèíåéíûõ
óðàâíåíèé. Óáåæäàåìñÿ, ÷òî âñå íóëè f ∗, êðîìå ri, ëåæàò âíå îòðåçêà
[−1, 1] (â êîìïëåêñíîé îáëàñòè), ÷òî âëå÷åò íåîòðèöàòåëüíîñòü f ∗. Ñìîò-
ðèì çíàêè êîýôôèöèåíòîâ f ∗k . Ñâîéñòâî Q(Pk) > 0 ïðîâåðÿåòñÿ êàê è â
ìåòîäå Àðåñòîâà�Áàáåíêî ïðè ïîìîùè îöåíêè Ñòèëòüåñà�Áåðíøòåéíà
äëÿ ìíîãî÷ëåíîâ Ãåãåíáàóýðà.

Òàêèì îáðàçîì, ÷èñëåííî ñ áîëüøîé òî÷íîñòüþ óáåæäàåìñÿ, ÷òî âñå
óñëîâèÿ èç òåîðåìû âûïîëíåíû. ×òîáû óòâåðæäàòü ñóùåñòâîâàíèè ñîîò-
âåòñòâóþùåãî àíàëèòè÷åñêîãî ðåøåíèÿ îñòàåòñÿ ïîêàçàòü, ÷òî â ìàëîé
îêðåñòíîñòè íàéäåííûõ ÷èñëåííî óçëîâ è âåñîâ ñóùåñòâóåò äåéñòâèòåëü-
íîå ðåøåíèå. Äëÿ ýòîãî â ðàçîáðàííûõ ïðèìåðàõ ìû óñïåøíî ïðèìå-
íèëè ôóíêöèþ certify èç áèáëèîòåêè HomotopyContinuation.jl, êîòîðàÿ
ðåàëèçóåò èíòåðâàëüíûé ìåòîä Êðàâ÷óêà ïðîâåðêè ñóùåñòâîâàíèÿ àíà-
ëèòè÷åñêîãî ðåøåíèÿ ñèñòåìû ïîëèíîìèàëüíûõ óðàâíåíèé. Â êà÷åñòâå
ïðèìåðà ïðèâåäåì ðåøåíèå çàäà÷è A(2, 4) = 9.31033 . . . , ãäå u = v = 4,
{k1, . . . , k4} = {7, 12, 17, 22}.
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Â ðàáîòå èçó÷àþòñÿ ñâîéñòâà òî÷êè ãðàíè÷íîé ïîâåðõíîñòè ñèñòåìû íà÷àëü-
íûõ êîýôôèöèåíòîâ â êëàññå îãðàíè÷åííûõ îäíîëèñòíûõ ôóíêöèé, äîñòàâëÿå-
ìîé ñèììåòðèçîâàííîé ôóíêöèåé Ïèêà.
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On the point of the set for coe�cients of
univalent functions, delivered by the function

pick1

V. G. Gordienko (Saratov, Russia)
valeriygor@mail.ru

In this paper we study the properties of a point of the boundary surface for the
system of initial coe�cients in the class of bounded univalent functions, delivered by
a symmetrized Pick function.

Keywords: univalent function, Pontryagin maximum principle, Pick function.

Ââåäåíèå

Ïóñòü S− êëàññ îäíîëèñòíûõ àíàëèòè÷åñêèõ â åäèíè÷íîì êðóãå D = {z :
|z| < 1} ôóíêöèé f , íîðìèðîâàííûõ ðàçëîæåíèåì

f(z) = z +
∞∑
n=2

anz
n

è S(M)− êëàññ ôóíêöèé f ∈ S, óäîâëåòâîðÿþùèõ â D îãðàíè÷åíèþ
|f(z)| < M, M > 1. Êëàññ S(M) îáëàäàåò áîëåå ñëîæíîé ñòðóêòóðîé
ïî ñðàâíåíèþ ñ êëàññîì S(∞) = S. Íà äàííûé ìîìåíò äëÿ âñåõ M > 1
èçâåñòíû òî÷íûå îöåíêè âòîðîãî [1] è òðåòüåãî [2] òåéëîðîâñêèõ êîýôôè-
öèåíòîâ. Â ïåðâîì ñëó÷àå max

f∈S(M)
|a2| äîñòèãàåòñÿ òîëüêî äëÿ âðàùåíèé

ôóíêöèè Ïèêà

PM(z) =MK−1

(
K(z)

M

)
=

∞∑
n=1

pn(M)zn,

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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ãäå K(z)− ôóíêöèÿ Ê¼áå, âî âòîðîì - max
f∈S(M)

|a3|, M ≤ e äîñòèãàåòñÿ

ôóíêöèåé Ïèêà PM2(z) =
[
PM2(z2)

]1/2
è å¼ âðàùåíèÿìè. Ïðè M > e

ôóíêöèè Ïèêà íå ÿâëÿþòñÿ ýêñòðåìàëüíûìè. Òî÷íûå îöåíêè ÷åòâ¼ðòîãî
êîýôôèöèåíòà èçâåñòíû òîëüêî äëÿ M áëèçêèõ ê åäèíèöå [3], ñî çíà-
êîì ðàâåíñòâà äëÿ âðàùåíèé ñèììåòðèçîâàííîé ôóíêöèè PM3(z). Ýòè
ðåçóëüòàòû ïîçâîëèëè, â ñâî¼ âðåìÿ, Õàæèíñêîìó è Òàììè ñôîðìóëèðî-
âàòü ãèïîòåçó î òîì, ÷òî äëÿ êàæäîãî n ≥ 2 ñóùåñòâóåò Mn > 1 òàêîå,
÷òî äëÿ âñåõ M ∈ (1,Mn) è âñåõ ôóíêöèé f ∈ S(M) ñïðàâåäëèâû íåðà-
âåíñòâà

|an| ≤
2

n− 1

(
1− 1

Mn−1

)
ñî çíàêîì ðàâåíñòâà äëÿ âðàùåíèé ôóíêöèè PMn(z) = [PMn(zn)]1/n, êî-
òîðàÿ áûëà äîêàçàíà â ðàáîòàõ [4],[5]. Îòûñêàíèå êîíñòàíò Mn ÿâëÿåòñÿ
òðóäíîé çàäà÷åé.

Ñòðóêòóðà êëàññà S(M) ôîðìèðóåò èíòåðåñ ê îïèñàíèþ ñâîéñòâ ãðà-
íèöû ìíîæåñòâ çíà÷åíèé ôóíêöèîíàëîâ Vn(M) = (a2, a3, . . . , an), â ÷àñò-
íîñòè, ê îòûñêàíèþ ñåäëîâûõ òî÷åê. Ïåðâûé èç òàêèõ ðåçóëüòàòîâ äëÿ
n = 3 ïîëó÷åí â ðàáîòå [6].

Ôîðìóëû, òåîðåìû

Èññëåäóåì õàðàêòåð òî÷êè ãðàíè÷íîé ïîâåðõíîñòè ∂V5(M) ìíîæåñòâà
çíà÷åíèé V5(M) = {a2, a3, a4,Re a5 : f ∈ S(M)}, äîñòàâëÿåìîé ñèì-
ìåòðèçîâàííîé ôóíêöèåé Ïèêà PM4(z). Â ðàáîòå [7] íàéäåíî çíà÷å-
íèå M ∗

5 = 2.06263 . . . òàêîå, ÷òî äëÿ âñåõ M ∈ (1,M∗
5 ) òî÷êà AM =

(0, 0, 0, 1/2(1 − 1/M4)) ãðàíè÷íîé ïîâåðõíîñòè ∂V5(M), äîñòàâëÿåìàÿ
ôóíêöèåé PM4(z), ÿâëÿåòñÿ òî÷êîé ëîêàëüíîãî ìàêñèìóìà, ÷òî äîêàçû-
âàåò ëîêàëüíóþ ãèïîòåçó Õàæèíñêîãî-Òàììè. Ïîïóòíî áûëî óñòàíîâëå-
íî, ÷òî âäîëü îäíîãî èç íàïðàâëåíèé ýòà òî÷êà èìååò óãëîâîé õàðàêòåð.

Â äàííîé ðàáîòå, ìåòîäàìè òåîðèè îïòèìàëüíîãî óïðàâëåíèÿ ñ ïðè-
ìåíåíèåì ïðèíöèïà ìàêñèìóìà Ïîíòðÿãèíà, ïðîäîëæåíî èññëåäîâàíèå
ñâîéñòâ òî÷êè AM . Èçâåñòíî [8], ÷òî ôóíêöèè f äîñòàâëÿþùèå òî÷êè
ãðàíè÷íîé ïîâåðõíîñòè ∂V5(M), âûðàæàþòñÿ ÷åðåç èíòåãðàëû îáîáù¼í-
íîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ Ë¼âíåðà

dw

dt
= −w

3∑
k=1

λk
eiuk + w

eiuk − w
, w|t=0 = z, 0 ≤ t < logM,

ñ íåïðåðûâíûìè ôóíêöèÿìè uk = uk(t) è ïîñòîÿííûìè ÷èñëàìè λk ≥ 0,
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k = 1, . . . , 4,
4∑

k=1

λk = 1. Óðàâíåíèå Ë¼âíåðà ïîçâîëÿåò çàïèñàòü ôàçî-

âóþ ñèñòåìó äëÿ êîýôôèöèåíòîâ ôóíêöèè f(z) =Mw(z, logM). Ãðàíè÷-
íàÿ ïîâåðõíîñòü ìíîæåñòâà V5(M) ïàðàìåòðèçóåòñÿ âåêòîðîì íà÷àëüíûõ
äàííûõ ñîïðÿæ¼ííîé ãàìèëüòîíîâîé ñèñòåìû è ÷èñëàìè λk [8]. Âàðèàöèÿ
âåêòîðà íà÷àëüíûõ äàííûõ è ÷èñåë λk â îêðåñòíîñòè òî÷êè AM , ïîçâî-
ëÿåò ïîëó÷èòü óòâåðæäåíèå

Òåîðåìà 1. Òî÷êà AM = (0, 0, 0, 1/2(1−1/M4)) ãðàíè÷íîé ïîâåðõíî-
ñòè ìíîæåñòâà V5(M) = {a2, a3, a4,Re a5 : f ∈ S(M)}, äîñòàâëÿåìàÿ
ñèììåòðèçîâàííîé ôóíêöèåé Ïèêà PM4(z), ÿâëÿåòñÿ ñåäëîâîé òî÷êîé
äëÿ âñåõ M ≥ 2.550812 . . . .
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Çàäà÷à ñóììèðîâàíèÿ ôóíêöèé ÿâëÿåòñÿ îäíîé èç îñíîâíûõ çàäà÷
òåîðèè êîíå÷íûõ ðàçíîñòåé è ðåøàåò åå çíàìåíèòàÿ ôîðìóëà Ýéëåðà-
Ìàêëîðåíà, ïîëó÷åííàÿ Ýéëåðîì â 1733 ãîäó è íåçàâèñèìî îò íåãî Ìà-
êëîðåíîì â 1738 ãîäó (cì. [1]).

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Â ðàáîòàõ [2], [4] èññëåäîâàëàñü çàäà÷à ðàöèîíàëüíîãî ñóììèðîâàíèÿ,
ò. å. îòûñêàíèÿ ñóìì âèäà

S(x) =
x∑
t=0

φ(t), (1)

ãäå ôóíêöèÿ φ(t) � ðàöèîíàëüíàÿ ôóíêöèÿ. Ðåøåíèå çàäà÷è ñîñòîèò
â îòûñêàíèè ðåøåíèÿ â ñèìâîëüíîì âèäå, ò. å. ÿâíî â âèäå ìàòåìàòè÷å-
ñêîé ôóíêöèè (ôîðìóëû).

Çàäà÷à ñóììèðîâàíèÿ ñâîäèòñÿ ê ðåøåíèþ òàê íàçûâàåìîãî (cì. [3])
òåëåñêîïè÷åñêîãî óðàâíåíèÿ � íåîäíîðîäíîãî ðàçíîñòíîãî óðàâíåíèÿ

(δ − 1)f(x) = φ(x), (2)

ãäå δ � îïåðàòîð ñäâèãà: δf(x) := f(x+ 1).
Ïî àíàëîãèè ñ çàäà÷åé èíòåãðèðîâàíèÿ ôóíêöèé, ðåøåíèå f(x) óðàâ-

íåíèÿ (2) íàçûâàþò äèñêðåòíîé ïåðâîîáðàçíîé ôóíêöèè φ(x). Åñëè f(x)
� äèñêðåòíàÿ ïåðâîîáðàçíàÿ ôóíêöèè φ(x), òîãäà èñêîìàÿ ñóììà ðàâíà

S(x) = f(x+ 1)− f(0). (3)

Ôîðìóëà (3) íàçûâàåòñÿ äèñêðåòíûì àíàëîãîì ôîðìóëû Íüþòîíà�
Ëåéáíèöà.

Ïîäõîä Ýéëåðà ê çàäà÷å îòûñêàíèÿ äèñêðåòíîé ïåðâîîáðàçíîé îñíî-
âàí íà îïåðàòîðíîì ðàâåíñòâå δ = eD, êîòîðîå ïîçâîëÿåò çàïèñàòü óðàâ-
íåíèå (2) â âèäå

Df(x) =

[
D

eD − 1

]
φ(x),

ãäå D � îïåðàòîð äèôôåðåíöèðîâàíèÿ.
Âûðàæåíèå â êâàäðàòíûõ ñêîáêàõ ïðàâîé ÷àñòè ïîñëåäíåãî ðàâåí-

ñòâà íàçûâàåòñÿ îïåðàòîðîì Òîääà è ïîíèìàåòñÿ ñëåäóþùèì îáðàçîì:[
D

eD−1

]
=

∞∑
m=0

bm
m!D

m, ãäå bm � ÷èñëà Áåðíóëëè (ñì., íàïðèìåð, [5]). Òà-

êèì îáðàçîì, ïîëó÷àåì ôîðìóëó Ýéëåðà-Ìàêëîðåíà

x∑
t=0

φ(t) =

x+1�

0

φ(t)dt+
∞∑
m=1

bm
m!

[
φ(m−1)(x+ 1)− φ(m−1)(0)

]
.

Ïîäõîä Ýéëåðà ê çàäà÷å ñóììèðîâàíèÿ ôóíêöèè φ(t) = φ(t1, . . . , tn)
íåñêîëüêèõ ïåðåìåííûõ ïðåäïîëàãàåò, ÷òî íóæíî íàéòè ìíîãîìåðíûé
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àíàëîã óðàâíåíèÿ (2), äàòü îïðåäåëåíèå äèñêðåòíîé ïåðâîîáðàçíîé è ïî-
ëó÷èòü àíàëîã ôîðìóëû Íüþòîíà-Ëåéáíèöà (3). Â äàííîé ðàáîòå ýòî ðå-
àëèçîâàíî â çàäà÷å ñóììèðîâàíèÿ ôóíêöèè ïî öåëûì òî÷êàì n-ìåðíîãî
ïàðàëëåëåïèïåäà (òåîðåìà 1 è ëåììà 1).

Äëÿ ôóíêöèè íåñêîëüêèõ äèñêðåòíûõ àðãóìåíòîâ φ(t) = φ(t1, . . . , tn)
ðàññìàòðèâàåòñÿ çàäà÷à îòûñêàíèÿ ñóììû åå çíà÷åíèé ïî âñåì öåëî÷èñ-
ëåííûì òî÷êàì n-ìåðíîãî ïàðàëëåëåïèïåäà ñ ¾ïåðåìåííîé¿ âåðøèíîé
x ∈ Zn⩾ :

Π(x) = {t ∈ Rn
⩾ : 0 ⩽ tj ⩽ xj, j = 1, . . . , n}. (4)

Èñêîìóþ ñóììó ìîæíî çàïèñàòü òàê:

S(x) =

x1∑
t1=0

· · ·
xn∑
tn=0

φ(t1, . . . , tn) =
∑
t∈Π(x)

φ(t). (5)

Ðåøèòü çàäà÷ó ñóììèðîâàíèÿ � çíà÷èò íàéòè ôîðìóëó, âûðàæàþ-
ùóþ ñóììó (5) ÷åðåç íå çàâèñÿùåå îò x (êîíå÷íîå) ÷èñëî ñëàãàåìûõ.

Ðàçíîñòíîå óðàâíåíèå îòíîñèòåëüíî íåèçâåñòíîé ôóíêöèè f(x) çàïè-
ñûâàåòñÿ ñëåäóþùèì îáðàçîì:

P (δ)f(x) = φ(x), x ∈ Zn⩾. (6)

Îïðåäåëåíèå. Ïîëèíîìèàëüíûé ðàçíîñòíûé îïåðàòîð P (δ) íàçîâåì
îïåðàòîðîì, îáëàäàþùèì ñóììèðóþùèì ýôôåêòîì, åñëè ñóùåñòâóåò
ðåøåíèå f(x) óðàâíåíèÿ (6), òàêîå ÷òî ñóììà (5) âûðàæàåòñÿ ÷åðåç çíà-
÷åíèÿ f(x) â êîíå÷íîì è íå çàâèñÿùåì îò x = (x1, . . . , xn) ÷èñëå òî÷åê.

Â ýòîì ñëó÷àå, åñòåñòâåííûì îáðàçîì, f(x) ìîæíî íàçûâàòü äèñ-
êðåòíîé ïåðâîîáðàçíîé ôóíêöèè φ(x), à ñîîòâåòñòâóþùåå âûðàæåíèå,
ðåøàþùåå çàäà÷ó ñóììèðîâàíèÿ (5) � äèñêðåòíûì àíàëîãîì ôîðìóëû
Íüþòîíà�Ëåéáíèöà.

Äëÿ ëþáîé òî÷êè x îïðåäåëèì îïåðàòîð ïðîåêöèè πj âäîëü îñè xj:

πjx := (x1, . . . , xj−1, 0, xj+1, . . . , xn),

è îïðåäåëèì åãî äåéñòâèå íà ôóíêöèÿõ: πjf(x) := f(πjx).
Îáîçíà÷èì P(A) � áóëåàí (ìíîæåñòâî âñåõ ïîäìíîæåñòâ) ìíîæåñòâà

A. Ïóñòü V := P({1, . . . , n}), J = {j1, . . . , jk} ∈ V .
Åñëè îáîçíà÷èòü πJ = πj1 ◦ . . . ◦ πjk , òî ìíîæåñòâî âåðøèí ïàðàëëåëå-

ïèïåäà (4) ìîæíî çàïèñàòü â âèäå {πJx, J ∈ V }. Îòìåòèì, ÷òî π∅x = x.

Ëåììà 1. Ïóñòü â óðàâíåíèè (6) ðàçíîñòíûé îïåðàòîð P (δ) =
R(δ)(δ−I), ãäå R(δ) � íåêîòîðûé ïîëèíîìèàëüíûé îïåðàòîð. Òîãäà äëÿ
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ëþáîãî ðåøåíèÿ f óðàâíåíèÿ (6) ñïðàâåäëèâ äèñêðåòíûé àíàëîã ôîðìó-
ëû Íüþòîíà-Ëåéáíèöà∑

t∈Π(x)

φ(t) = R(δ)
∑
J∈V

(−1)#Jf(πJ(x+ I)),

ãäå #J � ÷èñëî ýëåìåíòîâ ìíîæåñòâà J .
Ìû âèäèì, ÷òî â ëåììå 1 íàõîæäåíèå çíà÷åíèÿ ñóììû (5) ñâîäèò-

ñÿ ê âû÷èñëåíèþ çíà÷åíèé ôóíêöèè f(x) â âåðøèíàõ ïàðàëëåëåïèïåäà
Π(x+ I), ÷èñëî êîòîðûõ ðàâíî 2n è íå çàâèñèò îò x. Òàêèì îáðàçîì,
îïåðàòîð P (δ) = R(δ)(δ − I) îáëàäàåò ñóììèðóþùèì ýôôåêòîì.

Òåîðåìà 1. Â çàäà÷å ñóììèðîâàíèÿ (5) cóììèðóþùèì ýôôåêòîì
îáëàäàþò ïîëèíîìèàëüíûå ðàçíîñòíûå îïåðàòîðû P (δ) âèäà

P (δ) = R(δ)
n∏
j=1

(δj − 1),

ãäå R(δ) � íåêîòîðûé ïîëèíîì, j = 1, . . . , n, è òîëüêî îíè.

Ïðèìåð. Íàéòè ñóììó S(x1, x2) =
x1∑
t1=0

x2∑
t2=0

φ(t1, t2), ãäå

φ(t1, t2) =
1

(t1 + t2 + 1)(t1 + t2 + 2)(t1 + t2 + 3)
.

Ôóíêöèÿ f(t1, t2) = 1
2(t1 + t2 + 1)−1 ÿâëÿåòñÿ ðåøåíèåì ðàçíîñòíîãî

óðàâíåíèÿ (δ1−1)(δ2−1)f(t) = φ(t). Èìååì P (δ) = (δ1−1)(δ2−1), R ≡ 1.
Èñêîìàÿ ñóììà ðàâíà

S(x) = f(x1 + 1, x2 + 1)− f(x1 + 1, 0)− f(0, x2 + 1) + f(0, 0) =

=
1

2

( 1

x1 + x2 + 3
− 1

x1 + 2
− 1

x2 + 2
+ 1
)
.
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Ââåäåíèå

Â äîêëàäå áóäåò ïðåäñòàâëåíäàåí îáçîð ðåçóëüòàòîâ, ñâÿçàííûõ ñ ñó-
ùåñòâîâàíèåì, êàê ðàíåå èçâåñòíûõ ôóíêöèé óíèâåðñàëüíûõ â òîì èëè
èíîì ñìûñëå â ðàçëè÷íûõ ôóíêöèîíàëüíûõ êëàññàõ, òàê è íîâûõ (ðàç-
ëè÷íûõ òèïîâ îòíîñèòåëüíî êëàññè÷åñêèõ ñèñòåì) óíèâåðñàëüíûõ ôóíê-
öèé: Áóäóò ðàññìîòðåíû ïðîáëåìû, ñâÿçàííûå ñ ñóùåñòâîâàíèåì è ñâîé-
ñòâàìè ôóíêöèé ñ óíèâåðñàëüíûìè ðÿäàìè Ôóðüå â ðàçíûõ ñìûñëàõ
â ðàçëè÷íûõ ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ, à òàêæå áóäåò îïèñàíà
ñòðóêòóðà òàêèõ óíèâåðñàëüíûõ ôóíêöèé.

Ïóñòü M [0, 1]� ñîâîêóïíîñòü âñåõ (íå îáÿçàòåëüíî êîíå÷íûõ) èçìå-
ðèìûõ ôóíêöèé (ñîîòâ. L0[0, 1]) - êëàññ âñåõ (ñîîòâ. ïî÷òè âåçäå êîíå÷-
íûõ ) èçìåðèìûõ íà [0, 1] ôóíêöèé. Ïîä ñõîäèìîñòüþ â ìåòðèêå M [0, 1]

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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èëè â ìåòðèêå L0[0, 1] ìû áóäåì ïîäðàçóìûâàòü ñõîäèìîñòü ïî÷òè âñþ-
äó. Ïóñòü E ⊆ [0, 1] íåêîòîðîå èçìåðèìîå ìíîæåñòâî è |E|� ìåðà Ëåáåãà

èçìåðèìîãî ìíîæåñòâà E ⊆ [0, 1], suppf = { x ∈ [0, 1]; f(x) ̸= 0},
Lp(E) (p > 0) � êëàññ âñåõ òåõ èçìåðèìûõ íà E ôóíêöèé, äëÿ êîòîðûõ�
E |f(x)|pdx <∞ è C(E)−êëàññ âñåõ íåïðåðûâíûõ íà E ⊆ [0, 1] ôóíê-
öèé. Ïóñòü {φk(x)}∞k=1 � ïîëíàÿ îðòîíîðìèðîâàííàÿ ñèñòåìà íà [0, 1], è
ïóñòü ck(U) =

� 1

0 U(x)φk(x)dx, k ∈ N−êîýôôèöèåíòû Ôóðüå ïî ñèñòå-
ìå {φk(x)}∞k=0 ôóíêöèè U ∈ L1[0, 1],(N− ñîâîêóïíîñòü âñåõ íàòóðàëü-
íûõ ÷èñåë). Ïóñòü ìåòðè÷åñêîå ïðîñòðàíñòâî S− êàêîå-íèáóäü èç ïðî-
ñòðàíñòâ M [0, 1], Lp[0, 1], p ≥ 0.

Îïðåäåëåíèå 1. Ïóñòü Λ = {Nm}∞m=1 ⊂ N (ïîäìíîæåñòâî) ïîä-
ïîñëåäîâàòåëüíîñòü { Nm}∞m=1 íàòóðàëüíûõ ÷èñåë, è ïóñòü

ρ(Λ) := sup lim
m→∞

Λm
m
, (1.4)

(çäåñü Λm- ÷èñëî ýëåìåíòîâ èç Λ, íå ïðåâûøàþùèõ m).
ρ(Λ)−íàçûâàåòñÿ ïëîòíîñòüþ ïîäïîñëåäîâàòåëüíîñòè { Nm}∞m=1

(ïîäìíîæåñòâà Λ).
Â ðàáîòàõ [1] -[13] áûëè ïîëó÷åíû íåêîòîðûå ðåçóëüòàòû ñâÿçàííûå ñ

ñóùåñòâîâàíèåì è îïèñàíèåì ñòðóêòóðû ôóíêöèé, ðÿäû Ôóðüå êîòîðûõ
ïî çàäàííîé êëàññè÷åñêîé ñèñòåìå óíèâåðñàëüíû òåì èëè èíûì ñìûñ-
ëîì â ðàçëè÷íûõ ôóíêöèîíàëüíûõ êëàññàõ. Òàêèå ôóíêöèè ìû íàçîâåì
óíèâåðñàëüíûìè îòíîñèòåëüíî êëàññè÷åñêèõ ñèñòåì.

Îïðåäåëåíèå 2. Áóäåì ãîâîðèòü, ÷òî äëÿ êëàññà S îòíîñèòåëüíî
ñèñòåìû {φk(x)}∞k=0 : ôóíêöèÿ U ∈ L1[0, 1]

à) óíèâåðñàëüíà, åñëè ðÿä Ôóðüå ôóíêöèè U(x) ïî ýòîé ñèñòåìå óíè-
âåðñàëåí â S,

á) ïî÷òè óíèâåðñàëüíà, åñëè ìîæíî íàéòè ÷èñëà (çíàêè)
δk = ±1 , k = 0 , 1 , 2 , .., ñ ρ(k ∈ N, δk = 1 ) = 1 òàêèå, ÷òî ðÿä
∞∑
k=0

δkck(U)Wk(x) áûë áû óíèâåðñàëüíûì â S,

â) â ñìûñëå çíàêîâ ñâîèõ êîýôôèöèåíòîâ Ôóðüå ïî ýòîé ñèñòåìå, åñ-
ëè ðÿä Ôóðüå ôóíêöèè U(x) ïî ýòîé ñèñòåìå óíèâåðñàëåí â S â ñìûñëå
çíàêîâ. .

Çàìå÷àíèå 1. Íå ñóùåñòâóåò ôóíêöèè U ∈ L1[0, 1] óíèâåðñàëüíàÿ
äëÿ êëàññîâM [0, 1] è Lp[0, 1], p ∈ (0, 1)îòíîñèòåëüíî òðèãîíîìåòðè÷å-
ñêîé ñèñòåìû (ñîîòâ. îòíîñèòåëüíî ñèñòåìû Óîëøà) Îòìåòèì, ÷òî
â ðàáîòå [2], [5] ïîñòðîåíà èíòðåãðèðóåìàÿ ôóíêöèÿ U(x) óíèâåñàëüíàÿ
äëÿ êëàññîâ Lp[0, 1], p ∈ (0, 1) îòíîñèòåëüíî ñèñòåìû Óîëøà â ñìûñëå
çíàêîâ.
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Îòìåòèì òàêæå, ÷òî íàì íå èçâåñòåí îòâåò è íà âîïðîñ 2:

Âîïðîñ 1. Ñóùåñòâóåò ëè îãðàíè÷åííàÿ îðòîíîðìèðîâàííàÿ ñè-
ñòåìà {φn(x)} òàêàÿ, ÷òî ìîæíî áûëî áû ïîñòðîèòü ôóíêöèþ
U ∈ L1[0, 1] óíèâåðñàëüíóþ äëÿ êëàññà Lp[0, 1], p ∈ (0, 1) èëè äëÿ
êëàññà M [0,1] îòíîñèòåëüíî ýòîé ñèñòåìû .

Ñïðàâåäëèâû ñëåäóþùèå òåîðåìû

Òåîðåìà 1. Ñóùåñòâóåò ôóíêöèÿ U ∈ L1[0, 1] êîòîðàÿ ÿâëÿåòñÿ
ïî÷òè óíèâåðñàëüíîé äëÿ êëàññà M [0, 1]îòíîñèòåëüíî òðèãîíîìåòðè-
÷åñêîé ñèñòåìû {e2πkix}∞k=−∞ .

Òåîðåìà 2. Ñóùåñòâóþò ñîâîêóïíîñòü çàìêíóòûõ ìíîæåñòâ {
Fn}∞n=1, ñ F1 ⊂ ... ⊂ .. Fn ⊂ Fn+1 ⊂ .. ⊂ [0, 1] è limn→∞|Fn| = 1
è ôóíêöèÿ U ∈ L1[0, 1] òàêèõ, ÷òî ôóíêöèÿ U(x) ÿâëÿåòñÿ ïî÷òè
óíèâåðñàëüíîé äëÿ êëàññîâ Lp[0, 1] , p ∈ (0, 1) è L1(Fn ) n ∈ N
îòíîñèòåëüíî òðèãîíîìåòðè÷åñêîé ñèñòåìû {e2πkix}∞k=−∞ .

Òåîðåìà 3. Ñóùåñòâóåò ôóíêöèÿ U ∈ L1[0, 1] (suppU ⊂ [0, ε] ,
çäåñü ε ∈ (0, 1)− íàïåðåä çàäàííîå ÷èñëî) ñî ñõîäÿùèìñÿ ïî L1[0, 1]
íîðìå è ïî÷òè âñþäó íà [0, 1] ðÿäîì Ôóðüå -Óîëøà ñ ìîíîòîííî óáû-
âàþùèìè êîýôôèöèåíòàìè, è êîòîðàÿ ÿâëÿåòñÿ óíèâåðñàëüíîé äëÿ
êëàññà L0[0, 1] îòíîñèòåëüíî ñèñòåìû Óîëøà â ñìûñëå çíàêîâ.

Çàìå÷àíèå 2. Íåòðóäíî âèäåòü, ÷òî òåîðåìà 2 îêîí÷àòåëüíà â
íåêîòîðîì ñìûñëå (íåóëó÷øàåìà), îíà íå âåðíà ïðè p ≥ 1. .

Â ýòîé ðàáîòå ìû îïèøåì ñòðóêòóðó òåõ ôóíêöèé, êîòîðûå ïî÷òè
óíèâåðñàëüíû äëÿ êëàññîâ Lp[0, 1], p ∈ (0, 1)îòíîñèòåëüíî ñèñòåìû Óî-
ëøà ñ òî÷êè çðåíèÿ øèðoêî èçâåñòíûõ êëàññè÷åñêèõ òåîðåì Ëóçèíà è
Ìåíüøîâà "Îá èñïðàâëåíèè ôóíêöèé".

À èìåííî äîêàçûâàåòñÿ ñëåäóþùàÿ

Òåîðåìà 4. Äëÿ ëþáîãî ε ∈ (0 , 1 ) ñóùåñòâóåò ñîâîêóïíîñòü çà-
ìêíóòûõ ìíîæåñòâ { Fn}∞n=1, ñ E1 = F1 ⊂ ... ⊂ .. Fn ⊂ Fn+1 ⊂ .. ⊂
[0, 1] è |E1| ≥ 1−ε , limn→∞|Fn| = |E|,òàêèõ, ÷òî äëÿ êàæäîé ôóíêöèè
f ∈ L1[0, 1] ìîæíî íàéòè ôóíêöèþ g ∈ L1[0, 1], ñîâïàäàþùóþ ñ f íà
E1 ñî ñõîäÿùèìñÿ ïî L1[0, 1] íîðìå ðÿäîì Ôóðüå -Óîëøà ñ ìîíîòîííî
óáûâàþùèìè êîýôôèöèåíòàìè, è òàêóþ, ÷òî îíà áûëà áû óíèâåðñàëü-
íîé äëÿ ïðîñòðàíñòâ äëÿ êëàññîâ Lp[0, 1] , p ∈ (0, 1) è L1(Fn ), C(Fn )
n > 1 ∈ N îòíîñèòåëüíî ñèñòåìû Óîëøà.
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ÓÄÊ 517.535

Çàäà÷à Ãåëüôîíäà îá îöåíêàõ ìîäóëåé
ïîëþñîâ íàèïðîñòåéøèõ äðîáåé1

Ä. ß. Äàí÷åíêî, Â. È. Äàí÷åíêî (Âëàäèìèð, Ðîññèÿ)
vdanch2012@yandex.ru

Ïîëó÷åíû îöåíêè ìîäóëåé ïîëþñîâ íàèïðîñòåéøèõ äðîáåé ñ ìàëûìè íîðìàìè
íà åäèíè÷íîé îêðóæíîñòè.

Êëþ÷åâûå ñëîâà: íàèïðîñòåéøèå ðàöèîíàëüíûå äðîáè, îöåíêè, âû÷åòû.

Gelfond's Problem about estimates for
modules of poles of the simple partial fractions1

D. Ya. Danchenko, V. I. Danchenko(Vladimir, Russia)
vdanch2012@yandex.ru

We are obtained estimates for modules of poles of the simple partial fractions with a
small norms on the unit circle.

Keywords: simple partial fractions, estimates, residues.

Ðàññìîòðèì íàèïðîñòåéøèå äðîáè ïîðÿäêà íå âûøå n ∈ N âèäà

ρn(z) =
n∑
k=1

1

z − ξk
, |ξk| ≥ 1, (1)

ãäå 1
z−ξk ≡ 0 ïðè ξk = ∞. Ïóñòü δ(ρn) := min{|ξk| − 1 : k = 1, . . . , n}.

Ïðè n ∈ N è M > 0 ÷åðåç d(n,M) = inf δ(ρn) îáîçíà÷èì ðàññòîÿíèå
äî åäèíè÷íîé îêðóæíîñòè γ ìíîæåñòâà ïîëþñîâ âñåõ äðîáåé âèäà (1) ñ
óñëîâèåì |ρn(z)| ≤M , z ∈ γ.

Ëåãêî âèäåòü, ÷òî d(n,M) > 0 äëÿ ëþáûõ ôèêñèðîâàííûõ n è M .
À.Î. Ãåëüôîíäó [1] ïðèíàäëåæèò çàäà÷à îá îöåíêå âåëè÷èí d(n,M) ñíèçó
(ýòî îäèí èç âàðèàíòîâ êëàññè÷åñêîé çàäà÷è Å.À. Ãîðèíà [2] îá îöåíêàõ
ðàññòîÿíèé äî ïðÿìûõ). Â [3] ýòà çàäà÷à ðåøåíà ÷àñòè÷íî: ïîêàçàíî, ÷òî

d(n,M) ≥ 1

2

1

n+ 1
ln

n+ 1

1 + 2M ln(3n)
− 1

n+ 1
≍ 1

2

lnn

n
, (2)

ãäå n > n0(M), à â êà÷åñòâå n = n0(M) ìîæíî âçÿòü ëþáîå ðåøåíèå
íåðàâåíñòâà n − 2M ln(2n + 1) ≥ 2, íàïðèìåð, äîñòàòî÷íî âçÿòü n >
4M 2 + 4.

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Îöåíêà (2) ÿâëÿåòñÿ òî÷íîé ïî ïîðÿäêó n. Íàïðèìåð, äëÿ ëîãàðèô-
ìè÷åñêîé ïðîèçâîäíîé (1) îò ìíîãî÷ëåíà zn − n − 1 èìååì |ρn(z)| ≤ 1,
z ∈ γ, è δ(ρn) = (1 + o(1)) lnn/n, n→ ∞.

Îäíàêî ïðè M → 0 è ôèêñèðîâàííûõ n îöåíêà (2) íå îòðàæàåò âîç-
ðàñòàíèÿ ìîäóëåé ïîëþñîâ. Â íàñòîÿøåé çàìåòêå â ýòîì íàïðàâëåíèè
îöåíêà (2) äîïîëíÿåòñÿ ñëåäóþùèì ïðåäëîæåíèåì.

Òåîðåìà 1. Ïðè âûïîëíåíèè óñëîâèé n ≥ 2, M < 1/10, äëÿ äðîáè
(1) èìååì:

2min{|ξj| : j = 1, . . . , n} > M− 1
n+1 . (3)

Îöåíêà (3) òî÷íà ïî ïîðÿäêó âåëè÷èí M è n. Ýòî ïîäòâåðæäàåòñÿ,
íàïðèìåð, ëîãàðèôìè÷åñêîé ïðîèçâîäíîé ìíîãî÷ëåíà Q(z) = zn − rn,
rn > 10n.

Òåîðåìà 1 îáîáùàåòñÿ. Ñïðàâåäëèâà

Òåîðåìà 2.Ïóñòü rn := ρn + f , ãäå ρn � äðîáü âèäà (1), à f �
ôóíêöèÿ êëàññà Õàðäè H∞ âî âíåøíîñòè çàìûêàíèÿ åäèíè÷íîãî êðóãà,
f(∞) = 0. Òîãäà ïðè M := ∥rn∥∞,γ < 1/10 ñïðàâåäëèâà îöåíêà òèïà
(3).
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ÓÄÊ 519.85

Î ìèíèìèçàöèè ñèëüíî êâàçèâûïóêëîé
ôóíêöèè íà ñëàáî âûïóêëîì ìíîæåñòâå1

Ñ. È. Äóäîâ, Ì. À. Îñèïöåâ
(Ñàðàòîâ, Ðîññèÿ)

DudovSI@info.sgu.ru, Osipcevm@gmail.com

Ðàññìàòðèâàåòñÿ êîíå÷íîìåðíàÿ çàäà÷à ìèíèìèçàöèè ñèëüíî êâàçèâûïóêëîé
ôóíêöèè íà ñëàáî âûïóêëîì äîïóñòèìîì ìíîæåñòâå àðãóìåíòîâ. Ïðèâîäÿòñÿ
íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ å¼ ðåøåíèÿ. Ïîëó÷åíû äîñòàòî÷íûå óñëî-
âèÿ ðåøåíèÿ äëÿ ñëó÷àÿ, êîãäà äîïóñòèìîå ìíîæåñòâî çàäàíî êàê ëåáåãîâî ìíî-
æåñòâî ñëàáî âûïóêëîé ôóíêöèè. Êðîìå òîãî, äëÿ ñëó÷àÿ äèôôåðåíöèðóåìîé
öåëåâîé ôóíêöèè ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ëîêàëüíîãî ìèíèìóìà, âêëþ÷à-
þùåå ¾ñèëüíîå¿ óñëîâèÿ ñòàöèîíàðíîñòè, ñ óêàçàíèåì ðàäèóñà ñîîòâåòñòâóþùèé
îêðåñòíîñòè.

Êëþ÷åâûå ñëîâà: ñèëüíî êâàçèâûïóêëàÿ ôóíêöèÿ, ñèëüíî è ñëàáî âûïóêëûå ìíî-
æåñòâà è ôóíêöèè, ñóáäèôôåðåíöèàë, íîðìàëüíûé êîíóñ, äîñòàòî÷íûå óñëîâèÿ
ìèíèìóìà, ðàäèóñ îêðåñòíîñòè ëîêàëüíîãî ìèíèìóìà.

On minimization of a strongly quasi-convex
function on a weakly convex set1
S. I. Dudov, M. A. Osiptsev (Saratov, Russia)

DudovSI@info.sgu.ru, Osipcevm@gmail.com

The �nite-dimensional problem of minimization of a strongly quasi-convex function
on a weakly convex valid set of arguments is considered. Necessary and su�cient
conditions for its solution are given. Su�cient solution conditions are obtained for
the case when the admissible set is de�ned as a Lebesgue set of a weakly convex
function. In addition, for the case of a di�erentiable target function, the su�cient
conditions for the local minimum, including the ¾strong¿ stationarity condition are
obtained with the indication of the radius of the corresponding neighborhood.

Keywords: strongly quasi-convex function, strongly and weakly convex sets and
functions, subdi�erential, normal cone, su�cient minimum conditions, radius of
neighborhood of local minimum.

Âñïîìîãàòåëüíûå ôàêòû

Îäíà èç òåíäåíöèé ðàçâèòèÿ òåîðèè ýêñòðåìàëüíûõ çàäà÷ ïîñëåäíåãî
ïåðèîäà âðåìåíè � èññëåäîâàíèå ñâîéñòâ ðåøåíèÿ çàäà÷ ñèëüíî-ñëàáî
âûïóêëîãî ïðîãðàììèðîâàíèÿ, òî åñòü çàäà÷ ìèíèìèçàöèè ñèëüíî èëè
ñëàáî âûïóêëûõ ôóíêöèé íà ñèëüíî èëè ñëàáî âûïóêëûõ äîïóñòèìûõ
ìíîæåñòâàõ àðãóìåíòîâ, è ðàçðàáîòêà ÷èñëåííûõ ìåòîäîâ èõ ðåøåíèÿ
(ñì., íàïð., [1] � [5]). Èíòåðåñ ê òàêèì çàäà÷àì ïîÿâèëñÿ â ñëåäñòâèè
èçó÷åíèÿ ñâîéñòâ ñèëüíî è ñëàáî âûïóêëûõ ìíîæåñòâ è ôóíêöèé â ðàì-
êàõ ïàðàìåòðè÷åñêè âûïóêëîãî àíàëèçà, ÿâëÿþùåãîñÿ îäíèì èç ðàçäåëîâ
íåãëàäêîãî àíàëèçà (ñì., íàïð., [1], [6], [7]).

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Çäåñü ìû ðàññìàòðèâàåì çàäà÷ó

f(x) → min
x∈D

, (1)

ãäå D � ñëàáî âûïóêëîå çàìêíóòîå ìíîæåñòâî èç êîíå÷íîìåðíîãî äåé-
ñòâèòåëüíîãî ïðîñòðàíñòâà Rp, à öåëåâàÿ ôóíêöèÿ f(·) ÿâëÿåòñÿ ñèëüíî
êâàçèâûïóêëîé íà íåêîòîðîì îòêðûòîì âûïóêëîì ìíîæåñòâå, ñîäåðæà-
ùèì D.

Íàøà öåëü � ïîëó÷èòü íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ðåøåíèÿ
çàäà÷è (1), îòðàæàþùèå ðîëü êîíñòàíò ñèëüíîé êâàçèâûïóêëîñòè öåëå-
âîé ôóíêöèè f(·) è ñëàáîé âûïóêëîñòè äîïóñòèìîãî ìíîæåñòâà D.

Íàïîìíèì îïðåäåëåíèå èñïîëüçóåìûõ çäåñü áàçîâûõ ïîíÿòèé.
Îïðåäåëåíèå 1. Ïóñòü r > 0 è òî÷êè x1 è x2 èç Rp òàêîâû, ÷òî ÷òî
∥x1−x2∥ ⩽ 2r. Îáîçíà÷èì ÷åðåç Dr(x1, x2) ïåðåñå÷åíèå âñåõ åâêëèäîâûõ
øàðîâ èç Rp ðàäèóñà r, ñîäåðæàùèõ òî÷êè x1 è x2. Ìíîæåñòâî A ⊂ Rp

íàçûâàåòñÿ ñëàáî âûïóêëûì ñ êîíñòàíòîé r (r-ñëàáî âûïóêëûì), åñëè
äëÿ ëþáîé ïàðû òî÷åê èç A, òàêèõ ÷òî ∥x1 − x2∥ < 2r è x1 ̸= x2,
ïåðåñå÷åíèå Dr(x1, x2) ∩ A ñîäåðæèò õîòÿ áû îäíó òî÷êó, îòëè÷íóþ
îò x1 è x2.
Îïðåäåëåíèå 2. Ïóñòü Ω ⊂ Rp � íåêîòîðîå âûïóêëîå ìíîæåñòâî è
ρ > 0. Ôóíêöèÿ f(·) : Ω → R íàçûâàåòñÿ
à) ñèëüíî êâàçèâûïóêëîé ñ êîíñòàíòîé ρ (ρ-ÑÊÂ) íà ìíîæåñòâå Ω,
åñëè äëÿ âñåõ x0, x1 ∈ Ω è α ∈ [0, 1] âûïîëíÿåòñÿ íåðàâåíñòâî

f((1− α)x0 + αx1) ⩽ max{f(x0), f(x1)} −
ρ

2
α(1− α)∥x0 − x1∥2.

á) Ñëàáî âûïóêëîé ñ êîíñòàíòîé ρ (ρ-ñëàáî âûïóêëîé) íà ìíîæåñòâå
Ω, åñëè äëÿ âñåõ x0, x1 ∈ Ω è α ∈ [0, 1] âûïîëíÿåòñÿ íåðàâåíñòâî

f((1− α)x0 + αx1) ⩽ (1− α)f(x0) + αf(x1) +
ρ

2
α(1− α)∥x0 − x1∥2.

Äàëåå èñïîëüçóåì îáîçíà÷åíèÿ:
N(x,D) � íîðìàëüíûé êîíóñ ìíîæåñòâà D â òî÷êå x (ñì. [8]),
B(x, r) � çàìêíóòûé åâêëèäîâ øàð ðàäèóñà r ñ öåíòðîì â òî÷êå x,
∂f(x) � ñóáäèôôåðåíöèàë Êëàðêà ôóíêöèè f(·) â òî÷êå x,
Argmin

x∈D
f(x) = {y ∈ D : f(y) = min

x∈D
f(x)},

A(x) = {−∂f(x)} ∩N(x,D), m(x) = min
v∈A(x)

∥v∥,

f ′(x) � ãðàäèåíò ôóíêöèè f(·) â òî÷êå x.

Îñíîâíûå ðåçóëüòàòû

Ïðèâåä¼ì îñíîâíûå ðåçóëüòàòû èññëåäîâàíèÿ.
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Òåîðåìà 1. Ïóñòü Ω � îòêðûòîå âûïóêëîå ìíîæåñòâî, r > 0,
ρ > 0 è
1) D � r-ñëàáî âûïóêëîå çàìêíóòîå ìíîæåñòâî, D ⊂ Ω,
2) ôóíêöèÿ f(·) � ρ-ÑÊÂ, ëîêàëüíî ëèïøèöåâà íà Ω è ðåãóëÿðíà ïî
Êëàðêó (ñì. [8]) â òî÷êå x0 ∈ D.
Äëÿ òîãî, ÷òî áû â òî÷êå x0 ∈ D ôóíêöèÿ f(·) ïðèíèìàëà íàèìåíüøåå
íà D çíà÷åíèå íåîáõîäèìî, à åñëè m(x0)

ρ ⩽ r, òî è äîñòàòî÷íî, ÷òîáû

0p ∈ ∂f(x0) +N(x0, D). (2)

Ïðè÷¼ì, åñëè âûïîëíÿåòñÿ (2) è m(x0)
ρ < r, òî Argmin

x∈D
f(x) = {x0}.

Òåîðåìà 2. Ïóñòü Ω � îòêðûòîå âûïóêëîå ìíîæåñòâî, ρh > 0,
ρf > 0, D = {x ∈ Ω : h(x) ⩽ 0} è
1) h(·) � ρh-ñëàáî âûïóêëàÿ êîíå÷íàÿ íà Ω ôóíêöèÿ,
2) f(·) � ρf -ÑÊÂ, ëîêàëüíî ëèïøèöåâàÿ íà Ω è ðåãóëÿðíàÿ ïî Êëàðêó
(ñì. [8]) â òî÷êå x0 ∈ Ω ôóíêöèÿ,
3) h(x0) = 0, 0p /∈ ∂f(x0), 0p /∈ ∂h(x0) è ñóùåñòâóþò vf ∈ ∂f(x0),
vh ∈ ∂h(x0) è λ > 0 òàêèå, ÷òî vf + λvh = 0p,

4) âûïîëíÿåòñÿ íåðàâåíñòâî
∥vf∥
ρf

⩽ ∥vh∥
ρh

èëè, åñëè mh ≡ inf{∥v∥ : v ∈
∂h(x), x ∈ bdD} > 0, íåðàâåíñòâî m(x0)

ρf
⩽ mh

ρh
.

Òîãäà x0 ∈ Argmin
x∈D

f(x). Êðîìå òîãî, åñëè õîòÿ áû îäíî èç íåðàâåíñòâ

â ï.4) âûïîëíÿåòñÿ ñòðîãî, òî Argmin
x∈D

f(x) = {x0}.
Òåîðåìà 3. Ïóñòü Ω � îòêðûòîå âûïóêëîå ìíîæåñòâî, r > 0,

ρ > 0 è
1) D � r-ñëàáî âûïóêëîå çàìêíóòîå ìíîæåñòâî, D ⊂ Ω
2) ôóíêöèÿ f(·) � ρ-ÑÊÂ, ëîêàëüíî ëèïøèöåâà íà Ω, ðåãóëÿðíà è äèô-
ôåðåíöèðóåìà â òî÷êå x0 ∈ D,
3) ïðè íåêîòîðîì δ > 0 âûïîëíÿåòñÿ âêëþ÷åíèå

B(0p, δ) ⊂ f ′(x0) +N(x0, D),

4) ρ = 0 èëè ρ > 0 è r < ∥f ′(x0)∥
ρ .

Òîãäà Arg min
x∈D∩{y:∥y−x0∥<λ(δ)

f(x) = {x0}, ãäå

λ(δ) =



2r, åñëè ρ > 0,

√
∥f ′(x0)∥2 − δ2

ρ
⩽ r <

∥f ′(x0)∥
ρ

,

2rδ√
δ2 +

(√
∥f ′(x0)∥2 − δ2 − ρr

)2 , åñëè ρ > 0, r <

√
∥f ′(x0)∥2 − δ2

ρ
,

2rδ

∥f ′(x0)∥
, åñëè ρ = 0.
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Î ñóùåñòâîâàíèè ðåøåíèÿ çàäà÷è Êîøè äëÿ
îäíîãî ãèïåðáîëè÷åñêîãî

äèôôåðåíöèàëüíî-ðàçíîñòíîãî óðàâíåíèÿ1

Í. Â. Çàéöåâà (Ìîñêâà, Ðîññèÿ)
zaitseva@cs.msu.ru

Èññëåäîâàíà íà÷àëüíàÿ çàäà÷à â ïîëîñå äëÿ äâóìåðíîãî ãèïåðáîëè÷åñêîãî
äèôôåðåíöèàëüíî-ðàçíîñòíîãî óðàâíåíèÿ, ñîäåðæàùåãî ñóììó äèôôåðåíöèàëü-
íîãî îïåðàòîðà è îïåðàòîðà ñäâèãà ïî ïðîñòðàíñòâåííîé ïåðåìåííîé. Äëÿ ïîñòðî-
åíèÿ ðåøåíèÿ èñïîëüçîâàëàñü êëàññè÷åñêàÿ îïåðàöèîííàÿ ñõåìà. Ïîêàçàíî, ÷òî
ïîëó÷åííîå ðåøåíèå ÿâëÿåòñÿ êëàññè÷åñêèì, åñëè âåùåñòâåííàÿ ÷àñòü ñèìâîëà
äèôôåðåíöèàëüíî-ðàçíîñòíîãî îïåðàòîðà ïîëîæèòåëüíà.

Êëþ÷åâûå ñëîâà: ãèïåðáîëè÷åñêîå óðàâíåíèå, äèôôåðåíöèàëüíî-ðàçíîñòíîå
óðàâíåíèå, çàäà÷à Êîøè, êëàññè÷åñêîå ðåøåíèå.

On the existence of a solution to the Cauchy
problem for a hyperbolic di�erential-di�erence

equation1

N. V. Zaitseva (Moscow, Russia)
zaitseva@cs.msu.ru

An initial value problem in a strip is investigated for a two-dimensional hyperbolic
di�erential-di�erence equation containing the sum of a di�erential operator and a
shift operator with respect to a spatial variable. A classic operating scheme was used
to build the solution. It is shown that the obtained solution is classical if the real part
of the symbol of the di�erential-di�erence operator is positive.

Keywords: hyperbolic equation, di�erential-di�erence equation, Cauchy problem,
classical solution.

Èññëåäîâàíà ñëåäóþùàÿ çàäà÷à: íàéòè ôóíêöèþ u(x, t), óäîâëåòâî-
ðÿþùóþ óñëîâèÿì

u(x, t) ∈ C1(D) ∩ C2(D); (1)

∂2u(x, t)

∂t2
− a2

∂2u(x, t)

∂x2
+ b u(x− h, t) = 0, (x, t) ∈ D; (2)

u(x, 0) = u0(x), ut(x, 0) = 0, x ∈ R, (3)

ãäå a > 0, b > 0, h ̸= 0 � çàäàííûå âåùåñòâåííûå ÷èñëà, u0(x) ∈ L1(R)
è u0(x) ∈ C(R), D = {(x, t)|x ∈ R, 0 < t < T} � îáëàñòü êîîðäèíàòíîé
ïëîñêîñòè Oxt, D = {(x, t)|x ∈ R, 0 ≤ t < T}.

Îïðåäåëåíèå. Êëàññè÷åñêèì ðåøåíèåì çàäà÷è (1)�(3) áóäåì íàçû-
âàòü ôóíêöèþ u(x, t), íåïðåðûâíóþ è íåïðåðûâíî äèôôåðåíöèðóåìóþ ïî

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

132



ïåðåìåííûì x è t â ìíîæåñòâå D; ó êîòîðîé ñóùåñòâóþò íåïðåðûâ-
íûå ïðîèçâîäíûå uxx è utt â îáëàñòè D; óäîâëåòâîðÿþùóþ â êàæäîé
òî÷êå îáëàñòè D ñîîòíîøåíèþ (2); è òàêóþ, ÷òî äëÿ êàæäîé òî÷êè
x0 ∈ (−∞,+∞) ïðåäåëû ôóíêöèé u(x0, t)−u0(x0) è ut(x0, t) ïðè t→ 0+
ñóùåñòâóþò è ðàâíû íóëþ.

Äëÿ ïîñòðîåíèÿ ðåøåíèÿ çàäà÷è áûëè èñïîëüçîâàíû êëàññè÷åñêàÿ
îïåðàöèîííàÿ ñõåìà è èäåè ðàáîò [1, 2]. Â ðàáîòå [3] ïîêàçàíî, ÷òî íåîáõî-
äèìûì óñëîâèåì ñóùåñòâîâàíèÿ ðåøåíèÿ ÿâëÿåòñÿ òðåáîâàíèå ïîëîæè-
òåëüíîñòè âåùåñòâåííîé ÷àñòè ñèìâîëà äèôôåðåíöèàëüíî-ðàçíîñòíîãî
îïåðàòîðà óðàâíåíèÿ, êîòîðîå ãàðàíòèðóåòñÿ âûïîëíåíèåì óñëîâèé

0 < b ≤ 2a2/h2

íà êîýôôèöèåíòû a, b è ñäâèã h.
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Ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé:

y′ = (ρB + x−1A+ q(x))y (1)

ñî ñïåêòðàëüíûì ïàðàìåòðîì ρ, ãäå A,B, q(x), x ∈ (0,∞) � n×n (n > 2)
ìàòðèöû, ïðè÷åì ìàòðèöû A è B ïîñòîÿííû, B = diag(b1, . . . , bn), ýëå-
ìåíòû b1, . . . , bn � ðàçëè÷íûå íåíóëåâûå êîìïëåêñíûå ÷èñëà. Îòíîñèòåëü-
íî ìàòðèö A è B áóäåì ñ÷èòàòü âûïîëíåííûìè òå æå óñëîâèÿ, ÷òî â [2].

Îáîçíà÷èì ÷åðåç Σ îáúåäèíåíèå ïðÿìûõ âèäà:

Σ =
⋃

(k,j):j ̸=k

{ρ : Re(ρbj) = Re(ρbk)} .

Ïðåäñòàâèì ìíîæåñòâî C\Σ â âèäå C\Σ =
N⋃
ν=1

Sν îáúåäèíåíèÿ íåïåðåñå-

êàþùèõñÿ îòêðûòûõ ñåêòîðîâ Sν. Â êàæäîì èç ñåêòîðîâ Sν ñóùåñòâóåò
1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International

(CC-BY 4.0)
1This is an open access article distributed under the terms of Creative Commons Attribution 4.0

International License (CC-BY 4.0)
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ïåðåñòàíîâêà R1, . . . , Rn ÷èñåë b1, . . . , bn òàêàÿ, ÷òî Re(R1ρ) < Re(R2ρ) <
· · · < Re(Rnρ) ïðè ρ ∈ Sν.

Îïðåäåëåíèå. Ïóñòü ρ ∈ Sν, k ∈ {1, . . . , n} ôèêñèðîâàíû. Ðåøåíèå
Ψk(x, ρ), x ∈ (0,∞) ñèñòåìû (1) íàçûâàåòñÿ k-ì ðåøåíèåì òèïà Âåéëÿ,
åñëè îíî óäîâëåòâîðÿåò óñëîâèÿì:

Ψk(x, ρ) = O (xµk) , x→ 0,

Ψk(x, ρ) = exp(ρxRk)(fk + o(1)), x→ ∞.

Çäåñü {µk}nk=1 � ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû A, (f1, . . . , fn) = f � ìàò-
ðèöà ïåðåñòàíîâîê, òàêàÿ ÷òî (R1, . . . , Rn) = (b1, . . . , bn)f.

Â ïðîñòåéøåì ñëó÷àå q = 0 ðåøåíèÿ òèïà Âåéëÿ ñóùåñòâóþò äëÿ
âñåõ ρ ̸= 0 ïðè âûïîëíåíèè óñëîâèÿ èíôîðìàòèâíîñòè [1], [2]. Â îáùåì
ñëó÷àå k-å ðåøåíèå òèïà Âåéëÿ ñóùåñòâóåò è åäèíñòâåííî äëÿ âñåõ òà-
êèõ ρ ∈ C \ Σ, äëÿ êîòîðûõ ∆k(ρ) ̸= 0, ãäå ∆k(ρ) õàðàêòåðèñòè÷åñêàÿ
ôóíêöèÿ [1].

Îáîçíà÷èì ÷åðåç Σν îòêðûòûé ëó÷, ðàçäåëÿþùèé ñåêòîðû Sν è Sν+1

(çäåñü ïðåäïîëàãàåòñÿ, ÷òî íóìåðàöèÿ ñåêòîðîâ îñóùåñòâëÿåòñÿ â íà-
ïðàâëåíèè ïðîòèâ ÷àñîâîé ñòðåëêè è SN+1 := S1). Åñëè íåêîòîðàÿ ôóíê-
öèÿ f(ρ) îïðåäåëåíà ïðè ρ ∈ Sν ∪Sν+1, òî ÷åðåç f±(ρ), ρ ∈ Σν îáîçíà÷èì
ïðåäåëû

f±(ρ) = lim
ε→+0

f(ρ± iερ).

Èçâåñòíî [1], ÷òî ïðåäåëüíûå çíà÷åíèÿ ∆±
k (ρ), ρ ∈ Σν ñóùåñòâóþò äëÿ

âñåõ k, ν. Áóäåì ãîâîðèòü, ÷òî q(·) ∈ Gp
0, åñëè äëÿ êàæäîãî ν = 1, N è

äëÿ âñåõ ρ ∈ Sν
n∏
k=1

∆±
k (ρ) ̸= 0.

Åñëè q(·) ∈ Gp
0, òî äëÿ ëþáîãî ρ ∈ Σ′ :=

N⋃
ν=1

Σν = Σ \ {0} ñóùåñòâó-

þò ïðåäåëüíûå çíà÷åíèÿ Ψ±(x, ρ), ãäå Ψ(x, ρ) := (Ψ1(x, ρ), . . . ,Ψn(x, ρ)).
Ïîñêîëüêó êàæäàÿ èç ìàòðèö Ψ−(x, ρ), Ψ+(x, ρ) óäîâëåòâîðÿåò ñèñòåìå
(1), äëÿ êàæäîãî ρ ∈ Σ′ îïðåäåëåíà (åäèíñòâåííàÿ) ìàòðèöà v(ρ) òàêàÿ,
÷òî Ψ+(x, ρ) = Ψ−(x, ρ)v(ρ).

Ìàòðèöó-ôóíêöèþ v(ρ), ρ ∈ Σ′ áóäåì íàçûâàòü äàííûìè ðàññåÿíèÿ.

Çàäà÷à 1. Íàéòè q(·) ∈ Gp
0 ïî èçâåñòíûì äàííûì ðàññåÿíèÿ v(·).

Äàëåå ðàññìàòðèâàåòñÿ âîïðîñ î íåîáõîäèìûõ è äîñòàòî÷íûõ óñëîâè-
ÿõ ðàçðåøèìîñòè Çàäà÷è 1.

Îïðåäåëèì ïðîñòðàíñòâîH(Σ) êàê ïðîñòðàíñòâî, ñîñòîÿùåå èç ôóíê-
öèé φ ∈ L2(Σ), òàêèõ ÷òî äëÿ êàæäîãî ν = 1, N îãðàíè÷åíèå φ(ρ)|ρ∈Σν
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íåïðåðûâíî è ñóùåñòâóþò lim
ρ→0,ρ∈Σν

φ(ρ) è lim
ρ→∞,ρ∈Σν

φ(ρ), ïðè÷åì

lim
ρ→∞,ρ∈Σν

φ(ρ) = 0.

×åðåç H0(Σ) îáîçíà÷èì ïîäïðîñòðàíñòâî, ñîñòîÿùåå èç òàêèõ φ(·) ∈
H(Σ), ÷òî äëÿ êàæäîãî ν = 1, N lim

ρ→0,ρ∈Σν

φ(ρ) = 0. Ââåäåì ïðè ρ ∈ Σ′

ìàòðèöó ïåðåñòàíîâîê Π(ρ) òàêóþ, ÷òî

(R+
1 (ρ), . . . , R

+
n (ρ)) = (R−

1 (ρ), . . . , R
−
n (ρ))Π(ρ).

ßñíî, ÷òî Π(ρ) ïðåäñòàâëÿåò ñîáîé áëî÷íî�äèàãîíàëüíóþ ìàòðèöó, ïî-
ñòîÿííóþ íà êàæäîì èç ëó÷åé Σν. ×åðåç HΠ

0 (Σ) áóäåì îáîçíà÷àòü ïðîñò-
ðàíñòâî íèæíåòðåóãîëüíûõ áëî÷íî - äèàãîíàëüíûõ (ãäå áëî÷íàÿ ñòðóê-
òóðà - òà æå, ÷òî ó ìàòðèöû Π(·)) ìàòðèö-ôóíêöèé ñ ýëåìåíòàìè èç
H0(Σ).

Äëÿ ρ ∈ Σ′ îïðåäåëèì I− êàê ìíîæåñòâî k òàêèõ, ÷òî Re(ρR−
k ) =

Re(ρR−
k+1).

Îïðåäåëåíèå. Áóäåì ãîâîðèòü, ÷òî ìàòðèöà-ôóíêöèÿ v = v(ρ), ρ ∈
Σ′ ïðèíàäëåæèò êëàññó V, åñëè

1. v(·)− v0(·) ∈ HΠ
0 (Σ) (çäåñü è äàëåå v0(·) � äàííûå ðàññåÿíèÿ íåâîç-

ìóùåííîé ñèñòåìû (1) c q = 0);

2. íåòðèâèàëüíûå äèàãîíàëüíûå áëîêè ìàòðèöû v(ρ) ðàñïîëîæåíû â
ñòðîêàõ ñ íîìåðàìè k è k + 1, ãäå k ∈ I−, è èìåþò âèä(

vkk 0

1 vk+1,k+1

)
,

ïðè÷åì vkkvk+1,k+1 = −1.

Òåîðåìà 1. Åñëè ìàòðèöà-ôóíêöèÿ v = v(ρ), ρ ∈ Σ′ ÿâëÿåòñÿ
äàííûìè ðàññåÿíèÿ äëÿ íåêîòîðîé ñèñòåìû âèäà (1) ñ q(·) ∈ Gp

0, òî
v(·) ∈ V.

Îáîçíà÷èì ÷åðåç Ψ0(x, ρ) ìàòðèöó Ψ(x, ρ) â ñëó÷àå íåâîçìóùåííîé
ñèñòåìû (1) ñ q = 0. Äëÿ çàäàííîé ìàòðèöû-ôóíêöèè v = v(ρ), ρ ∈ Σ′

îïðåäåëèì:
v̂(ρ) := v(ρ)v−1

0 (ρ)− I,

V = V (v, x, ρ) := Ψ−
0 (x, ρ)v(ρ)v

−1
0 (ρ)(Ψ−

0 (x, ρ))
−1,

V̂ (v, x, ρ) := V (v, x, ρ)− I = Ψ−
0 (x, ρ)v̂(ρ)(Ψ

−
0 (x, ρ))

−1.
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Ââåäåì çàâèñÿùèå îò ïàðàìåòðîâ v ∈ V, x ∈ [0,∞) îïåðàòîðû

A(v, x)f(ρ) := C+f(ρ)− (C−f)(ρ)V (v, x, ρ) = f(ρ)− (C−f)(ρ)V̂ (v, x, ρ).

Äàëåå, îïðåäåëèì (ïðè òåõ çíà÷åíèÿõ ïàðàìåòðîâ, ïðè êîòîðûõ ïðà-
âàÿ ÷àñòü èìååò ñìûñë):

p(v, x, ·) := (A(v, x))−1V̂ (v, x, ·),

q(v, ·) := Φ(v̂(·),p(v, ·, ·)) + Fv̂(·),
ãäå F = s− lim

r→∞
Fr,

Frf(x) :=
1

2πi

�

Σ∩{|ρ|<r}

dρ
[
B,Ψ−

0 (x, ρ)f(ρ)(Ψ
−
0 (x, ρ))

−1
]
,

Φ(u, φ)(x) :=
1

2πi

B, �
Σ

dρ
(
C−φ(x, ·)

)
(ρ)V̂ (u, x, ρ)

 ,
V̂ (u, x, ρ) := Ψ−

0 (x, ρ)u(ρ)(Ψ
−
0 (x, ρ))

−1,

C±f(ρ) := (Cf)±(ρ), Cf(ρ) :=
1

2πi

�

Σ

dζ

ζ − ρ
f(ζ), ρ ∈ C \ Σ;

Òåîðåìà 2. Ïóñòü äàíà ìàòðèöà-ôóíêöèÿ v(·) ∈ V. Äëÿ òîãî, ÷òî-
áû v(·) ÿâëÿëàñü äàííûìè ðàññåÿíèÿ äëÿ íåêîòîðîãî q(·) ∈ Gp

0, íåîáõî-
äèìî è äîñòàòî÷íî âûïîëíåíèå ñëåäóþùèõ óñëîâèé:

1. äëÿ êàæäîãî x ∈ [0,∞) îïåðàòîð A(v, x) îáðàòèì;

2. äëÿ êàæäîãî k = 1, n íàéäåòñÿ ôóíêöèÿ δk(ρ), ρ ∈ C \Σ, àíàëèòè-
÷åñêàÿ â C \ Σ è òàêàÿ, ÷òî:

� äëÿ êàæäîãî ν = 1, N ñóùåñòâóåò íåïðåðûâíîå ïðîäîëæåíèå
ôóíêöèè ρµkδk(ρ) â Sν;

� ρµkδk(ρ) íå îáðàùàåòñÿ â íóëü íè äëÿ êàêèõ ρ ∈ Sν, ν = 1, N ;

� ïðè ρ ∈ Σ′ ñïðàâåäëèâû ôîðìóëû ñîïðÿæåíèÿ δ−(ρ) =
vkk(ρ)δ

+
k (ρ);

� ïðè ρ → ∞, ρ ∈ C \ Σ ñïðàâåäëèâà àñèìïòîòèêà δ(ρ) =
δ0(ρ)(I + o(1)), êðîìå òîãî, δ±(·)(δ±0 (·))−1 − I ∈ L2(Σ). Çäåñü
δ0(ρ) � äèàãîíàëüíàÿ ìàòðèöà, òàêàÿ ÷òî δ0,kk(ρ)Ψ0k(x, ρ) =
xµk(hk + o(1)) ïðè x → 0, hk - ñîáñòâåííûé âåêòîð ìàòðèöû
A, ñîîòâåòñòâóþùèé ñîáñòâåííîìó çíà÷åíèþ µk.
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3. qkj(v, ·) ∈ Xp.
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Ìíîæåñòâî E ⊂ [a, b) íàçûâàåòñÿ U-ìíîæåñòâîì èëè ìíîæåñòâîì
åäèíñòâåííîñòè äëÿ ðÿäîâ ïî ñèñòåìå {ϕn(x)}∞n=0, x ∈ [a, b), åñëè èç
ñõîäèìîñòè ðÿäà

∞∑
n=0

cnϕn(x)

ê íóëþ íà [a, b) \ E ñëåäóåò, ÷òî âñå êîýôôèöèåíòû ýòîãî ðÿäà ðàâíû
íóëþ.

Íåòðèâèàëüíûé ðÿä, ñõîäÿùèéñÿ ê íóëþ ïî÷òè âñþäó íà [a, b), íàçû-
âàþò íóëü-ðÿäîì. Ìíîæåñòâî òî÷åê, ãäå íóëü-ðÿä íå ñõîäèòñÿ ê íóëþ,
íàçîâåì ÿäðîì íóëü-ðÿäà. Ìíîæåñòâî òî÷åê, ãäå

lim
n→∞

|Sn(x)| = +∞,

íàçîâåì ïðèâåäåííûì ÿäðîì íóëü-ðÿäà.
Í.Ê. Áàðè ïîëó÷åí ñëåäóþùèé ðåçóëüòàò: âñÿêàÿ ïîðöèÿ ÿäðà òðè-

ãîíîìåòðè÷åñêîãî íóëü-ðÿäà ñîäåðæèò ïîðöèþ ïðèâåäåííîãî ÿäðà òîãî
æå ðÿäà; ñóùåñòâóåò äðóãîé òðèãîíîìåòðè÷åñêèé íóëü-ðÿä, äëÿ êîòîðîãî

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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ÿäðîì è ïðèâåäåííûì ÿäðîì áóäóò ñëóæèòü èìåííî ýòè ïîðöèè ÿäðà è
ïðèâåäåííîãî ÿäðà äàííîãî íóëü-ðÿäà (ñì. [1], ãë. XIV, ñ. 794).

Äîêàçàòåëüñòâî îñíîâíîé òåîðåìû ïðåäâàðÿþò ñëåäóþùèå óòâåðæäå-
íèÿ.

Ëåììà. Ïóñòü B � ÿäðî íóëü-ðÿäà Óîëøà, δ ⊂ [0, 1) � ïðîèçâîëü-
íûé èíòåðâàë. Òîãäà ìíîæåñòâî E âñåõ òî÷åê èç ïîðöèè δ(B), â êàæ-
äîé èç êîòîðûõ ïîäïîñëåäîâàòåëüíîñòü S2m(x) ÷àñòè÷íûõ ñóìì ýòîãî
íóëü-ðÿäà íå îãðàíè÷åíà, ÿâëÿåòñÿ íåñ÷åòíûì.

Òåîðåìà 1 (ñì. [2]).Äëÿ ëþáîãî èíòåðâàëà (α, β) ⊂ [0, 1) è ëþáîé ïî-
ñëåäîâàòåëüíîñòè pn ↓ 0, pn ̸≡ 0, ñóùåñòâóåò ôóíêöèÿ λ(x) ∈ L(0, 1),
îòëè÷íàÿ îò íóëÿ âî âñåõ òî÷êàõ (α, β), ðàâíàÿ íóëþ âî âñåõ òî÷êàõ
[0, 1) \ [α, β) è òàêàÿ, ÷òî åå êîýôôèöèåíòû Ôóðüå�Óîëøà

λ̂(n) = o(pn).

Ïîñòðîèâ îáîáùåííîå ôîðìàëüíîå ïðîèçâåäåíèå (ñì. îïðåäåëåíèå
ÎÔÏ â [2]) èñõîäíîãî íóëü-ðÿäà Óîëøà íà ðÿä Ôóðüå�Óîëøà �ëîêàëè-
çóþùåé� ôóíêöèè, ïîëó÷àåì ñëåäóþùèé îñíîâíîé ðåçóëüòàò.

Òåîðåìà 2. Ïóñòü B � ÿäðî íóëü-ðÿäà Óîëøà. Äëÿ ëþáîé ïîðöèè
δ(B) ìîæíî ïîñòðîèòü äðóãîé íóëü-ðÿä, äëÿ êîòîðîãî åãî ïðèâåäåííîå
ÿäðî N , ÿâëÿåòñÿ ìíîæåñòâîì âñþäó ïëîòíûì â δ(B). Êàæäàÿ òî÷êà
δ(B) ÿâëÿåòñÿ òî÷êîé êîíäåíñàöèè äëÿ N .
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Î ñêîðîñòè èíòåðïîëÿöèè àíàëèòè÷åñêèõ
ôóíêöèé ïîñðåäñòâîì h-ñóìì1

Ì. À. Êîìàðîâ (Âëàäèìèð, Ðîññèÿ)
kami9@yandex.ru

Èçó÷àåòñÿ n-êðàòíàÿ èíòåðïîëÿöèÿ ôóíêöèé f(z) = f0+f1z+. . . , àíàëèòè÷åñêèõ
âáëèçè íóëÿ, ïîñðåäñòâîì h-ñóìì Hn(z) = λ1h(λ1z) + · · · + λnh(λnz), ãäå h(z) =
h0 + h1z + . . . � ôèêñèðîâàííàÿ ôóíêöèÿ, àíàëèòè÷åñêàÿ â åäèíè÷íîì êðóãå,
hm ̸= 0, |hm| ≤ C. Ïðè óñëîâèè, ÷òî |fm/hm| ≤ a(m + 1)−s, m = 0, 1, 2, . . .
(a := (1− s−1)γ−12−s), ñ íåêîòîðûìè s > 1 è γ > 1, ïîëó÷åíà ïîòî÷å÷íàÿ îöåíêà
îñòàòêà rn(z) = f(z) − Hn(z) â êðóãå |z| ≤ 1. Íàøà îöåíêà óòî÷íÿåò èçâåñòíûå
ðåçóëüòàòû, ïîëó÷åííûå äëÿ ñëó÷àÿ |fm/hm| ≤ 1, m = 0, 1, 2, . . . .

Êëþ÷åâûå ñëîâà: èíòåðïîëÿöèÿ, h-ñóììû, ñòåïåííûå ñóììû.

On the rate of interpolation of analytic
functions by h-sums1

M. A. Komarov (Vladimir, Russia)
kami9@yandex.ru

We study the n-multiple interpolation of functions f(z) = f0+f1z+ . . . , analytic near
the origin, by h-sums Hn(z) = λ1h(λ1z)+ · · ·+λnh(λnz), where h(z) = h0+h1z+ . . .
is a �xed function, analytic in the unit disk, hm ̸= 0, |hm| ≤ C. Under the condition
that |fm/hm| ≤ a(m+1)−s, m = 0, 1, 2, . . . (a := (1− s−1)γ−12−s), with some s > 1
and γ > 1, we obtain a pointwise estimate of the remainder rn(z) = f(z) − Hn(z)
in the disk |z| ≤ 1. Our estimate improves some known results, obtained for the case
|fm/hm| ≤ 1, m = 0, 1, 2, . . . .

Keywords: interpolation, h-sums, power sums.

Â [1] áûë ïðåäëîæåí ìåòîä àïïðîêñèìàöèè àíàëèòè÷åñêèõ âáëèçè z = 0
ôóíêöèé

f(z) =
∞∑
m=0

fmz
m

ïîñðåäñòâîì òàê íàçûâàåìûõ h-ñóìì

Hn(z) =
n∑
k=1

λkh(λkz), λk ∈ C, n ∈ N,

ãäå

h(z) =
∞∑
m=0

hmz
m, hm ̸= 0,

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)
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ýòî ôèêñèðîâàííàÿ àíàëèòè÷åñêàÿ â îòêðûòîì åäèíè÷íîì êðóãå ôóíê-
öèÿ, à êîìïëåêñíûå ÷èñëà λ1, . . . , λn âûáèðàþòñÿ èç óñëîâèÿ n-êðàòíîé
èíòåðïîëÿöèè

f(z)−Hn(z) = O(zn), z → 0.

Íåòðóäíî ïðîâåðèòü, ÷òî íàáîð {λk} ñîâïàäàåò ñ (åäèíñòâåííûì) ðåøå-
íèåì ñëåäóþùåé ñèñòåìû ìîìåíòîâ äëÿ ñòåïåííûõ ñóìì:

λm+1
1 + · · ·+ λm+1

n = fm/hm, m = 0, 1, . . . , n− 1. (1)

Îñíîâíîé ðåçóëüòàò ðàáîòû [1] ìîæíî ñôîðìóëèðîâàòü òàê: åñëè

|fm/gm| ≤ 1, m = 0, 1, 2, . . . ,

à ÷èñëà λ1, . . . , λn óäîâëåòâîðÿþò ñèñòåìå (1), òî Hn è f îïðåäåëåíû
è àíàëèòè÷íû â êðóãå |z| < ρ = 1/2, ïðè÷¼ì Hn(z) → f(z) ðàâíîìåðíî
â ëþáîì êðóãå |z| ≤ (1− δ)ρ, δ ∈ (0, 1), è

|f(z)−Hn(z)| ≤ C(h, δ)n(1− δ/2)n, |z| ≤ (1− δ)ρ.

Äîêàçàòåëüñòâî ýòîé òåîðåìû îïèðàåòñÿ íà îöåíêó ðåøåíèé (1), ñî-
ãëàñíî êîòîðîé ïðè óñëîâèè

|λm+1
1 + · · ·+ λm+1

n | ≤ 1, m = 0, 1, . . . , n− 1, (2)

âûïîëíÿþòñÿ íåðàâåíñòâà

|λk| ≤ ρ−1 = 2, k = 1, . . . , n.

Ðàäèóñ êðóãà ñõîäèìîñòè Hn ê f áûë óòî÷í¼í â ðàáîòå [2], ãäå óñòà-
íîâëåíî, ÷òî íà ñàìîì äåëå ïðè óñëîâèè (2) èìååò ìåñòî áîëåå ñèëüíàÿ
îöåíêà

|λk| ≤ (1− εn)
−1, k = 1, . . . , n,

ñ âåëè÷èíîé εn → 0 (n→ ∞), îïðåäåëÿåìîé èç óðàâíåíèÿ

ε2n − (1− εn)
n+1 = 0, εn ∈ (0, 1).

Â íàñòîÿùåé ðàáîòå èññëåäóåòñÿ ñëó÷àé ñòåïåííîãî óáûâàíèÿ ñóìì â
(1). Â ÷àñòíîñòè, äîêàçûâàåòñÿ ñëåäóþùàÿ

Ëåììà. Åñëè ïðè íåêîòîðûõ s > 1 è γ > 1 ïåðâûå n ñòåïåííûõ
ñóìì êîìïëåêñíûõ ÷èñåë λ1, . . . , λn óäîâëåòâîðÿþò íåðàâåíñòâàì

|λm1 + · · ·+ λmn | ≤
a

ms
, m = 1, 2, . . . , n,

142



ãäå

a = a(s, γ) :=
s− 1

γs2s
,

òî
max
1≤k≤n

|λk| < γ−1/n.

Âèäèì, ÷òî ïðè óêàçàííîì óáûâàíèè ïåðâûõ n ñòåïåííûõ ñóìì âñå
λk ëåæàò âíóòðè åäèíè÷íîãî êðóãà, â îòëè÷èå îò ñëó÷àÿ (2) (îòìåòèì,
÷òî äëÿ s, áëèçêèõ ê 1, îöåíêó ìîæíî óëó÷øèòü, çàìåíèâ â îïðåäåëåíèè
a(s, γ) ÷èñëèòåëü s− 1 ïîëîæèòåëüíîé âåëè÷èíîé, îòäåë¼ííîé îò íóëÿ).

Ïðè ïîìîùè ëåììû ìîæíî óñòàíîâèòü, íàïðèìåð, ñëåäóþùóþ îöåíêó
ïîãðåøíîñòè èíòåðïîëÿöèè ôóíêöèé f ñóììàìè Hn:

Òåîðåìà. Åñëè êîýôôèöèåíòû hm îãðàíè÷åíû:

0 < |hm| ≤ C, m = 0, 1, . . . ,

è ïðè íåêîòîðûõ s > 1, γ > 1 âûïîëíÿåòñÿ óñëîâèå

|fm/hm| ≤
a

(m+ 1)s
, m = 0, 1, 2, . . . , a = a(s, γ) =

s− 1

γs2s
,

à ÷èñëà λ1, . . . , λn (n ∈ N) âûáðàíû êàê ðåøåíèå ñèñòåìû (1), òî â
çàìêíóòîì åäèíè÷íîì êðóãå âåðíà îöåíêà

|f(z)−Hn(z)| ≤
n|z|n

γ

( C

s(2n)s
+

C

γ1/n − |z|

)
, |z| ≤ 1,

à ñóììû Hn îïðåäåëåíû è àíàëèòè÷íû â êðóãå |z| < γ1/n, ñîäåðæàùåì
åäèíè÷íûé êðóã.

Ïðè h(z) = (z−1)−1 ïîëó÷àåòñÿ îöåíêà èíòåðïîëÿöèè ôóíêöèé îïðå-
äåë¼ííîãî âèäà ïîñðåäñòâîì íàèïðîñòåéøèõ äðîáåé

n∑
k=1

1

z − zk
, zk := λ−1

k .
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Î ñìåøàííûõ çàäà÷àõ ñ ïðîèçâîäíûìè â
êðàåâûõ óñëîâèÿõ1

Â. Â. Êîðíåâ, À. Ï. Õðîìîâ (Ñàðàòîâ, Ðîññèÿ)
KornevVV@sgu.ru

Ïðèâîäèòñÿ ðåøåíèå ñìåøàííîé çàäà÷è äëÿ âîëíîâîãî óðàâíåíèÿ, íå äîïóñêàþ-
ùåé ðàçäåëåíèÿ ïåðåìåííûõ, ñ èñïîëüçîâàíèåì ðåçîëüâåíòíîãî ïîäõîäà è ðàñõî-
äÿùèõñÿ ðÿäîâ.

Êëþ÷åâûå ñëîâà: ñìåøàííàÿ çàäà÷à, âîëíîâîå óðàâíåíèå, ðåçîëüâåíòíûé ïîäõîä,
ðàñõîäÿùèéñÿ ðÿä.

On mixed problems with derivatives in
boundary conditions1

V. V. Kornev, A. P. Khromov (Saratov, Russia)
KornevVV@sgu.ru

The solution of mixed problem for wave equation, unsolvable by separating variables,
is given. It is based on the resolvent method and on the use of divergent series.

Keywords: mixed problem, wave equation, resolvent method, divergent series.

Ðàññìîòðèì ñëåäóþùóþ çàäà÷ó:

∂2u(x, t)

∂t2
=
∂2u(x, t)

∂x2
, (x, t) ∈ [0, 1]× [0,∞); (1)

U1(u) = u′x(0, t) + α1u(0, t) + β1u(1, t) = 0; (2)
U2(u) = u′x(1, t) + α2u(0, t) + β2u(1, t) = 0; (3)

u(x, 0) = φ(x), u′t(x, 0) = 0. (4)

Ôîðìàëüíîå ðåøåíèå ýòîé çàäà÷è ïî ìåòîäó Ôóðüå åñòü

u(x, t) = − 1

2πi

 �

|λ|=r

+
∑
n⩾n0

�

γn

 (Rλφ) cosρtdλ, (5)

ãäå Rλ = (L − λE)−1 - ðåçîëüâåíòà îïåðàòîðà L : Ly = −y′′(x),
y′(0) + α1y(0) + β1y(1) = y′(1) + α2y(0) + β2y(1) = 0; E - åäèíè÷íûé
îïåðàòîð, λ = ρ2, Reρ ⩾ 0, γn - çàìêíóòûé êîíòóð â λ - ïëîñêîñòè âîêðóã
n-ãî ñîáñòâåííîãî çíà÷åíèÿ îïåðàòîðà L, r > 0 è äîñòàòî÷íî âåëèêî è
ôèêñèðîâàíî, n0 òàêîé íîìåð, ÷òî ïðè n ⩾ n0 âíóòðè γn íàõîäèòñÿ ïî

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)
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îäíîìó ñîáñòâåííîìó çíà÷åíèþ îïåðàòîðà L è âñå γn ïðè n ⩾ n0 íàõî-
äÿòñÿ âíå |λ| = r.

Ìû ñ÷èòàåì, ÷òî φ(x) ∈ L[0, 1]. Òîãäà ðÿä (5) èìååò ñìûñë, õîòÿ îí
ìîæåò áûòü è ðàñõîäÿùèìñÿ.

Ó÷èòûâàÿ òåîðåìû 8 è 9 èç [1], åñòåñòâåííî íàçíà÷èòü ðÿäó (5) â
êà÷åñòâå ñóììû ñëåäóþùóþ ôóíêöèþ

u(x, t) =
1

2
[φ̃(x+ t) + φ̃(x− t)], (6)

ãäå φ̃(x) = φ(x) ïðè x ∈ [0, 1] è ïðîäîëæàåòñÿ íà âñå x ∈ R ïî ïðàâèëó:

(φ̃(−x), φ̃(1 + x))T = (φ̃(x), φ̃(1− x))T + 2M

x�

0

eM(x−t)(φ̃(t), φ̃(1− t))dt,

(7)

T - çíàê òðàíñïîíèðîâàíèÿ, M =

(
α1 β1

−α2 β2

)
.

Ðàññìîòðèì òåïåðü äðóãóþ çàäà÷ó:

∂2u(x, t)

∂t2
=
∂2u(x, t)

∂x2
+ f(x, t), (x, t) ∈ [0, 1]× [0,∞); (8)

U1(u) = 0, U2(u) = 0; (9)
u(x, 0) = 0, u′t(x, 0) = 0. (10)

Ôîðìàëüíîå ðåøåíèå ïî ìåòîäó Ôóðüå çàäà÷è (8)-(10) åñòü

u(x, t) = − 1

2πi

 �

|λ|=r

+
∞∑

n⩾n0

�

γn

 t�

0

Rλ(f(•, τ))
sinρ(t− τ)

ρ
dλ, (11)

ãäå Rλ ïðèìåíÿåòñÿ ê f(x, τ) ïî ïåðåìåííîé x (τ - ïàðàìåòð).
Ðÿä (11) èìååò ñìûñë, åñëè f(x, t) - ëîêàëüíî ñóììèðóåìàÿ â [0, 1]×

[0,∞), è ÿâëÿåòñÿ, âîîáùå ãîâîðÿ, ðàñõîäÿùèìñÿ. Èñïîëüçóÿ ðàñõîäÿ-
ùèåñÿ ðÿäû, òàê æå, êàê è â [2], ïîëó÷àåì äëÿ ðÿäà (11) ñëåäóþóùóþ
ñóììó:

u(x, t) =
1

2

t�

0

dτ

x+t−τ�

x−t+τ

f̃(η, τ)dη, (12)

ãäå f̃(η, τ) = f(η, τ) ïðè η ∈ [0, 1] è ïðîäîëæàåòñÿ íà âñå η ∈ R ïî
ïðàâèëó (2).
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Ðàññìîòðèì îñíîâíóþ çàäà÷ó íàøåãî èññëåäîâàíèÿ:

∂2u(x, t)

∂t2
=
∂2u(x, t)

∂x2
− q(x, t)u(x, t), (x, t) ∈ [0, 1]× [0,∞); (13)

U1(u) = U2(u) = 0; (14)
u(x, 0) = φ(x), u′t(x, 0) = 0. (15)

Ñ÷èòàåì, ÷òî φ(x) ∈ L[0, 1] è q(x, t)u(x, t) ∈ L[QT ] ïðè ëþáîì T , QT =
[0, 1]× [0, T ].

Çàäà÷à (13)-(15) íå îòíîñèòñÿ ê çàäà÷àì íà ìåòîä Ôóðüå.
Ïðåäñòàâèì ðåøåíèå çàäà÷è (13)-(15) â âèäå u(x, t) = u0(x, t) +

u1(x, t), ãäå u0(x, t) åñòü ðåøåíèå çàäà÷è (1)-(4), êîòîðîå ìû îïðåäåëÿ-
åì ïî ôîðìóëå (6). Äëÿ u1(x, t) èìååì ñèñòåìó (8)-(10), ãäå f(x, t) =
−q(x, t)u(x, t). Ïîýòîìó äëÿ u1(x, t) èìååò ìåñòî ôîðìóëà (12). Òåì ñà-
ìûì îñóùåñòâèëè ïåðåõîä îò (13)-(15) ê óðàâíåíèþ

u(x, t) =
1

2
[φ̃(x+ t) + φ̃(x− t)] +

1

2

t�

0

dτ

x+t−τ�

x−t+τ

f̃(η, τ)dη, (16)

ãäå f(η, τ) = −q(η, τ)u(η, τ) ïðè η ∈ [0, 1] è ïðîäîëæàåòñÿ íà âñå η ∈ R
ïî ôîðìóëå (2).

Ðàññìîòðèì óðàâíåíèå (16). Ïîäñòàâëÿÿ ôîðìàëüíî ïðàâóþ ÷àñòü
(16) â èíòåãðàë â (16) âìåñòî u(η, τ) áåñêîíå÷íîå ÷èñëî ðàç, ïðèõîäèì
ê ðÿäó

A(x, t) =
∞∑
n=0

an(x, t), (x, t) ∈ [0, 1]× [0,∞), (17)

ãäå a0(x, t) åñòü ïðàâàÿ ÷àñòü (6); an(x, t) = 1
2

t�
0

dτ
x+t−τ�
x−t+τ

f̃n−1(η, τ)dη, n =

1, 2, ...; fn(x, t) = −q(x, t)an(x, t), n = 0, 1, ... .
Òåîðåìà 1. Åñëè ïðè (x, t) ∈ QT |q(x, t)| ⩽ q1(x), q1(x) ∈ L[0, 1], òî

ðÿä A(x, t) ñõîäèòñÿ â QT àáñîëþòíî è ðàâíîìåðíî ïî x è t ñ ýêñïîíåí-
öèàëüíîé ñêîðîñòüþ.

Òåîðåìà 2. Ïðåäïîëîæèì, ÷òî φ(x), φ′(x) àáñîëþòíî íåðïåðûâ-
íû, φ′(0) + α1φ(0) + β1φ(1) = φ′(1) + α2φ(0) + β2φ(1) = 0, q(x, t) =
q1(x)q2(x, t), q1(x) ∈ L[0, 1], q2(x, t) è q2

′
t èç C[QT ] ïðè ëþáîì T > 0. Òî-

ãäà A(x, t) ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì (óäîâëåòâîðÿþùèì óðàâ-
íåíèþ (13) ïî÷òè âñþäó) çàäà÷è (13)-(15).
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Êîìïëåêñíîå îáâåðòûâàíèå
ôóíêöèè Γ(z + 1/2)/Γ(z + 1)1
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Îáñóæäàåòñÿ êðóã âîïðîñîâ, ñâÿçàííûõ ñ èíòåãðàëüíûìè ïðåäñòàâëåíèÿìè äëÿ
ãàììà-ôóíêöèè Ýéëåðà Γ(z) êîìïëåêñíîé ïåðåìåííîé z. Ðàññìàòðèâàåòñÿ ñïåöè-
àëüíîå îòíîøåíèå D(z) ≡ Γ(z + 1/2)/Γ(z + 1), ñîâïàäàþùåå ïðè öåëûõ ïîëîæè-
òåëüíûõ z ñ íîðìèðîâàííûì öåíòðàëüíûì áèíîìèàëüíûì êîýôôèöèåíòîì. Â çà-
ìêíóòîé ïðàâîé ïîëóïëîñêîñòè (áåç òî÷êè z = 0) âåëè÷èíà D(z) äîïóñêàåò îñîáîå
èíòåãðàëüíîå ïðåäñòàâëåíèå, óïîìÿíóòîå äëÿ ïîëîæèòåëüíûõ çíà÷åíèé ïåðåìåí-
íîé â çàìåòêå Äóøàíà Ñëàâè÷à 1975 ãîäà. Ôîðìóëà Ñëàâè÷à ïîçâîëÿåò âûâîäèòü
äâóñòîðîííèå îöåíêè öåíòðàëüíîãî áèíîìèàëüíîãî êîýôôèöèåíòà Cm

2m, ñîãëàñó-
þùèåñÿ ñ åãî àñèìïòîòèêîé ïðè m→ ∞. Íàø ìåòîä äîêàçàòåëüñòâà êîìïëåêñíîé
âåðñèè ôîðìóëû Ñëàâè÷à èñïîëüçóåò ïðåäñòàâëåíèå Ìàëüìñòåíà, âûðàæàþùåå
ãàììà-ôóíêöèþ â âèäå ïîäõîäÿùåãî íåñîáñòâåííîãî èíòåãðàëà. Äîïîëíèòåëüíîå
èññëåäîâàíèå óêàçûâàåò íà íàëè÷èå àñèìïòîòè÷åñêîãî ðÿäà, îáâåðòûâàþùåãî ëî-
ãàðèôì

√
z D(z) â çàìêíóòîì óãëå | arg z| ⩽ π/4 ñ èñêëþ÷åííîé âåðøèíîé.

Êëþ÷åâûå ñëîâà: ãàììà-ôóíêöèÿ, öåíòðàëüíûé áèíîìèàëüíûé êîýôôèöèåíò,
àñèìïòîòè÷åñêîå ðàçëîæåíèå, ôîðìóëà Ìàëüìñòåíà, îáâåðòûâàþùèé ðÿä â êîì-
ïëåêñíîé ïëîñêîñòè.

Áëàãîäàðíîñòè: ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò �
18-01-00236).

Complex enveloping
of function Γ(z + 1/2)/Γ(z + 1)1

A. B. Kostin, V. B. Sherstyukov (Moscow, Russia)
abkostin@yandex.ru, shervb73@gmail.com

The article discusses a range of issues related to integral representations for the Euler
gamma function Γ(z) of the complex variable z. We consider the special quotient
D(z) ≡ Γ(z + 1/2)/Γ(z + 1) coinciding for positive integers z with the normalized
central binomial coe�cient. In the closed right half-plane (without the point z = 0),
the quantity D(z) admits a special integral representation, mentioned for positive
values of the variable in a 1975 by D. Slavi�c. Slavi�c formula allows one to derive two-
sided estimates for the central binomial coe�cient Cm

2m, consistent with its asymptotic
as m → ∞. Our method of proving a complex version of Slavi�c formula uses the
Malmsten representation expressing the gamma function in the form of a suitable
improper integral. Additional research indicates the presence of an asymptotic series,
enveloping the logarithm of

√
z D(z) in a closed angle | arg z| ⩽ π/4 with an excluded

vertex.

Keywords: gamma function, central binomial coe�cient, asymptotic expansion,
Malmsten formula, enveloping series in the complex plane.
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Âîïðîñû, îòíîñÿùèåñÿ ê ýéëåðîâîé ãàììà-ôóíêöèè è áèíîìèàëü-
íûì êîýôôèöèåíòàì, ñîñòàâëÿþò âàæíûé ðàçäåë êëàññè÷åñêîãî àíàëè-
çà. Â ïîñëåäíåå âðåìÿ íàáëþäàåòñÿ èíòåðåñ ê ïîëó÷åíèþ àñèìïòîòè÷åñêè
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òî÷íûõ îöåíîê ïîäîáíûõ âåëè÷èí (ñì., íàïðèìåð, [1]�[3]). Îáçîð íåêîòî-
ðûõ ðåçóëüòàòîâ ïî çàòðîíóòîé òåìàòèêå äàí â ðàáîòå [4].

Ðàññìîòðèì ñïåöèàëüíóþ âåëè÷èíó

D(z) ≡ Γ(z + 1/2)

Γ(z + 1)
, Re z ⩾ 0, z ̸= 0, (1)

ñ âàæíûì èíòåðïîëÿöèîííûì ñâîéñòâîì

D(m) ≡ Γ(m+ 1/2)

Γ(m+ 1)
=

√
π 2−2mCm

2m, m ∈ N, (2)

ãäå Cm
2m � öåíòðàëüíûé áèíîìèàëüíûé êîýôôèöèåíò.

Â êðàòêîé çàìåòêå Ñëàâè÷à [5] äëÿ ôóíêöèè (1) ïðèâîäèòñÿ íåî÷å-
âèäíàÿ ôîðìóëà

D(x) =
1√
x
exp

−
+∞�

0

th t

2t
e−4tx dt

 , x > 0. (3)

Èç (2), (3) ïîëó÷àåì èíòåãðàëüíîå ïðåäñòàâëåíèå öåíòðàëüíîãî áèíîìè-
àëüíîãî êîýôôèöèåíòà

Cm
2m =

22m√
πm

exp

−
+∞�

0

th t

2t
e−4mt dt

 , m ∈ N. (4)

Ôîðìóëà (4) ïîçâîëÿåò äîêàçàòü (ñì. [5], [6]) óíèâåðñàëüíûå äâîéíûå
íåðàâåíñòâà

22m√
πm

exp

{
2M−1∑
k=1

bk
m2k−1

}
< Cm

2m <
22m√
πm

exp

{
2M∑
k=1

bk
m2k−1

}
, (5)

äåéñòâóþùèå ïðè âñåõ m ∈ N è ëþáîì âûáîðå ïàðàìåòðà M ∈ N. Êîýô-
ôèöèåíòû bk â (5) âû÷èñëÿþòñÿ ÷åðåç ÷èñëà Áåðíóëëè B2k ïî ïðàâèëó

bk =
(2−2k − 1)B2k

k(2k − 1)
, k ∈ N.

Îòìåòèì, ÷òî â íåäàâíåé ðàáîòå Ïîïîâà [3] äëÿ ïîëó÷åíèÿ êàê (5), òàê
è íîâûõ, óòî÷íåííûõ îöåíîê âåëè÷èíû Cm

2m, âìåñòî (4) ñóùåñòâåííî èñ-
ïîëüçîâàëàñü ïðè z = x > 0 òàê íàçûâàåìàÿ âòîðàÿ ôîðìóëà Áèíå

Γ(z) =

√
2π

z
exp

z ln z − z + 2

+∞�

0

arctg(t/z)

exp(2πt)− 1
dt

 ,
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ñïðàâåäëèâàÿ â ïðàâîé ïîëóïëîñêîñòè Re z > 0.
Êàê îêàçàëîñü, ôîðìóëà Ñëàâè÷à (3) ðàñïðîñòðàíÿåòñÿ íà ìíîæåñòâî

Re z ⩾ 0, z ̸= 0, è óäîáíûì èíñòðóìåíòîì ïðè äîêàçàòåëüñòâå òàêîãî
óòâåðæäåíèÿ ñëóæèò âîñõîäÿùåå ê Ìàëüìñòåíó (1847 ã.) ïðåäñòàâëåíèå

Γ(z) = exp


+∞�

0

(
e−zt − e−t

1− e−t
+ (z − 1) e−t

)
dt

t

 ,

òàêæå ñïðàâåäëèâîå â çàìêíóòîé ïðàâîé ïîëóïëîñêîñòè ñ èñêëþ÷åííîé
òî÷êîé z = 0 (ïîäðîáíîñòè ñì. â [7]).

Ðåçóëüòàò (5) åñòü î÷åâèäíîå ñëåäñòâèå áîëåå îáùèõ îöåíîê

2M−1∑
k=1

(2−2k − 1)B2k

k(2k − 1)x2k−1
< ln

(√
xΓ(x+ 1/2)

Γ(x+ 1)

)
<

2M∑
k=1

(2−2k − 1)B2k

k(2k − 1)x2k−1
,

äîêàçàííûõ â [6] ïðè âñåõ x > 0 è M ∈ N. Ýòè îöåíêè îçíà÷àþò, ÷òî
ôóíêöèÿ

ln

(√
xΓ(x+ 1/2)

Γ(x+ 1)

)
= ln

(√
xD(x)

)
ïðè x > 0 îáâåðòûâàåòñÿ ðÿäîì

∞∑
k=1

(2−2k − 1)B2k

k(2k − 1)x2k−1
.

Îñíîâûâàÿñü íà íåäàâíèõ ðåçóëüòàòàõ [6], [7], ìû ïîêàçûâàåì, ÷òî ïîäîá-
íîå ñâîéñòâî èìååò ìåñòî â óãëå −π/4 ⩽ arg z ⩽ π/4, z ̸= 0.
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ÓÄÊ 517.53

Êðèòåðèé ôóíäàìåíòàëüíîãî ïðèíöèïà äëÿ
èíâàðèàíòíûõ ïîäïðîñòðàíñòâ â
ïðîèçâîëüíîé âûïóêëîé îáëàñòè1

Î. À. Êðèâîøååâà (Óôà, Ðîññèÿ)
kriolesya2006@yandex.ru

Â ðàáîòå èçó÷àþòñÿ ïîäïðîñòðàíñòâà ôóíêöèé àíàëèòè÷åñêèõ â íåîãðàíè÷åííîé
âûïóêëîé îáëàñòè êîìïëåêñíîé ïëîñêîñòè è èíâàðèàíòíûõ îòíîñèòåëüíî îïå-
ðàòîðà äèôôåðåíöèðîâàíèÿ. Èññëåäóåòñÿ çàäà÷à ôóíäàìåíòàëüíîãî ïðèíöèïà �
ïðåäñòàâëåíèÿ âñåõ ôóíêöèé èç èíâàðèàíòíîãî ïîäïðîñòðàíñòâà ðÿäàìè ýêñïî-
íåíöèàëüíûõ ìîíîìîâ. Ýòè ýêñïîíåíöèàëüíûå ìîíîìû ÿâëÿþòñÿ ñîáñòâåííûìè
è ïðèñîåäèíåííûìè ôóíêöèÿìè îïåðàòîðà äèôôåðåíöèðîâàíèÿ â èíâàðèàíòíîì
ïîäïðîñòðàíñòâå. Ïîëó÷åí ïðîñòîé ãåîìåòðè÷åñêèé êðèòåðèé ôóíäàìåíòàëüíî-
ãî ïðèíöèïà. Îí ôîðìóëèðóåòñÿ ëèøü ïðè ïîìîùè èíäåêñà êîíäåíñàöèè À. Ñ.
Êðèâîøååâà ïîñëåäîâàòåëüíîñòè ïîêàçàòåëåé óêàçàííûõ ýêñïîíåíöèàëüíûõ ìî-
íîìîâ.

Êëþ÷åâûå ñëîâà: èíâàðèàíòíîå ïîäïðîñòðàíñòâî, ôóíäàìåíòàëüíûé ïðèíöèï,
ýêñïîíåíöèàëüíûé ìîíîì.

Áëàãîäàðíîñòè: ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå êîíêóðñà "Ìîëî-
äàÿ ìàòåìàòèêà Ðîññèè".

A criterion of the fundamental principle for
invariant subspaces in an arbitrary convex

domain1

O. A. Krivosheeva (Ufa, Russia)
kriolesya2006@yandex.ru

We study subspaces of functions analytic in an unbounded convex domain of the
complex plane and invariant with respect to the di�erentiation operator. The problem
of the fundamental principle � the representation of all functions from an invariant
subspace by a series of exponential monomials-is investigated. These exponential
monomials are eigenfunctions and associated functions of the di�erentiation operator
in the invariant subspace. A simple geometric criterion of the fundamental principle
is obtained. It is formulated only with the help of A. S. Krivosheev's condensation
index of sequence of exponents of the speci�ed exponential monomials.

Keywords: invariant subspace, fundamental principle, exponential monomial.
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Ïóñòü Λ = {λk, nk}∞k=1 � ïîñëåäîâàòåëüíîñòü ðàçëè÷íûõ êîìïëåêñ-
íûõ ÷èñåë λk è èõ êðàòíîñòåé nk. Ñ÷èòàåì, ÷òî |λk| íå óáûâàåò è
|λk| → ∞, k → ∞. Ñèìâîëîì Ξ(Λ) îáîçíà÷èì ìíîæåñòâî ïðåäåëîâ ñõîäÿ-

ùèõñÿ ïîñëåäîâàòåëüíîñòåé âèäà

{
λkj
|λkj |

}∞

j=1

(λ � êîìïëåêñíîå ñîïðÿæå-

íèå). Ìíîæåñòâî Ξ(Λ) çàìêíóòî è ÿâëÿåòñÿ ïîäìíîæåñòâîì åäèíè÷íîé

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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îêðóæíîñòè S(0, 1). Ââåäåì ñåìåéñòâî ýêñïîíåíöèàëüíûõ ìîíîìîâ

E(Λ) = {zneλkz}∞,nk−1
k=1,n=0.

Ïóñòü D ⊂ C � âûïóêëàÿ îáëàñòü è

HD(φ) = sup
z∈D

Re(ze−iφ), φ ∈ [0, 2π]

� åå îïîðíàÿ ôóíêöèÿ. Ïîëîæèì

J(D) = {eiφ ∈ S(0, 1) : HD(φ) = +∞}.

Ïóñòü H(D) � ïðîñòðàíñòâî ôóíêöèé àíàëèòè÷åñêèõ â îáëàñòè D ñ
òîïîëîãèåé ðàâíîìåðíîé ñõîäèìîñòè íà êîìïàêòàõ K ⊂ D, èW ⊂ H(D)
� íåòðèâèàëüíîå çàìêíóòîå ïîäïðîñòðàíñòâî, êîòîðîå èíâàðèàíòíî îò-
íîñèòåëüíî îïåðàòîðà äèôôåðåíöèðîâàíèÿ. Ñïåêòð ýòîãî îïåðàòîðà â
ïîäïðîñòðàíñòâå W ÿâëÿåòñÿ íå áîëåå ÷åì ñ÷åòíûì ìíîæåñòâîì {λk}
([1], ãë.II,�7). Ïóñòü Λ = {λk, nk} � êðàòíûé ñïåêòð îïåðàòîðà äèôôå-
ðåíöèðîâàíèÿ â ïîäïðîñòðàíñòâå W . Òîãäà E(Λ) � ñåìåéñòâî åãî ñîá-
ñòâåííûõ è ïðèñîåäèíåííûõ ôóíêöèé â W . ×åðåç W (Λ, D) çàìûêàíèå
(â ïðîñòðàíñòâå H(D)) ëèíåéíîé îáîëî÷êè ñèñòåìû E(Λ).

Îñíîâíîé çàäà÷åé â òåîðèè èíâàðèàíòíûõ ïîäïðîñòðàíñòâ ÿâëÿåòñÿ
ïðîáëåìà ôóíäàìåíòàëüíîãî ïðèíöèïà. Ãîâîðÿò, ÷òî â W ñî ñïåêòðîì Λ
ñïðàâåäëèâ ôóíäàìåíòàëüíûé ïðèíöèï, åñëè äëÿ ëþáîé ôóíêöèè g ∈ W
âåðíî ïðåäñòàâëåíèå

g(z) =

∞,nk−1∑
k=1,n=0

dk,nz
neλkz, z ∈ D, (1)

ïðè÷åì ðÿä ñõîäèòñÿ ðàâíîìåðíî íà êîìïàêòàõ èç D.
Â ðàáîòå [2] ïðèâîäèòñÿ êðèòåðèé ôóíäàìåíòàëüíîãî ïðèíöèïà äëÿ

èíâàðèàíòíûõ ïîäïðîñòðàíñòâ â ïðîèçâîëüíîé âûïóêëîé îáëàñòè ïðè
óñëîâèè Ξ(Λ) ⊆ J(D). Â äàííîé ðàáîòå ýòîò ðåçóëüòàò ðàñïðîñòðàíÿåòñÿ
íà ñëó÷àé, êîãäà Ξ(Λ) ëåæèò â çàìûêàíèè J(D) ìíîæåñòâà J(D). Îòìå-
òèì, ÷òî ýòîò ñëó÷àé ïðèíöèïèàëüíî îòëè÷àåòñÿ îò ñëó÷àÿ Ξ(Λ) ⊆ J(D).
Ïîëó÷åí ïðîñòîé ãåîìåòðè÷åñêèé êðèòåðèé ôóíäàìåíòàëüíîãî ïðèíöè-
ïà, êîòîðûé îïèðàåòñÿ ëèøü íà ïîíÿòèå èíäåêñà êîíäåíñàöèè ïîñëåäî-
âàòåëüíîñòè, ñîñòàâëÿþùåé ñïåêòð èíâàðèàíòíîãî ïîäïðîñòðàíñòâà.

Ñëåäóÿ [3], ââåäåì èíäåêñ êîíäåíñàöèè

SΛ = lim
δ→0

lim
k→∞

ln |qkΛ(λk, δ)|
|λk|

, qkΛ(z, δ) =
∏

λm∈B(λk,δ|λk|,λm ̸=λk)

(
z − λm
3δ|λm|

)nm
.
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Ïîëîæèì

SΛ(φ) = min
{λk(j)}

lim
δ→0

lim
j→∞

ln |qk(j)Λ (λk(j), δ)|
|λk(j)|

,

ãäå φ ∈ R è ìèíèìóì áåðåòñÿ ïî âñåì ïîäïîñëåäîâàòåëüíîñòÿì {λk(j)}
ïîñëåäîâàòåëüíîñòè {λk} òàêèì, ÷òî λk(j)/|λk(j)| → e−iφ, j → ∞.

Ïóñòü φ ∈ R è a ≤ +∞. Ïîëîæèì

Π(a, φ) = {z ∈ C : Re(ze−iφ) < a}.

Ìíîæåñòâî Π(a, φ) ÿâëÿåòñÿ ïîëóïëîñêîñòüþ, êîãäà a ∈ R. Åñëè a =
+∞, òîΠ(a, φ) = C. ÏóñòüD � íåîãðàíè÷åííàÿ âûïóêëàÿ îáëàñòü èD ̸=
Π(a, φ), φ ∈ R, a ≤ +∞. Òîãäà ∂J(D) = {eiφ1, eiφ2} � äâóõýëåìåíòíîå
ìíîæåñòâî.

Òåîðåìà. Ïóñòü Λ = {λk, nk}, D � âûïóêëàÿ îáëàñòü, è ñèñòåìà
E(Λ) íå ïîëíà â H(D). Ñëåäóþùèå óòâåðæäåíèÿ ýêâèâàëåíòíû:

1) Êàæäàÿ ôóíêöèÿ g ∈ W (Λ, D) ïðåäñòàâëÿåòñÿ ðÿäîì (1),
êîòîðûé ñõîäèòñÿ ðàâíîìåðíî íà êîìïàêòàõ èç îáëàñòè D0 =
Π(HD(φ1), φ1) ∩ Π(HD(φ2), φ2);

2) Ξ(Λ) ⊆ J(D), ∂J(D) ⊆ {eiφ1, eiφ2}, SΛ > −∞ and SΛ(φ) = 0,
φ ∈ ∂J(D) \ J(D).
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ÓÄÊ 517.55

Îáîáùåíèå íåðàâåíñòâà Õàðäè � Ëèòòëâóäà
äëÿ êëàññîâ Õàðäè è ñâîéñòâî Ôàòó1

Â. Ã. Êðîòîâ (Ìèíñê, Áåëàðóñü)
krotov@bsu.by

Äëÿ ôóíêöèé èç êëàññîâ Õàðäè Hp(Bn) â åäèíè÷íîì øàðå Bn ⊂ Cn èçó÷àåòñÿ
çàäà÷à î ñóùåñòâîâàíèè ïðåäåëîâ ïî÷òè âñþäó íà ãðàíèöå ïðè ïðîèçâîëüíîì
ïîäõîäå òî÷êè z ∈ Bn ê òî÷êå ãðàíèöû ζ. Äëÿ ýòîãî èñïîëüçîâàí âàðèàíò ïîíÿòèÿ
Lq
w-òî÷êè Ëåáåãà ñ íåêîòîðûì âåñîì w.

Òàêîé ïîäõîä äîïóñêàåò òàêæå àáñòðàêòíóþ òðàêòîâêó äëÿ ôóíêöèé íà ïðîèç-
âåäåíèè X × (0, T ), ãäå X � ïðîñòðàíñòâî ñ êâàçèìåòðèêîé è ìåðîé, óäîâëå-
òâîðÿþùåé íåêîòîðîìó óñëîâèþ ðîñòà. Äëÿ ðåàëèçàöèè ýòîãî ïëàíà ïîëó÷åíû
îáîáùåíèÿ êëàññè÷åñêèõ íåðàâåíñòâ Õàðäè�Ëèòòëâóäà äëÿ ôóíêöèé èç êëàññîâ
Õàðäè, íå èñïîëüçóþùèõ ñâîéñòâ àíàëèòè÷íîñòè, ãàðìîíè÷íîñòè è ò.ï.

Êëþ÷åâûå ñëîâà: ïðîñòðàíñòâà Õàðäè, ñâîéñòâî Ôàòó, íåðàâåíñòâà Õàðäè-
Ëèòòëâóäà.

Generalization of the Hardy � Littlewood
inequality for Hardy classes and the Fatou

property1

V. G. Krotov (Minsk, Belarus)
krotov@bsu.by

For functions from Hardy classes Hp(Bn) in the unit ball Bn ⊂ Cn, we study the
problem of the existence of limits almost everywhere on the boundary for an arbitrary
approach of the point z inBn to the point of the boundary ζ. For this, a version of
the concept of a Lq

w -Lebesgue point with some weight w is used.

This approach also allows an abstract interpretation for functions on the product
X × (0, T ), where X is a space with quasimetrics and a measure satisfying a certain
growth condition. To implement this plan, generalizations of the classical Hardy�
Littlewood inequalities are obtained for functions from the Hardy classes that do not
use the properties of analyticity, harmonicity, etc.

Keywords: Hardy Spaces, Fatou Property, Hardy�Littlewood Inequalities.

Ââåäåíèå

Ïóñòü Bn � åäèíè÷íûé øàð â Cn, n ≥ 1. Êëàññ Õàðäè Hp(Bn), p > 0,
ñîñòîèò èç ãîëîìîðôíûõ ôóíêöèé f : Bn → C, äëÿ êîòîðûõ êîíå÷íà
âåëè÷èíà

∥f∥Hp(Bn) := sup
0≤r<1

∥fr∥p, ∥g∥p :=

�

S

|g(ζ)|p dσ(ζ)

1/p

.

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Çäåñü fr(z) = f(rz), σ � ïîâåðõíîñòíàÿ ìåðà íà ãðàíèöå øàðà S = ∂Bn,
íîðìèðîâàííàÿ óñëîâèåì σ(S) = 1.

Ôóíêöèè èç êëàññîâ Õàðäè Hp(Bn), p > 0, îáëàäàþò ñâîéñòâîì Ôà-
òó � îíè èìåþò ïðåäåëû äëÿ σ-ïî÷òè âñåõ òî÷åê ζ ∈ S, êîãäà òî÷êà
z ∈ Bn ñòðåìèòñÿ ê ζ, îñòàâàÿñü âíóòðè íåêîòîðîé îáëàñòè. Îïèøåì ýòî
ñâîéñòâî áîëåå ïîäðîáíî.

Íà ñôåðå S èìååòñÿ åñòåñòâåííàÿ êâàçèìåòðèêà

d(ζ, ξ) := |1−⟨ζ, ξ⟩|, ⟨ζ, ξ⟩ :=
n∑
j=1

ζjξj, (1)

ãäå ζ = (ζ1, . . . , ζn), ξ = (ξ1, . . . , ξn) ∈ Cn (ñì., íàïðèìåð, [1, �5.1], [2, Ãë.
1, �4]).

Ñ ïîìîùüþ êâàçèìåòðèêè d ââîäèì îáëàñòè ïîäõîäà ê ãðàíèöå (äî-
ïóñòèìûå îáëàñòè Êîðàíüè)

Da(ζ) := {rξ : d(ζ, ξ) < a(1− r), 0 ≤ r < 1, ξ ∈ S}, ζ ∈ S. (2)

Çäåñü è âñþäó íèæå a > 0 � ëþáîå ôèêñèðîâàííîå ÷èñëî.
Ñ îáëàñòÿìè (2) åñòåñòâåííûì îáðàçîì ñâÿçûâàåòñÿ ïîíÿòèå Da-

ïðåäåëà (ñì., íàïðèìåð, [1, �5.4]). Êàæäàÿ ôóíêöèÿ f ∈ Hp(Bn), p > 0,
ïî÷òè âñþäó íà S èìååò Da-ïðåäåë ïðè êàæäîì a > 0 (ñì., íàïðèìåð, [1,
�5.6], [2, Ãë. 3, �1]. Áóäåì îáîçíà÷àòü ýòîò ïðåäåë (ãðàíè÷íóþ ôóíêöèþ)
òàê:

Da(ζ)− lim f = f ∗(ζ).

Îáëàñòè (2) â ýòîì óòâåðæäåíèè ÿâëÿþòñÿ îïòèìàëüíûìè è íå ìîãóò
áûòü ñóùåñòâåííî ðàñøèðåíû. Íàïðèìåð, íåòðóäíî ïîêàçàòü, ÷òî äëÿ
ëþáîé óáûâàþùåé ôóíêöèè A : (0, 1] → [1,+∞), A(+0) = +∞ ñóùå-
ñòâóåò ôóíêöèÿ f ∈ Hp(Bn), p > 0, äëÿ êîòîðîé ïðåäåë âäîëü îáëàñòåé

{rη : d(ζ, η) < A(1− r)(1− r), 0 ≤ r < 1, η ∈ S}

íå ñóùåñòâóåò äëÿ σ-ïî÷òè âñåõ ζ ∈ S.

1 Ñâîéñòâî Ôàòó

Çäåñü ìû ïðèâåäåì íåêîòîðûå ðåçóëüòàòû î ãðàíè÷íîì ïîâåäåíèè ôóíê-
öèé èç êëàññîâ Õàðäè äëÿ ñëó÷àÿ, êîãäà òî÷êà z ∈ Bn ñòðåìèòñÿ ê ζ
ïðîèçâîëüíûì îáðàçîì. Êîíå÷íî, îá îáû÷íîì ïðåäåëå ðå÷è óæå íå ìî-
æåò áûòü è ìû áóäåì èñïîëüçîâàòü âàðèàíò ïîíÿòèÿ Lqw-òî÷êè Ëåáåãà ñ
âåñîì w.
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Ââåäåì ñåìåéñòâî ìåð να, α > 0, íà Bn: äëÿ èçìåðèìîãî ìíîæåñòâà
A ⊂ Bn ïîëîæèì

να(A) := α

1�

0

(1− r)α−1

�

S

χA(sξ) dµ(ξ) ds

(χA � õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ìíîæåñòâà A).
Äëÿ òî÷êè ζ ∈ S è 0 < r, h < 1 îïðåäåëèì îáëàñòè ïîäõîäà ê òî÷êå

ζ ∈ S

D(ζ, r, h) := {sξ ∈ Bn : d(ζ, ξ) < h, 1− r < s < 1}.

Ýòîìó ñåìåéñòâó îáëàñòåé ñîîòâåòñòâóåò ìàêñèìàëüíûé îïåðàòîð

M q
αf(ζ) := sup


 1

να(D(ζ, r, h))

�

D(ζ,r,h)

|f |qdνα


1/q

: 0 < r, h < 1

 ,

ãäå ζ ∈ S.
Äàëåå çàïèñü A ≲ B îçíà÷àåò, ÷òî A ≤ cB äëÿ íåêîòîðîé ïîñòîÿííîé

c > 0, çàâèñÿùåé, âîçìîæíî, îò íåêîòîðûõ ïàðàìåòðîâ.

Òåîðåìà 1. Ïóñòü 0 < p < q <∞, α := n(q/p− 1). Òîãäà äëÿ ëþáîé
ôóíêöèè f ∈ Hp(Bn) äëÿ âñåõ λ > 0 ñïðàâåäëèâî íåðàâåíñòâî

σ({M q
αf > λ}) ≲

(
∥f∥Hp

λ

)q
(≲ íå çàâèñèò îò f è λ).

Èç òåîðåìû 1 ñòàíäàðòíûì ñïîñîáîì âûâîäèòñÿ ñëåäóþùåå óòâåðæäå-
íèå î ñõîäèìîñòè σ-ïî÷òè âñþäó.

Òåîðåìà 2. Ïóñòü 0 < p < q <∞, α := n(q/p− 1). Òîãäà äëÿ ëþáîé
ôóíêöèè f ∈ Hp(Bn) äëÿ σ-ïî÷òè âñåõ ζ ∈ S ñïðàâåäëèâî ñîîòíîøåíèå

lim
r→1,h→0

1

να(D(ζ, r, h))

�

D(ζ,r,h)

|f − f ∗(ζ)|qdνα = 0.

Òåîðåìû 1 è 2 ñïðàâåäëèâû òàêæå ïðè q = p � òîãäà ìîæíî âçÿòü
ëþáîå α > 0. Îäíàêî â òàêîì ñëó÷àå âçÿòü α = 0 óæå íåëüçÿ, òàê êàê
äëÿ ëþáîé ôóíêöèÿ f ∈ Hp(Bn), îòëè÷íîé îò òîæäåñòâåííîãî íóëÿ, |f |p
íå ìîæåò áûòü ñóììèðóåìîé íà Bn ïî ìåðå ν0.
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2 Îáîáùåíèå íåðàâåíñòâ Õàðäè�Ëèòòëâóäà

Ïðè äîêàçàòåëüñòâå òåîðåìû 1 èñïîëüçîâàëèñü ñëåäóþùèå íåðàâåíñòâà
äëÿ ôóíêöèé èç êëàññîâ Õàðäè Hp(Bn).

Òåîðåìà 3. Ïóñòü 0 < p < q ≤ ∞, p ≤ l, òîãäà äëÿ ëþáîé ôóíêöèè
f ∈ Hp(Bn), âûïîëíåíû íåðàâåíñòâà

|f(z)| ≲ (1− |z|)−n/p ∥f∥Hp , z ∈ Bn,

�

S

|f(rζ)|qdσ(ζ)

1/q

≲ (1− r)−n(1/p−1/q) ∥f∥Hp , 0 ≤ r < 1,

 1�

0

(1− r)nl(1/p−1/q)−1

�

S

|f(rζ)|qdσ(ζ)

l/q

dr


1/l

≲ ∥f∥Hp .

Â îäíîìåðíîì ñëó÷àå òåîðåìà 3 áûëà äîêàçàíà Õàðäè è Ëèòòëâóäîì
[3], Ôëåòò [4] äàë äëÿ íåå äðóãîå äîêàçàòåëüñòâî, à Ìèò÷åëë è Õàí [5]
ïåðåíåñëè åå óòâåðæäåíèå íà ìíîãîìåðíûé ñëó÷àé.

Äàëåå ìû ïðèâåäåì ðåçóëüòàò, êîòîðûé îáîáùàåò òåîðåìó 3 â äâóõ
íàïðàâëåíèÿõ. Ñ îäíîé ñòîðîíû, åå óòâåðæäåíèå îñòàåòñÿ ñïðàâåäëèâûì
äëÿ ëþáîé íåïðåðûâíîé (è äàæå èçìåðèìîé) ôóíêöèè f : Bn → C, åñëè
â ïðàâûõ ÷àñòÿõ íåðàâåíñòâ (4)�(6) íîðìó ∥f∥Hp çàìåíèòü íà ∥Naf∥p,
ãäå

Naf(ζ) := sup{|f(z)| : z ∈ Da(ζ)}, ζ ∈ S �

ìàêñèìàëüíàÿ ôóíêöèÿ, ñîîòâåòñòâóþùàÿ îáëàñòÿì (2). Êâàçèíîðìû
∥Naf∥p è ∥f∥Hp ýêâèâàëåíòíû ñ ïîñòîÿííûìè ýêâèâàëåíòíîñòè, çàâè-
ñÿùèìè òîëüêî îò n, p è a (ñì., íàïðèìåð, [1, �5.6]).

Ñ äðóãîé ñòîðîíû, åäèíè÷íàÿ ñôåðà S = ∂Bn ⊂ Cn áóäåò çàìåíå-
íà íà âåñüìà îáùèé îáúåêò � ïðîñòðàíñòâî ñ êâàçèìåòðèêîé è ìåðîé,
óäîâëåòâîðÿþùåé íåêîòîðîìó óñëîâèþ ðîñòà, ïðè ýòîì ðîëü øàðà Bn

áóäåò èãðàòü ïðîèçâåäåíèå ýòîãî ïðîñòðàíñòâà íà èíòåðâàë. Ïåðåéäåì ê
òî÷íûì ôîðìóëèðîâêàì.

Ïóñòü X � ëîêàëüíî êîìïàêòíîå õàóñäîðôîâî ïðîñòðàíñòâî, òîïîëî-
ãèÿ êîòîðîãî ïîðîæäåíà êâàçèìåòðèêîé d, ò.å. ôóíêöèÿ d : X×X → R+

óäîâëåòâîðÿåò âñåì àêñèîìàì ìåòðèêè, ïðè÷åì íåðàâåíñòâî òðåóãîëüíè-
êà çàìåíÿåòñÿ áîëåå ñëàáûì óñëîâèåì: ñóùåñòâóåò òàêîå ÷èñëî ad ≥ 1,
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÷òî äëÿ âñåõ x, y, z ∈ X âûïîëíåíî íåðàâåíñòâî

d(x, y) ≤ ad[d(x, z) + d(z, y)].

Ïðèìåð êâàçèìåòðèêè � (1).
Êâàçèìåòðèêà d ïîðîæäàåò ñåìåéñòâî øàðîâ

B(x, r) := {y ∈ X : d(x, y) < r}, x ∈ X, r > 0

è òîïîëîãèþ X. Ïóñòü åùå X ñíàáæåíî áîðåëåâñêîé ìåðîé µ.
Ðàññìîòðèì ïðîèçâåäåíèå X := X × I, ãäå I = (0, T ), 0 < T ≤ +∞.

Äëÿ a > 0 è êàæäîé òî÷êè x ∈ X îïðåäåëèì îáëàñòè

Da(x) := {(y, t) ∈ X : d(x, y) < at}.

Ñ ïîìîùüþ ýòèõ îáëàñòåé ââîäèòñÿ Da-ïðåäåë è ìàêñèìàëüíàÿ ôóíêöèÿ

Nau(x) := sup{|u(y, t)| : (y, t) ∈ Da(x)}.

Äàëåå äëÿ p > 0 ââåäåì êëàññû Hp(X ), ñîñòîÿùèå èç íåïðåðûâíûõ
ôóíêöèé u : X → R, äëÿ êîòîðûõ êîíå÷íà âåëè÷èíà ∥Nau∥Lp(X). Âïåð-
âûå îíè ðàññìàòðèâàëèñü â [6] â ñëó÷àå X = Rn è â [7] îáùåì ñëó÷àå.

Òåîðåìà 4. Ïóñòü ïðè íåêîòîðîì n > 0 ìåðà µ óäîâëåòâîðÿåò
óñëîâèþ

rn ≲ µ(B(x, r)), x ∈ X, r ∈ I, (3)

(≲ íå çàâèñèò îò x è r). Ïóñòü åùå 0 < p < q ≤ ∞ è p ≤ l.
Òîãäà äëÿ ëþáîé ôóíêöèè u ∈ Hp(X ) ñïðàâåäëèâû íåðàâåíñòâà

|u(x, t)| ≲ t−n/p ∥Nau∥Lp(X) , x ∈ X, (4)

�

X

|u(x, t)|qdµ(x)

1/q

≲ t−n(1/p−1/q) ∥Nau∥Lp(X) , t ∈ I, (5)

 T�

0

tnl(1/p−1/q)−1

�

X

|u(x, t)|qdµ(x)

l/q

dt


1/l

≲ ∥Nau∥Lp(X) . (6)

Íåðàâåíñòâî (4) èç òåîðåìû 4 óæå îòìå÷àëîñü â [6] â ñëó÷àå X =
Rn, ñì òàêæå [8]. Êðîìå òîãî, íåðàâåíñòâî (5) ïîëó÷àåòñÿ èç (4) âåñüìà
ïðîñòî. Ñóùåñòâåííî íîâûì ÿâëÿåòñÿ íåðàâåíñòâî (6) â òàêîé îáùíîñòè.
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Ïðèìåð ïðèìåíåíèÿ òåîðåìû 4: X = Rn ñ åâêëèäîâûì ðàññòîÿíèåì è
ìåðîé Ëåáåãà. Äëÿ èíòåãðàëîâ Ïóàññîíà è Ãàóññà�Âåéåðøòðàññà ôóíê-
öèé èç Lp(Rn), p > 1, íåðàâåíñòâà èç òåîðåìû 4 äîêàçàíû â [4]. Â [4]
ïðèâîäÿòñÿ òàêæå òàêèå íåðàâåíñòâà äëÿ ôóíêöèé, íåêîòîðàÿ ñòåïåíü
êîòîðûõ ñóáãàðìîíè÷íà.

Òåîðåìà 1 òàêæå ïåðåíîñèòñÿ íà îáùóþ ñèòóàöèþ. Äëÿ ýòîãî íàì
ïîíàäîáèòñÿ óñëîâèå óäâîåíèÿ:

µ(B(x, 2r)) ≲ µ(B(x, r)), x ∈ X, r > 0

(≲ íå çàâèñèò îò x è r). Áóäåì ïðåäïîëàãàòü ýòî óñëîâèå âûïîëíåííûì
âñþäó íèæå. Îòìåòèì, ÷òî â ñëó÷àå îãðàíè÷åííîãî X ïðè óñëîâèè óäâî-
åíèÿ ñóùåñòâóåò òàêîå n > 0, äëÿ êîòîðîãî âûïîëíåíî (3).

Òåîðåìà 5. Ïóñòü ïðè íåêîòîðîì n > 0 âûïîëíåíî óñëîâèå (3),
0 < p < q < ∞, α := n(q/p − 1). Òîãäà äëÿ ëþáîé ôóíêöèè f ∈ Hp(X )
äëÿ âñåõ λ > 0 ñïðàâåäëèâî íåðàâåíñòâî

µ({Mq
αu > λ}) ≲

(
∥Nau∥Lp(X)

λ

)q

(≲ íå çàâèñèò îò u è λ).

Â òåîðåìå 5 èñïîëüçîâàíû ñëåäóþùèå îáîçíà÷åíèÿ:

Mq
αu(x) := sup


 1

να(D(x, t, h))

�

D(x,t,h)

|u|qdνα


1/q

: 0 < t, h < 1

 ,

ãäå

να(A) := α

T�

0

tα−1

�

X

χA(y, t) dµ(y) dt, A ⊂ X , α > 0,

D(x, t, h) := {(y, s) ∈ X : d(x, y) < h, 0 < s < t}, x ∈ X, 0 < t, h < T.

Îòìåòèì, ÷òî óòâåðæäåíèÿ òåîðåì 4 è 5 ñîõðàíÿþò ñèëó, åñëè â îïðå-
äåëåíèè êëàññîâ Hp(X ) íåïðåðûâíîñòü ôóíêöèé çàìåíèòü íà èçìåðè-
ìîñòü.

Â çàêëþ÷åíèå îñòàíîâèìñÿ íà îáîáùåíèè òåîðåìû 2.
Ïóñòü Hp

0(X ) � çàìûêàíèå ïî êâàçèíîðìå ∥Nau∥Lp(X) êëàññà íåïðå-
ðûâíûõ â X × [0, T ) ôóíêöèé ñ êîìïàêòíûì íîñèòåëåì. Íåòðóäíî ïî-
êàçàòü, ÷òî äëÿ êàæäîé ôóíêöèè u ∈ Hp

0(X ) äëÿ µ-ïî÷òè âñåõ x ∈ X
ñóùåñòâóåò Na-ïðåäåë, êîòîðûé ìû îáîçíà÷èì u∗(x) [7].
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Òåîðåìà 6. Ïóñòü ïðè íåêîòîðîì n > 0 âûïîëíåíî óñëîâèå (3),
0 < p < q < ∞, α := n(q/p − 1). Òîãäà äëÿ ëþáîé ôóíêöèè f ∈ Hp

0(X )
äëÿ µ-ïî÷òè âñåõ x ∈ X ñïðàâåäëèâî ñîîòíîøåíèå

lim
t,h→0

1

να(D(x, t, h))

�

D(x,t,h)

|u− u∗(x)|qdνα = 0.
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Â ðàáîòå ïðèâîäèòñÿ ÷àñòíûé ñëó÷àé ïîñòðîåíèÿ æåñòêèõ ôðåéìîâ â ïðîèçâîëü-
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Ïóñòü (G, +̇) � ëîêàëüíî-êîìïàêòíàÿ íóëüìåðíàÿ àääèòèâíàÿ òîïîëîãè-
÷åñêàÿ ãðóïïà, òîïîëîãèÿ â êîòîðîé çàäàíà ñ÷åòíîé ñèñòåìîé âëîæåííûõ
ïîäãðóïï ... ⊃ G−n ⊃ ... ⊃ G−1 ⊃ G0 ⊃ G1 ⊃ G2 ⊃ ... ⊃ Gn ⊃ ... òà-

êèõ, ÷òî
∞⋃

n=−∞
Gn = G,

∞⋂
n=−∞

Gn = {0} (0 � íóëåâîé ýëåìåíò ãðóïïû G),

(Gn\Gn+1)
# = p, ãäå p � ïðîñòîå ÷èñëî. gn ∈ Gn\Gn+1 � áàçèñíàÿ ïî-

ñëåäîâàòåëüíîñòü. Ïðè êàæäîì n ∈ Z âûáèðàåì ýëåìåíò gn ∈ Gn \Gn+1

è ôèêñèðóåì åãî. Òîãäà ëþáîé ýëåìåíò x ∈ G îäíîçíà÷íî ïðåäñòàâèì

â âèäå x =
+∞∑

n=−∞
angn, an = 0, p− 1. Îïåðàòîð ðàñòÿæåíèÿ A : G → G

çàäàåòñÿ ðàâåíñòâîì Ax :=
+∞∑

n=−∞
angn−1.

Ïóñòü X � ñîâîêóïíîñòü õàðàêòåðîâ ãðóïïû G, êîòîðàÿ ÿâëÿåòñÿ
ãðóïïîé îòíîñèòåëüíî óìíîæåíèÿ. Îáîçíà÷èì ÷åðåç G⊥

n � àííóëÿòîð
ãðóïïû Gn, ò.å. G⊥

n = {χ ∈ X : ∀x ∈ Gn, (χ, x) = 1}.
1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International

(CC-BY 4.0)
1This is an open access article distributed under the terms of Creative Commons Attribution 4.0

International License (CC-BY 4.0)
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Îáîçíà÷èì ÷åðåç DM(G−N) ìíîæåñòâî ñòóïåí÷àòûõ ôóíêöèé f ∈
L2(G) òàêèõ, ÷òî supp f ⊂ G−N è f ïîñòîÿííà íà ìíîæåñòâàõ
âèäà GM+̇g. Äëÿ òàêèõ ôóíêöèé ìàñøòàáèðóþùåå óðàâíåíèå èìå-
åò âèä φ(x) = p

∑
h∈H(N+1)

0

βhφ(Ax−̇h), ãäå H
(N)
0 = {h ∈ G : h =

a−1g−1+̇a−2g−2+̇ . . . +̇a−Ng−N , aj = 0, p− 1}, N ∈ N.
Â ÷àñòîòíîé ôîðìå ìàñøòàáèðóþùåå óðàâíåíèå ìîæíî çàïèñàòü â

âèäå: φ̂(χ) = m0(χ)φ̂(χA−1).
Åñëè ñäâèãè (φ(x−̇h))h∈H0

íå îðòîãîíàëüíû, òî áóäåì ñòðîèòü ôóíê-
öèè ψℓ(x) òàê, ÷òîáû äëÿ ëþáîé f ∈ L2(G)

f(x) =
r∑
ℓ=1

∑
n∈Z

∑
h∈H0

(f, ψℓ(An · −̇h))ψℓ(Anx−̇h).

Â ýòîì ñëó÷àå àôôèííàÿ ñèñòåìà ψℓ(Anx−̇h) íàçûâàåòñÿ ôðåéìîì Ïàð-
ñåâàëÿ èëè æåñòêèì âåéâëåò ôðåéìîì.

Òåîðåìà 1. Ïóñòü G⊥
−N χℓ (ℓ = 1, q − 1) ñìåæíûå êëàññû, äëÿ êî-

òîðûõ m0(G
⊥
−Nχℓ) = 0 è φ̂(G⊥

−NχℓA−1) ̸= 0. Îïðåäåëèì ìàñêè mℓ è
âåéâëåòû ψℓ ðàâåíñòâàìè

mℓ(χ) = 1G⊥
−Nχℓ

(χ) (ℓ = 1, q − 1), ψ̂ℓ(χ) = mℓ(χ)φ̂(χA−1).

Òîãäà âåéâëåòû (ψℓ) (ℓ = 1, q − 1) ïîðîæäàþò æåñòêèé ôðåéì.
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Ýêñòðåìàëüíûå çàäà÷è íà êëàññàõ
ãîëîìîðôíûõ îòîáðàæåíèé êðóãà â ñåáÿ1
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À. Ï. Ñîëîäîâ (Ìîñêâà, Ðîññèÿ)
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Íàéäåíû òî÷íûå îáëàñòè îäíîëèñòíîñòè è îáðàòèìîñòè íà êëàññàõ ãîëîìîðôíûõ
îòîáðàæåíèé åäèíè÷íîãî êðóãà â ñåáÿ ñ âíóòðåííåé è ãðàíè÷íîé íåïîäâèæíûìè
òî÷êàìè è óñëîâèåì íà óãëîâóþ ïðîèçâîäíóþ â ãðàíè÷íîé íåïîäâèæíîé òî÷êå.

Êëþ÷åâûå ñëîâà: ãîëîìîðôíîå îòîáðàæåíèå, íåïîäâèæíûå òî÷êè, óãëîâàÿ ïðî-
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Extremal problems on classes of holomorphic
self-maps of a disc1
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Sharp domains of univalence and invertibility on classes of holomorphic self-maps of
the unit disc with an interior and a boundary �xed points, with a restriction on the
value of the angular derivative at the boundary �xed point are found.
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Â ðàáîòå èçó÷àþòñÿ çàäà÷è ïîèñêà îáëàñòåé îäíîëèñòíîñòè è îáðàòè-
ìîñòè íà êëàññàõ ãîëîìîðôíûõ îòîáðàæåíèé êðóãà â ñåáÿ.

Ðàññìàòðèâàÿ êëàññ îãðàíè÷åííûõ ôèêñèðîâàííîé ïîñòîÿííîé ãîëî-
ìîðôíûõ îòîáðàæåíèé f åäèíè÷íîãî êðóãà ñ öåíòðîì â íóëå ñ âíóòðåí-
íåé íåïîäâèæíîé òî÷êîé z = 0 è òàêèõ, ÷òî f ′(0) = 1, Ëàíäàó [1] óñòàíî-
âèë ñóùåñòâîâàíèå åäèíîãî êðóãà îäíîëèñòíîñòè íà ýòîì êëàññå è òî÷íî
âû÷èñëèë åãî ðàäèóñ. Êðîìå òîãî, îí îáíàðóæèë ñóùåñòâîâàíèå êðóãà,
â êîòîðîì âñå ôóíêöèè èç óêàçàííîãî êëàññà îáðàòèìû, òî÷íî âû÷èñëèâ
è åãî ðàäèóñ.

Ãîðÿéíîâ [2], èçó÷àÿ âëèÿíèå óãëîâîé ïðîèçâîäíîé íà ïîâåäåíèå
ôóíêöèè âíóòðè êðóãà, âûäåëèë îáëàñòü îäíîëèñòíîñòè íà êëàññå ãîëî-
ìîðôíûõ ôóíêöèé f , îòîáðàæàþùèõ åäèíè÷íûé êðóã ñ öåíòðîì â íóëå â

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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ñåáÿ, ñî ñâîéñòâàìè f(0) = 0, f(1) = 1 è f ′(1) ⩽ α. Âîïðîñ î íàõîæäåíèè
íåóëó÷øàåìûõ îáëàñòåé îäíîëèñòíîñòè îñòàâàëñÿ îòêðûòûì.

Â íàñòîÿùåé ðàáîòå ðåøåíû çàäà÷è ïîèñêà òî÷íûõ îáëàñòåé îäíî-
ëèñòíîñòè è îáðàòèìîñòè íà êëàññàõ ãîëîìîðôíûõ îòîáðàæåíèé êðóãà â
ñåáÿ ñ âíóòðåííåé è ãðàíè÷íîé íåïîäâèæíûìè òî÷êàìè è îãðàíè÷åíèåì
íà çíà÷åíèå óãëîâîé ïðîèçâîäíîé â ãðàíè÷íîé íåïîäâèæíîé òî÷êå.

Òåîðåìà 1. Ïóñòü α ∈ (1, 4]. Åñëè f � ãîëîìîðôíàÿ ôóíêöèÿ, îòîá-
ðàæàþùàÿ åäèíè÷íûé êðóã ñ öåíòðîì â íóëå â ñåáÿ è óäîâëåòâîðÿþùàÿ
óñëîâèÿì f(0) = 0, f(1) = 1 è f ′(1) ⩽ α (â ñìûñëå óãëîâîãî ïðåäåëà),
òîãäà f îäíîëèñòíà â îáëàñòè

D =

{
z ∈ C : |z| < 1 è

∣∣1− 2z + |z|2
∣∣

1− |z|2
<

1√
α− 1

}
.

Êàêîâà áû íè áûëà îáëàñòü U , ñîäåðæàùàÿñÿ â åäèíè÷íîì êðóãå ñ
öåíòðîì â íóëå, D ⊂ U , U ̸= D , íàéäåòñÿ ãîëîìîðôíàÿ ôóíêöèÿ f ,
îòîáðàæàþùàÿ åäèíè÷íûé êðóã ñ öåíòðîì â íóëå â ñåáÿ, ñî ñâîéñòâàìè
f(0) = 0, f(1) = 1 è f ′(1) ⩽ α, íå îäíîëèñòíàÿ â îáëàñòè U .

Òåîðåìà 2. Ïóñòü α ∈ (1, 2). Åñëè f � ãîëîìîðôíàÿ ôóíêöèÿ, îòîá-
ðàæàþùàÿ åäèíè÷íûé êðóã ñ öåíòðîì â íóëå â ñåáÿ è óäîâëåòâîðÿþùàÿ
óñëîâèÿì f(0) = 0, f(1) = 1 è f ′(1) ⩽ α (â ñìûñëå óãëîâîãî ïðåäåëà),
òîãäà ñóùåñòâóåò ôóíêöèÿ, îáðàòíàÿ ê f è êîíôîðìíî îòîáðàæàþùàÿ
îáëàñòü

Y =

{
w ∈ C : |w| < 1 è

|1− w|
1− |w|

<
α

2
√
α− 1

}
íà íåêîòîðóþ îáëàñòü X , ñîäåðæàùóþñÿ â åäèíè÷íîì êðóãå ñ öåíòðîì
â íóëå.

Êàêîâà áû íè áûëà îáëàñòü V , ñîäåðæàùàÿñÿ â åäèíè÷íîì êðóãå ñ
öåíòðîì â íóëå, Y ⊂ V , V ̸= Y , íàéäåòñÿ ãîëîìîðôíàÿ ôóíêöèÿ f ,
îòîáðàæàþùàÿ åäèíè÷íûé êðóã ñ öåíòðîì â íóëå â ñåáÿ, ñî ñâîéñòâàìè
f(0) = 0, f(1) = 1 è f ′(1) ⩽ α, íå èìåþùàÿ îáðàòíîé â îáëàñòè V .
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Âîññòàíîâëåíèå êâàäðàòè÷íîãî
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Â ðàáîòå èçó÷àåòñÿ îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à äëÿ êâàäðàòè÷íîãî ïó÷êà îïå-
ðàòîðîâØòóðìà�Ëèóâèëëÿ ñ ñèíãóëÿðíûìè êîýôôèöèåíòàìè è öåëûìè ôóíêöè-
ÿìè â êðàåâûõ óñëîâèÿõ. Äîêàçûâàåòñÿ, ÷òî äëÿ âîññòàíîâëåíèÿ ïó÷êà äîñòàòî÷-
íî ÷àñòè ñïåêòðà, åñëè ïî íåé ìîæíî ïîñòðîèòü ïîëíóþ ôóíêöèîíàëüíóþ ïîñëå-
äîâàòåëüíîñòü. Ïîëó÷åííûå ðåçóëüòàòû ïðèìåíÿþòñÿ â èññëåäîâàíèè íåïîëíîé
îáðàòíîé çàäà÷è.
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In this work, we study an inverse spectral problem for quadratic pencils of Sturm�
Liouville operators with singular coe�cients and entire functions in the boundary
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Introduction

We study an inverse spectral problem of recovering the coe�cients in the
quadratic pencil

−y′′ + q(x)y + 2λp(x)y = λ2y, x ∈ (0, π), (1)

where p ∈ L2(0, π) and q ∈ W−1
2 (0, π). The latter means q = σ′ in the sense

of distributions for some σ ∈ L2(0, π). In the case of singular coe�cients,

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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inverse spectral problems of recovering the quadratic pencils were studied
in the works [1, 2]. We rewrite and study equation (1) in the form with
quasiderivative y[1] := y′ − σy, as it was done in [1, 2].

We consider the following boundary conditions:

y(0) = 0, f1(λ)y
[1](π) + f2(λ)y(π) = 0, (2)

where f1(λ) and f2(λ) are known entire functions. The reason for using
conditions (2) is that they allow to unify studying partial inverse problems.
In [3], it was shown that partial inverse problems for Sturm�Liouville
operators of various classes reduce to recovering their potentials by
subspectra of the boundary value problems with conditions (2).

Our aim is to study the inverse problem of recovering the pencil (1) with
the boundary conditions (2) by a subspectrum {λn}n≥1 and some number
giving information on p :

Inverse problem 1. Given {λn}n≥1 and (ω0 mod 1), recover the
coe�cients p and q.

Here, we apply the technique developed in [3] to studying this inverse
problem. We �nd the conditions on a part of the spectrum under which
Inverse Problem 1 has a unique solution. These conditions include the
completeness of certain functional sequences. Under them, we obtain a
uniqueness theorem for Inverse Problem 1. Then, we provide an example
of the partial inverse problem to which these results are applicable.

Preliminaries

Let S(x, λ) be the solution of equation (1) satisfying the initial conditions
S(0, λ) = 0, S [1](0, λ) = 1. The following representations hold, see [2]:

S(π, λ) =
sin π(λ− ω0)

λ
+

1

λ

� π

−π
K(t) exp(iλt) dt,

S [1](π, λ) = cos π(λ− ω0) +

� π

−π
N (t) exp(iλt) dt,

 (3)

where ω0 = 1
π

� π
0 p(s) ds and K,N ∈ L2(−π, π). As the piece of the input

data for Inverse Problem 1, we take the fractional part (ω0 mod 1) of ω0.
First, we note that a number λ is an eigenvalue of the boundary value

problem (1), (2) if and only if it is a zero of the characteristic function

∆(λ) = f1(λ)S
[1](π, λ) + f2(λ)S(π, λ). (4)

Consider a sequence {λk}k≥1 such that ∆(λk) = 0 and each λk occurs in the
sequence not more times than its multiplicity as zero of ∆(λ). We call such
sequence {λk}k≥1 a subspectrum.
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Put λ0 := 0 and introduce the notations

Sλ = {n ≥ 0: λn ̸= λk ∀k : 0 ≤ k < n}, mλ,n = #{k ≥ 0: λk = λn}.

We assume that equal numbers in the sequence {λk}k≥0 follow each other:

λn = λn+1 = . . . = λn+mλ,n−1, n ∈ Sλ.

Consider the Hilbert space of complex-valued vector-functions

H = L2(−π, π)⊕ L2(−π, π).

For g = [g1, g2] and h = [h1, h2], the scalar product and the norm in H are
given by the formulae

(g, h)H =

� π

π

[g1(t)h1(t) + g2(t)h2(t)] dt, ∥h∥H =
√
(h, h).

In particular, we have u(t) := [N (t),K(t)] ∈ H.
Let us introduce the notations

v(t, λ) = [λf1(λ)e(t, λ), f2(λ)e(t, λ)], e(x, λ) = exp(iλx).

For n ∈ Sλ and ν = 0,mλ,n − 1, we denote

vn+ν(t) =

{
v<ν>(t, λn), n+ ν > 0,

[0, 1], n = ν = 0,
f<j>(λ) =

1

j!

dj

dzj
f(z)

∣∣∣
z=λ

.

Results

Let L(p, q) be the boundary value problem (1), (2) with arbitrary coe�cients
p ∈ L2(0, π) and q ∈ W−1

2 (0, π). Along with L(p, q), we consider another
problem L(p̃, q̃) of the same form but with other coe�cients p̃ ∈ L2(0, π)
and q̃ ∈ W−1

2 (0, π). Let us agree that, if a symbol α denotes an object
related to p and q, then the symbol α̃ with tilde will denote the analogous
object related to p̃ and q̃.

Theorem 1. Suppose that the sequence {vn}∞n=0 constructed by {λn}∞n=1

satis�es the following condition:
(C) The sequence {vk}∞k=0 is complete in H.
Then, the equalities {λn}∞n=1 = {λ̃n}∞n=1 and (ω0 mod 1) = (ω̃0 mod 1) yield
p ≡ p̃, q ≡ q̃.

The proof is based on obtaining explicit formulae for the coe�cients
(u, vk)H after substituting (3) into (4). Then, we determine the functions
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N and K uniquely and reduce Inverse Problem 1 to the inverse problem
studied in [2].

In some cases, condition (C) is more di�cult to verify than two
independent conditions imposed on the subspectrum and the pair of the
entire functions in (2). The following theorem contains such conditions.

Theorem 2. Under the following two assumptions, (C) is ful�lled:
(S) For n ∈ N, the functions f1(λ) and f2(λ) do not vanish simultaneously
in λn.
(C2) The functional sequence {e<ν>(t, λn)}n∈Sλ,v=0,mλ,n−1 is complete in
L2(−2π, 2π).

Consider the boundary value problem

−y′′ + q(x)y + 2λp(x)y = λ2y, x ∈ (0, 2π), (5)

y(0) = y(2π) = 0, (6)

where p ∈ L2(0, 2π) and q ∈ W−1
2 (0, 2π). The eigenvalues {µk}k∈Z0

of the
boundary value problem (5), (6) satisfy the asymptotics

µk =
k

2
+

1

2π

� 2π

0

p(t) dt+ κk, {κk}k∈Z0
∈ ℓ2.

We assume that the coe�cients p and q are known on (π, 2π). In [4],
in the regular case p ∈ W 1

2 (0, 2π) and q ∈ L2(0, 2π), the following inverse
problem was studied:

Inverse Problem 2. Given {µk}k∈Z0
along with p and q on (π, 2π),

recover the coe�cients p and q on the interval (0, π).
For this inverse problem, a uniqueness theorem was obtained, see [4,

Theorem 2]. By reducing Inverse Problem 2 to Inverse Problem 1, we
generalize the mentioned result to the case when p ∈ L2(0, 2π) and q ∈
W−1

2 (0, 2π).
Let us introduce the solution φ(x, λ) of (5) satisfying the initial conditions

φ(2π, λ) = 0, φ[1](2π, λ) = 1.

A number λ is an eigenvalue of (5), (6) if and only if

φ[1](π, λ)S(π, λ)− S [1](π, λ)φ(π, λ) = 0.

It is clear that φ(π, λ) and φ[1](π, λ) are known entire functions. Then, the
eigenvalues {µk}k∈Z0

of (5), (6) coincide with the eigenvalues of (1), (2),
where we put f1(λ) = φ(π, λ) and f2(λ) = φ[1](π, λ). This fact and the
previous results allow us to obtain a uniqueness theorem.
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Theorem 3. Let q = q̃ in W−1
2 (π, 2π), p = p̃ in L2(π, 2π), and

{µk}k∈Z0
= {µ̃k}k∈Z0

. Then, the identities q ≡ q̃ and p ≡ p̃ hold on (0, 2π).

ÑÏÈÑÎÊ ËÈÒÅÐÀÒÓÐÛ
[1] Hryniv R., Pronska N. Inverse spectral problems for energy-dependent Sturm-

Liouville equations // Inverse Problems. 2012. Vol. 28. P. 085008.

[2] Bondarenko N.P., Gaidel A.V. Solvability and stability of the inverse problem for the
quadratic di�erential pencil // Mathematics. 2021. Vol. 9, � 20, article 2617 (27 pp.)

[3] Bondarenko N.P. Inverse Sturm-Liouville problem with analytical functions in the
boundary condition // Open Mathematics. 2020. Vol. 18, � 1. P. 512-528.

[4] Yang Ch. -F., Zettl A. Half inverse problems for quadratic pencils of Sturm-Liouville
operators // Taiwanese J. Math. 2012. Vol. 16, � 5. P. 1829-1846.

170



ÓÄÊ 519.633

Êëàññè÷åñêîå è îáîáùåííîå ðåøåíèÿ
ñìåøàííîé çàäà÷è äëÿ îäíîðîäíîãî
âîëíîâîãî óðàâíåíèÿ ñ ñóììèðóåìûì

ïîòåíöèàëîì1

Â. Ï. Êóðäþìîâ (Ñàðàòîâ, Ðîññèÿ)
Kurdyumov47@yandex.ru

Äëÿ ñìåøàííîé çàäà÷è ñ ñóììèðóåìûì ïîòåíöèàëîì â âîëíîâîì óðàâíåíèè ñ
íóëåâûì íà÷àëüíûì ïîëîæåíèåì, êîãäà îäíî èç ãðàíè÷íûõ óñëîâèé íå ñîäåðæèò
ïðîèçâîäíûõ, èññëåäóþòñÿ ñâîéñòâà ôîðìàëüíîãî ðåøåíèÿ ïî ìåòîäó Ôóðüå â
çàâèñèìîñòè îò ãëàäêîñòè íà÷àëüíîé ñêîðîñòè.

Êëþ÷åâûå ñëîâà: ìåòîä Ôóðüå, ôîðìàëüíîå ðåøåíèå, âîëíîâîå óðàâíåíèå, ðåçîëü-
âåíòà.

Classic and generalized solutions of the mixed
problem for wave equation with a summable

potential1
V. P. Kurdumov (Saratov, Russia)

Kurdyumov47@yandex.ru

The mixed problem for wave equation with a summable potential and zero initial
position, containing no derivatives in one of its boundary conditions, is studied. The
properties of its formal solution by Fourier method, depending on smoothness of initial
velocity, are established.

Keywords: Fourier method, formal solution, wave equation, resolvent.

Ââåäåíèå

Ðàññìàòðèâàåòñÿ ñìåøàííàÿ çàäà÷à

∂2u(x, t)

∂t2
=
∂2u(x, t)

∂x2
− q(x)u(x, t), x ∈ [0, 1], t ∈ [0,∞), (1)

u(x, 0) = 0, u′t(x, 0) = ψ(x), (2)
u′x(0, t) + βu′x(1, t) + α1u(0, t) + β1u(1, t) = αu(0, t) + u(1, t) = 0, (3)

ãäå q(x) ∈ L[0, 1], q(x) è ψ(x) - êîìïëåêñíîçíà÷íûå ôóíêöèè, α, β, α1, β1
- êîìïëåêñíûå ÷èñëà.

Ê çàäà÷å (1) - (3) ïî ìåòîäó Ôóðüå ïðèâëåêàåòñÿ îïåðàòîð Øòóðìà-
Ëèóâèëÿ L : Ly = −y′′+q(x)y ñ ðåãóëÿðíûìè ïðè 1+αβ ̸= 0 ãðàíè÷íûìè
óñëîâèÿìè

y′(0) + βy′(1) + α1y(0) + β1y(1) = αy(0) + y(1) = 0,

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)
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êîòîðûé îõâàòûâàåò âñå ëèíåéíûå äâóõòî÷å÷íûå ðàçíîïîðÿäêîâûå ãðà-
íè÷íûå óñëîâèÿ. Îí âûäåëÿåòñÿ òåì, ÷òî â ñèëó àñèìïòîòè÷åñêèõ ôîð-
ìóë åãî ñîáñòâåííûõ çíà÷åíèé

λn = ρ2n, λ
′
n = ρ′2n (λ = ρ2, Reρ ⩾ 0),

ρn = 2nπ + b1 + o(1), ρ′n = 2nπ + b2 + o(1), (4)

òîëüêî â íåì ïðè b1 = b2 âîçìîæíî íàëè÷èå áåñêîíå÷íîãî ìíîæå-
ñòâà êðàòíûõ ñîáñòâåííûõ çíà÷åíèé è èì ñîîòâåòñòâóþùèõ ñîáñòâåííûõ
ôóíêöèé. Îäèí èç òàêèõ íàèáîëåå òðóäíûõ ñëó÷àåâ è ðàññìàòðèâàåòñÿ
â ñòàòüå.

Ñ÷èòàåì, ÷òî â çàäà÷å (1)-(3) α = 0, β = −1, ò.å. â äàëüíåéøåì
ðàññìàòðèâàåòñÿ òàêàÿ çàäà÷à

∂2u(x, t)

∂t2
=
∂2u(x, t)

∂x2
− q(x)u(x, t), (5)

u(x, 0) = 0, u′t(x, 0) = ψ(x), (6)
u′x(0, t)− u′x(1, t) + α1(0, t) + β1u(1, t) = 0, u(1, t) = 0. (7)

Èññëåäîâàíèå ïðîâîäèòñÿ ìåòîäîì Ôóðüå ñ ïîìîùüþ ðåçîëüâåíòíî-
ãî ïîäõîäà è èäåè À.Í. Êðûëîâà îá óñêîðåíèè ñõîäèìîñòè ðÿäîâ Ôóðüå.
Òàêîé ïîäõîä â [1] äëÿ çàäà÷è (1), (3) ñ íà÷àëüíûìè óñëîâèÿìè u(x, 0) =
φ(x), u′t(x, 0) = 0 ïîçâîëèë ïîëó÷èòü êëàññè÷åñêîå ðåøåíèå áåç çàâû-
øåíèÿ ãëàäêîñòè φ(x); è ñ ïðèâëå÷åíèåì òåîðåì Êàðëåñîíà è Õàíòà î
ñõîäèìîñòè òðèãîíîìåòðè÷åñêèõ ðÿäîâ Ôóðüå ïî÷òè âñþäó (ï.â.) ïîêà-
çàòü, ÷òî ôîðìàëüíîå ðåøåíèå ñõîäèòñÿ ï.â. äëÿ φ(x) ∈ Lp[0, 1], p > 1,
à åãî ñóììà ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì. Àíàëîãè÷íûå ðåçóëüòàòû
äëÿ çàäà÷è (1), (2) ñ ãðàíè÷íûìè óñëîâèÿìè u(0, t) = u(1, t) = 0 èëè
u′x(0, t) +α1u(0, t) + β1u(1, t) = u′x(1, t) +α2u(0, t) + β2u(1, t) = 0 ïîëó÷å-
íû â [2], [3].

Ìû ïîëó÷èì êëàññè÷åñêîå ðåøåíèå çàäà÷è (5)-(2) ïðè óñëîâèè, ÷òî
ψ(x) àáñîëþòíî íåïðåðûâíà è ψ′(x) ∈ Lp[0, 1], 1 < p ⩽ 2. À òàêæå
ïîêàæåì, ÷òî â ñëó÷àå ψ(x) ∈ L[0, 1] ðÿä ôîðìàëüíîãî ðåøåíèÿ ñõîäèòñÿ
ðàâíîìåðíî ïðè x ∈ [0, 1], t ∈ [0, T ] è ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì,
à åñëè ψ(x) ∈ Lp[0, 1], 1 < p ⩽ 2, òî îáîáùåííîå ðåøåíèå ÿâëÿåòñÿ
çíà÷èòåëüíî áîëåå ãëàäêèì.

Êëàññè÷åñêîå ðåøåíèå.

Áåðåì ψ(x) òàêóþ, ÷òî ψ(1) = 0 è äëÿ ïðîñòîòû ñ÷èòàåì, ÷òî ψ(x) ∈
W 1

2 [0, 1]. Îïåðàòîð Øòóðìà-Ëèóâèëÿ èìååò âèä

Ly = −y′′ + q(x)y, y′(0)− y′(1) + α1y(0) + β1y(1) = y(1) = 0.
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Äëÿ åãî ñîáñòâåííûõ çíà÷åíèé ñïðàâåäëèâû ôîðìóëû (4), ãäå b1 = b2,
ò.å. λn = ρ2n, λ

′
n = ρ′2n , ρn = 2nπ+ b+o(1), ρ′n = 2nπ+ b+o(1). Îáîçíà÷èì

γ̃n = {ρ| |ρ−2nπ| = δ}, ãäå δ > 0 è äîñòàòî÷íî ìàëî, à n ⩾ n0 è n0 òàêîâî,
÷òî ïðè n ⩾ n0 âíóòðè γ̃n íàõîäÿòñÿ ïî îäíîìó ρn è ρ′n (êîòîðûå ìîãóò
è ñîâïàäàòü). Ïóñòü γn - îáðàç γ̃n â λ - ïëîñêîñòè (λ = ρ2, Reρ ⩾ 0).
Ôîðìàëüíîå ðåøåíèå çàäà÷è (5)-(2) áåðåì â âèäå

u(x, t) = − 1

2πi

 �

|λ|=r

+
∑
n⩾n0

 (Rλψ)
sinρt

ρ
dλ,

ãäå r > 0 òàêîâî, ÷òî âíóòðè |λ| = r íàõîäÿòñÿ âñå ñîáñòâåííûå çíà÷åíèÿ
λn è λ′n, äëÿ êîòðûõ n < n0, Rλ = (L−λE)−1 - ðåçîëüâåíòà îïåðàòîðà L.

Ïðåäñòàâèì ψ(x) â âèäå ψ(x) = ψ1(x) + ψ2(x), ãäå ψ1(x) ∈ W 1
2 [0, 1],

ψ1(0) = ψ1(1) = 0, ψ2(x) ∈ C2[0, 1], ψ2(x) ∈ DL (îáëàñòü îïðåäåëåíèÿ
îïåðàòîðà L). Ôîðìàëüíîå ðåøåíèå ïðåäñòàâèì òàê

u(x, t) =
4∑
j=1

uj(x, t), ãäå

u1(x, t) = − 1

2πi

 �

|λ|=r

+
∑
n⩾n0

�

γn

(R0
λψ1

) sinρt
ρ

dλ, (8)

u2(x, t) = − 1

2πi

 �

|λ|=r

+
∑
n⩾n0

�

γn

(Rλψ1 −R0
λψ1

) sinρt
ρ

dλ, (9)

u3(x, t) = − 1

2πi

 �

|λ|=r

+
∑
n⩾n0

�

γn

 1

λ− µ0

(
R0
λg
) sinρt

ρ
dλ,

u4(x, t) = − 1

2πi

 �

|λ|=r

+
∑
n⩾n0

�

γn

 1

λ− µ0

(
Rλg −R0

λg
) sinρt

ρ
dλ,

R0
λ - ðåçîëüâåíòà îïåðàòîðà L0 : L0y = −y′′, y′(0) − y′(1) = 0, y(1) = 0;

µ0 íàõîäèòñÿ âíå êîíòóðîâ |λ| = r è γn ïðè n ⩾ n0, g = (L− µ0E)ψ2.
Òåîðåìà 1. Åñëè q(x) ∈ L[0, 1] è ψ(x) ∈ W 1

2 [0, 1], òî ñóììà ðÿäà
ôîðìàëüíîãî ðåøåíèÿ çàäà÷è (5)-(2) íåïðåðûâíî äèôôåðåíöèðóåìà ïî
x è t è óäîâëåòâîðÿåò óñëîâèÿì (6), (2); u′x(x, t) (u′t(x, t)) àáñîëþòíî
íåïðåðûâíà ïî x (ïî t) è ï.â. óäîâëåòâîðÿåòñÿ óðàâíåíèå (5).
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Îáîáùåííîå ðåøåíèå.

Ïóñòü ψ(x) ∈ L[0, 1]. Ôîðìàëüíîå ðåøåíèå áåðåì â âèäå u(x, t) =
u1(x, t) + u2(x, t), ãäå uj(x, t) - òå æå, ÷òî è â (8),(9), íî ñ ôóíêöèåé
ψ(x) âìåñòî ψ1(x). Ïóñòü ψh(x) ∈ W 1

2 [0, 1] è uh(x, t) - ðåøåíèå çàäà÷è
(5)-(2) ñ ôóíêöèåé ψh(x) âìåñòî ψ(x), äàâàåìîå òåîðåìîé 1.

Òåîðåìà 2. Åñëè q(x) è ψ(x) ∈ L[0, 1], òî ðÿä u(x, t) ôîðìàëüíîãî
ðåøåíèÿ çàäà÷è (5)-(2) ñõîäèòñÿ ðàâíîìåðíî ïî x ∈ [0, 1] è t ∈ [0, T ] è
u(x, 0) = 0. Áîëåå òîãî, åñëè ∥ ψh − ψ ∥1→ 0 ïðè h → 0, òî ðåøåíèå
uh(x, t) çàäà÷è (5)-(2) ñõîäèòñÿ ê u(x, t) ðàâíîìåðíî ïî x ∈ [0, 1] è t ∈
[0, T ].

Åñëè æå ψ(x) ∈ Lp[0, 1], 1 < p ⩽ 2, òî èìååò ìåñòî ñëåäóþùàÿ òåîðå-
ìà.

Òåîðåìà 3. Åñëè q(x) ∈ L[0, 1], ψ(x) ∈ Lp[0, 1], 1 < p ⩽ 2, òî ñóììà
ðÿäà ôîðìàëüíîãî ðåøåíèÿ çàäà÷è (5)-(2) àáñîëþòíî íåïåðûâíà ïî x, t
è óäîâëåòâîðÿåò óñëîâèÿì u(x, 0) = 0, u(1, t) = 0; ï.â. ïî x ∈ [0, 1]
u′t(x, 0) = ψ(x) è ï.â. íà [0,∞) âûïîëíÿþòñÿ óñëîâèÿ u′x(0, t)−u′x(1, t)+
α1u(0, t) + β1u(1, t) = 0, u′t(x, 0) = ψ(x).

Áîëåå òîãî, åñëè ∥ ψh − ψ ∥p→ 0 ïðè h → 0, òî uh(x, t) ñõîäèòñÿ ê
u(x, t) ðàâíîìåðíî ïî x ∈ [0, 1] è t ∈ [0, T ] ïðè ëþáîì T > 0.
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ÓÄÊ 517.5

Ñëàáî ëàêóíàðíûå îðòîãîíàëüíûå ñèñòåìû1

È. Â. Ëèìîíîâà (Ìîñêâà, Ðîññèÿ)
limonova_irina@rambler.ru

Äëÿ êîíå÷íîé îðòîãîíàëüíîé ñèñòåìû ðàâíîìåðíî îãðàíè÷åííûõ ôóíêöèé óñòà-
íîâëåíî ñóùåñòâîâàíèå äîñòàòî÷íî ïëîòíûõ ïîäñèñòåì ñî ñâîéñòâîì ëàêóíàðíî-
ñòè è ñ õîðîøåé îöåíêîé íîðìû îïåðàòîðà ìàæîðàíòû ÷àñòíûõ ñóìì. Äîêëàä
îñíîâàí íà ñîâìåñòíîé ðàáîòå ñ Á.Ñ. Êàøèíûì.

Êëþ÷åâûå ñëîâà: ïîäñèñòåìà, ñâîéñòâî ëàêóíàðíîñòè, îïåðàòîð ìàæîðàíòû ÷àñò-
íûõ ñóìì.

Áëàãîäàðíîñòè: ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà Ïðàâèòåëüñòâà ÐÔ
(ïðîåêò � 14.W03.31.0031).

Weakly lacunary orthogonal systems1
I. V. Limonova (Moscow, Russia)

limonova_irina@rambler.ru

For a �nite orthogonal system of uniformly bounded functions, we establish the
existence of su�ciently dense subsystems with the lacunarity property and a good
norm estimate for the maximal partial sum operator. The talk is based on the joint
work with B. S. Kashin.

Keywords: subsystem, lacunarity property, maximal partial sum operator.

Acknowledgements: this work was supported by a grant of the Government of the
Russian Federation (project no. 14.W03.31.0031).

Ïóñòü Φ = {φk}∞k=1 � îðòîíîðìèðîâàííàÿ ñèñòåìà ôóíêöèé (Î.Í.Ñ.),
çàäàííûõ íà âåðîÿòíîñòíîì ïðîñòðàíñòâå (X,µ). Ñèñòåìà Φ íàçûâàåòñÿ
p�ëàêóíàðíîé (p > 2) èëè Sp�ñèñòåìîé, åñëè äëÿ íåêîòîðîé ïîñòîÿííîé

K è ëþáîãî ïîëèíîìà P =
N∑
k=1

akφk ïî ñèñòåìå Φ ñïðàâåäëèâî íåðàâåí-

ñòâî

∥P∥Lp ≤ K ∥P∥L2 . (1)

Åñòåñòâåííûé âîïðîñ î ìàêñèìàëüíîé ïëîòíîñòè Sp�ïîäñèñòåì â äàííîé
Î.Í.Ñ. îêàçàëñÿ âåñüìà ñëîæíûì. Îí îñòàâàëñÿ îòêðûòûì äàæå â ñëó-
÷àå òðèãîíîìåòðè÷åñêîé ñèñòåìû äî ïîÿâëåíèÿ ïðîðûâíîé ðàáîòû [1]
Æ.Áóðãåéíà, â êîòîðîé áûëà óñòàíîâëåíà

Òåîðåìà À. Ïóñòü p > 2 è Î.Í.Ñ. Φ = {φk}Nk=1 òàêîâà, ÷òî

∥φk∥L∞ ≤M, k = 1, 2, . . . , N.

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Òîãäà íàéä¼òñÿ ìíîæåñòâî Λ ⊂ ⟨N⟩ òàêîå, ÷òî |Λ| ≥ N 2/p è äëÿ ëþ-
áîãî ïîëèíîìà P =

∑
k∈Λ akφk èìååò ìåñòî îöåíêà (1) ñ K = K(M, p).

Çäåñü è äàëåå ⟨N⟩ îáîçíà÷àåò ìíîæåñòâî ÷èñåë {1, 2, . . . , N}.
Ïóñòü Λ ⊂ ⟨N⟩ è SΛ � îïåðàòîð, äåéñòâóþùèé ïî ïðàâèëó

SΛ({ak}k∈Λ) =
∑
k∈Λ

akφk(x). ßñíî, ÷òî äëÿ ìíîæåñòâà Λ, ñóùåñòâîâàíèå

êîòîðîãî óñòàíîâëåíî â Òåîðåìå À,

∥SΛ : l∞(Λ) → Lp(X)∥ ≤ |Λ|1/2 ·K(M, p). (2)

Ââåä¼ì ïðîñòðàíñòâî Îðëè÷à Lψα
, ãäå

ψα(t) = t2
lnα(e+ |t|)
lnα(e+ 1/|t|)

, α > 0, (3)

à íîðìà ôóíêöèè f ∈ Lψα
(X) îïðåäåëÿåòñÿ ïî ôîðìóëå

∥f∥ψα
= inf

λ > 0 :

�

X

ψα

(
f(x)

λ

)
dµ ≤ 1

 .

Â ðàáîòå [2] óñòàíîâëåíû àíàëîãè îöåíêè (2) äëÿ ïðîñòðàíñòâ Îðëè÷à
Lψα

äëÿ ïðîèçâîëüíûõ îðòîãîíàëüíûõ ñèñòåì ñ ðàâíîìåðíî îãðàíè÷åí-
íûìè ýëåìåíòàìè. Åñòåñòâåííî, ÷òî â ýòîì ñëó÷àå ìîæíî ãàðàíòèðîâàòü
áîëüøóþ, ÷åì â Òåîðåìå À, ïëîòíîñòü ìíîæåñòâà Λ. Îäíàêî äëÿ ïðîñò-
ðàíñòâà Îðëè÷à, ïîðîæä¼ííîãî ôóíêöèåé (3), íåëüçÿ îæèäàòü, ÷òî ñëó-
÷àéíàÿ ïîäñèñòåìà ìîùíîñòè ≥ N/(logN)β (β � ñêîëü óãîäíî áîëüøàÿ
ïîñòîÿííàÿ) îêàæåòñÿ ψα�ëàêóíàðíîé. Ïîýòîìó åñòåñòâåííî èñêàòü ïîä-
ñèñòåìû ΦΛ := {φk}k∈Λ, äëÿ êîòîðûõ ñïðàâåäëèâ àíàëîã áîëåå ñëàáîãî,
÷åì p�ëàêóíàðíîñòü, ñâîéñòâà (2). Äîêàçàòåëüñòâî ðåçóëüòàòîâ èç ðàáî-
òû [2] îñíîâàíî íà íåêîòîðîé ìîäèôèêàöèè ìåòîäà Áóðãåéíà [1].

Íèæå íàì óäîáíåå ðàññìàòðèâàòü îðòîãîíàëüíûå (íå îáÿçàòåëüíî
íîðìèðîâàííûå â L2(X,µ)) ñèñòåìû ñî ñâîéñòâîì

∥φk∥L∞(X) ⩽ 1, k = 1, 2, . . . , N. (4)

Ïóñòü {ξi(ω)}Ni=1 � íàáîð íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí, ïðèíè-
ìàþùèõ çíà÷åíèÿ 0 è 1 (ñåëåêòîðîâ), çàäàííûõ íà âåðîÿòíîñòíîì ïðî-
ñòðàíñòâå (Ω, ν) ñ

Eξi =
�

Ω

ξi(ω)dν = δ, i = 1, 2, . . . , N.
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Äëÿ ω ∈ Ω áóäåì îáîçíà÷àòü

Λω = {i ∈ ⟨N⟩ : ξi(ω) = 1} .

Òåîðåìà 1. Ïóñòü α > 0 è ρ > 0 ôèêñèðîâàíû. Äëÿ ïðîèçâîëüíîé
îðòîãîíàëüíîé ñèñòåìû Φ = {φk}Nk=1 ñî ñâîéñòâîì

∥φk∥L∞(X) ⩽ 1, k = 1, 2, . . . , N.

ñ âåðîÿòíîñòüþ áîëüøåé 1 − C(ρ)N−9 äëÿ ñëó÷àéíîãî ìíîæåñòâà

Λ = Λω, ïîðîæä¼ííîãî íàáîðîì {ξi(ω)}Ni=1 ñ Eξi = δ =
(
log(N + 3)

)−ρ
,

1 ≤ i ≤ N , èìååò ìåñòî íåðàâåíñòâî

∥SΛ : l∞(Λ) → Lψα
(X)∥ ≤ K(α, ρ)|Λ|1/2

((
log(N + 3)

)α
2−

ρ
4 + 1

)
.

Ñëåäñòâèå. Ïðè δ =
(
log(N + 3)

)−2α
íîðìà îïåðàòîðà SΛ · |Λ|−1/2,

äåéñòâóþùåãî èç l∞(Λ) â Lψα
(X), ñ âåðîÿòíîñòüþ áëèçêîé ê 1 îãðàíè-

÷åíà âåëè÷èíîé, íå çàâèñÿùåé îò N .
Ìàêñèìàëüíûé îïåðàòîð S∗

Φ (èëè, ÷òî òî æå, îïåðàòîð ìàæîðàíòû
÷àñòíûõ ñóìì) çàäà¼òñÿ ñîîòíîøåíèåì: äëÿ {ak}Nk=1 ∈ RN

S∗
Φ({ak})(x) = sup

1≤M≤N

∣∣∣∣ M∑
k=1

akφk(x)

∣∣∣∣.
Òåîðåìà 2. Ïðè ρ > 4 äëÿ ëþáîé îðòîãîíàëüíîé ñèñòåìû

Φ = {φk}Nk=1 ñî ñâîéñòâîì (4) íàéä¼òñÿ Λ ⊂ ⟨N⟩, ìîùíîñòè

|Λ| ≥ N
(
log(N + 3)

)−ρ
, òàêîå, ÷òî∥∥S∗

ΦΛ
: l∞(Λ) → L2(X)

∥∥ ≤ C(ρ)|Λ|1/2. (5)

Çàìå÷àíèå. Ñóùåñòâóåò îðòîãîíàëüíàÿ ñèñòåìà, îñíîâàííàÿ íà ìàò-
ðèöå Ãèëüáåðòà (ñì. [3], ãë. 9), ñî ñâîéñòâîì (4), äëÿ êîòîðîé âûïîëíåíèå
îöåíêè (5) äëÿ Λ ⊂ ⟨N⟩ âîçìîæíî òîëüêî ïðè |Λ| ≤ N

(
log(N + 3)

)−2
.
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Ýôôåêòèâíîå ïðèìåíåíèå ìåòîäà Ôóðüå ê
ðåøåíèþ ñìåøàííîé çàäà÷è äëÿ

òåëåãðàôíîãî óðàâíåíèÿ1

È. Ñ. Ëîìîâ (Ìîñêâà, Ðîññèÿ)
lomov@cs.msu.ru

Ïðèâåäåí àëãîðèòì ïîñòðîåíèÿ áûñòðî ñõîäÿùåãîñÿ ðÿäà, ïðåäñòàâëÿþùåãî ñî-
áîé îáîáùåííîå èëè êëàññè÷åñêîå ðåøåíèå ñìåøàííîé çàäà÷è äëÿ òåëåãðàôíî-
ãî óðàâíåíèÿ, ðàññìàòðèâàåìîãî â ïîëóïîëîñå. Ðàññìîòðåí ñëó÷àé ñóùåñòâåííî
íåñàìîñîïðÿæåííîãî îïåðàòîðà ïî ïðîñòðàíñòâåííîé ïåðåìåííîé. Ïîñòðîåííûé
ðÿä ïðåäñòàâëÿåò ñîáîé îáîáùåííóþ ôîðìóëó Äàëàìáåðà.

Êëþ÷åâûå ñëîâà: òåëåãðàôíîå óðàâíåíèå, ñìåøàííàÿ çàäà÷à, ìåòîä Ôóðüå, íåñà-
ìîñîïðÿæåííûé îïåðàòîð.

E�ective application of the Fourier method to
solving a mixed problem for the telegraph

equation1

I. S. Lomov (Moscow, Russia)
lomov@cs.msu.ru

An algorithm for constructing a rapidly converging series is presented, which is
a generalized or classical solution of a mixed problem for the telegraph equation
considered in a half-strip. The case of an essentially non-self-adjoint operator with
respect to the spatial variable is considered. The constructed series is a generalized
d'Alembert formula.

Keywords: telegraph equation, mixed problem, Fourier method, non-self-adjoint
operator.

Ðàññìîòðèì ñìåøàííóþ çàäà÷ó äëÿ òåëåãðàôíîãî óðàâíåíèÿ

utt(x, t) = uxx(x, t)− q(x)u(x, t), (x, t) ∈ Q = (0, 1)× (0,∞), (1)

u(0, t) = 0, ux(0, t) = ux(1, t), t ≥ 0, (2)

u(x, 0) = φ(x), ut(x, 0) = 0, x ∈ [0, 1], (3)

q(x), φ(x) � êîìïëåêñíîçíà÷íûå, èíòåãðèðóåìûå íà (0, 1) ôóíêöèè.
Îáîçíà÷èì ÷åðåç R0

λ = (L0 − λE)−1 � ðåçîëüâåíòó îïåðàòîðà L0 :
−y′′(x), x ∈ (0, 1), y(0) = 0, y′(0) = y′(1); λ = ϱ2, Re ϱ ≥ 0, E � åäèíè÷-
íûé îïåðàòîð. Ïóñòü y = R0

λg, òîãäà y ÿâëÿåòñÿ ðåøåíèåì çàäà÷è

−y′′(x)− ϱ2y(x) = g(x), x ∈ (0, 1), y(0) = 0, y′(0) = y′(1).

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Ðåøèâ ýòó çàäà÷ó, ïîëó÷èì

R0
λg(x) = − sin ϱx

2ϱ sin2 ϱ2

1�

0

cos ϱ(1− t)g(t)dt− 1

ϱ

x�

0

sin ϱ(x− t)g(t)dt. (4)

Ðåøåíèå çàäà÷è (1)�(3) ïðè q(x) = 0 ïî ìåòîäó Ôóðüå çàïèøåì â âèäå

u0(x, t) = − 1

2πi

∑
n≥0

�

γn

(R0
λφ) cos ϱtdλ, (5)

ãäå λ = ϱ2, Re ϱ ≥ 0, γn � îáðàç â λ-ïëîñêîñòè îêðóæíîñòè γ̃n = {ϱ :
|ϱ− 2πn| = δ}, δ > 0 è äîñòàòî÷íî ìàëî, òàê ÷òî âíóòðè γn íàõîäèòñÿ ïî
îäíîìó ñîáñòâåííîìó çíà÷åíèþ îïåðàòîðà L0.

Ïîäñòàâèâ (4) â (5) è ïðèìåíèâ òåîðåìó î âû÷åòàõ, ïîëó÷èì

u0(x, t) =
1

2

[
2(x+ t)(1, φ) + 4

∞∑
n=1

[(φ, (1− τ) sin 2πnτ) sin 2πn(x+ t)+

+(φ, cos 2πnτ)(x+ t) cos 2πn(x+ t)]+

+2(x− t)(1, φ) + 4
∞∑
n=1

[(φ, (1− τ) sin 2πnτ) sin 2πn(x− t)+

+(φ, cos 2πnτ)(x− t) cos 2πn(x− t)]
]
=

1

2
[φ̃(x+ t) + φ̃(x− t)],

ïîñëåäíåå ðàâåíñòâî îáúÿñíÿåòñÿ òåì, ÷òî ôóíêöèÿ φ̃(x) èìååò ñëåäóþ-
ùåå ðàçëîæåíèå ïî ðàññìàòðèâàåìîé ñèñòåìå êîðíåâûõ ôóíêöèé: φ̃(x) =

2x(1, φ) + 4
∞∑
n=1

[(φ, (1− τ) sin 2πnτ) sin 2πnx+ (φ, cos 2πnτ)x cos 2πnx].

Ïîäñòàâèì u0(x, t) =
1

2
[φ̃(x + t) + φ̃(x − t)] â êðàåâûå óñëîâèÿ (2).

Ïîëó÷èì äâà ñîîòíîøåíèÿ: φ̃(x) = −φ̃(−x), x ∈ R, ò. å. ôóíêöèÿ φ̃(x)
� íå÷åòíàÿ, è

φ̃′(1 + x) = 2φ̃′(x)− φ̃′(1− x), x ∈ R, (6)

ãäå ó÷òåíî, ÷òî φ̃′(x) � ÷åòíàÿ ôóíêöèÿ.
Ïðîèíòåãðèðîâàâ ðàâåíñòâî (6) ïî îòðåçêó [0, x], ïîëó÷èì

φ̃(1 + x) = 2φ̃(x) + φ̃(1− x), x ∈ R, (7)

Ñîîòíîøåíèå (7) ïîçâîëÿåò ïðîäîëæèòü ôóíêöèþ φ̃(x) = φ(x), x ∈
[0, 1], ñ îòðåçêà [0, 1] íà ïîëóîñü x > 0.
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Îáîçíà÷èì QT = (0, 1) × (0, T ) äëÿ ïðîèçâîëüíîãî ôèêñèðîâàííîãî
÷èñëà T > 0.

Èìåþò ìåñòî ñëåäóþùèå óòâåðæäåíèÿ.
Òåîðåìà 1. Äëÿ òîãî ÷òîáû ñóùåñòâîâàëî åäèíñòâåííîå êëàññè÷å-

ñêîå ðåøåíèå u(x, t) çàäà÷è (1)�(3), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû
ôóíêöèè φ(x), φ′(x) áûëè àáñîëþòíî íåïðåðûâíû íà îòðåçêå [0, 1] è
φ(0) = 0, φ′(0) = φ′(1). Ýòî ðåøåíèå äàåòñÿ ôîðìóëîé

u(x, t) = A(x, t) =
∞∑
n=0

an(x, t), (8)

ãäå

a0(x, t) = u0(x, t) =
1

2
[φ̃(x+ t) + φ̃(x− t)],

an(x, t) =
1

2

t�

0

dτ

x+t−τ�

x−t+τ

f̃n−1(η, τ)dη, n = 1, 2, . . . ,

φ̃(x) åñòü íå÷åòíîå ïðîäîëæåíèå ôóíêöèè φ(x) ñ îòðåçêà [0, 1], îïðå-

äåëÿåìîå ñîîòíîøåíèåì (7), f̃n(η, τ) = fn(η, τ) = −q(η)an(η, τ) ïðè
η ∈ [0, 1], n = 0, 1, . . ., fn(η, τ) ïðîäîëæàåòñÿ ïî ïåðåìåííîé η ñ [0, 1] íà

âñþ ïðÿìóþ òàê æå, êàê ôóíêöèÿ φ(x), f̃n(η, τ) = −q̃(η)an(η, τ).
Ôîðìóëó (8) ìîæíî íàçâàòü îáîáùåííîé ôîðìóëîé Äàëàìáåðà.
Òåîðåìà 2. Åñëè φ ∈ L(0, 1), òî ðÿä A(x, t) (8) ñõîäèòñÿ àáñîëþòíî

è ðàâíîìåðíî (ñ ýêñïîíåíöèàëüíîé ñêîðîñòüþ) â QT äëÿ ëþáîãî T > 0.

Òåîðåìà 3. Åñëè φ ∈ L(0, 1), à ôóíêöèè φh(x), h = 1, 2, . . ., óäî-
âëåòâîðÿþò óñëîâèÿì òåîðåìû 1 è ∥φh − φ∥1 → 0 ïðè h → ∞, òî
ñîîòâåòñòâóþùèå ôóíêöèÿì φh(x) êëàññè÷åñêèå ðåøåíèÿ uh(x, t) çà-
äà÷è (1)�(3) ñõîäÿòñÿ ïî íîðìå L(QT ) ê A(x, t), ò.å. â ýòîì ñëó÷àå ðÿä
(8) ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì çàäà÷è (1)�(3).

Òàêèì îáðàçîì, èç òåîðåì 1�3 ñëåäóåò, ÷òî îäèí è òîò æå ðÿä A(x, t),
áûñòðî ñõîäÿùèéñÿ, ÿâëÿåòñÿ êëàññè÷åñêèì èëè îáîáùåííûì ðåøåíèåì
çàäà÷è (1)�(3) â çàâèñèìîñòè îò ãëàäêîñòè ôóíêöèè φ(x).
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ÓÄÊ 517.5

Î p-àäè÷åñêèõ æåñòêèõ âåéâëåò ôðåéìàõ1

Ñ. Ô. Ëóêîìñêèé, À. Ì. Âîäîëàçîâ (Ñàðàòîâ, Ðîññèÿ)
LukomskiiSF@info.sgu.ru, vam21@yandex.ru

Ïðåäëàãàåòñÿ ñïîñîá ïîñòðîåíèÿ æåñòêèõ âåéâëåò ôðåéìîâ â ïðîèçâîëüíîé íóëü-
ìåðíîé ãðóïïå ïî èçâåñòíîé ìàñøòàáèðóþùåé ôóíêöèè. Â êà÷åñòâå ãðóïïû ìîæ-
íî âûáèðàòü àääèòèâíóþ ãðóïïó ïîëÿ p-àäè÷åñêèõ ÷èñåë, àääèòèâíóþ ãðóïïó
ïîëÿ ïîëîæèòåëüíîé õàðàêòåðèñòèêè, ãðóïïó Âèëåíêèíà. Ïðåäëàãàåìûé ìåòîä
íå èñïîëüçóåò ïðèíöèï óíèòàðíîãî ðàñøèðåíèÿ. Ïðèâåäåí ïðèìåð ïîñòðîåíèÿ
æåñòêîãî ôðåéìà â ãðóïïå 2-àäè÷åñêèõ ÷èñåë.

Êëþ÷åâûå ñëîâà: âåéâëåò ôðåéìû, íóëüìåðíûå ãðóïïû, p-àäè÷åñêèå ÷èñëà.

Áëàãîäàðíîñòè: èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî
ôîíäà � 22-21-00037, https://rscf.ru/project/22-21-00037/.

On p-adic tight wavelet frames1
S. F. Lukomskii, A. M. Vodolazov (Saratov, Russia)

LukomskiiSF@info.sgu.ru, vam21@yandex.ru

We propose a method for constructing tight wavelet frames in an arbitrary zero-
dimensional group from a known scaling function. As a group, one can choose the
additive group of the �eld of p -adic numbers, the additive group of the �eld of
positive characteristic, or the Vilenkin group. The proposed method does not use the
principle of unitary expansion. An example of constructing a tight wavelet frame in
the group of 2-adic numbers is given.

Keywords: tight wavelet frame, zero-dimensional group, p-adic numbers.

Acknowledgements: this work was supported by the Russian Science Foundation �
22-21-00037, https://rscf.ru/project/22-21-00037/.

Ââåäåíèå

Â ðàáîòàõ [2-4] ðàçðàáîòàíû ìåòîäû ïîñòðîåíèÿ æåñòêèõ âåéâëåò ôðåé-
ìîâ â ãðóïïàõ Âèëåíêèíà è ïîëÿõ ïîëîæèòåëüíîé õàðàêòåðèñòèêè. Äëÿ
ýòîãî àâòîðû èñïîëüçîâàëè ïðèíöèï óíèòàðíðãî ðàñøèðåíèÿ. Â [1] óêà-
çàí ñïîñîá ïîñòðîåíèÿ ôðåéìîâ â ïîëå p-àäè÷åñêèõ ÷èñåë, íî íåò äàæå
ïðèìåðîâ æåñòêèõ ôðåéìîâ. Ìû ïðåäëàãàåì ñïîñîá ïîñòðîåíèÿ æåñòêèõ
âåéâëåò ôðåéìîâ â ëþáîé íóëüìåðíîé ãðóïïå, ïî èçâåñòíîé ìàñøòàáèðó-
þùåé ôóíêöèè. Ýòîò ñïñîá ïîçâîëÿåò äîñòàòî÷íî ïðñòî ñòðîèòü æåñòêèå
âåéâëåò ôðåéìû è â ïîëå p-àäè÷åñêèõ ÷èñåë. Ïðåäëàãàåìûé ñïîñîá íå èñ-
ïîëüçóåò ïðèíöèï óíèòàðíîãî ðàñøèðåíèÿ.

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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1. Íóëüìåðíûå ãðóïïû è èõ õàðàêòåðû

Ïóñòü G-ëîêàëüíî êîìïàêòíàÿ íóëüìåðíàÿ ãðóïïà ñ îñíîâíîé öåïî÷êîé
ïîäãðóïï · · · ⊃ G−n ⊃ · · · ⊃ G−1 ⊃ G0 ⊃ G1 ⊃ · · · ⊃ Gn ⊃ · · · , ïîðÿäîê
ôàêòîð ãðóïï ♯Gn/Gn+1 = p - ïðîñòîå ÷èñëî, gn ∈ Gn \ Gn+1 -áàçèñíàÿ
ïîñëåäîâàòåëüíîñòü.
H0 = {h ∈ G : h = a−1g−1+̇a−2g−2+̇ . . . +̇a−sg−s, s ∈ N, aj = 0, p− 1},
ìíîæåñòâî ñäâèãîâ. Îïåðàòîð A : G → G, îïðåäåëåííûé ðàâåíñòâîì,

Ax :=
+∞∑

n=−∞
angn−1, ïðè x =

+∞∑
n=−∞

angn ∈ G - îïåðàòîð ðàñòÿæåíèÿ â

G, Agn = gn−1,AGn = Gn−1.
Ïóñòü äàëåå X �ãðóïïà õàðàêòåðîâ, G⊥

n = {χ ∈ X : ∀x ∈ Gn , χ(x) =
1} àííóëÿòîðû, rn ∈ G⊥

n+1 \ G⊥
n � ôóíêöèè Ðàäåìàõåðà. Îïåðàòîð

ðàñòÿæåíèÿ â X îïðåäåëÿåòñÿ ðàâåíñòâîì (χA, x) := (χ,Ax).

ÏðèM,N ∈ N. Îáîçíà÷èì ÷åðåç DGM
(G−N) ìíîæåñòâî ôóíêöèé f ∈

L2(G) òàêèõ, ÷òî 1) supp f ⊂ G−N , è 2) f ïîñòîÿííà íà ñìåæíûõ êëàññàõ
GM+̇g. Êëàññ DG⊥

−N
(G⊥

M) îïðåäåëÿåòñÿ àíàëîãè÷íî.

Ëåììà 1. Äëÿ ëþáûõ ôèêñèðîâàííûõ α0, α1, ..., αs = 0, 1, ..., p − 1 ìíî-
æåñòâî H0 åñòü îðòîíîðìèðîâàííûé áàçèñ â L2(G

⊥
0 r

α0
0 r

α1
1 ...r

αs
s ).

Ëåììà 2. Ïóñòü s ∈ N. Äëÿ ëþáûõ ôèêñèðîâàííûõ αu...α0α−1, ..., α−s =
0, p− 1 ñåìåéñòâî p

s
2AsH0 åñòü îðòîíîðìèðîâàííûé áàçèñ â

L2(G
⊥
−sr

α−s

−s ...r
α−1

−1 r
α0
0 ...r

αu
u ).

Ïóñòü ôóíêöèþ φ ∈ L2(G) óäîâëåòâîðÿåò ìàñøòàáèðóþùåìó óðàâ-
íåíèþ , φ̂(χ) = m0(χ)φ̂(χA−1), ñ ìàñêîé m0(χ) =

∑
h∈H0

βh(χA−1, h).

Ëåììà 3. Åñëè ìàñøòàáèðóþùàÿ ôóíêöèÿ φ ∈ DGM
(G−N), M,N ∈ N,

òî ìàñøòàáèðóþùåå óðàâíåíèå èìååò âèä

φ(x) = p
∑

h∈H(N+1)
0

βhφ(Ax−̇h).

2. Ïîñòðîåíèå æåñòêèõ ôðåéìîâ áåç ïðèíöèïà óíè-

òàðíîãî ðàñøèðåíèÿ

Ïóñòü φ ∈ DGM
(G−N), ò.å. φ̂ ∈ DG⊥

−N
(G⊥

M). Ìàñêà

m0(χ) =
∑

h∈H(N+1)
0

βh(χ,A−1h)

ïîñòîÿííà íà ñìåæíûõ êëàññàõ ïî ïîäãðóïïå G⊥
−N .
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Ëåììà 4. Ïóñòü ìàñêè mj (j = 1, ..., q) óäîâëåòâîðÿþò óñëîâèÿì

ψ̂(j)(χ) = φ̂(χA−1)mj(χ) = 1

íà ñìåæíûõ êëàññàõ

G⊥
−sr

γ−s

−s ...r
γ−1

−1 r
γ0
0 ...r

γu
u , s = s(j).

Òîãäà∑
h∈H0

|c(j)n,h(f)|
2 =

∑
h∈H0

|(ψ(j)
n,h, f)|

2 =

�
G⊥

n−sr
γ−s
n−s...r

γ−1
n−1r

γ0
n−0

|f̂(χ)|2dν(χ).

Òåîðåìà 3. Ïóñòü φ ∈ DG⊥
−N
(G⊥

M) ìàñøòàáèðóþùàÿ ôóíêöèÿ ñ ìàñ-
êîé m0. Îïðåäåëèì ìàñêè mj : j = 1, 2, ..., q òàê, ÷òî
1)φ̂(χA−1)mj(χ) = 1Ej

(χ), ãäå Ej = G⊥
−s(j)r

α−s(j)

−s(j) r
α−s(j)+1

−s(j)+1...r
α0
0 ...r

αM

M äèçú-

þíêòíûå ñìåæíûå êëàññû, è EjAt äèçúþíêòíûå ìíîæåñòâà.
2)ñóùåñòâóþò öåëûå ÷èñëà t(j), òàêèå, ÷òî⊔

j

EjAt(j) = G⊥
M+1 \G⊥

M .

Òîãäà ôóíêöèè ψ1, ψ2, ..., ψq ïîðîæäàþò æåñòêèé ôðåéì.

Äîêàçàòåëüñòâî òåîðåìû îñíîâàíî íà ëåììàõ 1-4.
Ïðèìåð.( 2-adic ôðåéì) Îïåðàöèÿ +̇ óäîâëåòâîðÿåò óñëîâèþ pgn = gn+1.
Ðàññìîòðèì ïðîñòåéøèé ñëó÷àé: p = 2,M = N = 1 ò.å. φ̂ ∈ DG⊥

−1
(G⊥

1 )

Ìàñêó m0(χ) =
∑

h∈H(2)
0
βh(χ,A−1h), èùåì òàêóþ, ÷òî m0(χ)m0(χA−1) =

0 íà G⊥
2 \G⊥

1 . Îáîçíà÷èì m = α−1 + α0p+ α1p
2, n = a−1 + a−2p,

(χA−1, h) = (G⊥
−1r

α−1

−1 r
α0
0 r

α1
1 , a−1g0+̇a−2g−1)̇ = Am,n,

Am,n = e2πi(α−1+α0p
−1+α1p

−2)(a−1+
a−2
p ), m0(G

⊥
−1r

α−1

−1 r
α0
0 r

α1
1 ) = λm

A = (Am,n)m=0,7,n=0,3, B = (β0, ..., β3)
T , Λ = (λ0, ..., λ7)

T .

Äëÿ íàõîæäåíèÿ ìàñêè m0 èìååì ñèñòåìó

AB = Λ. (1)
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Ðåøåíèå ñèñòåìû èùåì òàêîå, ÷òîáû m0(χ)m0(χA−1) = 0 íà G⊥
2 \ G⊥

1 .
Ïîëàãàåì λ0 = 1, λ2 = λ6 = λ7 = 0, ðåøàåì ñèñòåìó

A0,0 A0,1 A0,2 A0,3

A2,0 A2,1 A2,2 A2,3

A6,0 A6,1 A6,2 A6,3

A7,0 A7,1 A7,2 A7,3



β0

β1

β2

β3

 =


λ0

λ2

λ6

λ7

 =


1

0

0

0


è íàõîäèì β0 = 1

2 , β1 = i
2 , β2 = −i

2 , β3 = 1
2 . Ïîäñòàâëÿÿ èõ â ñèñòåìó (1)

íàõîäèì λ1 = 1 + i, λ3 = 1− i, λ4 = 1 + e
3πi
4 , λ5 = 1. Ïîëàãàåì

m1(χ) =
1

1+i1G⊥
−1r0

(χ), ψ̂(1)(χ) = φ̂(χA−1)m1(χ),

m2(χ) =
1
21G⊥

0 r0r1
(χ), ψ̂(2)(χ) = φ̂(χA−1)m2(χ).

-
G⊥

−1

0

G⊥
0

G⊥
0 r0r1

0

G⊥
1 G⊥

2

1/2
0

m2(χ)

-
G⊥

−1

0

G⊥
0

1/(1 + i)
0

G⊥
1 G⊥

2

0
G⊥

−1r0

0

m1(χ)

Ðèñ.1. Ãðàôèêè ìàñîê m2 è m1.

Âîññòàíàâëèâàåì
ψ(1)(x) =

�
X

1G⊥
−1r0

(χ, x)dν(x) = 2r0(x)1G−1
(x)

ψ(2)(x) =
�
X

1G⊥
0 r0r1

(χ, x)dν(x) = r0(x)r1(x)1G0
(x)

Òàê êàê G⊥
−1r0A

⊔
G⊥

0 r0r1 = (G⊥
2 \G⊥

1 ), òî ôóíêöèè ψ
(1), ψ(2) ïîðîæ-

äàþò æåñòêèé ôðåéì. Ãðàôèêè ìàñîê ïðèâåäåíû íà ðèñóíêå 1.
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Ñîáîëåâñêèå ñèñòåìû, îðòîãîíàëüíûå
îòíîñèòåëüíî âåñîâîãî ñêàëÿðíîãî
ïðîèçâåäåíèÿ ñ äâóìÿ äèñêðåòíûìè

òî÷êàìè1

Ì. Ã. Ìàãîìåä-Êàñóìîâ (Ìàõà÷êàëà, Ðîññèÿ)
rasuldev@gmail.com

Ïîëó÷åíû ïðåäñòàâëåíèÿ ôóíêöèé èç ñèñòåì, îðòîãîíàëüíûõ îòíîñèòåëüíî
äèñêðåòíî-íåïðåðûâíîãî âåñîâîãî ñêàëÿðíîãî ïðîèçâåäåíèÿ òèïà Ñîáîëåâà ñ äâó-
ìÿ äèñêðåòíûìè òî÷êàìè, â òåðìèíàõ ôóíêöèé, îðòîãîíàëüíûõ îòíîñèòåëüíî
êëàññè÷åñêèõ ñêàëÿðíûõ ïðîèçâåäåíèé.

Êëþ÷åâûå ñëîâà: âåñîâîå ñêàëÿðíîå ïðîèçâåäåíèå, ñêàëÿðíîãî ïðîèçâåäåíèå òèïà
Ñîáîëåâà, äèñêðåòíî-íåïðåðûâíîå ñêàëÿðíîå ïðîèçâåäåíèå.

Sobolev systems orthogonal with respect to
the weighted inner product with two discrete

points1
M. G. Magomed-Kasumov (Makhachkala, Russia)

rasuldev@gmail.com

Representations for functions from systems, orthogonal with respect to a discrete-
continuous weighted Sobolev-type inner product with two discrete points, are obtained
in terms of functions orthogonal with respect to classical inner products.

Keywords: weighted inner product, Sobolev-type inner product, discrete-continuous
inner product.

Ââåäåíèå

Â ðàáîòàõ Øàðàïóäèíîâà È.È. (ñì. [1, 2] è ïðèâåäåííûå òàì ñïèñêè ëè-
òåðàòóðû) èññëåäóþòñÿ ñâîéñòâà ñèñòåì ôóíêöèé, îðòîãîíàëüíûõ îòíî-
ñèòåëüíî ñêàëÿðíîãî ïðîèçâåäåíèÿ

⟨f, g⟩ =
r−1∑
ν=0

f (ν)(a)g(ν)(a) +

� b

a

f (r)(t)g(r)(t)w(t)dt, (1)

è ðÿäîâ Ôóðüå ïî íèì. Îäíî èç çàìå÷àòåëüíûõ ñâîéñòâ ÷àñòè÷íûõ ñóìì
ðÿäîâ Ôóðüå Sr,n(f) ïî òàêèì ñèñòåìàì çàêëþ÷àåòñÿ â òîì, îíè r-êðàòíî
ñîâïàäàþò ñ ôóíêöèåé f â òî÷êå a. Óêàçàííîå ñâîéñòâî äåëàåò ýòè ðÿäû

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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óäîáíûì èíñòðóìåíòîì äëÿ ïðèáëèæåííîãî ðåøåíèÿ ñïåêòðàëüíûìè ìå-
òîäàìè çàäà÷è Êîøè äëÿ íåëèíåéíîãî îáûêíîâåííîãî äèôôåðåíöèàëü-
íîãî óðàâíåíèÿ [3,4]. Îäíàêî äëÿ ðåøåíèÿ äâóõòî÷å÷íûõ êðàåâûõ çàäà÷
óïîìÿíóòîãî ñâîéñòâà ñîâïàäåíèÿ â íà÷àëå îòðåçêà óæå íåäîñòàòî÷íî: â
ýòîì ñëó÷àå õîòåëîñü áû ñîâïàäåíèÿ ÷àñòè÷íûõ ñóìì ñ ïðèáëèæàåìîé
ôóíêöèåé íà îáîèõ êîíöàõ ðàññìàòðèâàåìîãî îòðåçêà. Â ñâÿçè ñ ýòèì
âîçíèêàåò çàäà÷à îá èçó÷åíèè ñèñòåì ôóíêöèé, îðòîãîíàëüíûõ îòíîñè-
òåëüíî ñêàëÿðíîãî ïðîèçâåäåíèÿ ñ äâóìÿ äèñêðåòíûìè òî÷êàìè:

⟨f, g⟩ =
r−1∑
ν=0

(
f (ν)(a)g(ν)(a) + f (ν)(b)g(ν)(b)

)
+

� b

a

f (r)(t)g(r)(t)w(t)dt. (2)

Îñíîâíîé öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ïîëó÷åíèå ïðåäñòàâëåíèé äëÿ
ôóíêöèé èç ñèñòåì Φ1 = {φ1,k}, îðòîíîðìèðîâàííûõ îòíîñèòåëüíî (2)
ïðè r = 1, â òåðìèíàõ ôóíêöèé, îðòîãîíàëüíûõ îòíîñèòåëüíî êëàññè-
÷åñêèõ ñêàëÿðíûõ ïðîèçâåäåíèé. Ìû áóäåì ñ÷èòàòü îäíó èç ôóíêöèé
ñèñòåìû Φ1 ðàâíîé êîíñòàíòå (â ðàìêàõ äàííîé ðàáîòû áåç ïîòåðè îáù-
íîñòè ìîæíî ñ÷èòàòü, ÷òî êîíñòàíòîé ÿâëÿåòñÿ φ1,0(t)). Áåç òðåáîâàíèÿ,
ñâÿçàííîãî ñ êîíñòàíòîé, ïîëó÷åíèå ñîäåðæàòåëüíûõ ðåçóëüòàòîâ ñòàíî-
âèòñÿ ãîðàçäî áîëåå ñëîæíîé çàäà÷åé. Ñ äðóãîé ñòîðîíû, ýòî òðåáîâàíèå
ÿâëÿåòñÿ äîâîëüíî åñòåñòâåííûì, ïîñêîëüêó èçâåñòíûå îðòîãîíàëüíûå
ñèñòåìû, êàê ïðàâèëî, âêëþ÷àþò â ñåáÿ êîíñòàíòó. Îòìåòèì, ÷òî óêà-
çàííàÿ çàäà÷à â áåçâåñîâîì ñëó÷àå ðàññìàòðèâàëàñü â ðàáîòå [5].

Îñíîâíûå ðåçóëüòàòû

Îáîçíà÷èì ÷åðåç W 1
L2
w
= W 1

L2
w
[a, b] ïðîñòðàíñòâî Ñîáîëåâà, ñîñòîÿùåå èç

àáñîëþòíî íåïðåðûâíûõ íà [a, b] ôóíêöèé f , òàêèõ ÷òî f ′ ∈ L2
w[a, b], ãäå

L2
w = L2

w[a, b] � ïðîñòðàíñòâî Ëåáåãà ñ âåñîâîé (íåîòðèöàòåëüíîé, ïî÷òè
âñþäó ïîëîæèòåëüíîé è èçìåðèìîé) ôóíêöèåé w:

L2
w[a, b] = {f :

� b

a

|f(t)|2w(t)dt <∞}.

Íåòðóäíî óáåäèòüñÿ â òîì, ÷òî ôîðìóëà (2) ïðè r = 1

⟨f, g⟩S = f(a)g(a) + f(b)g(b) +

� b

a

f ′(t)g′(t)w(t)dt (3)

çàäàåò ñêàëÿðíîå ïðîèçâåäåíèå â ïðîñòðàíñòâå W 1
L2
w
. ×åðåç Φ1 = {φ1,k}

áóäåì îáîçíà÷àòü ñèñòåìó ôóíêöèé èç W 1
L2
w
.
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Ïðåäëîæåíèå 1. Åñëè φ1,0(t) ≡ const, òî Φ1 áóäåò îðòîãîíàëüíîé
ñèñòåìîé òîãäà è òîëüêî òîãäà, êîãäà

φ1,k(a) + φ1,k(b) = 0, k ≥ 1, (4)

2φ1,k(a)φ1,n(a) +

� b

a

φ′
1,k(t)φ

′
1,n(t)w(t)dt = 0, k, n ≥ 1, k ̸= n. (5)

Ïðåäëîæåíèå 2. Îáîçíà÷èì ÷åðåç Φ ñèñòåìó ôóíêöèé {φk(x) =
φ′
1,k+1(x)}∞k=0. Òîãäà âûïîëíåíèå ëþáûõ äâóõ èç ñëåäóþùèõ óñëîâèé âëå-

÷åò âûïîëíåíèå è òðåòüåãî:

� Level 0 Item 0 ñèñòåìà ôóíêöèé Φ îðòîãîíàëüíà â L2
w;

� Level 0 Item 1 ñèñòåìà ôóíêöèé Φ1 îðòîãîíàëüíà îòíîñèòåëüíî
(3);

� Level 0 Item 2 ôóíêöèè φ1,k, k ≥ 1, óäîâëåòâîðÿþò óñëîâèÿì:

φ1,1(a) + φ1,1(b) = 0, (6)
φ1,k(a) = φ1,k(b) = 0, k ≥ 2. (7)

Ïðåäëîæåíèå 3. Ïóñòü φk(x) = φ′
1,k+1(x), k ≥ 0. Òîãäà âûïîëíåíèå

ëþáûõ äâóõ èç ñëåäóþùèõ óñëîâèé âëå÷åò âûïîëíåíèå è òðåòüåãî:

� Level 0 Item 0 ôóíêöèÿ φk(x) íîðìèðîâàíà â L
2
w[a, b];

� Level 0 Item 1 ôóíêöèÿ φ1,k+1(x) íîðìèðîâàíà îòíîñèòåëüíî (3);

� Level 0 Item 2 íà êîíöàõ îòðåçêà ôóíêöèÿ φ1,k+1(x) îáðàùàåòñÿ â
íîëü:

φ1,k+1(a) = φ1,k+1(b) = 0. (8)

Òåîðåìà 4. Ïóñòü Φ = {φk} � ñèñòåìà ôóíêöèé, óäîâëåòâîðÿþùàÿ
óñëîâèþ � b

a

φk(t)u(t)dt = 0, k ≥ 1. (9)

Òîãäà îðòîíîðìèðîâàííîñòü â L2
u ñèñòåìû Φ = {φk} ðàâíîñèëüíà îð-

òîíîðìèðîâàííîñòè â W 1
L2
ρ
, ρ(x) = 1

u(x), ñèñòåìû ôóíêöèé Φ1 = {φ1,k},
çàäàííîé ðàâåíñòâàìè

φ1,0(x) =
1√
2
,
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φ1,1(x) =
1√

1 + 1
2J

2
0

(
−1

2
J0 +

� x

a

φ0(t)u(t)dt
)
, J0 =

� b

a

φ0(t)u(t)dt,

φ1,k+1(x) =

� x

a

φk(t)u(t)dt, k ≥ 1.

Òåîðåìà 5. Ïóñòü Φ = {φk} ⊂ L2
ρ � îðòîíîðìèðîâàííàÿ ñèñòåìà

ôóíêöèé, îáëàäàþùàÿ ñâîéñòâîì

� b

a

φk(t)dt = 0, k ≥ m. (10)

Òîãäà ñèñòåìà ôóíêöèé Φ1 = {φ1,k}, â êîòîðîé φ1,k, 0 ≤ k ≤ m, ïîëó-
÷åíû îðòîãîíàëèçàöèåé ñèñòåìû ôóíêöèé

1,

� x

a

φk(t)dt, 0 ≤ k ≤ m− 1, (11)

è

φ1,k(x) =

� x

a

φk−1(t)dt, k ≥ m+ 1, (12)

áóäåò îðòîíîðìèðîâàííîé â W 1
L2
ρ
.
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ÓÄÊ 517.5

Î íåïðåðûâíîñòè íåêîòîðûõ êëàññîâ è
ïîäêëàññîâ îòîáðàæåíèé ñ s-óñðåäíåííîé

õàðàêòåðèñòèêîé1

À. Í. Ìàëþòèíà (Òîìñê, Ðîññèÿ)
nmd@math.tsu.ru

Ïî èçâåñòíîé òåîðåìå Ñ. Ë. Ñîáîëåâà [1], åñëè G îãðàíè÷åííàÿ îáëàñòü åâêëèäîâà
ïðîñòðàíñòâà R è ôóíêöèÿ f : G→ R1, f ∈W 1

p,loc(G), p > n, òî îíà íåïðåðûâíà â
G. Åñëè 1 < p ≤ n, ýòîãî ñâîéñòâà, âîîáùå ãîâîðÿ, ìîæåò è íå áûòü. Â íàñòîÿùåé
ðàáîòå ìû îáîáùàåì ðåçóëüòàòû, ïîëó÷åííûå â [2] è íàõîäèì íåîáõîäèìûå óñëî-
âèÿ, ïðè êîòîðûõ íåêîòîðûå êëàññû è ïîäêëàññû îòîáðàæåíèé ñ s-óñðåäíåííîé
õàðàêòåðèñòèêîé [7] 1 < s ≤ n áóäóò íåïðåðûâíûìè. Ïðèìåðû ïîäêëàññîâ òàêèõ
îòîáðàæåíèé ñ óêàçàííûìè âûøå ñâîéñòâàìè ïðèâåäåíû â [7,8].

Êëþ÷åâûå ñëîâà: îòîáðàæåíèå ñ s-óñðåäíåííîé õàðàêòåðèñòèêîé, äèôôåðåíöè-
àëüíûå ñâîéñòâà, íåïðåðûâíîñòü.

On the continuity of some classes and
subclasses of mappings with s-averaged

characteristic1
A. N. Malyutina (Tomsk, Russia)

nmd@math.tsu.ru

According to the well-known S. L. Sobolev's embedding theorem [1], if G is a bounded
domain of Euclidean space and a function f : G → R1, f ∈ W 1

p,loc(G), p > n, then
this function is continuous in G. If 1 < p ≤ n, then this property may not exist. In this
paper we generalize the results obtained in [2] and �nd the necessary conditions of the
continuity of some classes and subclasses of mappings with saveraged characteristic [7].
Examples of subclasses of such mappings are given in [7, 8].

Keywords: mapping with s-averaged characteristic, di�erential properties, continuity.

Ââåäåíèå

Ïóñòü îáëàñòü G ⊂ Rn, f : G → Rn, f ∈ W 1
n(G),1 < s ≤ n, ïóñòü äëÿ

ëþáîãî y ∈ G âûïîëíÿþòñÿ íåðàâåíñòâà
�
G

(λ(x, f))sk(|x− y|)dσx < M, (1)

�
G

(λ∗(x, f))s
∗
k(|x− y|)dσx < M∗, (2)

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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ãäå ôóíêöèÿ k(t) îïðåäåëåíà ïðè t > 0, ïîëîæèòåëüíà, íå âîçðàñòàåò è
lim
t→0+

k(t) = +∞. Â ñëó÷àå (1) áóäåì ãîâîðèòü, ÷òî îòîáðàæåíèå ñ (s, k)-

óñðåäíåííîé õàðàêòåðèñòèêîé, à â ñëó÷àå (2) � îòîáðàæåíèå ñ (s∗, k)-
óñðåäíåííîé õàðàêòåðèñòèêîé, ãäå ôóíêöèÿ f ∈ W 1

n(G, k,M), 1 < s < n
[7].

Òåîðåìà 1. Ïóñòü f , îòîáðàæåíèå ñ (s∗, k)-óñðåäíåííîé õàðàêòå-
ðèñòèêîé è âûïîëíåíî íåðàâåíñòâî

a�

0

k
1
s∗ (t)t

n
s∗ dt < +∞, α > n− p. (3)

Åñëè f ∈ W 1
n,loc(G), f

−1 ∈ W 1
n,loc(G), 1 < s ≤ n è äëÿ ëþáîé òî÷êè y ∈ G

I

�

G

(
|△f |n

J(x, f)

)s
∥x− y∥−αdσx

 < M, (4)

åñëè α > n − s, òî íà ëþáîì êîìïàêòå A èç îáëàñòè G ôóíêöèÿ f
ýêâèâàëåíòíà íåêîòîðîé íåïðåðûâíîé ôóíêöèè.

Äîêàçàòåëüñòâî òåîðåìû ñëåäóåò èç òåîðåìû Àðöåëà. Äëÿ ýòîãî ïî-
ñòðîèì ðàâíîñòåïåííî íåïðåðûâíóþ è ðàâíîìåðíî îãðàíè÷åííóþ íà K
ïîñëåäîâàòåëüíîñòü ôóíêöèé, ñõîäÿùóþñÿ ê ôóíêöèè f ïî÷òè âåçäå â G.
Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü ε-óñðåäíåííèé ôóíêöèè f ïî Ñ. Ë. Ñî-
áîëåâó ïðè äîñòàòî÷íî ìàëûõ ε. Çäåñü ε-óñðåäíåíèåì ôóíêöèè f ïî
Ñ. Ë. Ñîáîëåâó [1] ÿâëÿåòñÿ ôóíêöèÿ

fε = ε−n
�

Rn

φ

(
x− u

ε

)
f(u)du = ε−n

�

B(0,ε)

φ
(u
ε

)
f(x− u)du.

Èç [1, ñ. 79] ñëåäóåò, ÷òî âíå îáëàñòè G ôóíêöèÿ fε = 0. Èçâåñòíî [1], ÷òî
ôóíêöèÿ fε áåñêîíå÷íî äèôôåðåíöèðóåìà â Rn è ∥fε − f∥p, Rn → 0 ïðè

ε→ 0 è ÷òî ∂fε
∂xi

=
(
∂f
∂xi

)
ε
.

Ñóùåñòâóþò îòêðûòûå ìíîæåñòâà G1 è G2 òàêèå, ÷òî êîìïàêò

K ⊂ G1 ⊂ G2, G1 ⊂ G2, G2 ⊂ G

ãäå Gi - çàìûêàíèå ìíîæåñòâà Gi,i = 1, 2. Ïîêàæåì, ÷òî äëÿ äîñòàòî÷íî
ìàëûõ ε

I

�

G

|△f |n

J(x, f)
∥x− y∥−αdσx

 < M, y ∈ G2
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Èñïîëüçóÿ îáîáùåííîå íåðàâåíñòâî Ìèíêîâñêîãî [1] è óñëîâèå (1) ïî-
ëó÷èì

I

�

G

|△f |n

J(x, f)
∥x− y∥−αdσx

 =

�
G2

ε−n
�

B(0,ε)

φ
(u
ε

) |△f(x− u)|n

J(x, f)
du∥x− y∥αdσx


1
s

≤

ε−n
�

B(0,ε)

�
G2

φ
(u
ε

)( |△f(x− u)|n

J(x, f)

)s
∥x− y∥αdσx

 1
s

du ≤

ε−nM

�

B(0,ε)

φ
(u
ε

)
=M, (5)

åñëè (y − u) ∈ G, ò.å. ïðè ε < ε0, ãäå ε0 ìåíüøå ðàññòîÿíèÿ îò ãðàíèöû
ìíîæåñòâà G2 äî ãðàíèöû G. Èç íåðàâåíñòâà (5) ñëåäóåò, ÷òî ∀y ∈ G2

âûïîëíåíî íåðàâåíñòâî:�

G

|△f |n

J(x, f)
∥x− y∥−αdσx

s

< n
n
2M, åñëè B(y, r) ⊂ G2.

Èç (3) ñëåäóåò, ÷òî íåïðåðûâíûå ôóíêöèè fε ïðè ε < ε0 óäîâëåòâîðÿþò
óñëîâèþ ëåììû ×. Ìîððè [7], ïîýòîìó äëÿ ëþáûõ òî÷åê x, y òàêèõ, ÷òî
øàð

B

(
x+ y

2
,
3

2
|x− y|

)
⊂ G2, |fε(x)− fε(y)| < N |x− y|β,

ãäå β = (α− n+ s)/s è N çàâèñèò îò M,n, s, α.
Òàêèì îáðàçîì, ñåìåéñòâî ôóíêöèé fε ïðè ε < ε0 íàK ðàâíîñòåïåííî

íåïðåðûâíî.
Ïîêàæåì, ÷òî ôóíêöèè fε ïðè ε < ε0 íàK îãðàíè÷åíû îäíèì ÷èñëîì.

Ñóùåñòâóåò ôóíêöèÿ η ∈ D òàêàÿ, ÷òî åå íîñèòåëü ëåæèò â G2 è η(x) = 1
äëÿ x ∈ G1 [3].

Ôóíêöèÿ fη ∈ W 1
p (Rn). Äîîïðåäåëèì f ≡ 0 âíå îáëàñòè G. Äëÿ φ ∈ D

èìååì
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�

Rn

(
∂η

∂xi
f + η

∂f

∂xi

)
φdx =

�

G

(
∂η

∂xi
f + η

∂f

∂xi

)
φdx =

�

G

 ∂η

∂xi
fφdx+

�

G

ηφ
∂f

∂xi
dx

 =

�

G

 ∂η

∂xi
fφdx−

�

G

fηφ
∂(ηφ)

∂xi
dx

 =

−
�

G

fηφ
∂φ

∂xi
dx. (6)

Èç (6) ñëåäóåò, ÷òî îáîáùåííàÿ ïðîèçâîäíàÿ

∂(η, f)

∂xi
=

∂η

∂xi
f + η

∂f

∂xi
(7)

Ïîêàæåì, ÷òî äëÿ ôóíêöèè ηf

I

�

G

∣∣∣∣ |△f |nJ(x, f)

∣∣∣∣s ∥x− y∥−αdσx

 < M, ∀y ∈ K.

Èç (7) ñëåäóåò, ÷òî

I

�

G

∣∣∣∣ |△f |n

J(x, ηf)

∣∣∣∣s ∥x− y∥−αdσx

 ≤

I

�

G

∣∣∣∣ |△f |n

J(x, ηf)
f

∣∣∣∣s ∥x− y∥−αdσx

+

I

�

G

∣∣∣∣η |△f |n

J(x, ηf)

∣∣∣∣s ∥x− y∥−αdσx

 ≤

I

�

G

∣∣∣∣ |△f |n

J(x, ηf)
f

∣∣∣∣s ∥x− y∥−αdσx


y∈G2

+

I

�

G

∣∣∣∣η |△f |n

J(x, f)

∣∣∣∣s ∥x− y∥−αdσx


y∈G2

≤ Ad
−α
s B + CM =M1 (8)
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ãäå A = max ∂η
∂xi
, x ∈ G2; C = maxη(x), x ∈ G2; B = ∥f∥p,G; d - ðàñ-

ñòîÿíèå ìåæäó ãðàíèöàìè ìíîæåñòâ G1 è G2. Èçâåñòíî [6], ÷òî ôóíêöèÿ
φ ∈ D óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû è, ïðèìåíÿÿ óñëîâèå Ãåëüäåðà
è îöåíêè (8) ïîëó÷àåì.

|η(x)fε(x)| =

∣∣∣∣∣∣ 1

ωn−1

n∑
i=1

�

Rn

∂(ηfε)

∂xi
(x− y)

yi
|y|n

dyσy

∣∣∣∣∣∣ ≤
1

ωn−1

n∑
i=1

�

G2

∂(ηfε)

∂yi
(y)

dσy
|y − x|n−1

≤

1

ωn−1

n∑
i=1

�

Rn

∣∣∣∣∂(ηfε)∂yi
(y)

∣∣∣∣p |y − x|−αdσy

 1
p

×

�

G2

|y − x|mdσy


p−1
p

≤M2,

ãäå m = np−p−α
p−1 ,m+ n > 0,M2 çàâèñèò îò M1, n è äèàìåòðà îáëàñòè G2.

Äëÿ x ∈ K, η(x) ▽ fε(x) = fε(x) è |fε| ≤ M2 ñëåäîâàòåëüíî ðàâ-
íîìåðíî îãðàíè÷åíà. Òàêèì îáðàçîì, íà K ñåìåéñòâî ôóíêöèé fε(x),
ε < ε0 ðàâíîñòåïåííî íåïðåðûâíî, ðàâíîìåðíî îãðàíè÷åííî, ïîýòîìó ïî
òåîðåìå Àðöåëÿ èç ñåìåéñòâà ìîæíî âûäåëèòü ïîäïîñëåäîâàòåëüíîñòü
ôóíêöèé |fn(x)| ðàâíîìåðíî ñõîäÿùóþñÿ íà K ê íåêîòîðîé íåïðåðûâíîé
ôóíêöèé Ψ . Òàêèì îáðàçîì, ïîëó÷èâøèåñÿ ôóíêöèè f è Ψ ýêâèâàëåíò-
íû.

Çàìå÷àíèå. Ïîñòðîåííûå ïðèìåðû ïîêàçûâàþò, ÷òî â ðàññìàòðè-
âàåìûõ ïîäìíîæåñòâàõ ôóíêöèé êëàññà W 1

p (G) ñ p = n ñóùåñòâóþò
ôóíêöèè, íå ïðèíàäëåæàùèå íè îäíîìó èç êëàññîâ W 1

l (G) ïðè l > n.
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ÓÄÊ 517.53

Íåêîòîðûå èíòåãðàëüíûå îïåðàòîðû â
îáëàñòÿõ ñ ãðàíèöàìè êëàññà Ëàâðåíòüåâà1

Í. M. Ìàõèíà (Áðÿíñê, Ðîññèÿ)
mahinanm@yandex.ru

Â äàííîé ðàáîòå ñòðîèòñÿ îãðàíè÷åííûé èíòåãðàëüíûé îïåðàòîð, îòîáðàæàþ-
ùèé âåñîâîå ïðîñòðàíñòâî èçìåðèìûõ ôóíêöèé íà ñîîòâåòñòâóþùåå ïðîñòðàíñ-
òâî àíàëèòè÷åñêèõ ôóíêöèé, â ñëó÷àå, åñëè äàííûå ïðîñòðàíñòâà ðàññìàòðèâà-
þòñÿ íà ïðîèçâåäåíèÿõ îáëàñòåé ñ ãðàíèöàìè êëàññà Ëàâðåíòüåâà.

Êëþ÷åâûå ñëîâà: êîíôîðìíîå îòîáðàæåíèå, ïðîåêòîð, ïðîèçâåäåíèå îáëàñòåé,
êëàññ êðèâûõ Ëàâðåíòüåâà.

Some integral operators in domains with the
boundaries of the Lavrentiev class1

N. M. Makhina (Bryansk, Russia)
mahinanm@yandex.ru

In this paper we construct a bounded integral operator, mapping the weight space of
measurable functions on the corresponding space of analytic functions, if these spaces
are considered on the products of domains with the boundaries of the Lavrentiev
class.

Keywords: conformal mapping, projector, product of domains, Lavrentiev curve class.

Ïóñòü (L) � ìíîæåñòâî êðèâûõ Γ (êëàññ êðèâûõ Ëàâðåíòüåâà) òàêèõ,
÷òî l(w1, w2) ≤ c|w1 − w2|, ãäå òî÷êè w1, w2 � ïðîèçâîëüíî âûáðàííûå
íà Γ, l(w1, w2) � äëèíà êðàò÷àéøåé äóãè Γ′ íà êðèâîé Γ, ñîåäèíÿþùåé
òî÷êè w1, w2 (ñì. [1], [2]).

Â ðàáîòàõ àâòîðà (ñì., íàïðèìåð, [3]-[6]) ðàññìàòðèâàþòñÿ âîïðîñû,
ñâÿçàííûå ñ âîçìîæíîñòüþ ïîñòðîåíèÿ îãðàíè÷åííûõ èíòåãðàëüíûõ îïå-
ðàòîðîâ â âåñîâûõ êëàññàõ àíàëèòè÷åñêèõ ôóíêöèé òèïà Áåðãìàíà. Îò-
ìå÷àåòñÿ, ÷òî ðåøåíèå ïîäîáíîãî ðîäà çàäà÷ âî ìíîãèõ ñëó÷àÿõ òåñíî
ñâÿçàíî ñ ãåîìåòðè÷åñêèìè õàðàêòåðèñòèêàìè ãðàíèöû îáëàñòè àíàëè-
òè÷íîñòè, êîòîðûå, â ñâîþ î÷åðåäü, ìîãóò âûðàæàòüñÿ â ðàçëè÷íîãî ðîäà
îöåíêàõ êîíôîðìíî îòîáðàæàþùåé ôóíêöèè.

Ïóñòü H(G) � ìíîæåñòâî âñåõ àíàëèòè÷åñêèõ ôóíêöèé â G; Lpβ(G) �
êëàññ ôóíêöèé f, èçìåðèìûõ ïî Ëåáåãó, òàêèõ, ÷òî

∥f∥p
Lp
β(G)

=

�

G

|f(w)|p dβ(w, ∂G)dm2(w) < +∞ , β > −1, 0 < p < +∞,

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Ap
β(G) = H(G) ∩ Lpβ(G).
Òåîðåìà 1 (ñì. [7]). Ïóñòü G � íåêîòîðàÿ îäíîñâÿçíàÿ îáëàñòü íà

êîìïëåêñíîé ïëîñêîñòè ñ ãðàíèöåé êëàññà (L), φ(z) � ôóíêöèÿ Ðèìàíà,
îòîáðàæàþùàÿ S íà G, φ(0) = ω0, ω0 ∈ G,φ′(0) > 0. Òîãäà äëÿ 1 < p <
+∞ ñïðàâåäëèâà îöåíêà:

�

S

|φ′(z)|β+2 (1− |z|)βχpγ(z)
|1− ζz|η+2|1− ξz|µ

dm2(z) ≤
˜̃̃c |φ′(ζ)|β+2 (1− |ζ|)βχγ(ζ)χ

p
q
γ (ξ)

(1− |ζ|)η+2− 2
p (1− |ξ|)µ−

2
q

,

ãäå χγ(ζ) = (1 − |ζ|)−
γ
pq ;

1

p
+

1

q
= 1, β > −1, 0 <

γ

q
< βp + 1, η ≥

β − 2 +
3

p
− γ

pq
; µ > 2− γ

q2
, ˜̃̃c = const > 0.

Òåîðåìà 2. (ñì. [6]). Ïóñòü G � îäíîñâÿçíàÿ îáëàñòü íà êîìïëåêñíîé
ïëîñêîñòè c ãðàíèöåé êëàññà (L), φ(z) � ôóíêöèÿ, êîíôîðìíî îòîáðàæà-
þùàÿ S íà G, φ(0) = ω0, ω0 ∈ G,φ′(0) > 0, ψ = φ−1. Òîãäà

F (w) = Pη(f)(w) =
η + 1

π

�

G

(1− |ψ(µ)|2)η

(1− ψ(µ)ψ(w))η+2
f(µ) |ψ′(µ)|2 dm2(µ)

íåïðåðûâíî îòîáðàæàåò Lpβ(G) íà A
p
β(G), 1 ≤ p < +∞, β > −1, η >

2(β + 1), ïðè÷åì ïðè c(β, p) = const > 0,

∥F∥Ap
β(G)

≤ c(β, p) ∥f∥Lp
β(G)

.

Ðåçóëüòàò äàííîé òåîðåìû îñíîâàí íà îöåíêàõ ìîäóëÿ ïðîèçâîäíîé
êîíôîðìíî îòîáðàæàþùåé ôóíêöèè (àíàëîãîâ òåîðåìû 1).

Ïóñòü òåïåðü {Gj}mj=1 � êëàññ îáëàñòåé, îãðàíè÷åííûõ êðèâûìè êëàñ-
ñà (L) è G̃ = G1 × ...×Gm.

Ïî àíàëîãèè, îáîçíà÷èì, Lp
β⃗
(G̃) � ìíîæåñòâî èçìåðèìûõ â G̃ ôóíê-

öèé, äëÿ êîòîðûõ

∥f∥Lp

β⃗
(G̃) =

�

G̃

|f(w)|p dβ⃗(w, ∂G)dm2m(w) =

=

�

G1

...

�

Gm

|f(w1, ..., wm)|p
m∏
j=1

dβj(wj, ∂Gj)dm2(wj) < +∞,

ãäå 0 < p < +∞, β⃗ = (β1, ..., βm), βj > −1, j = 1,m; dm2m = dm2...dm2 �
ìåðà Ëåáåãà íà G̃. Ïóñòü Ap

β⃗
(G̃) = H(G̃) ∩ Lp

β⃗
(G̃).
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Îêàçûâàåòñÿ, ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà:
Òåîðåìà 3. Ïóñòü {Gj}mj=1 � âûøåóêàçàííîå ìíîæåñòâî îáëàñòåé ñ

ãðàíèöàìè êëàññà (L), G̃ = G1 × ...×Gm.
Ïóñòü {φj}mj=1 � ìíîæåñòâî ôóíêöèé, êîíôîðìíî îòîáðàæàþùèõ åäè-

íè÷íûé êðóã S íà Gj, φj(0) = wj
0, w

j
0 ∈ Gj, φ

′
j(0) > 0, ψj = φ−1

j , j = 1,m.
Òîãäà

Pη⃗(f)(w⃗)
def
= F (w⃗) =

n∏
j=1

ηj + 1

π

�

G1

...

�

Gm

f(µ1, ..., µn)×

×
m∏
j=1

(1− |ψj(µj)|2)ηj
∣∣ψ′

j(µj)
∣∣2

(1− ψj(µj)ψj(wj))ηj+2
dm2(µ1)...dm2(µn)

íåïðåðûâíî îòîáðàæàåò Lp
β⃗
(G̃) íàAp

β⃗
(G̃), 1 < p < +∞, βj > −1, j = 1,m,

ïðè âñåõ η > η0, η0 = η0(β⃗), ∃c = c(β⃗, p) :

∥F∥Ap

β⃗
(G̃) ≤ c ∥f∥Lp

β⃗
(G̃) .
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Î âåêòîðíîçíà÷íûõ èíòåãðàëàõ Ìàê-Øåéíà
è Õåíñòîêà1

K. Ì. Íàðàëåíêîâ (Ìîñêâà, Ðîññèÿ)
naralenkov@gmail.com

Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ äëÿ èíòåãðèðóåìîñòè ïî Ìàê-Øåéíó íà ñ÷¼òíîé
ñèñòåìå çàìêíóòûõ ìíîæåñòâ â êëàññå èçìåðèìûõ ïî Ðèìàíó è èíòåãðèðóåìûõ
ïî Õåíñòîêó âåêòîðíîçíà÷íûõ ôóíêöèé.

Êëþ÷åâûå ñëîâà: èçìåðèìàÿ ïî Ðèìàíó ôóíêöèÿ, îãðàíè÷åííàÿ âàðèàöèÿ, AC∗
è AC ôóíêöèè, èíòåãðàëû Ìàê-Øåéíà è Õåíñòîêà, íîðìà Àëåêñè÷à.

On the vector-valued McShane and Henstock
integrals1

K. M. Naralenkov (Moscow, Russia)
naralenkov@gmail.com

We obtain su�cient conditions for a Riemann-measurable Henstock integrable vector-
valued function to be McShane integrable on a sequence of closed sets.
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Õîðîøî èçâåñòíî, ÷òî äëÿ äåéñòâèòåëüíîçíà÷íîé ôóíêöèè, èíòåãðè-
ðóåìîé ïî Õåíñòîêó íà îòðåçêå, ýòîò îòðåçîê ïîêðûâàåòñÿ ñ÷¼òíîé ñè-
ñòåìîé çàìêíóòûõ ìíîæåñòâ, íà êàæäîì èç êîòîðûõ ðàññìàòðèâàåìàÿ
ôóíêöèÿ èíòåãðèðóåìà ïî Ìàê-Øåéíó. Äîêàçàòåëüñòâî äàííîãî ôàêòà
ñóùåñòâåííî èñïîëüçóåò òî, ÷òî äëÿ äåéñòâèòåëüíîçíà÷íûõ ôóíêöèé èí-
òåãðàë Õåíñòîêà ýêâèâàëåíòåí óçêîìó èíòåãðàëó Äàíæóà, à èíòåãðàë
Ìàê-Øåéíà�èíòåãðàëó Ëåáåãà. Ñ äðóãîé ñòîðîíû, â [1] ïîñòðîåí ïðè-
ìåð èíòåãðèðóåìîé ïî Õåíñòîêó íà îòðåçêå ôóíêöèè ñî çíà÷åíèÿìè â
ïðîñòðàíñòâå c0, êîòîðàÿ íå èíòåãðèðóåìà ïî Ìàê-Øåéíó íè íà êàêîì
íåâûðîæäåííîì ïîäîòðåçêå. Òàêèì îáðàçîì, äëÿ ïîëó÷åíèÿ àíàëîãîâ
óïîìÿíóòîãî âûøå ðåçóëüòàòà äëÿ âåêòîðíîçíà÷íûõ ôóíêöèé ïîòðåáó-
þòñÿ èëè äîïîëíèòåëüíûå óñëîâèÿ íà ïðîñòðàíñòâî çíà÷åíèé èëè îãðà-
íè÷åíèÿ íà ðàññìàòðèâàåìóþ ôóíêöèþ (èëè æå íà å¼ íåîïðåäåë¼ííûé
èíòåãðàë). Ïîíÿòèå èçìåðèìîñòè ïî Ðèìàíó åñòåñòâåííûì îáðàçîì âîç-
íèêàåò ïðè ðàññìîòðåíèè âåêòîðíîçíà÷íûõ îáîáùåíèé èíòåãðàëà Ðèìà-
íà [2]. Âñå èçìåðèìûå ïî Áîõíåðó ôóíêöèè èçìåðèìû ïî Ðèìàíó, îäíàêî
èçìåðèìûå ïî Ðèìàíó ôóíêöèè ìîãóò èìåòü íåñåïàðàáåëüíóþ îáëàñòü

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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çíà÷åíèé. Â íàñòîÿùåé ðàáîòå, ìû ïðîäîëæàåì èçó÷åíèå âçàèìîîòíîøå-
íèÿ âåêòîðíîçíà÷íûõ èíòåãðàëîâ Ìàê-Øåéíà è Õåíñòîêà â êëàññå èçìå-
ðèìûõ ïî Ðèìàíó ôóíêöèé, íà÷àòîå â [3], [4].

Ïóñòü X �äåéñòâèòåëüíîå áàíàõîâî ïðîñòðàíñòâî è [a, b] åñòü ôèêñè-
ðîâàííûé íåâûðîæäåííûé îòðåçîê äåéñòâèòåëüíîé îñè. Íà ïðîòÿæåíèè
âñåé ðàáîòû I è E áóäóò îáîçíà÷àòü ïðîèçâîëüíûé íåâûðîæäåííûé ïîäî-
òðåçîê è ïðîèçâîëüíîå èçìåðèìîå ïî Ëåáåãó ïîäìíîæåñòâî îòðåçêà [a, b]
ñîîòâåòñòâåííî. Åñëè F : [a, b] → X, òî ∆F (I) îáîçíà÷àåò ïðèðàùåíèå
F íà I. Ïîëîæèòåëüíàÿ ôóíêöèÿ íà E áóäåò íàçûâàòüñÿ ìàñøòàáîì íà
ìíîæåñòâå E. Íàêîíåö, µ îáîçíà÷àåò ìåðó Ëåáåãà íà äåéñòâèòåëüíîé îñè.

×àñòè÷íîå ðàçáèåíèå Ìàê-Øåéíà îòðåçêà [a, b] åñòü êîíå÷íûé íàáîð
{(Ik, tk)}Kk=1 ïàð îòðåçîê-òî÷êà òàêîé, ÷òî îòðåçêè {Ik}Kk=1 ïîïàðíî íå
ïåðåêðûâàþòñÿ è tk ∈ [a, b] äëÿ êàæäîãî k. ×àñòè÷íîå ðàçáèåíèå Ìàê-
Øåéíà îòðåçêà [a, b] íàçûâàåòñÿ ÷àñòè÷íûì ðàçáèåíèåì Õåíñòîêà îò-
ðåçêà [a, b] åñëè tk ∈ Ik äëÿ âñåõ k. ×àñòè÷íîå ðàçáèåíèå Ìàê-Øåéíà
(Õåíñòîêà) îòðåçêà [a, b] íàçûâàåòñÿ ðàçáèåíèåì Ìàê-Øåéíà (Õåíñòî-
êà) îòðåçêà [a, b] åñëè åãî îòðåçêè ïîêðûâàþò îòðåçîê [a, b].

Îïðåäåëåíèå 1. Ôóíêöèÿ f : [a, b] → X íàçûâàåòñÿ èíòåãðèðóåìîé
ïî Ìàê-Øåéíó (Õåíñòîêó) íà [a, b], ñ èíòåãðàëîì Ìàê-Øåéíà (Õåíñòî-
êà) w ∈ X, åñëè äëÿ êàæäîãî ε > 0 íàéäåòñÿ ìàñøòàá δ íà [a, b] òàêîé,
÷òî íåðàâåíñòâî ∥∥∥∥ K∑

k=1

f(tk)µ(Ik)− w

∥∥∥∥ < ε

âûïîëíÿåòñÿ äëÿ âñÿêîãî ðàçáèåíèÿ Ìàê-Øåéíà (Õåíñòîêà) {(Ik, tk)}Kk=1

îòðåçêà [a, b] ñ óñëîâèåì Ik ⊂ (tk − δ(tk), tk + δ(tk)) äëÿ âñåõ k.

Îïðåäåëåíèå 2. Ôóíêöèÿ f : [a, b] → X M-èíòåãðèðóåìà (H-
èíòåãðèðóåìà) íà [a, b] åñëè îíà èíòåãðèðóåìà ïî Ìàê-Øåéíó (Õåíñòî-
êó) íà [a, b] è êàæäîìó ε > 0 â îïðåäåëåíèè èíòåãðàëà Ìàê-Øåéíà (Õåí-
ñòîêà) ôóíêöèè f ïî [a, b] ñîîòâåòñòâóåò èçìåðèìûé ìàñøòàá δ. Ôóíêöèÿ
f M-èíòåãðèðóåìà (H-èíòåãðèðóåìà) íà ìíîæåñòâå E åñëè ôóíêöèÿ
f · χE, ãäå χE îáîçíà÷àåò õàðàêòåðèñòè÷åñêóþ ôóíêöèþ ìíîæåñòâà E,
M-èíòåãðèðóåìà (H-èíòåãðèðóåìà) íà [a, b].

Îïðåäåëåíèå 3. Ôóíêöèÿ f : E → X íàçûâàåòñÿ èçìåðèìîé ïî
Ðèìàíó íà E åñëè äëÿ êàæäîãî ε > 0 íàéäóòñÿ çàìêíóòîå ìíîæåñòâî
F ⊂ E, óäîâëåòâîðÿþùåå óñëîâèþ µ(E \F ) < ε, è ïîëîæèòåëüíîå ÷èñëî
δ òàêèå, ÷òî íåðàâåíñòâî∥∥∥∥ K∑

k=1

{f(tk)− f(t′k)} · µ(Ik)
∥∥∥∥ < ε
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âûïîëíÿåòñÿ äëÿ âñÿêîãî êîíå÷íîãî íàáîðà {Ik}Kk=1 ïîïàðíî íåïåðåêðû-
âàþùèõñÿ îòðåçêîâ ñ óñëîâèåì max

1≤k≤K
µ(Ik) < δ è äëÿ âñåõ tk, t′k ∈ Ik ∩ F .

Âñå H-èíòåãðèðóåìûå ôóíêöèè îáÿçàòåëüíî èçìåðèìû ïî Ðèìàíó,
áîëåå òîãî, èíòåãðàë Ìàê-Øåéíà (Õåíñòîêà) îêàçûâàåòñÿ ýêâèâàëåíòåí
M-èíòåãðàëó (H-èíòåãðàëó) äëÿ èçìåðèìûõ ïî Ðèìàíó ôóíêöèé [2].

Îïðåäåëåíèå 4. F : [a, b] → X åñòü sV B ôóíêöèÿ íà E åñëè

sV(F,E) = sup
K∑
k=1

∥∆F (Ik)∥ <∞,

ãäå ñóïðåìóì áåðåòñÿ ïî âñåì íàáîðàì ïîïàðíî íåïåðåêðûâàþùèõñÿ îò-
ðåçêîâ {Ik}Kk=1 ñ óñëîâèåì ∂Ik ⊂ E äëÿ âñåõ k.

Îïðåäåëåíèå 5. F : [a, b] → X åñòü V B∗ ôóíêöèÿ íà E åñëè

V(F,E) = sup

∥∥∥∥ K∑
k=1

∆F (Ik)

∥∥∥∥ <∞,

ãäå ñóïðåìóì áåðåòñÿ ïî âñåì íàáîðàì ïîïàðíî íåïåðåêðûâàþùèõñÿ îò-
ðåçêîâ {Ik}Kk=1 ñ óñëîâèåì ∂Ik ∩ E ̸= ∅ äëÿ âñåõ k.

Îïðåäåëåíèå 6. F : [a, b] → X åñòü AC (AC∗) ôóíêöèÿ íà E åñëè
äëÿ êàæäîãî ε > 0 ñóùåñòâóåò η > 0 òàêîå, ÷òî∥∥∥∥ K∑

k=1

∆F (Ik)

∥∥∥∥ < ε

âûïîëíÿåòñÿ äëÿ êàæäîãî êîíå÷íîãî íàáîðà ïîïàðíî íåïåðåêðûâàþùèõ-
ñÿ îòðåçêîâ {Ik}Kk=1 ñ óñëîâèåì ∂Ik ⊂ E (∂Ik ∩ E ̸= ∅) äëÿ âñåõ k è
K∑
k=1

µ(Ik) < η.

Îïðåäåëåíèå 7. F : [a, b] → X åñòü sV BG (V BG∗, ACG, ACG∗)
ôóíêöèÿ íà E åñëè ìîæíî ïîêðûòü ñ÷¼òíîé ñèñòåìîé ìíîæåñòâ, íà êàæ-
äîì èç êîòîðûõ F åñòü sV B (V B∗, AC, AC∗) ôóíêöèÿ.

Îïðåäåëåíèå 8. Ïóñòü f : [a, b] → X èíòåãðèðóåìà íà [a, b]. Òîãäà
íîðìà Àëåêñè÷à ôóíêöèè f îïðåäåëÿåòñÿ ðàâåíñòâîì

∥f∥A = sup
a<t≤b

∥∥∥∥� t

a

f

∥∥∥∥.
Òåîðåìà 1. Ïóñòü X íå ñîäåðæèò ïîäïðîñòðàíñòâà, èçîìîðôíî-

ãî c0. Åñëè f : [a, b] → X H-èíòåãðèðóåìà íà [a, b], òî [a, b] ìîæíî
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ïîêðûòü ñ÷¼òíîé ñèñòåìîé çàìêíóòûõ ìíîæåñòâ, íà êàæäîì èç êî-
òîðûõ íåîïðåäåë¼ííûé èíòåãðàë ôóíêöèè f åñòü V B∗ è AC ôóíêöèÿ,
à òàêæå ôóíêöèÿ f M-èíòåãðèðóåìà.

Òåîðåìà 2. Ïóñòü f : [a, b] → X H-èíòåãðèðóåìà íà [a, b]. Åñ-
ëè íåîïðåäåë¼ííûé èíòåãðàë ôóíêöèè f åñòü sV BG ôóíêöèÿ íà [a, b],
òî [a, b] ìîæíî ïîêðûòü ñ÷¼òíîé ñèñòåìîé çàìêíóòûõ ìíîæåñòâ, íà
êàæäîì èç êîòîðûõ íåîïðåäåë¼ííûé èíòåãðàë ôóíêöèè f åñòü sV B è
AC ôóíêöèÿ, à òàêæå ôóíêöèÿ f M-èíòåãðèðóåìà.

Òåîðåìà 3. Ïóñòü f : [a, b] → X èíòåãðèðóåìà ïî Õåíñòîêó íà
[a, b]. Åñëè ñóùåñòâóåò ìíîæåñòâî N ⊂ [a, b] òàêîå, ÷òî µ(N) = 0
è [a, b] \N ìîæíî ïîêðûòü ñ÷¼òíîé ñèñòåìîé çàìêíóòûõ ìíîæåñòâ,
íà êàæäîì èç êîòîðûõ f èíòåãðèðóåìà ïî Ìàê-Øåéíó, òî [a, b] \ N
åñòü îáúåäèíåíèå ñ÷¼òíîé âîçðàñòàþùåé ïîñëåäîâàòåëüíîñòè çàìêíó-
òûõ ìíîæåñòâ {Fn}∞n=1, íà êàæäîì èç êîòîðûõ f èíòåãðèðóåìà ïî
Ìàê-Øåéíó è óñëîâèå

∥fχFn
− f∥A <

1

n
(1)

âûïîëíåíî äëÿ âñåõ n.

Ñëåäñòâèå 1. Ïóñòü f : [a, b] → X H-èíòåãðèðóåìà íà [a, b] è
âûïîëíÿåòñÿ ïî êðàéíåé ìåðå îäíî èç ñëåäóþùèõ óñëîâèé:

1. X íå ñîäåðæèò ïîäïðîñòðàíñòâà, èçîìîðôíîãî c0;

2. íåîïðåäåë¼ííûé èíòåãðàë ôóíêöèè f åñòü sV BG ôóíêöèÿ íà [a, b].

Òîãäà [a, b] åñòü îáúåäèíåíèå ñ÷¼òíîé âîçðàñòàþùåé ïîñëåäîâàòåëüíî-
ñòè çàìêíóòûõ ìíîæåñòâ {Fn}∞n=1, íà êàæäîì èç êîòîðûõ f èíòå-
ãðèðóåìà ïî Ìàê-Øåéíó è óñëîâèå (1) âûïîëíåíî äëÿ âñåõ n.

Òåîðåìà 4. Ïóñòü ôóíêöèÿ f : [a, b] → X H-èíòåãðèðóåìà íà [a, b].
Òîãäà íàéäåòñÿ ìíîæåñòâî N ⊂ [a, b] òàêîå, ÷òî µ(N) = 0 è [a, b] \N
åñòü îáúåäèíåíèå ñ÷¼òíîé âîçðàñòàþùåé ïîñëåäîâàòåëüíîñòè çàìêíó-
òûõ ìíîæåñòâ {Fn}∞n=1, íà êàæäîì èç êîòîðûõ f îãðàíè÷åíà è óñëîâèå
(1) âûïîëíåíî äëÿ âñåõ n.
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×åòûðåõñòîðîííèêîì Q = (Q; z1, z2, z3, z4) íàçûâàåòñÿ æîðäàíîâà
îáëàñòü Q íà ñôåðå Ðèìàíà ñ ÷åòûðüìÿ îòìå÷åííûìè òî÷êàìè z1, z2, z3
è z4 íà åå ãðàíèöå; áóäåì íóìåðîâàòü zj â òîì ïîðÿäêå, êàê îíè ðàñïîëà-
ãàþòñÿ íà ãðàíèöå îáëàñòè ïðè åå ïîëîæèòåëüíîì îáõîäå.

Îäíîé èç îñíîâíûõ ãåîìåòðè÷åñêèõ õàðàêòåðèñòèê ÷åòûðåõñòîðîííè-
êà Q ÿâëÿåòñÿ åãî êîíôîðìíûé ìîäóëü. Èìååòñÿ ìíîãî ýêâèâàëåíòíûõ
îïðåäåëåíèé ýòîãî ïîíÿòèÿ. Íàïðèìåð, åñëè f � êîíôîðìíîå îòîáðàæå-
íèå Q íà ïðÿìîóãîëüíèê [0, 1]× [0, h], h > 0, òàêîå ÷òî òî÷êè z1, z2, z3 è
z4 ïåðåõîäÿò â 0, 1, 1 + ih è ih, òî h îïðåäåëåíî åäèíñòâåííûì îáðàçîì
è íàçûâàåòñÿ êîíôîðìíûì ìîäóëåì Q. Â ýòîì ñëó÷àå ìû ïèøåì

h = Mod(Q).

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Äðóãîé ñïîñîá îïðåäåëåíèÿ ìîäóëÿ ñîñòîèò â èñïîëüçîâàíèè ïîíÿòèÿ
ýêñòðåìàëüíîé äëèíû λ(Γ) ñåìåéñòâà êðèâûõ Γ. Åñëè Γ � ñåìåéñòâî êðè-
âûõ â îáëàñòè Q, ñîåäèíÿþùèõ ñòîðîíû z1z2 è z3z4 ÷åòûðåõñòîðîííèêà
Q, òî Mod(Q) = λ(Γ). Åñëè æå ìû ðàññìîòðèì ñåìåéñòâî Γ1 êðèâûõ,
ñîåäèíÿþùèõ ñòîðîíû z2z3 è z1z4 â Q, òî Mod(Q) = 1/λ(Γ1). Íàêîíåö,

Mod(Q) =

(
inf
u

��
Q

|∇u|2dxdy
)−1

ãäå èíôèìóì áåðåòñÿ ïî âñåì ãëàäêèì ôóíêöèÿì u in Q, íåïðåðûâíûì
â Q, êîòîðûå ðàâíû 0 íà ãðàíè÷íîé äóãå z1z2 è 1 íà äóãå z3z4; õîðî-
øî èçâåñòíî, ÷òî ýòîò èíôèìóì íà ñàìîì äåëå ÿâëÿåòñÿ ìèíèìóìîì è
äîñòèãàåòñÿ íà ãàðìîíè÷åñêîé ôóíêöèè.

Ïðåäïîëîæèì, ÷òîQ� îãðàíè÷åííàÿ æîðäàíîâà îáëàñòü âC, L = ∂Q
è z1, z2, z3, z4 � íåêîòîðûå òî÷êè íà L, óäîâëåòâîðÿþùèå îïèñàííûì
âûøå òðåáîâàíèÿì. Ðàññìîòðèì ÷åòûðåõñòîðîííèê Q = (Q; z1, z2, z3, z4).
Òîãäà âåëè÷èíà Mod(Q; z1, z2, z3, z4) íàçûâàåòñÿ âíóòðåííèì ìîäóëåì.
Ìû òàêæå ìîæåì ðàññìîòðåòü ÷åòûðåõñòîðîííèêQc := (Qc; z4, z3, z2, z1),
ãäå Qc � ýòî äîïîëíåíèå Q äî ñôåðû Ðèìàíà. Â ýòîì ñëó÷àå Mod(Qc)
íàçûâàåòñÿ âíåøíèì ìîäóëåì.

Êîíôîðìíûå ìîäóëè èãðàþò âàæíóþ ðîëü â ãåîìåòðè÷åñêîé òåîðèè
ôóíêöèé è åå ïðèëîæåíèé. Ìû àíàëèçèðóåì âíóòðåííèå è âíåøíèå ìî-
äóëè, èõ îòíîøåíèå è ïðèìåíÿåì ïîëó÷åííûå ðåçóëüòàòû â òåîðèè êâàçè-
êîíôîðìíûõ îòîáðàæåíèé. Çàìåòèì, ÷òî îäíî èç èçâåñòíûõ îïðåäåëåíèé
êâàçèêîíôîðìíûõ îòîáðàæåíèé, òàê íàçûâàåìîå ãåîìåòðè÷åñêîå îïðå-
äåëåíèå, èñïîëüçóåò êîíôîðìíûå ìîäóëè. Ñîõðàíÿþùèé îðèåíòàöèþ ãî-
ìåîìîðôèçì ñôåðû ÐèìàíàC íàçûâàåòñÿK-êâàçèêîíôîðìíûì (K ≥ 1),
åñëè îí óäîâëåòâîðÿåò óñëîâèþ: êîíôîðìíûå ïîäóëè êâàçèèíâàðèàíòíû
ïðè òàêîì îòîáðàæåíèè, ò. å. åñëè Q = (Q; z1, z2, z3, z4) � ïðîèçâîëüíûé
÷åòûðåõñòîðîííèê è f(Q) = (f(Q); f(z1), f(z2), f(z3), f(z4)), òî

K−1Mod(Q) ≤ Mod(f(Q)) ≤ KMod(Q).

Âàæíûì ÿâëÿåòñÿ ïîíÿòèå êâàçèîêðóæíîñòè. Íàïîìíèì, ÷òî çàìêíó-
òàÿ æîðäàíîâà êðèâàÿ L íà ñôåðå Ðèìàíà íàçûâàåòñÿ êâàçèîêðóæ-
íîñòüþ, åñëè îíà ÿâëÿåòñÿ îáðàçîì îêðóæíîñòè ïðè íåêîòîðîì K-
êâàçèêîíôîðìíîì àâòîìîðôèçìå ñôåðû Ðèìàíà, ïðè ýòîì, îíà òàêæå
íàçûâàåòñÿ K-êâàçîêðóæíîñòüþ. Âàæíîé çàäà÷à ñîñòîèò â îïðåäåëåíèè
äëÿ çàäàííîé êðèâîé, ÿâëÿåòñÿ ëè îíà êâàçèîêðóæíîñòüþ èëè íåò, è åñëè
îòâåò ïîëîæèòåëåí, òî òðåáóåòñÿ íàéòè ìèíèìàëüíî âîçìîæíîå çíà÷åíèå
K, êîòîðîå ìû îáîçíà÷èì ÷åðåç KL. Ïðîáëåìà íàõîæäåíèÿ KL ÿâëÿåòñÿ
îòêðûòîé äàæå äëÿ ñëó÷àÿ òàêèõ ïðîñòûõ êðèâûõ L êàê ãðàíèöû äëèí-
íûõ ïðÿìîóãîëüíèêîâ.
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Çàìåòèì, ÷òî Àëüôîðñ äàë ñëåäóþùóþ ãåîìåòðè÷åñêóþ õàðàêòåðè-
çàöèþ êâàçèîêðóæíîñòåé. Åñëè L � çàìêíóòàÿ æîðäàíîâà êðèâàÿ íà
ïëîñêîñòè è ñóùåñòâóåò êîíñòàíòà C ≥ 0 òàêàÿ, ÷òî äëÿ ëþáûõ òðåõ òî-
÷åê z1, z2 è z3 íà L òàêèõ, ÷òî z3 ëåæèò íà ïîääóãå L ìåíüøåãî äèàìåòðà
ñ êîíöàìè â òî÷êàõ z1 è z2, âûïîëíÿåòñÿ íåðàâåíñòâî

|z1 − z3|+ |z2 − z3| ≤ C|z1 − z2|,

òî L ÿâëÿåòñÿ K-êâàçèîêðóæíîñòüþ, ãäå K çàâèñèò òîëüêî îò C. Îá-
ðàòíî, åñëè L ÿâëÿåòñÿ K-êâàçèîêðóæíîñòüþ, òî äëÿ êàæäîé ïîäîáíîé
òðîéêè òî÷åê íà L ýòî íåðàâåíñòâî èìååò ìåñòî ñ C. çàâÿñÿùèì òîëüêî
îò K.

Åñëè L � êâàçèîêðóæíîñòü, òî ñóùåñòâóåò êâàçèêîíôîðìíîå îòðàæå-
íèå îòíîñèòåëüíî L, ò. å. ìåíÿþùèé îðèåíòàöèþ êâàçèêîíôîðìíûé àâ-
òîìîðôèçì g ñôåðû Ðèìàíà, êîòîðûé îñòàâëÿåò íà ìåñòå êàæäóþ òî÷êó
L, îòîáðàæàåò îãðàíè÷åííóþ êîìïîíåíòó äîïîëíåíèÿ L íà íåîãðàíè÷åí-
íóþ è íàîáîðîò. Íàðÿäó ñ ïðîáëåìîé íàõîæäåíèÿ KL èìååìñÿ äðóãàÿ
âàæíàÿ çàäà÷à � äëÿ çàäàííîé êâàçèîêðóæíîñòè L íàéòè èëè îöåíèòü
ìèíèìàëüíûé êîýôôèöèåíò êâàçèêîíôîðìíîñòè ñðåäè âñåõ îòðàæåíèé
g îòíîñèòåëüíî L; îáîçíà÷èì ýòîò êîýôôèöèåíò ÷åðåç QRL. Ýòî î÷åíü
òðóäíàÿ ïðîáëåìà äàæå äëÿ ïîëèãîíàëüíûõ êðèâûõ, îíà èññëåäîâàëàñü
â ðàáîòàõ Ð. Êþíàó (ñì. [3], [1, c. 525-531]).

Ïðèâåäåì íåêîòîðûå ðåçóëüòàòû, êàñàþùèåñÿ êâàçèêîíôîðìíîãî îò-
ðàæåíèÿ îòíîñèòåëüíî ïîëèãîíàëüíûõ êðèâûõ. Òàê êàê êàæäàÿ òàêàÿ
êðèâàÿ L â C îïðåäåëÿåò ñâîþ âíóòðåííîñòü int(L) åäèíñòâåííûì îá-
ðàçîì, ìû áóäåì òàêæå ãîâîðèòü, ÷òî QRL ÿâëÿåòñÿ êîýôôèöèåíòîì
äëÿ int(L). Åñëè ñóùåñòâóåò îêðóæíîñòü, âïèñàííàÿ â ïîëèãîí L, òî
QRL = 2/α−1, ãäå πα � ýòî íàèìåíüøèé èç âíóòðåííèõ óãëîâ L. Â ÷àñò-
íîñòè, äëÿ òðåóãîëüíèêîâ ïðîáëåìà íàõîæäåíèÿ QRL ðåøåíà. Äëÿ ÷å-
òûðåõóãîëüíèêîâ ïðîáëåìà îòêðûòà äàæå äëÿ ñëó÷àÿ ïðÿìîóãîëüíèêîâ.
Çíà÷åíèå QRL èçâåñòíî òîëüêî äëÿ ïðÿìîóãîëüíèêîâ [0, a]× [0, 1], áëèç-
êèõ ê êâàäðàòó ( [5], ñì. òàêæå [1,2]): åñëè 1 ≤ a < 1.037, òîQRL = 3. Äëÿ
äîñòàòî÷íî äëèííûõ ïðÿìîóãîëüíèêîâ (a > 2.76) èçâåñòíî, ÷òî QRL > 3.
Áîëåå òîãî, äëÿ ëþáîãî a > 1 â [5] äîêàçàíà îöåíêà

π

4
a < QRL < πa.

Âåëè÷èíà QRL òåñíî ñâÿçàíà ñ âåëè÷èíîé

ML := sup
Mod(Q)

Mod(Qc)
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ãäå Q = (Q; z1, z2, z3, z4), ∂Q = L è ñóïðåìóì áåðåòñÿ ïî âñåì ÷åòâåðêàì
òî÷åê (z1, z2, z3, z4) íà L. Êàê çàìåòèë Êþíàó [4],

QRL ≥ML,

òàêèì îáðàçîì, êàæäàÿ íèæíÿÿ îöåíêà äëÿ ML äàåò òàêæå íèæíþþ
îöåíêó äëÿ QRL.

Ìû èññëåäóåì çàäà÷ó îöåíèâàíèÿ âåëè÷èí ML è QRL äëÿ ðàâíîáåä-
ðåííûõ òðàïåöèé. Ñ ïîìîùüþ ôîðìóëû Êðèñòîôôåëÿ-Øâàðöà è åå îáîá-
ùåíèé ìû ñòðîèì êîíôîðìíûå îòîáðàæåíèÿ âåðõíåé ïîëóïëîñêîñòè íà
âíóòðåííîñòü è âíåøíîñòü êðèâîé L. Ñðàâíåíèå âíóòðåííåãî è âíåøíå-
ãî ìîäóëÿ äëÿ ðàçëè÷íûõ ÷åòâåðîê òî÷åê z1, z2, z3, z4 ∈ L ïîçâîëÿåò
ïîëó÷èòü íèæíþþ îöåíêó äëÿ ML è, ñëåäîâàòåëüíî, äëÿ QRL.

Êðîìå òîãî, èñïîëüçóÿ äîñòàòî÷íî ïðîñòûå ìåòîäû, ìû ïîëó÷àåì
îöåíêè äëÿ QRL è ML â ñëó÷àå ðàâíîáåäðåííûõ òðàïåöåèäàëüíûõ ëî-
ìàíûõ L âûñîòû 1 â òåðìèíàõ äëèí èõ ñòîðîí è óãëîâ.

Òåîðåìà. Äëÿ êàæäîé ðàâíîáåäðåííîé òðàïåöåèäàëüíîé ëîìàíîé L
ñ îñòðûì óãëîì πα è äëèíàìè îñíîâàíèé c è d, c ≤ d, ñïðàâåäëèâà
îöåíêà

ML ≥

{
g(λ0)(1 + C(α))d, åñëè c

d ≥ λ0,

g(λ)(1 + C(α))d, åñëè c
d < λ0.

Çäåñü g(λ) = λK
(√

1− λ2
)
/K(λ), K(λ) � ýòî ïîëíûé ýëëèïòè÷åñêèé

èíòåãðàë ïåðâîãî ðîäà, λ0 = 0.7373921 . . . � åäèíñòâåííàÿ òî÷êà ìèíè-
ìóìà ôóíêöèè g íà (0, 1), g(λ0) = 0.708434... è

C(α) =

(√
1 + tg2(πα)/4− tg(πα)/2

)2

, 0 < α ≤ 1/2.

Êðîìå òîãî, ñ èñïîëüçîâàíèåì ñâîéñòâ ñòðîãî çâåçäîîáðàçíûõ êðèâûõ
ìîæíî ïîëó÷èòü îöåíêó ñâåðõó äëÿ QRL.

Äàííàÿ ðàáîòà îñíîâàíà íà ðåçóëüòàòàõ ñîâìåñòíûõ èññëåäîâàíèé ñ
Ì. Âóîðèíåíîì è Ò. Ñóãàâîé.
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ÓÄÊ 517.53

Íåðàâåíñòâà äëÿ ïåðâîé è âòîðîé
ïðîèçâîäíûõ àëãåáðàè÷åñêîãî ìíîãî÷ëåíà

íà ýëëèïñå1
Ò. Ì. Íèêèôîðîâà (Åêàòåðèíáóðã, Ðîññèÿ)

t.m.nikiforova@yandex.ru

Äîêàçàíà òåîðåìà î ñîõðàíåíèè íåðàâåíñòâ ìåæäó ôóíêöèÿìè ñïåöèàëüíîãî âè-
äà ïðè äèôôåðåíöèðîâàíèè íà ýëëèïñå. Â ÷àñòíîñòè, ïîëó÷åíû îáîáùåíèÿ íåðà-
âåíñòâ Äàôôèíà-Øåôôåðà è Âèäåíñêîãî äëÿ ïåðâîé è âòîðîé ïðîèçâîäíûõ àë-
ãåáðàè÷åñêîãî ìíîãî÷ëåíà íà ýëëèïñå.

Êëþ÷åâûå ñëîâà: ìíîãî÷ëåí, ïðîèçâîäíàÿ, ýëëèïñ, ìàæîðàíòà, íåðàâåíñòâî Áåðí-
øòåéíà, íåðàâåíñòâî Âèäåíñêîãî, íåðàâåíñòâî Äàôôèíà-Øåôôåðà.

Áëàãîäàðíîñòè: ðàáîòà âûïîëíåíà â ðàìêàõ èññëåäîâàíèé, ïðîâîäèìûõ â Óðàëü-
ñêîì ìàòåìàòè÷åñêîì öåíòðå ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà íàóêè
è âûñøåãî îáðàçîâàíèÿ Ðîññèéñêîè Ôåäåðàöèè (íîìåð ñîãëàøåíèÿ 075-02-2021-
1383).

Inequalities for the �rst and second derivatives
of algebraic polynomials on an ellipse1

T. M. Nikforova (Yekaterinburg, Russia)
t.m.nikiforova@yandex.ru

We prove a theorem on the preservation of inequalities between functions of a special
form after di�erentiation on an ellipse. In particular, we obtain generalizations of
the Du�n-Schae�er inequality and the Vidensky inequality for the �rst and second
derivatives of algebraic polynomials to an ellipse.

Keywords: polynomial, derivative, ellipse, majorant, Bernstein inequality, Du�n-
Schae�er inequality, Vidensky inequality.
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Ââåäåíèå

Çíàìåíèòà ñëåäóþùàÿ òåîðåìà, íàçûâàåìàÿ íåðàâåíñòâîì Áåðíøòåéíà:
Òåîðåìà 1. Ïóñòü τn � òðèãîíîìåòðè÷åñêèé ïîëèíîì ñòåïåíè n

ñ êîìïëåêñíûìè êîýôôèöèåíòàìè, è

|τn(t)| ≤ 1, t ∈ R.

Òîãäà
|τ ′n(t)| ≤ n, t ∈ R.

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Â 1912 ãîäó Ñ. Í. Áåðíøòåéí [1] ïîëó÷èë íåðàâåíñòâî äëÿ âåùåñòâåí-
íûõ ÷¼òíûõ è íå÷¼òíûõ òðèãîíîìåòðè÷åñêèõ ïîëèíîìîâ ñ êîíñòàíòîé n,
çíà÷èò, â îáùåì ñëó÷àå ñ êîíñòàíòîé 2n. Âñêîðå Ý. Ëàíäàó îáíàðóæèë,
êàê ïîëó÷èòü èç ðåçóëüòàòà Áåðíøòåéíà íåðàâåíñòâî ñ êîíñòàíòîé n.
Ïîçäíåå áûëî ïîëó÷åíî áîëüøîå êîëè÷åñòâî ðàçëè÷íûõ äîêàçàòåëüñòâ
òåîðåìû 1. Îäíî èç íàèáîëåå îáùèõ ïðèíàäëåæèò Ì. Ðèññó [2].

Èç ýòîé òåîðåìû ëåãêî ïîëó÷àåòñÿ ñëåäóþùåå óòâåðæäåíèå. Ïóñòü àë-
ãåáðàè÷åñêèé ìíîãî÷ëåí pn ñòåïåíè n ñ êîìïëåêñíûìè êîýôôèöèåíòàìè
óäîâëåòâîðÿåò óñëîâèþ

|pn(x)| ≤ 1 =

∣∣∣∣Tn(x) + i

n

√
1− x2T ′

n(x)

∣∣∣∣ , x ∈ (−1, 1),

ãäå Tn(x) =
(x+

√
x2−1)n+(x−

√
x2−1)n

2 åñòü ìíîãî÷ëåí ×åáûø¼âà ïåðâîãî ðîäà.
Òîãäà íà (−1, 1) âåðíî íåðàâåíñòâî

|p′n(x)| ≤
n√

1− x2
=

∣∣∣∣T ′
n(x) +

(
i

n

√
1− x2T ′

n(x)

)′∣∣∣∣ . (1)

Ýòîò ðåçóëüòàò òàêæå íàçûâàþò íåðàâåíñòâîì Áåðíøòåéíà.
Â 1938 ãîäó Ð. Äàôôèí è À. Øåôôåð [3] óïðîñòèëè äîêàçàòåëüñòâî

íåðàâåíñòâà Ìàðêîâà äëÿ ìíîãî÷ëåíîâ íà îòðåçêå. Âàæíûì â èõ äîêà-
çàòåëüñòâå ÿâëÿåòñÿ îáîáùåíèå íåðàâåíñòâà (1) íà ñëó÷àé ñòàðøèõ ïðî-
èçâîäíûõ. À èìåííî, åñëè ìíîãî÷ëåí pn óäîâëåòâîðÿåò óñëîâèþ òåîðåìû
1, òîãäà äëÿ k = 1, . . . , n âûïîëíÿåòñÿ íåðàâåíñòâî

|p(k)n (x)| ≤

∣∣∣∣∣T (k)
n (x) +

(
i

n

√
1− x2T ′

n(x)

)(k)
∣∣∣∣∣ , x ∈ (−1, 1).

Ýòîò ðåçóëüòàò íàçûâàþò íåðàâåíñòâîì Äàôôèíà-Øåôôåðà.
Â 1951 ãîäó Â. Ñ. Âèäåíñêèé [4] ââ¼ë ìàæîðàíòû âèäà Kn(x) +

i
√
1− x2Ln−1(x), ãäå Kn è Ln−1 � àëãåáðàè÷åñêèå ìíîãî÷ëåíû ñòåïåíåé

n è n− 1 ñîîòâåòñòâåííî, ïðè÷¼ì âñå íóëè Kn è Ln−1 ëåæàò íà [−1, 1] è
âçàèìíî ÷åðåäóþòñÿ. Âèäåíñêèé äîêàçàë ñëåäóþùåå îáîáùåíèå íåðàâåí-
ñòâà Äàôôèíà-Øåôôåðà.

Òåîðåìà 2. Ïóñòü ìíîãî÷ëåí pn ñòåïåíè n óäîâëåòâîðÿåò íåðàâåí-
ñòâó

|pn(x)| ≤ |Kn(x) + i
√

1− x2Ln−1(x)|, x ∈ (−1, 1).

Òîãäà äëÿ x ∈ (−1, 1), k = 1, . . . , n

|p(k)n (x)| ≤
∣∣∣∣K(k)

n (x) + i
(√

1− x2Ln−1(x)
)(k)∣∣∣∣ .
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Ïîëó÷èì îáîáùåíèå íåðàâåíñòâ Äàôôèíà-Øåôôåðà è Âèäåíñêîãî
äëÿ ïåðâîé è âòîðîé ïðîèçâîäíûõ àëãåáðàè÷åñêîãî ìíîãî÷ëåíà íà ýë-
ëèïñå.

Îáîçíà÷åíèÿ

Ðàññìîòðèì ôóíêöèþ Æóêîâñêîãî

z = G(w) =
1

2

(
w +

1

w

)
.

Ïóñòü

Er =

{
z =

1/r + r

2
cos t− i

1/r − r

2
sin t, t ∈ [0, 2π]

}
.

Çàìåòèì, ÷òî G(rw), G(w/r) ∈ Er, |w| = 1.
Îáîçíà÷èì êàê h(z) = z+

√
z2 − 1 îáðàòíóþ ê ôóíêöèè Æóêîâñêîãî.

Å¼ íåïðåðûâíûå îäíîçíà÷íûå âåòâè îòîáðàæàþò Er íà îêðóæíîñòè |z| =
r è |z| = 1/r â çàâèñèìîñòè îò âûáîðà âåòâè

√
z2 − 1. Âûáåðåì âåòâü√

z2 − 1 òàê, ÷òîáû ôóíêöèÿ h îòîáðàæàëà Er íà |z| = r.
Ðàññìîòðèì ôóíêöèè âèäà

fn(G(rw)) =
Q2n(w)

wn
, |w| = 1 (G(rw) ∈ Er),

ãäå Q2n � àëãåáðàè÷åñêèé ìíîãî÷ëåí ñòåïåíè 2n. Â ÷àñòíîñòè, â òàêîì
âèäå ïðåäñòàâèìû

� àëãåáðàè÷åñêèå ìíîãî÷ëåíû ñòåïåíè n íà ýëëèïñå Er;

� ôóíêöèè âèäà Kn(z) + i
√
z2 − 1Ln−1(z), ãäå Kn è Ln−1 � àëãåáðàè-

÷åñêèå ìíîãî÷ëåíû íà Er.

Òåîðåìà

Òåîðåìà 3. Ïóñòü

Mn(G(rw)) =
QM(w)

wn
, |w| = 1,

ãäå QM � àëãåáðàè÷åñêèé ìíîãî÷ëåí ñòåïåíè 2n, âñå íóëè êîòîðîãî
ëåæàò â îòêðûòîì åäèíè÷íîì êðóãå. Åñëè

|pn(z)| ≤ |Mn(z)|, z ∈ Er,
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òî äëÿ k = 1, 2

|p(k)n (z)| ≤ |M (k)
n (z)|, z ∈ Er.

Íåòðóäíî óáåäèòüñÿ, ÷òî òåîðåìà îáîáùàåò íåðàâåíñòâ Äàôôèíà-
Øåôôåðà äëÿ ïåðâîé è âòîðîé ïðîèçâîäíûõ íà ýëëèïñå. Ïóñòü Tn �
ìíîãî÷ëåí ×åáûø¼âà ïåðâîãî ðîäà ñ åäèíè÷íîé ðàâíîìåðíîé íîðìîé íà
Er, è

Mn(z) =
G(rn)

rn

(
Tn(z) +

1

n

√
z2 − 1 T ′

n(z)

)
, z ∈ Er.

Íåñëîæíî äîêàçàòü, ÷òî Mn(G(rw)) = wn = w2n

wn . Òîãäà, ïî òåîðåìå, åñëè
àëãåáðàè÷åñêèé ìíîãî÷ëåí pn óäîâëåòâîðÿåò óñëîâèþ |pn(z)| ≤ 1, z ∈ Er,
òî

|p(k)n (z)| ≤ |M (k)
n (z)|, k = 1, 2.

Òåïåðü ïîêàæåì, ÷òî òåîðåìà îáîáùàåò íåðàâåíñòâî Âèäåíñêîãî íà
ñëó÷àé ýëëèïñà äëÿ ïåðâîé è âòîðîé ïðîèçâîäíûõ.

Ðàññìîòðèì ôóíêöèþ

fn(z) = Kn(z) + i
√
z2 − 1Ln−1(z), z ∈ Er,

ãäå Kn, Ln−1 � àëãåáðàè÷åñêèå ìíîãî÷ëåíû òî÷íûõ ñòåïåíåé n è n − 1
ñîîòâåòñòâåííî.

Èñïîëüçóÿ ñâîéñòâà ôóíêöèè Æóêîâñêîãî, ìîæíî ïðîâåðèòü, ÷òî

fn(G(rw)) =
1

wn

2n∑
j=0

cjw
j, |w| = 1.

Êðîìå òîãî, ÿñíî, ÷òî

τ(t) = fn(G(re
it)), Re τ(t), Im τ(t)

� òðèãîíîìåòðè÷åñêèå ïîëèíîìû ïîðÿäêà n. Ïóñòü Re τn(t) è Im τn(t)
èìåþò 2n ðàçëè÷íûõ íóëåé íà ïåðèîäå, êîòîðûå âçàèìíî ÷åðåäóþòñÿ.
Îòñþäà, êðèâàÿ τn(t) îáõîäèò íà÷àëî êîîðäèíàò n ðàç, êîãäà t ìåíÿåòñÿ
îò 0 äî 2π. Ïîëîæèì Mn(z) = fn(z), åñëè êðèâàÿ τn(t) ïîëîæèòåëüíî
îðèåíòèðîâàíà. Èíà÷å ïóñòü Mn(z) = fn(z). Èòàê, êðèâàÿ Mn ñîâåðøàåò
âîêðóã íà÷àëà êîîðäèíàò n îáîðîòîâ. Èñïîëüçóÿ ïðèíöèï àðãóìåíòà â
ïëîñêîñòè w, íåñëîæíî óáåäèòüñÿ, ÷òî Mn(G(rw)) óäîâëåòâîðÿåò óñëî-
âèÿì òåîðåìû.

Äàëåå íàì ïîíàäîáèòñÿ ïîíÿòèå êîìïîçèöèè Ñåã¼ ìíîãî÷ëåíîâ. Äëÿ
ìíîãî÷ëåíîâ h(z) =
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=
n∑
k=0

Ck
nhkz

k è g(z) =
n∑
k=0

Ck
ngkz

k. îíà îïðåäåëÿåòñÿ êàê ìíîãî÷ëåí

[h ∗ g](z) =
n∑
k=0

Ck
nhkgkz

k.

Â 1922 ãîäó Ã. Ñåã¼ [5] äîêàçàë ñëåäóþùóþ òåîðåìó.
Òåîðåìà 4. Ïóñòü âñå íóëè ìíîãî÷ëåíà h ëåæàò â îòêðûòîì åäè-

íè÷íîì êðóãå, è âñå íóëè g � â åãî çàìûêàíèè. Òîãäà âñå íóëè h ∗ g
ëåæàò â îòêðûòîì åäèíè÷íîì êðóãå.

Òåïåðü îïèøåì äîêàçàòåëüñòâî ñëåäóþùåé ëåììû, îñíîâíîé äëÿ äî-
êàçàòåëüñòâà íàøåé òåîðåìû.

Ëåììà 1. Ïóñòü fn(G(rw)) =
Q(w)
wn , |w| = 1, ãäå Q � àëãåáðàè÷å-

ñêèé ìíîãî÷ëåí ñòåïåíè 2n. Òîãäà ñïðàâåäëèâî ïðåäñòàâëåíèå

f (k)(z) =
R(w)

wn+k−1(rw − 1/(rw))1+2(k−1)
, |w| = 1, z ∈ Er,

ãäå R � àëãåáðàè÷åñêèé ìíîãî÷ëåí ñòåïåíè 2n+ 2(k − 1). Êðîìå òîãî,

åñëè âñå íóëè R ëåæàò â îòêðûòîì åäèíè÷íîì êðóãå, òî f
(k+1)
n (z) ̸=

0, z ∈ Er.
Ïåðâàÿ ÷àñòü ëåììû äîêàçûâàåòñÿ ïî èíäóêöèè. Äëÿ äîêàçàòåëüñòâà

âòîðîãî óòâåðæäåíèÿ íóæíî äàëåå çàìåòèòü, ÷òî f (k+1)
n (G(rw)) ÿâëÿåò-

ñÿ äðîáüþ, ÷èñëèòåëü êîòîðîé â êàæäîé òî÷êå åäèíè÷íîé îêðóæíîñòè
ðàâåí êîìïîçèöèè Ñåã¼ ìíîãî÷ëåíà R ñ ìíîãî÷ëåíîì, âñå íóëè êîòîðîãî
ëåæàò âíóòðè åäèíè÷íîãî êðóãà. Çíà÷èò, ïî òåîðåìå Ñåã¼, âåðíî âòîðîå
óòâåðæäåíèå ëåììû.

Ïåðåéä¼ì ê äîêàçàòåëüñòâó òåîðåìû. Ïóñòü

fn(G(rw)) =
Qf(w)

wn
, Mn(G(rw)) =

QM(w)

wn
, |w| = 1.

Åñëè
|fn(z)| ≤ |Mn(z)|, z ∈ Er,

òî
|Qf(w)| ≤ |QM(w)|, |w| = 1.

Óñëîâèå QM(w) ̸= 0, |w| = 1 âëå÷¼ò íåðàâåíñòâî

|αQf(w)| < |QM(w)|, |α| < 1, |w| = 1.

Ïî òåîðåìå Ðóøå, ìíîãî÷ëåíû QM è QM − αQf èìåþò âñå íóëè â
îòêðûòîì åäèíè÷íîì êðóãå. Òîãäà, ïî ëåììå 1, (Mn(z) − αfn(z))

′ ̸=
0, |α| < 1, z ∈ Er. Òåïåðü ìåòîäîì îò ïðîòèâíîãî íåñëîæíî ïîêàçàòü,
÷òî

|f ′n(z)| ≤ |M ′
n(z)|, z ∈ Er.
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Ðàññìîòðèì ñëó÷àé âòîðîé ïðîèçâîäíîé. Ëåãêî ïðîâåðèòü, ÷òî

M ′
n(G(rw)) =

2[QM ∗D2n](w)

wn(rw − 1/(rw))
,

ãäå D2n(w) = n(w + 1)2n−1(w − 1).
Ïî òåîðåìå Ñåã¼, ìíîãî÷ëåí [QM ∗ D2n] èìååò âñå íóëè â îòêðûòîì

åäèíè÷íîì êðóãå. Ìû îêàçàëèñü â óñëîâèÿõ ñëó÷àÿ ïåðâîé ïðîèçâîäíîé.
Òåìè æå ðàññóæäåíèÿìè ïîëó÷àåì, ÷òî

|f ′′n(z)| ≤ |M ′′
n(z)|. □

ÑÏÈÑÎÊ ËÈÒÅÐÀÒÓÐÛ
[1] Bernstein S.N. Sur l'ordre de la mailleure approximation des fonctions continues par

des polyn�omes de degr�e donn�e // M�emoires de l'Acad�emie royale de Belgique, 1912.
Vol. 4, � 2.

[2] Riesz M. Eine trigonometrische Interpolationsformel und einige Ungleichungen f�ur
Polynome // Jahresbericht der Deutschen Mathematiker-Vereinigung. 1914. Vol. 23.
P.354-�368.

[3] Du�n R. J., Schae�er A.C. On some inequalities of S. Bernstein and W. Marko� for
derivatives of polynomials // Bull. Amer. Math. Soc. 1938. Vol. 44, � 4. P. 289�297.

[4] Âèäåíñêèé Â.Ñ. Îá îöåíêàõ ïðîèçâîäíûõ ìíîãî÷ëåíà // Èçâ. ÀÍ ÑÑÑÐ.
Ñåð.ìàòåì. 1951. Ò. 15, âûï. 5. Ñ. 401�420.

[5] Szeg�o G. Bemerkungen zu einem Satz von J. H. Grace �uber die Wurzeln algebraischer
Gleichungen // Math. Z. 1922, Vol. 13. P. 28�55.

213



ÓÄÊ 517.9

Ìàòðèöû Ìàëüöåâà è ôðåéìû1

Ñ. ß. Íîâèêîâ, Â. Â. Ñåâîñòüÿíîâà (Ñàìàðà, Ðîññèÿ)
nvks@ssau.ru, victoria.sevostyanova@gmail.com

Â 1947 ãîäó îïóáëèêîâàíà çàìåòêà À. È. Ìàëüöåâà, â êîòîðîé îí ïîñòðîèë ìàò-
ðèöó, ñòðîêè êîòîðîé, êàê âåêòîðû (âåùåñòâåííîãî) åâêëèäîâà ïðîñòðàíñòâà, îð-
òîãîíàëüíû è èìåþò åäèíè÷íóþ äëèíó, à ñòîëáöû ýòîé ìàòðèöû, êàê âåêòîðû,
èìåþò îäèíàêîâûå íîðìû. Òàêèå ìàòðèöû ìû íàçûâàåì ìàòðèöàìè Ìàëüöåâà.
Ôàêòè÷åñêè, âïåðâûå áûë ïîñòðîåí ðàâíîìåðíûé æåñòêèé ôðåéì.

Êàæäûé ðàâíîìåðíûé æåñòêèé ôðåéì ÿâëÿåòñÿ öåííûì èíñòðóìåíòîì â ñî-
çäàíèè ýôôåêòèâíûõ âû÷èñëèòåëüíûõ àëãîðèòìîâ. Îñíîâîé ïîñòðîåíèÿ òàêèõ
ôðåéìîâ äëÿ Cd áûëà ìàòðèöà äèñêðåòíîãî ïðåîáðàçîâàíèÿ Ôóðüå, â Rd ïåðâûå
êîíñòðóêöèè ðàâíîìåðíûõ æåñòêèõ ôðåéìîâ ïîÿâèëèñü òîëüêî â íà÷àëå 21 âåêà.

Êëþ÷åâûå ñëîâà: ìàòðèöà, ôðåéì, ñïàðê.

Áëàãîäàðíîñòè: ðàáîòà âûïîëíåíà â ðàìêàõ ðåàëèçàöèè Ïðîãðàììû ðàçâèòèÿ
Íàó÷íî-îáðàçîâàòåëüíîãî ìàòåìàòè÷åñêîãî öåíòðà Ïðèâîëæñêîãî ôåäåðàëüíîãî
îêðóãà (ñîãëàøåíèå � 075-02-2021-1393).

Maltsev matrix and frames1
S. Ya. Novikov, V. V. Sevostyanova (Samara, Russia)

nvks@ssau.ru, victoria.sevostyanova@gmail.com

In 1947 A. I. Maltsev published an article, in which he constructed a matrix, the rows
of which, as vectors of the Euclidean space, are orthogonal, and the columns have
unit norms. Such matrices we called Maltsev matrices. In fact, a uniform tight frame
was built.

A uniform tight frame is a valuable tool in creating e�cient computational algorithms.
The basis of the construction of such frames in Cd is the matrix of the discrete Fourier
transform, and in Rd such constructions appeared only in the beginning of the 21
century.

Keywords: matrix, frame, spark.
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Ïóñòü n è d îáîçíà÷àþò íàòóðàëüíûå ÷èñëà, n ≥ d.Ôðåéì â ïðîñòðàí-
ñòâå Rd � ýòî ïîëíîå ñåìåéñòâî, ñîñòîÿùåå èç n âåêòîðîâ â d-ìåðíîì
åâêëèäîâîì ïðîñòðàíñòâå, îáîáùàþùåå ïîíÿòèå áàçèñà, â îïðåäåëåíèè
íåò òðåáîâàíèÿ ëèíåéíîé íåçàâèñèìîñòè âåêòîðîâ. Ïîäðîáíåå, ñåìåéñòâî
âåêòîðîâ {φj}nj=1 íàçûâàåòñÿ ôðåéìîì ïðîñòðàíñòâà Rd åñëè ñóùåñòâóþò
êîíñòàíòû 0 < a ≤ b <∞, òàêèå, ÷òî äëÿ âñåõ x ∈ Rd,

a∥x∥2 ≤
n∑
j=1

|⟨x, φj⟩|2 ≤ b∥x∥2.

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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×èñëà a è b íàçûâàþòñÿ ôðåéìîâûìè ãðàíèöàìè, îíè îïðåäåëåíû
íåîäíîçíà÷íî, îáû÷íî èìåþò â âèäó îïòèìàëüíûå ãðàíèöû, òî åñòü ìè-
íèìóì b è ìàêñèìóì a.

Äëÿ êîíå÷íîìåðíîãî ïðîñòðàíñòâà ïîíÿòèå ôðåéìà ýêâèâàëåíòíî
ïîëíîòå ñèñòåìû âåêòîðîâ, òî åñòü span{φj}nj=1 = Rd. Ýòîò è äðóãèå
õîðîøî èçâåñòíûå ôàêòû î ôðåéìàõ ìîæíî ïîñìîòðåòü â [1].

Îïåðàòîð ñèíòåçà êîíå÷íîãî íàáîðà âåêòîðîâ {φj}nj=1 èç Rd îïðå-

äåëÿåòñÿ êàê Φ : Rn → Rd, Φx :=
n∑
j=1

x(j)φj, ãäå x(j) îáîçíà÷àåò j-þ

êîîðäèíàòó x ∈ Rn. Ñîïðÿæåííûì ê îïåðàòîðó ñèíòåçà ÿâëÿåòñÿ îïåðà-
òîð àíàëèçà Φ∗ : Rd → Rn, îïðåäåëÿåìûé êàê (Φ∗y)(j) = ⟨φj,y⟩ äëÿ
j = 1, . . . , n.

Êîìïîçèöèÿ îïåðàòîðîâ àíàëèçà è ñèíòåçà îïðåäåëÿåò ìàòðèöó
Ãðàìà Φ∗Φ : Rn → Rn, n × n-ìàòðèöó, (j, j′)-é ýëåìåíò êîòîðîé
(Φ∗Φ)(j, j′) = ⟨φj, φj′⟩. Êîìïîçèöèÿ ýòèõ îïåðàòîðîâ â äðóãîì ïîðÿäêå

îïðåäåëÿåò ôðåéìîâûé îïåðàòîð ΦΦ∗ : Rd → Rd, ΦΦ∗y =
n∑
j=1

⟨φj,y⟩φj.

Ìàòðè÷íîå ïðåäñòàâëåíèå îïåðàòîðà ñèíòåçà Φ âûãëÿäèò êàê d× n-
ìàòðèöà, ñòîëáöàìè êîòîðîé ÿâëÿþòñÿ êîîðäèíàòû âåêòîðîâ ôðåéìà
{φj}nj=1. Â ÷àñòíîñòè, åñëè ôðåéìîâûå ãðàíèöû ðàâíû ìåæäó ñîáîé,
òî ôðåéìîâûé îïåðàòîð ïðåäñòàâëÿåòñÿ äèàãîíàëüíîé ìàòðèöåé ΦΦ∗ =
a IRd ñ a > 0, è ýòî ïðåäñòàâëåíèå ïîçâîëÿåò ïîëó÷èòü âåñüìà ïðîñòîå
ôðåéìîâîå ïðåäñòàâëåíèå âåêòîðà èëè ñèãíàëà:

x =
1

a
ΦΦ∗x =

1

a

n∑
j=1

⟨φj,x⟩φj, x ∈ Rd.

Òàêîé ôðåéì íàçûâàåòñÿ æåñòêèì èëè a-æåñòêèì. 1-æåñòêèé ôðåéì
íàçûâàþò ôðåéìîì Ïàðñåâàëÿ.

Îñîáûé èíòåðåñ ïðåäñòàâëÿþò æåñòêèå ôðåéìû, âåêòîðû êîòîðûõ
èìåþò îäèíàêîâûå íîðìû. Òàêèå ôðåéìû íàçûâàþòñÿ ðàâíîìåðíûìè.
Ïîäðîáíåå, ôðåéì {φj}nj=1 íàçûâàåòñÿ ðàâíîìåðíûì, åñëè ñóùåñòâóåò
c > 0, òàêîå, ÷òî ∥φj∥2 = c, j = 1, . . . , n.

Åñëè a-æåñòêèé ôðåéì ÿâëÿåòñÿ ðàâíîìåðíûì, òî ìåæäó ââåäåííûìè
âûøå âåëè÷èíàìè d, c è a ñóùåñòâóþò çàâèñèìîñòè:

da = trace(a IRd) = trace(ΦΦ∗) = trace(Φ∗Φ) =
n∑
j=1

∥φj∥2 = nc.

Â ÷àñòíîñòè, äëÿ ôðåéìà Ïàðñåâàëÿ èìååì d = nc, ïîýòîìó ðàâíîìåðíûé
ôðåéì Ïàðñåâàëÿ èìååò íîðìû ≤ 1.
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Ñëåäóþùèé ðåçóëüòàò Ì.À. Íàéìàðêà [2] îêàçàëñÿ îñíîâîé äëÿ ÷èñ-
ëåííûõ êîíñòðóêöèé ôðåéìîâ.

Òåîðåìà 1. Åñëè Φ = {φj}nj=1 � ôðåéì Ïàðñåâàëÿ â Rd, òî ñóùå-
ñòâóåò îðòîíîðìèðîâàííûé áàçèñ {bj}nj=1 ïðîñòðàíñòâà Rn òàêîé ÷òî
φj = PRdbj äëÿ âñåõ j, ãäå PRd îáîçíà÷àåò îðòîãîíàëüíûé ïðîåêòîð èç
ïðîñòðàíñòâà Rn íà Rd.

Îáðàòíîå óòâåðæäåíèå òàêæå ñïðàâåäëèâî è ëåãêî äîêàçûâàåòñÿ.
Òåîðåìà 1 îáîáùåíà â ðàáîòå [3] íà ôðåéìû îáùåãî âèäà, êîòîðûå

îêàçàëèñü ïðîåêöèÿìè áàçèñîâ Ðèññà. Ïðîåêöèè îáùèõ îðòîãîíàëüíûõ
ñèñòåì, âîîáùå ãîâîðÿ, íåïîëíûõ, ðàññìîòðåíû â [4].

Èç òåîðåìû 1 ñëåäóåò, ÷òî åñëè {φj}nj=1 � æåñòêèé ôðåéì, òî êîîð-
äèíàòû âåêòîðîâ φj ÿâëÿþòñÿ ïåðâûìè d êîîðäèíàòàìè íåêîòîðûõ âåê-
òîðîâ, êîòîðûå îáðàçóþò îðòîãîíàëüíûé áàçèñ ïðîñòðàíñòâà Rn.

Ñëåäîâàòåëüíî, ìàòðèöà ñ îðòîíîðìèðîâàííûìè ñòðîêàìè è ñòîëáöà-
ìè îäèíàêîâîé äëèíû ïðåäñòàâëÿåò ñîáîé ðàâíîìåðíûé æåñòêèé ôðåéì.

Â ïðîñòðàíñòâàõ Cd ñòàíäàðòíûì èñòî÷íèêîì ðàâíîìåðíûõ æåñòêèõ
ôðåéìîâ îêàçàëàñü ìàòðèöà äèñêðåòíîãî ïðåîáðàçîâàíèÿ Ôóðüå, â ïðî-
ñòðàíñòâàõ Rd ñóùåñòâîâàíèå òàêèõ ìàòðèö áûëî äàëåêî íå î÷åâèäíûì.

Â 1947 ãîäó îïóáëèêîâàíà çàìåòêà À. È. Ìàëüöåâà [5], â êîòîðîé îí,
îòâå÷àÿ íà âîïðîñ, ïîñòàâëåííûé À. Í. Êîëìîãîðîâûì, ïîñòðîèë d× n-
ìàòðèöó, ñòðîêè êîòîðîé, êàê âåêòîðû (âåùåñòâåííîãî) åâêëèäîâà ïðîñò-
ðàíñòâà, îðòîãîíàëüíû è èìåþò åäèíè÷íóþ äëèíó, à ñòîëáöû ýòîé ìàòðè-
öû, êàê âåêòîðû, èìåþò îäèíàêîâóþ äëèíó. Òàêèå ìàòðèöû ìû íàçûâà-
åì ìàòðèöàìè Ìàëüöåâà. Ôàêòè÷åñêè, âïåðâûå ïîñòðîåí ðàâíîìåðíûé
ôðåéì Ïàðñåâàëÿ. Òàêèì îáðàçîì, ìàòðèöû Ìàëüöåâà äàþò îñíîâàíèå
äëÿ ñëåäóþùåãî çàêëþ÷åíèÿ: â êàæäîì ïðîñòðàíñòâå Rd ñóùåñòâóåò è
ìîæåò áûòü êîíñòðóêòèâíî ïîñòðîåí ðàâíîìåðíûé æåñòêèé ôðåéì ñ n
âåêòîðàìè äëÿ ïðîèçâîëüíîãî n ≥ d.

Ñîâðåìåííûå êîíñòðóêöèè ðàâíîìåðíûõ æåñòêèõ ôðåéìîâ â Rd ñòàëè
ïîÿâëÿòüñÿ òîëüêî â íà÷àëå 21 âåêà [6].

Ìàòðèöû Ìàëüöåâà áûëè ïîñòðîåíû íà îñíîâå ìàòðèö Ñèëüâåñòðà-
Óîëøà, êîòîðûå îáðàçóþò ïîäìíîæåñòâî ìíîæåñòâà ìàòðèö Àäàìàðà.

Ïîñòðîåíèå ìàòðèöû Ìàëüöåâà áûëî ïðîâåäåíî â äâà ýòàïà. Íà ïåð-
âîì ñòðîèëàñü ìàòðèöà ñ îðòîãîíàëüíûìè ñòðîêàìè èç ÷èñåë ±1 è íóëåé,
à íà âòîðîì, íå íàðóøàÿ îðòîãîíàëüíîñòè ñòðîê, ïðîâîäèëàñü òðåáóåìàÿ
óñëîâèÿìè çàäà÷è íîðìèðîâêà.

Ïîäðîáíûé àíàëèç ìàòðèö Ìàëüöåâà è ôðåéìîâ, êîòîðûå ñ å¼ ïîìî-
ùüþ ïîëó÷àþòñÿ, áóäåò îïóáëèêîâàí â "Èçâåñòèÿõ ÐÀÍ. Ñåðèÿ ìàòåìà-
òè÷åñêàÿ".
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ÓÄÊ 517.5

Ñðàâíåíèå ñêîðîñòè ñõîäèìîñòè
ñòàíäàðòíîãî ÷èñòî æàäíîãî àëãîðèòìà è
÷èñòî æàäíîãî àëãîðèòìà ïî ïàðå ñëîâàðåé1

À. Ñ. Îðëîâà (Ìîñêâà, Ðîññèÿ)
Anastasia-Orlova1@ya.ru

Â äàííîé ðàáîòå ñðàâíèâàþòñÿ ñêîðîñòè ñõîäèìîñòè ñòàíäàðòíîãî ÷èñòî æàäíî-
ãî àëãîðèòìà è åãî ìîäèôèêàöèè � ÷èñòî æàäíîãî àëãîðèòìà ïî ïàðå ñëîâàðåé.
Ïîêàçàíî, ÷òî ÷èñòî æàäíûé àëãîðèòì ïî ïàðå ñëîâàðåé â íåêîòîðûõ ñëó÷àÿõ
�áûñòðåå�, à â íåêîòîðûõ � �ìåäëåííåå� ÷èñòî æàäíîãî àëãîðèòìà ïî êàæäîìó
ñëîâàðþ â îòäåëüíîñòè. Åñëè ñðàâíèâàòü ÷èñòî æàäíûé àëãîðèòì ïî ïàðå ñëî-
âàðåé è ÷èñòî æàäíûé àëãîðèòì ïî èõ îáúåäèíåíèþ, òî òàêæå ðåàëèçóåìû îáå
âûøåîïèñàííûå ñèòóàöèè.

Êëþ÷åâûå ñëîâà: ÷èñòî æàäíûé àëãîðèòì, ÷èñòî æàäíûé àëãîðèòì ïî ïàðå ñëî-
âàðåé, ñõîäèìîñòü.

The convergence rate comparison of a
standard pure greedy algorithm and a pure
greedy algorithm over a pair of dictionaries1

A. S. Orlova (Moscow, Russia)
Anastasia-Orlova1@ya.ru

In this paper the convergence rates of a standard pure greedy algorithm and its
modi�cation, a pure greedy algorithm over a pair of dictionaries, are compared. It is
shown that a pure greedy algorithm over a pair of dictionaries is in some cases �faster�
and in some cases it is �slower� than a pure greedy algorithm over each dictionary
separately. If we compare a pure greedy algorithm over a pair of dictionaries and a
pure greedy algorithm over union of them, then similarly both situations described
above are realizable.

Keywords: pure greedy algorithm, pure greedy algorithm over a pair of dictionaries,
convergence.

Ââåäåíèå.

Â ñëó÷àå îðòîãîíàëüíîãî ñëîâàðÿ ÷èñòî æàäíûå ðàçëîæåíèÿ [1] â ãèëü-
áåðòîâîì ïðîñòðàíñòâå H ÿâëÿþòñÿ îáîáùåíèåì ðàçëîæåíèÿ âåêòîðà â
ðÿä Ôóðüå. Â îáùåì ñëó÷àå ÷èñòî æàäíûå ðàçëîæåíèÿ ñîâïàäàþò ñ îðòî-
ðåêóðñèâíûìè ðàçëîæåíèÿìè, åñëè âåêòîðû ñëîâàðÿ äîïîëíèòåëüíî âû-
áèðàþòñÿ íà êàæäîì øàãå ëîêàëüíî îïòèìàëüíûì îáðàçîì. Áîëåå òî÷íî,
äëÿ âåêòîðà x ∈ H îïðåäåëèì ÷èñòî æàäíîå ðàçëîæåíèå ïî íîðìèðî-
âàííîìó ñëîâàðþ D ñëåäóþùèì îáðàçîì. Èíäóêòèâíî îïðåäåëèì ïîñëå-
äîâàòåëüíîñòü îñòàòêîâ {rn(x)}∞n=0, ïîñëåäîâàòåëüíîñòü êîýôôèöèåíòîâ

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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{x̂n}∞n=1 è ïîñëåäîâàòåëüíîñòü ýëåìåíòîâ ñëîâàðÿ {en(x)}∞n=1:

r0(x) = x;

en(x) ∈ D : |(rn−1(x), en(x))| = sup
d∈D

|(rn−1(x), d)| ,

x̂n = (rn−1(x), en(x)), rn(x) = rn−1(x)− x̂nen(x), n = 1, 2, . . .

Òîãäà ÷èñòî æàäíûì ðàçëîæåíèåì âåêòîðà x ïî ñëîâàðþ D íàçûâàåòñÿ

ðÿä
∞∑
n=1

x̂nen(x).

×èñòî æàäíûå àëãîðèòìû ïî ïàðå ñëîâàðåé, â ñâîþ î÷åðåäü, ÿâëÿþòñÿ
îäíèì èç ìíîãèõ îáîáùåíèé [2] ÷èñòî æàäíûõ àëãîðèòìîâ. ×èñòî æàäíîå
ðàçëîæåíèå âåêòîðà ïî ïàðå ñëîâàðåé D1 è D2 îïðåäåëÿåòñÿ àíàëîãè÷íî,
íî íà íå÷¼òíûõ øàãàõ â êà÷åñòâå ñëîâàðÿ áåð¼òñÿ D1, à íà ÷¼òíûõ � D2.

Ñòàíäàðòíûé ÷èñòî æàäíûé àëãîðèòì è ÷èñòî æàä-

íûé àëãîðèòì ïî ïàðå ñëîâàðåé.

Ñðàâíèâàÿ ÷èñòî æàäíûå àëãîðèòìû ïî ïàðå ñëîâàðåé è ïî êàæäîìó â
îòäåëüíîñòè, ïîëó÷àåì ñëåäóþùóþ òåîðåìó.

Òåîðåìà 1. Ñóùåñòâóþò äâà îðòîíîðìèðîâàííûõ ñëîâàðÿ D1 è D2

è âåêòîð x ∈ A1(D1) ∩ A1(D2) òàêèå, ÷òî
1) ÷èñòî æàäíûé àëãîðèòì ïî ñëîâàðþ D1 è ÷èñòî æàäíûé àëãîðèòì
ïî ñëîâàðþ D2 ñõîäÿòñÿ çà êîíå÷íîå ÷èñëî øàãîâ,
2) ÷èñòî æàäíûé àëãîðèòì ïî ïàðå ñëîâàðåé D1 è D2 íå ñõîäèòñÿ çà
êîíå÷íîå ÷èñëî øàãîâ.

Íî çà ñ÷¼ò òîãî, ÷òî ïðè ðàçëîæåíèè ïî ïàðå ñëîâàðåé ìíîæåñòâî âåê-
òîðîâ, ïî êîòîðîìó ïðîèñõîäèò ðàçëîæåíèå, áîëüøå, ÷åì â ñëó÷àå ðàç-
ëîæåíèÿ ïî îäíîìó ñëîâàðþ, ÷èñòî æàäíûé àëãîðèòì ïî ïàðå ñëîâàðåé
ìîæåò áûòü �áûñòðåå�, ÷åì ñòàíäàðòíûé àëãîðèòì.

Òåîðåìà 2. Ñóùåñòâóþò äâà îðòîíîðìèðîâàííûõ ñëîâàðÿ D1 è D2

è âåêòîð x ∈ A1(D1) ∩ A1(D2) òàêèå, ÷òî
1) ÷èñòî æàäíûé àëãîðèòì ïî ñëîâàðþ D1 è ÷èñòî æàäíûé àëãîðèòì
ïî ñëîâàðþ D2 íå ñõîäÿòñÿ çà êîíå÷íîå ÷èñëî øàãîâ,
2) ÷èñòî æàäíûé àëãîðèòì ïî ïàðå ñëîâàðåé D1 è D2 ñõîäèòñÿ çà êî-
íå÷íîå ÷èñëî øàãîâ.
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Ñòàíäàðòíûé ÷èñòî æàäíûé àëãîðèòì ïî îáúåäèíå-

íèþ ñëîâàðåé è ÷èñòî æàäíûé àëãîðèòì ïî ïàðå ñëî-

âàðåé.

Äîïîëíèòåëüíî ê ðàññìîòðåíèþ ðàçëîæåíèÿ ïî ñëîâàðÿì D1 è D2 â îò-
äåëüíîñòè ñðàâíèì ÷èñòî æàäíûé àëãîðèòì ïî ïàðå ñëîâàðåé D1 è D2

ñ ÷èñòî æàäíûì àëãîðèòìîì ïî èõ îáúåäèíåíèþ D = D1 ∪ D2. Â ýòîì
ñëó÷àå âåðåí àíàëîã Òåîðåìû 1:

Òåîðåìà 3. Ñóùåñòâóþò äâà îðòîíîðìèðîâàííûõ ñëîâàðÿ D1 è D2

è âåêòîð x ∈ A1(D1) ∩ A1(D2) òàêèå, ÷òî
1) ÷èñòî æàäíûé àëãîðèòì ïî ñëîâàðþ D = D1 ∪ D2 ñõîäèòñÿ çà êî-
íå÷íîå ÷èñëî øàãîâ,
2) ÷èñòî æàäíûé àëãîðèòì ïî ïàðå ñëîâàðåé D1 è D2 íå ñõîäèòñÿ çà
êîíå÷íîå ÷èñëî øàãîâ.

Íî, ñ äðóãîé ñòîðîíû, íåêîòîðîå îãðàíè÷åíèå, êîòîðîå äà¼ò ðàçäå-
ëåíèå ñëîâàðÿ D = D1 ∪ D2 íà äâà è ïðîâåäåíèå àëãîðèòìà ïî ïàðå
ñëîâàðåé, â íåêîòîðûõ ñëó÷àÿõ îêàçûâàåòñÿ �ïîëåçíûì�.

Òåîðåìà 4. Ñóùåñòâóþò äâà íîðìèðîâàííûõ ñëîâàðÿ D1 è D2 è
âåêòîð x ∈ A1(D1) ∩ A1(D2) òàêèå, ÷òî
1) ñóùåñòâóåò ðåàëèçàöèÿ ÷èñòî æàäíîãî àëãîðèòìà ïî ñëîâàðþ D =
D1 ∪D2, êîòîðàÿ íå ñõîäèòñÿ çà êîíå÷íîå ÷èñëî øàãîâ,
2) ÷èñòî æàäíûé àëãîðèòì ïî ïàðå ñëîâàðåé D1 è D2 ñõîäèòñÿ çà êî-
íå÷íîå ÷èñëî øàãîâ.

Âûâîä.

Ñðàâíèâàÿ ñòàíäàðòíûé ÷èñòî æàäíûé àëãîðèòì è ÷èñòî æàäíûé àëãî-
ðèòì ïî ïàðå ñëîâàðåé, ìîæíî ñäåëàòü âûâîä î òîì, ÷òî àëãîðèòì ïî
ïàðå ñëîâàðåé ìîæåò áûòü �áûñòðåå� êëàññè÷åñêîãî, ñ äðóãîé ñòîðîíû
ðåàëèçóåìà è îáðàòíàÿ ñèòóàöèÿ.
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Ðàññìàòðèâàþòñÿ çàäà÷è o ñõîäèìîñòè, ñóììèðóåìîñòè è ìóëüòèïëèêàòîðàõ ðÿ-
äîâ Ôóðüå ïî îðòîãîíàëüíûì êîíòèíóàëüíî-äèñêðåòíûì ïîëèíîìàì Ñîáîëåâà.

Êëþ÷åâûå ñëîâà: ïîëèíîìû Ñîáîëåâà, ðÿä Ôóðüå-Ñîáîëåâà, ñõîäèìîñòü ðÿäîâ
Ôóðüå-Ñîáîëåâà, ñóììèðóåìîñòü ðÿäîâ Ôóðüå, ìóëüòèïëèêàòîðû ðÿäîâ Ôóðüå,
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Fourier series in Sobolev orthogonal
polynomials1

B. P. Osilenker (Moscow, Russia)
b_osilenker@mail.ru

Some problems of the convergence, summability and multipliers of the Fourier series
in orthogonal continual-discrete Sobolev's polynomials have been considered.

Keywords: Sobolev's polynomials, convergence of the Fourier-Sobolev series,
summability of the Fourier-Sobolev series, multipliers of the Fourier-Sobolev series,
weighted Sobolev spaces.

Ðàññìîòðèì âåñîâîå ïðîñòðàíñòâî ÑîáîëåâàW 2
µ(µ = (µ0, µ1, . . . , µN)),

â êîòîðîì çàäàíî ñêàëÿðíîå ïðîèçâåäåíèå

(f, g)W =
N∑
k=0

�

R

f (k)(x)g(k)(x)dµk(x), (1)

äëÿ íàòóðàëüíîãî ÷èñëà N, µk(k = 0, 1, . . . , N) � ïîëîæèòåëüíûå áîðå-
ëåâñêèå ìåðû. Íà ìíîæåñòâå âñåõ ïîëèíîìîâ P ïîëèíîì h, deg h ≥ 1,
h : R → R òàêîé, ÷òî âûïîëíÿåòñÿ

(hf, g)W = (f, hg)W (p, q ∈ P), (2)

ñóùåñòâóåò òîãäà è òîëüêî òîãäà, êîãäà êàæäàÿ èç ìåð µk(k = 1, 2, . . . , N)
÷èñòî òî÷å÷íà. Ïóñòü

(f, g) =

1�

−1

f(x)g(x)ω(x)dx+
m∑
k=1

Nk∑
i=0

Mk,if
(i)(ak)g

(i)(ak), (3)

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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ãäå ω(x)�âåñîâàÿ ôóíêöèÿ; −1 ≤ ak ≤ 1;Mk,i > 0, k = 1, 2, . . . ,m; i =
0, 1, . . . , Nk.

Ââåäåì êîíòèíóàëüíî�äèñêðåòíûå ïîëèíîìû Ñîáîëåâà q̂n(x), n =
0, 1, 2, . . .; x ∈ [−1, 1], îðòîíîðìèðîâàííûå â ñêàëÿðíîì ïðîèçâåäåíèè
(3):

(q̂n, q̂m) = δn,m, n,m = 0, 1, 2, . . .

Îáîçíà÷èì ÷åðåç R ìíîæåñòâî ôóíêöèé

R =

f,
1�

−1

|f(x)|ω(x)dx <∞; f (i)(ak) - ñóùåñòâóþò

−1 ≤ ak ≤ 1(i = 0, 1, 2, . . . , Nk, k = 1, 2, . . . ,m)

 .

Êàæäîé ôóíêöèè f ∈ R ïîñòàâèì â ñîîòâåòñòâèå ðÿä Ôóðüå-Ñîáîëåâà

f(x) ∼
∞∑
k=0

ck(f)q̂k(x) (x ∈ [−1, 1]), ck(f) = (f, q̂k) (k = 0, 1, 2, . . .). (4)

Ðàññìîòðèì òðåóãîëüíóþ ìàòðèöó âåùåñòâåííûõ ÷èñåë

Λ = {λ(n)k , k = 0, 1, . . . , n, n+ 1;λ
(n)
0 = 1, λ

(n)
n+1 = 0;n = 0, 1, 2, . . .}. (5)

Êàæäîé ôóíêöèè f ∈ R ïî å¼ ðÿäó Ôóðüå-Ñîáîëåâà (4) ñ ïîìîùüþ ðåãó-
ëÿðíîé ïî Òåïëèöó ìàòðèöû (5) ïîñòàâèì â ñîîòâåòñòâèå ïîñëåäîâàòåëü-
íîñòü Λ�ñðåäíèõ

Un(f ;x; Λ) =
n∑
k=0

λ
(n)
k ck(f)q̂k(x)(n = 0, 1, 2, . . . ;x ∈ [−1, 1]).

Ïîëó÷åíû ðåçóëüòàòû â çàäà÷å î Λ�ñóììèðóåìîñòè ðÿäîâ Ôóðüå-
Ñîáîëåâà, ò.å. ïðè êàêèõ óñëîâèÿõ íà ýëåìåíòû ìàòðèöû Λ è îðòîíîð-
ìèðîâàííóþ ñèñòåìó ïîëèíîìîâ q̂n(x), n = 0, 1, 2, . . . , ïî÷òè âñþäó, ðàâ-
íîìåðíî è ïî íîðìå êîíòèíóàëüíî-äèñêðåòíîãî ïðîñòðàíñòâà Ñîáîëåâà
âûïîëíÿåòñÿ ñîîòíîøåíèå

limn→∞ Un(f ;x; Λ) = f(x). (6)

Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü âåùåñòâåííûõ ÷èñåë

Φ = {ϕk, k = 0, 1, . . . ; ϕ0 = 1, {ϕk} ∈ 1∞}. (7)

Äëÿ êàæäîé ôóíêöèè f ∈ R ïî å¼ ðÿäó Ôóðüå-Ñîáîëåâà (4) ââåäåì
T - ëèíåéíîå îòîáðàæåíèå (ìóëüòèïëèêàòîðíûé îïåðàòîð), çàäàâàåìîå
ôîðìóëîé

f(x) ∼
∞∑
k=0

ck(f)q̂k(x) ⇒ T (f ;x; Φ) ∼
∞∑
k=0

ϕkck(f)q̂k(x)(x ∈ [−1, 1]).
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Èçó÷àåòñÿ ñëåäóþùàÿ çàäà÷à: íàéòè óñëîâèÿ íà ñèñòåìó {q̂n(x)}
è ýëåìåíòû ìóëüòèïëèêàòîðíîé ïîñëåäîâàòåëüíîñòè (7), ïðè êîòî-
ðûõ ñïðàâåäëèâà îöåíêà íîðìû ìóëüòèïëèêàòîðíîãî îïåðàòîðà â
êîíòèíóàëüíî-äèñêðåòíûõ ïðîñòðàíñòâàõ Ñîáîëåâà. Ïîëó÷åííûå ðåçóëü-
òàòû ïðåäïîëàãàþò óñëîâèå êâàçèâûïóêëîñòè ïîñëåäîâàòåëüíîñòè Φ.
Ñêàëÿðíîå ïðîèçâåäåíèå (3) è ñîîòâåòñòâóþùèå ñèñòåìû îðòîãîíàëüíûõ
ïîëèíîìîâ èãðàþò âàæíóþ ðîëü âî ìíîãèõ ïðîáëåìàõ òåîðèè ôóíêöèé,
ôóíêöèîíàëüíîãî àíàëèçà, êâàíòîâîé ìåõàíèêè, ìàòåìàòè÷åñêîé ôèçè-
êè, ìåõàíèêè è âû÷èñëèòåëüíîé ìàòåìàòèêè.

Ðàññìîòðèì çàäà÷ó î ïðåäåëüíûõ çíà÷åíèÿõ Un(f ;x; Λ).
Ïóñòü N ∗

k íàòóðàëüíîå ÷èñëî, îïðåäåëÿåìîå ñëåäóþùèì îáðàçîì

N ∗
k =

{
Nk + 1, åñëè Nk - íå÷åòíî,

Nk + 2, åñëè Nk - ÷åòíî,

è

wN(x) =
m∏
k=1

(x− ak)
N∗

k , N =
m∑
k=1

N ∗
k .

Åñëè âûïîëíÿåòñÿ óñëîâèå (2), òî ïîëèíîìû q̂n(x) óäîâëåòâîðÿþò ðå-
êóððåíòíîìó ñîîòíîøåíèþ

πN+1(x)q̂n(x) =
N+1∑
j=0

dn+j,j q̂n+j(x) +
N+1∑
j=1

dn,j q̂n−j(x)

(n = 0, 1.2, . . . ; q̂−j(x) = 0, j = 1, 2, . . . ; dn,j = 0, n > j),

ãäå πN+1(x) =
x�
0

wN(t)dt.

Ââåäåì îáîçíà÷åíèå:

εm := (−1, 1) \ ∪ms=1 {as}.

Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå. Ïóñòü äëÿ îðòîíîðìèðîâàííîé
ïîëèíîìèàëüíîé ñèñòåìû {q̂n(x)}∞n=0 âûïîëíÿþòñÿ ïðåäïîëîæåíèÿ:
(i)

|q̂k(x)| ≤ h(x)(k = 0, 1, . . .), ãäå h(x) ïîëîæèòåëüíàÿ, íåïðåðûâíàÿ ôóíêöèÿ;
(8)

(ii)

N+1∑
j=1

j
N+1∑
l=0

n∑
s=0

(|ds+j,jds+j+l,l − ds+j+l,jds+l,l|+ |ds+j,jds+j,l − ds+j−l,jds,l|) ≤
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≤ C (n = 0, 1, . . .). (9)

è ýëåìåíòû ìàòðèöû (5) óäîâëåòâîðÿþò óñëîâèþ

n∑
k=0

(k + 1)(n− k + 1)

n+ 1
[1 +

n+ 1

n− k + 1
]|∆2λ

(n)
k | ≤ C(n = 0, 1, . . .), (10)

ãäå ∆2λ
(n)
k �âòîðûå ðàçíîñòè äëÿ λ(n)k .

Òîãäà äëÿ Λ�ñðåäíèõ Un(f ;x; Λ) ðÿäà Ôóðüå-Ñîáîëåâà (4) â êàæäîé
òî÷êå Ëåáåãà x ∈ εm ôóíêöèè f ∈ R, óäîâëåòâîðÿþùåé

1�

−1

|f(x)|ω(x)h(x)dx <∞,

1�

−1

h(x)ω(x)dx <∞, (11)

èìååò ìåñòî ðàâåíñòâî (6). Åñëè, êðîìå òîãî, âûïîëíÿåòñÿ

∞∑
j=0

∣∣∣q̂(i)j (as)
∣∣∣ <∞ (i = 0, 1, . . . , Ns; s = 1, 2, . . . ,m), (12)

òî ñïðàâåäëèâî ñîîòíîøåíèå

lim
n→∞

n∑
l=0

λ
(n)
l cl(f)q̂

(i)
l (ak) = f (i)(ak) (i = 0, 1, . . . , Nk, k = 1, 2, . . . ,m).

Äëÿ íåïðåðûâíîé íà [−1, 1] ôóíêöèè f ðàâåíñòâî (6) âûïîëíÿåòñÿ ðàâíî-
ìåðíî íà âñåõ êîìïàêòíûõ ïîäìíîæåñòâàõ K èç εm. Îòìåòèì, ÷òî ñðåä-
íèå ×åçàðî (C, α), α > 0, óäîâëåòâîðÿþò óñëîâèþ (10).

Ïðèâåäåì ïðèìåð ñèñòåìû êîíòèíóàëüíî�äèñêðåòíûõ ïîëèíîìîâ
Ñîáîëåâà�ñèììåòðè÷íûå äèñêðåòíûå ïîëèíîìû Ãåãåíáàóýðà�Ñîáîëåâà.
Ðàññìîòðèì ëèíåéíîå ïðîñòðàíñòâî ñî ñêàëÿðíûì ïðîèçâåäåíèåì

(f, g)α =

1�

−1

f(x)g(x)ωα(x)dx+M [f(1)g(1) + f(−1)g(−1)]+

N [f ′(1)g′(1) + f ′(−1)g′(−1)]

(M ≥ 0, N ≥ 0),

ãäå

ωα(x) =
Γ(2α)

22α+1Γ2(α + 1)
(1− x2)α

(
α > −1

2

)
.
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Ïóñòü
{
B̂

(α)
n (x) ≡ B̂

(α)
n (x;M,N)

}
ñèñòåìà ñèììåòðè÷íûõ îðòîíîðìè-

ðîâàííûõ ìíîãî÷ëåíîâ Ãåãåíáàóýðà-Ñîáîëåâà

� 1

−1

B̂(α)
n (x)B̂(α)

m (x)ωα(x)dx+M
[
B̂(α)
n (1)B̂(α)

m (1) + B̂(α)
n (−1)B̂(α)

m (−1)
]
+

+N

[{
B̂(α)
n (1)

}′ {
B̂(α)
m (1)

}′
+
{
B̂(α)
n (−1)

}′ {
B̂(α)
m (−1)

}′
]
= δn,m (n,m ∈ Z+).

Ïðè α = 0 ïîëó÷àåì ñèñòåìó ñèììåòðè÷íûõ îðòîíîðìèðîâàííûõ
ìíîãî÷ëåíîâ Ëåæàíäðà�Ñîáîëåâà.

Ïîëèíîìû B̂
(α)
n (x;M,N) ïðè M > 0, N > 0 îáëàäàþò ðÿäîì

ñâîéñòâ, îòëè÷íûõ îò ñîîòâåòñòâóþùèõ ñâîéñòâ êëàññè÷åñêèõ ìíîãî÷ëå-
íîâ Ãåãåíáàóýðà P̂ (α)

n (x) (óëüòðàñôåðè÷åñêèõ), îðòîíîðìèðîâàííûõ ïî âå-
ñó ωα(x)(ñëó÷àé M = 0, N = 0).
Ìîæíî ïîêàçàòü, ÷òî ïîëèíîìû B̂(α)

n (x) óäîâëåòâîðÿþò óñëîâèÿì (8), (9),
(12), è äëÿ ôóíêöèè f âûïîëíÿþòñÿ (11), ïðè ýòîì

hα(x) = (1− x2)−(
α
2+

1
4)
(
−1 < x < 1; α > −1

2

)
.
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Îá îäíîì äîñòàòî÷íîì óñëîâèè
ñóáãàðìîíè÷íîñòè1

Ð. À. Îñèí (Ìîñêâà, Ðîññèÿ)
roman.osin99@mail.ru

Îïðåäåëÿþòñÿ ðàñïîëîæåíèÿ íåáîëüøîãî êîëè÷åñòâà óçëîâ, ïðè êîòîðûõ äîñòà-
òî÷íûì óñëîâèåì ñóáãàðìîíè÷íîñòè íåïðåðûâíûõ ôóíêöèé ÿâëÿåòñÿ âûïîëíåíèå
íåðàâåíñòâà ñðåäíåãî â ïðîñòåéøåé äèñêðåòíîé ôîðìå.

Êëþ÷åâûå ñëîâà: ñóáãàðìîíè÷åñêèå ôóíêöèè, íåðàâåíñòâî ñðåäíåãî, ñðåäíåå
àðèôìåòè÷åñêîå.

On the su�cient condition of subharmonicity1

R. A. Osin (Mocsow, Russia)
roman.osin99@mail.ru

De�nes the locations of a small number of nodal points that are suitable for the
su�cient condition of subharmonicity of continuous functions with the inequality of
mean value in the simplest discrete form.

Keywords: subharmonic functions, inequality of mean value, arithmetic mean.

Ïóñòü ôóíêöèÿ u(z) íåïðåðûâíà â îáëàñòè G ⊂ R2. Äîñòàòî÷íûì
óñëîâèåì ñóáãàðìîíè÷íîñòè ÿâëÿåòñÿ âûïîëíåíèå âî âñåõ òî÷êàõ îáëàñòè
z0 ∈ G, ïðè ëþáîì ñêîëü óãîäíî ìàëîì ðàäèóñå r îêðóæíîñòè ñ öåíòðîì
â ýòîé òî÷êå, íåðàâåíñòâà ñðåäíåãî

u(z0) ⩽
1

2πr

�

C(z0,r)

u(z) dl.

Ì.À. Êðåéíåñ ïðåäëîæèë [1] äîñòàòî÷íîå óñëîâèå ñóáãàðìîíè÷íîñòè,
â êîòîðîì íåðàâåíñòâî ñðåäíåãî èìååò äèñêðåòíûé âèä. Íåïðåðûâíàÿ
â îáëàñòè G ôóíêöèÿ u(z) ÿâëÿåòñÿ ñóáãàðìîíè÷åñêîé, åñëè â ëþáîé
îêðåñòíîñòè êàæäîé òî÷êè z0 ∈ G íàéäåòñÿ îêðóæíîñòü C(z0, r) ñêîëü
óãîäíî ìàëîãî ðàäèóñà r, â êîòîðóþ âïèñàí ïðàâèëüíûé n-óãîëüíèê ñ
âåðøèíàìè zj, j = 1, ..., n è

u(z0) ⩽
u(z1) + u(z2) + . . .+ u(zn)

n
. (1)

ò.å. çíà÷åíèå ôóíêöèè â öåíòðå îêðóæíîñòè íå ïðåâîñõîäèò ñðåäíåãî
àðèôìåòè÷åñêîãî çíà÷åíèé ôóíêöèè â óçëàõ zj.

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Â ðàáîòå çàðàíåå íå ïðåäïîëàãàåòñÿ ðàñïîëîæåíèå óçëîâ â âåðøèíàõ
ïðàâèëüíîãî ìíîãîóãîëüíèêà. Îïðåäåëÿåòñÿ, ïðè êàêèõ ðàñïîëîæåíèÿõ
óçëîâ zj íà îêðóæíîñòè íåðàâåíñòâî ñðåäíåãî â ôîðìå (1) äàåò äîñòàòî÷-
íîå óñëîâèå ñóáãàðìîíè÷íîñòè íåïðåðûâíûõ ôóíêöèé. Äëÿ ýòîãî òðåáó-
åòñÿ íàëîæèòü äîïîëíèòåëüíûå îãðàíè÷åíèÿ íà ðàññïîëîæåíèÿ óçëîâ,
êîòîðûå óñòàíîâèë Ä.Ñ. Òåëÿêîâñêèé [2].

Òåîðåìà 1. Ïóñòü ôóíêöèÿ u(z) íåïðåðûâíà â îáëàñòè G è äëÿ
êàæäîé òî÷êè z0 ∈ G íàéäåòñÿ îêðóæíîñòü C(z0, r) ñêîëü óãîäíî ìà-
ëîãî ðàäèóñà, à òàê æå íàáîð óçëîâ zj, j = 1, ..., n íà íåé, äëÿ êîòîðûõ
âûïîëíåíî íåðàâåíñòâî (1). Ôóíêöèÿ u(z) ÿâëÿåòñÿ â G ñóáãàðìîíè÷-
íîé åñëè

a) ïðè n = 3, 4, 5 óçëû zj ðàñïîëîæåíû â âåðøèíàõ ïðàâèëüíîãî
n-óãîëüíèêà;

á) ïðè n = 6 óçëû zj ðàñïîëîæåíû â âåðøèíàõ äâóõ ïðàâèëüíûõ
òðåóãîëüíèêîâ, ïîâåðíóòûõ äðóã îòíîñèòåëüíî äðóãà.

Ïîëó÷åíû ïðèìåðû ðàñïîëîæåíèÿ n ⩾ 7 óçëîâ íà îêðóæíîñòè, óäî-
âëåòâîðÿþùèå (1) è íå ñîâïàäàþùèå ñ âåðøèíàìè ïðàâèëüíîãî ìíîãî-
óãîëüíèêà.

Çàìå÷àíèå. Â òåîðåìå 1 ìîæíî îòêàçàòüñÿ îò ïðåäïîëîæåíèÿ î
íåïðåðûâíîñòè ôóíêöèè u(z) è çàìåíèòü åãî óñëîâèåì ñóììèðóåìîñòè
è íåïðåðûâíîñòè ïî íàïðàâëåíèÿì êàê ýòî áûëî ñäåëàíî â [3].

Àâòîð âûðàæàåò ãëóáîêóþ áëàãîäàðíîñòü ê.ô.-ì.í Ä.Ñ. Òåëÿêîâñêî-
ìó çà ïîñòàíîâêó çàäà÷è, ïîñòîÿííîå âíèìàíèå ê ðàáîòå è, â îñîáåííîñòè,
çà ðåêîìåíäàöèè ïî îôîðìëåíèþ äàííûõ òåçèñîâ.
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ÓÄÊ 517.51

Íåðàâåíñòâî Êîëìîãîðîâà äëÿ
ïîëîæèòåëüíîé ñðåçêè âòîðîé ïðîèçâîäíîé

ôóíêöèè íà îñè è íåðàâåíñòâî äëÿ
âûïóêëûõ ôóíêöèé íà îòðåçêå1
Í. Ñ. Ïàþ÷åíêî (Åêàòåðèíáóðã, Ðîñcèÿ)

aueiyo@gmail.com

Ïóñòü K+ òî÷íàÿ êîíñòàíòà â íåðàâåíñòâå Êîëìîãîðîâà íà îñè ìåæäó Lr-íîðìîé
ôóíêöèè, Lq-íîðìîé ïðîèçâîäíîé è Lp-íîðìîé ïîëîæèòåëüíîé ñðåçêè âòîðîé

ïðîèçâîäíîé, à K � òî÷íàÿ êîíñòàíòà â íåðàâåíñòâå Êîëìîãîðîâà ñ òåìè æå
íîðìàìè, íî íà îòðåçêå. Ïðè ýòîì íåðàâåíñòâî íà îòðåçêå ðàññìàòðèâàåòñÿ ïî
êëàññó âûïóêëûõ ôóíêöèé, èìåþùèõ àáñîëþòíî íåïðåðûâíóþ ïðîèçâîäíóþ, êî-
òîðàÿ îáðàùàåòñÿ â íîëü íà ëåâîì êîíöå îòðåçêà. Ïðè óñëîâèÿõ 1 ≤ q, r, p < ∞
è 1/r + 1/p = 2/q äîêàçàíî ðàâåíñòâî K+ = K. Ïðè q = 2, r = 1, p = ∞ íàéäåíà

òî÷íàÿ êîíñòàíòà K+ = K =
√
8/3.

Êëþ÷åâûå ñëîâà: íåðàâåíñòâî Êîëìîãîðîâà, íåðàâåíñòâà ìåæäó íîðìàìè ôóíê-
öèè è åå ïðîèçâîäíûõ, ïîëîæèòåëüíàÿ ñðåçêà âòîðîé ïðîèçâîäíîé, òî÷íûå êîí-
ñòàíòû.

Áëàãîäàðíîñòè: èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ â
ðàìêàõ íàó÷íîãî ïðîåêòà � 20-31-90124.

Kolmogorov-type inequality for a non negative
part of the second derivative of the function on

the real line and an inequality for convex
functions on an interval1

N. S. Payuchenko (Yekaterinburg, Russia)
aueiyo@gmail.com

Let K+ be the exact constant in the Kolmogorov-type inequality on the real line
between Lr-norm of the function, Lq-norm of the �rst derivative and Lp-norm of

the non negative part of the second derivative. Let K be the exact constant in the
Kolmogorov-type inequality with the same norms on [0, 1]. The inequality on the
interval is considered on the class of convex functions with absolutely continuous
derivative which is vanishing at x = 0. The equalityK+ = K is proved under following
conditions 1 ≤ q, r, p < ∞ and 1/r + 1/p = 2/q. If q = 2, r = 1, p = ∞ the exact

constant K+ = K =
√
8/3 is founded.

Keywords: Kolmogorov inequality, inequalities between norms of function and its
derivatives, non-negative part of the second derivative, exact constant.
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90124.
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Ââåäåíèå

Ââåäåì îáîçíà÷åíèÿ íîðì ∥y∥Lp(a,b) =

 b�

a

|y(x)|pdx

1/p

, ∥y∥L∞(a,b) =

ess sup
x∈(a,b)

|y(x)|, è ïîëîæèòåëüíîé ñðåçêè y+(x) = max{y(x), 0} ôóíêöèè.

Íåðàâåíñòâà âèäà

∥y(k)∥Lq(R) ≤ K∥y∥αLr(R)∥y
(n)∥βLp(R) (1)

è èõ îáîáùåíèÿ èçó÷àþòñÿ áîëåå âåêà. Îäèí èç ôóíäàìåíòàëüíûõ ðå-
çóëüòàòîâ ïîëó÷èë â 1939 ã. À.Í.Êîëìîãîðîâûì [1]. Îí íàøåë òî÷íóþ
êîíñòàíòó K äëÿ q = p = r = ∞ è âñåõ çíà÷åíèÿõ n è k, 1 ≤ k < n.

Â 1976 ã. Â.Í. Ãàáóøèí [2] äîêàçàë ñëåäóþùèé êðèòåðèé ñóùåñòâîâà-
íèÿ êîíå÷íîé êîíñòàíòû â íåðàâåíñòâàõ (1) è â íåðàâåíñòâàõ ñ ïîëîæè-
òåëüíîé ñðåçêîé ñòàðøåé ïðîèçâîäíîé.

Òåîðåìà 1 [Â.Í. Ãàáóøèí] Ïóñòü 0 ≤ k < n, 0 < q, r, p ≤ ∞ è q ̸=
r, åñëè k = 0. Ïðåäïîëîæèì, ÷òî âñå ïðîèçâîäíûå ôóíêöèè y ∈ Lr(R)
äî ïîðÿäêà n − 1 ëîêàëüíî àáñîëþòíî íåïðåðûâíû è Ω(y(n)) = y(n) èëè
Ω(y(n)) = (y(n))+. Òîãäà íåðàâåíñòâî

∥y(k)∥Lq(R) ≤ K∥y∥αLr(R)∥Ω(y
(n))∥βLp(R)

ñïðàâåäëèâî ñ êîíñòàíòîé K, íå çàâèñÿùåé îò f , òîãäà è òîëüêî òî-
ãäà, êîãäà

p ≥ 1, α =
k − 1/q + 1/r

n− 1/p+ 1/r
, β = 1− α è

n− k

r
+
k

p
≥ n

q
. (2)

Îáîçíà÷èì ÷åðåç W(r, p) ìíîæåñòâî ôóíêöèé y ∈ Lr(R), èìåþùèõ
ëîêàëüíî àáñîëþòíî íåïðåðûâíóþ ïðîèçâîäíóþ è òàêèõ, ÷òî ïîëîæè-
òåëüíàÿ ñðåçêà âòîðîé ïðîèçâîäíîé y′′+ = (y′′)+ ∈ Lp(R). ×åðåç U îáî-
çíà÷èì ìíîæåñòâî âûïóêëûõ íà îòðåçêå [0, 1] ôóíêöèé u, èìåþùèõ àá-
ñîëþòíî íåïðåðûâíóþ ïðîèçâîäíóþ íà [0, 1] è îáëàäàþùèõ ñâîéñòâîì
u′(0) = 0. Äëÿ ôóíêöèé u ∈ U âûïîëíÿåòñÿ ðàâåíñòâî u′′ = u′′+.

Å.À. Çåðíûøêèíà â 2006 ã. [3] íàøëà òî÷íóþ êîíñòàíòó K2,2,2 â ñëå-
äóþùåì íåðàâåíñòâå ñ ïîëîæèòåëüíîé ñðåçêîé âòîðîé ïðîèçâîäíîé:

∥y′∥L2(R) ≤ K2,2,2

√
∥y∥L2(R)∥y′′+∥L2(R), y ∈ W(2, 2).

Äëÿ ïîëó÷åíèÿ ýòîãî ðåçóëüòàòà Å.À. Ç¼ðíûøêèíà äîêàçàëà ðàâåíñòâî
K2,2,2 = K2,2,2, ãäå K2,2,2 � ýòî òî÷íàÿ êîíñòàíòà â íåðàâåíñòâå

∥u′∥L2(0,1) ≤ K2,2,2

√
∥u∥L2(0,1)∥u′′∥L2(0,1), u ∈ U , (3)
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çàòåì íàøëà K2,2,2 è ýêñòðåìàëüíûå ôóíêöèè â (3).
Öåëüþ èññëåäîâàíèÿ ÿâëÿåòñÿ âûÿñíåíèå ñâÿçè ìåæäó òî÷íûìè êîí-

ñòàíòàìè K+ = K+,q,r,p è K = Kq,r,p â íåðàâåíñòâàõ

∥y′∥Lq(R) ≤ K+

√
∥y∥Lr(R)∥y′′+∥Lp(R), y ∈ W(r, p),

∥u′∥Lq(0,1) ≤ K
√

∥u∥Lr(0,1)∥u′′∥Lp(0,1), u ∈ U .

Îñíîâíûå ðåçóëüòàòû

Òåîðåìà 2. Åñëè ïîêàçàòåëè q, r, p ∈ [1,∞) óäîâëåòâîðÿþò ðàâåíñòâó

1/r + 1/p = 2/q, (4)

òî K+ = K.
Îòìåòèì, ÷òî â óñëîâèÿõ òåîðåìû íåðàâåíñòâî (2) (n− k)/r + k/p ≥

n/q èç êðèòåðèÿ Â.Í. Ãàáóøèíà îáðàùàåòñÿ â ðàâåíñòâî (4).
Òåîðåìà 3. Åñëè q = 2, r = 1, p = ∞ òî ñïðàâåäëèâî ðàâåíñòâî

K+ = K =
√

8/3.

Â äîêàçàòåëüñòâå èñïîëüçóåòñÿ àíàëîã òåîðåìû 2, ïîñëå ÷åãî íàõîäèò-
ñÿ çíà÷åíèå K2,1,∞ è ýêñòðåìàëüíàÿ ôóíêöèÿ íà îòðåçêå, ÷òî ïîçâîëÿåò
ïîñòðîèòü ýêñòðåìàëüíóþ ïîñëåäîâàòåëüíîñòü ôóíêöèé äëÿ íåðàâåíñòâà
íà îñè.

ÑÏÈÑÎÊ ËÈÒÅÐÀÒÓÐÛ
[1] Êîëìîãîðîâ À.Í. Î íåðàâåíñòâàõ ìåæäó âåðõíèìè ãðàíÿìè ïîñëåäîâàòåëüíûõ

ïðîèçâîäíûõ ïðîèçâîëüíîé ôóíêöèè íà áåñêîíå÷íîì èíòåãðâàëå // Èçáð. òð.
Ìàòåìàòèêà, ìåõàíèêà. Ìîñêâà : Íàóêà, 1985. Ñ. 252�263.

[2] Ãàáóøèí Â.Í. Íåðàâåíñòâà ìåæäó ïðîèçâîäíûìè â ìåòðèêàõ Lp ïðè 0 < p ≤
∞ // Èçâ. ÀÍ ÑÑÑÐ. Ñåð. ìàòåì. 1976. T. 40, � 4. C. 869�892.

[3] Zernyshkina E.A. Kolmogorov type inequality in L2 on the real line with one-sided
norm // East J. Approx. 2006. T. 12, � 2. Ñ. 127�150.

230



ÓÄÊ 517.9

Î ïðåîáðàçîâàíèè Ãàíêåëÿ ôóíêöèé èç
êëàññîâ Íèêîëüñêîãî � Áåññåëÿ1

Ñ. Ñ. Ïëàòîíîâ (Ïåòðîçàâîäñê, Ðîññèÿ)
ssplatonov@yandex.ru

Ïóñòü ôóíêöèÿ f ïðèíàäëåæèò ôóíêöèîíàëüíîìó êëàññó Íèêîëüñêîãî � Áåññåëÿ

Hr
p,α(R+), 1 ≤ p ≤ 2, r > 0, α > −1/2, R+ = [0,+∞), è ïóñòü f̂ � ïðåîáðàçîâàíèå

Ãàíêåëÿ ôóíêöèè f . Îñíîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ îòâåò íà âîïðîñ:

ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà q ôóíêöèÿ f̂ ñîäåðæèòñÿ â âåñîâîì ïðîñòðàí-
ñòâå Ëåáåãà Lq,α = Lq(R+, x

2α+1 dx)? Ïîëó÷åííàÿ òåîðåìà ÿâëÿåòñÿ àíàëîãîì
êëàññè÷åñêîé òåîðåìû Å. Òèò÷ìàðøà î ïðåîáðàçîâàíèè Ôóðüå ôóíêöèé èç êëàñ-
ñîâ Ëèïøèöà Lip(r, p;R) ïðè 0 < r ≤ 1.

Êëþ÷åâûå ñëîâà: ïðîñòðàíñòâà Íèêîëüñêîãî � Áåññåëÿ, ïðåîáðàçîâàíèå Ãàíêåëÿ,
ãàðìîíè÷åñêèé àíàëèç Ôóðüå � Áåññåëÿ, òåîðåìà Òèò÷ìàðøà.

On the Hankel transform of functions from
Nikol'skii � Bessel classes1
S. S. Platonov (Petrozavodsk, Russia)

ssplatonov@yandex.ru

Let a function f belongs to the Nikol'skii � Bessel function class Hr
p,α(R+), 1 ≤ p ≤ 2,

r > 0, α > −1/2, R+ = [0,+∞), and let f̂ be the Hankel transform of f . The main
result of the work is the answer to the question: at what values of the parameter

q the function f̂ belongs to the Lebesgue weight classes Lq,α = Lq(R+, x
2α+1 dx)?

The resulting theorem is an analogue of the classical E. Titchmarsh theorem for the
Fourier transform of functions from the Lipschitz classes Lip(r, p;R) with 0 < r ≤ 1.

Keywords: Nikol'skii � Bessel spaces, Hankel transform, Fourier � Bessel harmonic
analysis, Titchmarsh's theorem.

Ïî îïðåäåëåíèþ, ôóíêöèÿ f(x) íà R ïðèíàäëåæèò êëàññó Ëèïøèöà
Lip(r, p;R), 0 < r ≤ 1, p ≥ 1, åñëè f ∈ Lp(R) è

∥f(x− t)− f(x)∥Lp(R) = O(tr)

ïðè t→ 0.
Èçâåñòíà ñëåäóþùàÿ êëàññè÷åñêàÿ òåîðåìà Å. Òèò÷ìàðøà (ñì. [1],

Òåîðåìà 84):

Òåîðåìà 1. Ïóñòü f(x) ∈ Lip(r, p;R), 1 < p ≤ 2, 0 < r ≤ 1, è f̂(λ) �

ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè f . Òîãäà f̂ ïðèíàäëåæèò êëàññàì Ëåáåãà
Lq(R) ïðè

p

rp+ p− 1
< q ≤ p

p− 1
.

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Â íàñòîÿùåé ðàáîòå ïîëó÷åí àíàëîã òåîðåìû 1 äëÿ ïðåîáðàçîâàíèÿ
Ãàíêåëÿ ôóíêöèé èç êëàññîâ Íèêîëüñêîãî � Áåññåëÿ Hr

p,α = Hr
p,α(R+) íà

ïîëóîñè R+ = [0,+∞).
Ïóñòü α > −1

2 , dµ(x) = x2α+1 dx � ìåðà íà R+, 1 ≤ p ≤ ∞,
Lp,α := Lp(R+, dµ), ∥ · ∥p,α � íîðìà â áàíàõîâîì ïðîñòðàíñòâå Lp,α,
Bx := d2

dx2 +
2α+1
x

d
dx � äèôôåðåíöèàëüíûé îïåðàòîð Áåññåëÿ. Äëÿ ëþáîé

ôóíêöèè f(x) ∈ C(2)(R+) îáîáùåííûé ñäâèã Áåññåëÿ u(x, y) = T yf(x)
(x, y ∈ R+) îïðåäåëÿåòñÿ êàê ðåøåíèå ñëåäóþùåé çàäà÷è Êîøè:

Bxu(x, y) = Byu(x, y), u(x, 0) = f(x), u′y(x, 0) = 0.

Â ÿâíîì âèäå îáîáùåííûé ñäâèã Áåññåëÿ çàäàåòñÿ ôîðìóëîé

T yf(x) = u(x, y) = cα

π�

0

f
(√

x2 + y2 − 2xy cosφ
)
(sinφ)2α dφ, (1)

ãäå cα = Γ(α+1)√
πΓ(α+1/2)

. Ïî ôîðìóëå (1), îïåðàòîð T y ïðîäîëæàåòñÿ äî íåïðå-
ðûâíîãî îïåðàòîðà â ïðîñòðàíñòâå Lp,α, 1 ≤ p ≤ ∞.

Äëÿ f ∈ Lp,α ðàçíîñòè ∆k
hf(x) ïîðÿäêà k (k = 1, 2, 3, . . . )ñ øàãîì

h > 0 è ìîäóëü ãëàäêîñòè ωk(f, δ)p,α ïîðÿäêà k îïðåäåëÿþòñÿ ôîðìóëàìè

∆1
hf(x) = ∆hf(x) := f(x)− T hf(x),

∆k
hf(x) := ∆h(∆

k−1
h f(x)), k > 1;

ωk(f, δ)p,α := sup
0<h≤δ

∥∆k
hf∥p,α, δ > 0.

Ïóñòü r > 0 � âåùåñòâåííîå ÷èñëî, k � íàòóðàëüíîå ÷èñëî, òàêîå ÷òî
2k > r.

Îïðåäåëåíèå 1. Ôóíêöèÿ f(x) ïðèíàäëåæèò ïðîñòðàíñòâó Hr
p,α,

p ∈ [1,∞], åñëè f ∈ Lp,α è äëÿ íåêîòîðîé ïîñòîÿííîé Af > 0 ñïðàâåä-
ëèâî íåðàâåíñòâî

ωk(f ; δ)p,α ≤ Af δ
r, δ > 0.

Ìîæíî äîêàçàòü, ÷òî Hr
p,α íå çàâèñèò îò k (ñì. [2]). Òàêæå â ñòàòüå

[2] äðóãèå îïèñàíèÿ ïðîñòðàíñòâ Hr
p,α. Ïðîñòðàíñòâà H

r
p,α ÿâëÿþòñÿ àíà-

ëîãàìè êëàññè÷åñêèõ ôóíêöèîíàëüíûõ êëàññîâ Íèêîëüñêîãî Hr
p(R) íà R

(ñì. [3]).
Ïóñòü jα(x) = 2αΓ(α + 1)x−α Jα(x), ãäå Jα(x) � ôóíêöèÿ Áåññåëÿ

ïåðâîãî ðîäà è Γ(x) � ãàììà-ôóíêöèÿ.
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Äëÿ ëþáîé ôóíêöèè f ∈ L1,α ïðåîáðàçîâàíèå Ãàíêåëÿ îïðåäåëÿåòñÿ
ôîðìóëîé

F : f(x) 7→ f̂(λ) =

∞�

0

f(x) jα(λx)x
2α+1 dx, λ ∈ R+.

Äëÿ âñÿêîãî p ∈ [1,+∞) ïóñòü p′ := p
p−1 . Åñëè f ∈ Lp,α, 1 < p ≤ 2, òî

åå ïðåîáðàçîâàíèå Ãàêåëÿ f̂(λ) îïðåäåëÿåòñÿ êàê ïðåäåë â ïðîñòðàíñòâå
Lp′,α ïîñëåäîâàòåëüíîñòè ôóíêöèé

f̂n(λ) :=

n�

0

f(x) jα(λx)x
2α+1 dx,

ïðè n → ∞. Ïðåîáðàçîâàíèå Ãàíêåëÿ F : f(x) 7→ f̂(λ) ÿâëÿåòñÿ ëèíåé-
íûì íåïðåðûâíûì îïåðàòîðîì èç áàíàõîâà ïðîñòðàíñòâà Lp,α â áàíàõîâî
ïðîñòðàíñòâî Lp′,α.

Îñíîâíûì ðåçóëüòàòîì ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 2. Ïóñòü f ∈ Hr
p,α, 1 ≤ p ≤ 2, r > 0, è ïóñòü f̂ � ïðåîá-

ðàçîâàíèå Ãàíêåëÿ ôóíêöèè f . Òîãäà f̂ ïðèíàäëåæèò êëàññàì Lq,α ïðè

p

rp/(2α + 2) + p− 1
< q ≤ p

p− 1
,

è ãðàíèöû p
rp/(2α+2)+p−1 è

p
p−1 â ýòîì íåðàâåíñòâå òî÷íûå, ò. å. ïðîìå-

æóòîê çíà÷åíèé ïàðàìåòðà q íå ìîæåò áûòü ðàñøèðåí.

Ðåçóëüòàòû ðàáîòû ÷àñòè÷íî îïóáëèêîâàíû â [4].
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Èíòåðïîëÿöèîííî-îðòîãîíàëüíûå
âñïëåñêè íà îñíîâå íåñêîëüêèõ
ìàñøòàáèðóþùèõ ôóíêöèé1

Å. À. Ïëåùåâà (Åêàòåðèíáóðã, Ðîññèÿ)
eplescheva@gmail.com

Â ðàáîòå ðàññìàòðèâàåòñÿ ïîñòðîåíèå èíòåðïîëÿöèîííî-îðòîãîíàëüíûõ áàçèñîâ
êðàòíîìàñøòàáíîãî àíàëèçà (ÊÌÀ) è ñîîòâåòñòâóþùèõ âñïëåñêîâ íà îñíîâå
íåñêîëüêèõ ìàñøòàáèðóþùèõ ôóíêöèé. Â îòëè÷èå îò êëàññè÷åñêîãî ñëó÷àÿ, â
äàííîé ñòàòüå ðàññìàòðèâàåòñÿ íå îäèí, à íåñêîëüêî áàçèñîâ ïðîñòðàíñòâà L2(R),
êàæäûé èç êîòîðûõ îáðàçîâàí ñäâèãàìè è ñæàòèÿìè n ôóíêöèé ψs, s = 1, . . . , n.
Òàêàÿ ñèñòåìà ñòðîèòñÿ íà îñíîâå ââåäåííîãî íàìè ðàíåå n-ðàçäåëüíîãî ÊÌÀ. Â
äàííîé ñòàòüå ïðèâîäèòñÿ ñïîñîá ìîäèôèêàöèè ìàñîê n-ðàçäåëüíûõ ìàñøòàáè-
ðóþùèõ ôóíêöèé øèðîêîãî êëàññà òàêèì îáðàçîì, ÷òîáû ñèñòåìà ñäâèãîâ íîâûõ
ìàñøòàáèðóþùèõ ôóíêöèé, îñòàâàÿñü îðòîãîíàëüíîé, ñòàëè åùå è èíòåðïîëÿöè-
îííîé.

Êëþ÷åâûå ñëîâà: îðòîãîíàëüíûé âñïëåñê, èíòåðïîëÿöèîííûé âñïëåñê, ìàñøòà-
áèðóþùàÿ ôóíêöèÿ, áàçèñ, êðàòíîìàñøòàáíûé àíàëèç, ìàñêà ìàñøòàáèðóþùåé
ôóíêöèè, n-ðàçäåëüíûé âñïëåñê.

Interpolating-orthogonal wavelets
based on several scaling functions1

E. A. Pleshcheva (Ekaterinburg, Russia)
eplescheva@gmail.com

The paper considers the construction of interpolating-orthogonal bases of
multiresolution analysis (MRA) and corresponding wavelets based on several scaling
functions. We consider several bases of the space L2(R), which are formed by shifts
and compressions of n functions ψs, s = 1, . . . , n. These systems of wavelets are based
on the n-separate MRA, which we introduced earlier. This article provides a method
for modifying masks of n-separate scaling functions of a wide class. The shifts of new
scaling functions will be interpolating, while remaining orthogonal.

Keywords: orthogonal wavelet, interpolating wavelet, scaling function, basis,
multiresolution analysis, mask of scaling function, n-separate wavelet.

Ââåäåíèå

Âñïëåñê òðàäèöèîííî îïðåäåëÿåòñÿ êàê ôóíêöèÿ ψ(x), òàêàÿ, ÷òî ñèñòå-
ìà åå ñäâèãîâ è ñæàòèé {ψj,k(x) := 2j/2ψ(2jx− k)}k∈Z îáðàçóåò îðòîíîð-
ìèðîâàííûé áàçèñ ïðîñòðàíñòâà L2(R). Íà÷èíàÿ ñ ðàáîò Ìàëëà [1], Ìåé-
åðà [2] ïîñòðîåíèå áàçèñîâ âñïëåñêîâ íà÷èíàëîñü ñ ïîñòðîåíèÿ ñèñòåìû
âëîæåííûõ ïîäïðîñòðàíñòâ Vj ïðîñòðàíñòâà L2(R), íàçûâàåìîé êðàò-
íîìàñøòàáíûì àíàëèçîì ïðîñòðàíñòâà L2(R). Áàçèñ êàæäîãî èç ýòèõ

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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ïðîñòðàíñòâ îáðàçîâàí ñäâèãàìè îäíîé ñæàòîé â 2j ðàç ìàñøòàáèðóþùåé
ôóíêöèè {φj,k(x) := 2j/2φ(2jx − k)}k∈Z. Äîïîëíÿþò ïðîñòðàíñòâà Vj äî
Vj+1 ïîäïðîñòðàíñòâà Wj, áàçèñû êîòîðûõ îáðàçîâàíû òàêæå ñäâèãàìè
îäíîé ôóíêöèè {ψj,k(x)}k∈Z. Áàçèñ âñåãî ïðîñòðàíñòâà L2(R) îáðàçóþò
ôóíêöèè {ψj,k(x) := 2j/2ψ(2jx− k)}k∈Z.

Íåîáõîäèìûìè è äîñòàòî÷íûìè óñëîâèÿìè òîãî, ÷òî {φj,k(x) :=
2j/2φ(2jx − k)}k∈Z � îðòîíîðìèðîâàííàÿ ñèñòåìà, à ñèñòåìà
{2−j/2φj,k(x)}k∈Z � èíòåðïîëÿöèîííàÿ, ÿâëÿþòñÿ ñëåäóþùèå 2 óñëîâèÿ:∑

ν∈Z

|φ̂(ω − k)|2 = 1,
∑
ν∈Z

φ̂(ω − k) = 1. (1)

Â ðàáîòå [3] ïîêàçàíî, êàê èçìåíèòü ìàñøòàáèðóþùóþ ôóíêöèþ Ìåé-
åðà òàêèì îáðàçîì, ÷òîáû ïîëó÷èëàñü ìàñøòàáèðóþùàÿ ôóíêöèÿ, ïî-
ðîæäàþùàÿ íå òîëüêî îðòîãîíàëüíóþ, íî è èíòåðïîëÿöèîííóþ ñèñòåìó
ñäâèãîâ.

Äëÿ ñëó÷àÿ n ìàñøòàáèðóþùèõ ôóíêöèé ïîñòðîåíèå áàçèñîâ ïðîñò-
ðàíñòâà L2(R) â ñòàòüå [4] áûëî ââåäåíî ñëåäóþùåå îïðåäåëåíèå:

Îïðåäåëåíèå 1. Ðàññìîòðèì n ïîñëåäîâàòåëüíîñòåé âëîæåííûõ
äðóã â äðóãà çàìêíóòûõ ïîäïðîñòðàíñòâ ïðîñòðàíñòâà L2(R)

. . . ⊂ V n
−1 ⊂ V 1

0 ⊂ V 2
1 ⊂ V 3

2 ⊂ · · · ⊂ V n
n−1 ⊂ V 1

n ⊂ V 2
n+1 ⊂ · · · , (2)

· · · ⊂ V 1
−1 ⊂ V 2

0 ⊂ V 3
1 ⊂ V 4

2 ⊂ · · · ⊂ V 1
n−1 ⊂ V 2

n ⊂ V 3
n+1 ⊂ · · · (3)

. . . . . . . . .

· · · ⊂ V n−1
−1 ⊂ V n

0 ⊂ V 1
1 ⊂ V 2

2 ⊂ · · · ⊂ V n−1
n−1 ⊂ V n

n ⊂ V 1
n+1 ⊂ · · · (4)

Íàçîâåì ýòó êîíñòðóêöèþ n-ðàçäåëüíûì êðàòíîìàñøòàáíûì àíàëè-
çîì (n-ÊÌÀ) ïðîñòðàíñòâà L2(R), åñëè îíà óäîâëåòâîðÿåò ñëåäóþùèì
óñëîâèÿì:
à) ∪jV 1

nj = ∪V 2
nj = · · · = ∪V n

nj = L2(R);
á) ∩jV 1

nj = ∩V 2
nj = · · · = ∩V n

nj = {0};
â) f(x) ∈ V s

j ⇔ f(x+ l/2j) ∈ V s
j ∀j, l ∈ Z, s = 1, 2, . . . , n;

ã) f(x) ∈ V s
0 ⇔ f(2jx) ∈ V s

j ∀j ∈ Z, s = 1, 2, . . . , n;
ä) íàéäóòñÿ òàêèå ôóíêöèè φs(x), s = 1, 2, . . . , n, ÷òî ìíîæåñòâà
èõ ñäâèãîâ {φs(x + k)}k∈Z îáðàçóþò îðòîíîðìèðîâàííûå áàçèñû ïðîñ-
òðàíñòâ V s

0 .
Â äàííîé ðàáîòå ïðèâåäåí ñïîñîá ìîäèôèêàöèè áàçèñîâ n-

ðàçäåëüíîãî ÊÌÀ, òàêîé, ÷òî ñäâèãè è ñæàòèÿ íîâûõ n-ðàçäåëüíûõ ìàñ-
øòàáèðóþùèõ ôóíêöèé îáðàçóþò îðòîãîíàëüíóþ è ïðè ýòîì èíòåðïîëÿ-
öèîííóþ ñèñòåìó.
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Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ èíòåðïîëÿöèîí-

íîñòè è îðòîãîíàëüíîñòè

Óñëîâèÿ âëîæåíèÿ (2)�(4) âûïîëíÿþòñÿ ïðè âûïîëíåíèè ñëåäóþùèõ ðà-
âåíñòâ, íàçûâàåìûõ ìàñøòàáèðóþùèìè ñîîòíîøåíèÿìè:

φs(x) =
∑
ν∈Z

hs,psν φps1,ν(x), s = 1, 2, . . . , n, (5)

ãäå ps = s+1, s = 1, 2, . . . , n− 1, pn = 1, è ðÿäû
∑
ν∈Z

hs,psν φps1,ν(x) ñõîäÿòñÿ

â L2(R).
Ïîñëå ïðåîáðàçîâàíèÿ Ôóðüå ðàâåíñòâà (5) ïðèìóò âèä:

φ̂s(ω) = ms,ps(
ω

2
)φ̂ps(

ω

2
), s = 1, . . . , n,

ãäå ìàñêè ms,ps(ω) ìàñøòàáèðóþùèõ ôóíêöèé îïðåäåëÿþòñÿ ñëåäóþùåé
ôîðìóëîé:

ms,ps(ω) =
∑
ν∈Z

hs,psν e2πiνω, s = 1, . . . , n.

Äëÿ âûïîëíåíèÿ óñëîâèé îðòîãîíàëüíîñòè è èíòåðïîëÿöèîííîñòè äëÿ
ôóíêöèé φs(x) äîëæíû âûïîëíÿòüñÿ óñëîâèÿ (1). Òîãäà ms,ps(ω), s =
1, . . . , n, áóäóò óäîâëåòâîðÿòü ðàâåíñòâàì:

|ms,ps(ω)|2 + |ms,ps(ω +
1

2
)|2 = 1, s = 1, . . . , n, (6)

ms,ps(ω) +ms,ps(ω +
1

2
) = 1, s = 1, . . . , n. (7)

Ïóñòü ìàñêè ms,ps(ω) óäîâëåòâîðÿþò óñëîâèÿì îðòîãîíàëüíîñòè (6). Òî-
ãäà 1-ïåðèîäè÷åñêàÿ ôóíêöèÿ

ms,ps
I (ω) = |ms,ps(ω)|2 + i sign(sin 2πω)|ms,ps(ω)ms,ps(ω +

1

2
)|

áóäåò óäîâëåòâîðÿòü îáîèì óñëîâèÿì (6), (7).
Îáîçíà÷èì ÷åðåç M s

I (ω) ñëåäóþùèå ïðîèçâåäåíèÿ:

M 1
I (ω) = m1,2

I (ω) ·m2,3
I (

ω

2
) · . . . ·mn,1

I (
ω

2n−1
),

M 2
I (ω) = m2,3

I (ω) ·m3,4
I (

ω

2
) · . . . ·m1,2

I (
ω

2n−1
),

. . . ,
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Mn
I (ω) = mn,1

I (ω) ·m1,2
I (

ω

2
) · . . . ·mn−1,n

I (
ω

2n−1
).

Òîãäà n-ðàçäåëüíûå ìàñøòàáèðóþùèå ôóíêöèè ìîæíî âîññòàíîâèòü ïî
èõ ïðåîáðàçîâàíèÿì Ôóðüå

φ̂sI(ω) =
∞∏
j=1

M s
I (
ω

2nj
), s = 1, . . . , n. (8)

Ñïðàâåäëèâà òåîðåìà:
Òåîðåìà 1. Ïóñòü äëÿ ìàñîê ms,ps(ω), s = 1, . . . , n, âûïîëíÿþòñÿ

óñëîâèÿ:
|ms,ps(ω)| ≤ 1− Ω(ω)

â íåêîòîðîé îêðåñòíîñòè íóëÿ, ãäå ôóíêöèÿ Ω(ω) òàêîâà, ÷òî ðÿä

∞∑
j=1

Ω(
ω

2nj
)

ñõîäèòñÿ, è ïðè ýòîì ôóíêöèè φ̂sI(ω) :=
∏∞

j=1M
s
I (

ω
2nj ) ∈ L(R)

⋂
L2(R).

Ïóñòü, êðîìå òîãî, ms,ps(ω), s = 1, . . . , n, óäîâëåòâîðÿþò óñëîâèÿì (6)
è |ms,ps(ω)| ≥ C0 > 0 ïðè |ω| ≤ 1/4. Òîãäà ïðè öåëûõ j è s = 1, . . . , n ñè-

ñòåìû ôóíêöèé {φsI,j,k}k∈Z, ãäå φ̂sI îïðåäåëåíû ôîðìóëîé (8), ÿâëÿþòñÿ

îðòîíîðìèðîâàííûìè â ïðîñòðàíñòâå L2(R) è èíòåðïîëÿöèîííûìè íà
ñåòêå {xj,r = r/2j : r ∈ Z}.
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Âîññòàíîâëåíèå èíòåãðèðóåìûõ ôóíêöèé
íà p-è÷íûõ ãðóïïàõ1

Ì. Ã. Ïëîòíèêîâ, Â. Å. Áîãà÷åâà, Þ. À. Ïëîòíèêîâà,
Â. À. Ñàâèí (Ìîñêâà, Âîëîãäà, Ðîññèÿ)

MGPlotnikov@gmail.com

Ðàññìîòðåíà çàäà÷à î âîññòàíîâëåíèè èíòåãðèðóåìûõ ôóíêöèé ïî èõ çíà÷åíè-
ÿì íà ìíîæåñòâàõ ìàëîé ìåðû. Ïîñòðîåíû âîññòàíàâëèâàþùèõ ìíîæåñòâà äëÿ
êëàññîâ ñóììèðóåìûõ ôóíêöèé íà p-è÷íûõ ãðóïïàõ ñî ñòåïåííîé è ëîãàðèô-
ìè÷åñêîé ñêîðîñòüþ óáûâàíèÿ ìàæîðàíòû êîýôôèöèåíòîâ Ôóðüå�Âèëåíêèíà�
Êðåñòåíñîíà.

Êëþ÷åâûå ñëîâà: p-è÷íûå ãðóïïû, âîññòàíîâëåíèå ôóíêöèé, êîýôôèöèåíòû
Ôóðüå� Âèëåíêèíà�Êðåñòåíñîíà.

Recovery of integrable functions
on p-adic groups1

M. G. Plotnikov, V. E. Bogacheva, Ju. A. Plotnikova,
V. A. Savin (Moscow, Vologda, Russia)

MGPlotnikov@gmail.com

The problem of recovering integrable functions by their values on sets of small measure
is considered. Recovering sets are constructed for classes of summable functions on
p-adic groups with a power and logarithmic decreasing rate of the majorant of the
Fourier�Vilenkin-Chrestenson coe�cients.

Keywords: p-adic groups, recovery of function, Fourier�Vilenkin�Chrestenson
coe�cients.

Â ðàáîòå ðàññìàòðèâàþòñÿ âîïðîñû î âîññòàíîâëåíèè ñóììèðóåìûõ
ôóíêöèé ïî èõ çíà÷åíèÿì íà ìíîæåñòâàõ ìàëîé ìåðû. Çàäàäèìñÿ ñëåäó-
þùèì âîïðîñîì. Ïóñòü èìååòñÿ ïðîñòðàíñòâî ñ ìåðîé (X,µ), à íà íåì �
íåêîòîðûé êëàññ ôóíêöèé Λ ⊂ Lµ(X). Ìîæíî ëè ïîñòðîèòü ìíîæåñòâî
H ⊂ X ìàëîé ìåðû, îáëàäàþùåå òåì ñâîéñòâîì, ÷òî ïî÷òè âñå çíà÷åíèÿ
ïðîèçâîëüíîé ôóíêöèè f ∈ Λ îäíîçíà÷íî âîññòàíàâëèâàþòñÿ ïî åå çíà-
÷åíèÿì íà H? Â ñëó÷àå ïîëîæèòåëüíîãî îòâåòà ñðàçó âîçíèêàåò âòîðîé
âîïðîñ: êàêèì ìîæåò áûòü ïðîöåññ âîññòàíîâëåíèÿ çíà÷åíèé f íà X ïî
åå çíà÷åíèÿì íà H?

Ýòà çàäà÷à ðåøàëàñü â [1] äëÿ êëàññîâ Çèãìóíäà íà îäíîìåðíîì òîðå
T. Â òîé ðàáîòå áûëî ââåäåíî ïîíÿòèå âîññòàíàâëèâàþùåãî ìíîæåñòâî,
êîòîðîå ìû ïðèâîäèì çäåñü â áîëåå îáùåì âèäå. Ïóñòü fH îçíà÷àåò ñóæå-
íèå ôóíêöèè f íà ìíîæåñòâî H.

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Îïðåäåëåíèå. ÏóñòüX � íåêîòîðîå ìíîæåñòâî, à µ � σ-àääèòèâíàÿ
ìåðà íà X. Äëÿ çàäàííîãî δ > 0 íàçîâåì ìíîæåñòâî H ⊂ X δ-
âîññòàíàâëèâàþùèì ìíîæåñòâîì äëÿ íåêîòîðîãî êëàññà Λ ⊂ Lµ(X),
åñëè µH < δ è îòîáðàæåíèå Compr: Λ → Lµ(H), Compr(f) = f

∣∣
H
,

ÿâëÿåòñÿ èíúåêòèâíûì.
Äðóãèìè ñëîâàìè, H ÿâëÿåòñÿ δ-âîññòàíàâëèâàþùèì ìíîæåñòâîì

äëÿ êëàññà Λ, åñëè êàæäàÿ ôóíêöèÿ g ∈ Lµ(H) íå ìîæåò áûòü ïðî-
äîëæåíà äî ôóíêöèè èç êëàññà Λ áîëåå ÷åì îäíèì ñïîñîáîì.

Çäåñü ìû ïðåäñòàâèì ðÿä ðåçóëüòàòîâ î âîññòàíàâëèâàþùèõ ìíîæå-
ñòâàõ äëÿ ñëó÷àÿ, êîãäà X � p-è÷íàÿ ãðóïïà Gp ñ ìåðîé Õààðà µ, à
Λ � êëàññû ñóììèðóåìûõ íà Gp ôóíêöèé ñ ôèêñèðîâàííîé ñêîðîñòüþ
óáûâàíèÿ ìàæîðàíòû êîýôôèöèåíòîâ Ôóðüå�Âèëåíêèíà�Êðåñòåíñîíà.

Åñëè çàäàíî íàòóðàëüíîå p ≥ 2, òî p-è÷íàÿ ãðóïïà G = Gp åñòü
ìíîæåñòâî ïîñëåäîâàòåëüíîñòåé g = (g0, g1, . . .) ñ gk ∈ {0, . . . , p− 1},
ñíàáæåííîå îïåðàöèåé ïîêîîðäèíàòíîãî ñëîæåíèåì mod p. Íàãëÿäíî G
ìîæíî ïðåäñòàâëÿòü (ñ òî÷íîñòüþ äî ñ÷åòíîãî ìíîæåñòâà) êàê îòðåçîê
[0, 1], åñëè ðàññìîòðåòü îòîáðàæåíèå

ϕ : G → [0, 1], g = (g0, g1, . . .)
ϕ7→

∞∑
k=0

gk
pk+1

.

Ýòî îòîáðàæåíèå ñþðúåêòèâíî è ïåðåâîäèò êàæäîå ìíîæåñòâî

∆m
k := {g ∈ Gp : gj = mj, j = 0, . . . , k − 1} , m =

k−1∑
j=0

mk−1−jp
j, (1)

â çàìêíóòûé èíòåðâàë
[
m
pk
, m+1

pk

]
. Ìíîæåñòâà (1) íàçûâàþòñÿ p-è÷íûìè

èíòåðâàëàìè (ðàíãà k) è îáðàçóþò ñ÷åòíóþ áàçó òîïîëîãèè â Gp. Îòìå-
òèì, ÷òî ∆0

k ÿâëÿåòñÿ ïîäãðóïïîé Gp, à ëþáîé p-è÷íûé èíòåðâàë ðàíãà
k ÿâëÿåòñÿ ñìåæíûì êëàññîì ïî ýòîé ïîäãðóïïå, ò.å. ∆m

k = g ⊕ ∆0
k ïðè

ïîäõîäÿùåì âûáîðå ýëåìåíòà g ∈ Gp.
Ñàìà ãðóïïà Gp ÿâëÿåòñÿ êîìïàêòíîé àáåëåâîé ãðóïïîé. Ïóñòü µ �

íîðìàëèçîâàííàÿ ìåðà Õààðà íà ýòîé ãðóïïå; åñëè A ⊂ Gp � áîðåëåâñêîå
ìíîæåñòâî, òî µA ñîâïàäàåò ñ ìåðîé Ëåáåãà ìíîæåñòâà ϕ(A) ⊂ [0, 1].
Ãðóïïó õàðàêòåðîâ Gp îáðàçóþò ôóíêöèè Âèëåíêèíà�Êðåñòåíñîíà V Cn,
n = 0, 1, . . .. Â íóìåðàöèè Ïýëè

V Cn(g) =
∞∏
k=0

exp

(
2πigknk

p

)
, n =

∞∑
k=0

nkp
k, nk ∈ {0, . . . , p− 1}. (2)

Åñëè p = 2, òî V Cn åñòü ôóíêöèè Óîëøà. Ïîäðîáíåå î p-è÷íûõ ãðóïïàõ
è ôóíêöèÿõ Âèëåíêèíà�Êðåñòåíñîíà ñì., íàïð., â [2], [3], [4]).
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Äëÿ çàäàííîãî γ > 0 ðàññìîòðèì êëàññû ôóíêöèé

Lµ, γ (Gp) :=
{
f ∈ Lµ (Gp)

∣∣ an(f) = O(n−γ), n→ ∞
}
,

Lµ, lnγ (Gp) :=
{
f ∈ Lµ (Gp)

∣∣ an(f) = O(ln−γ n), n→ ∞
}
.

ÏóñòüQ = {q(s)}∞s=1 èK = {k(s)}∞s=1 � âîçðàñòàþùèå ïîñëåäîâàòåëü-
íîñòè íàòóðàëüíûõ ÷èñåë, ïðè÷åì q(s) < k(s) äëÿ âñåõ s. Äëÿ êàæäîãî
íàòóðàëüíîãî q ðàññìîòðèì ìíîæåñòâà

Hq(Q,K) =
∞⋃
s=q

Hq(s),k(s), Hq(s),k(s) =
{
∆m
k(s) : m = 0 (mod pq(s)−k(s))

}
,

∆m
k(s) � p-è÷íûå èíòåðâàëû â íóìåðàöèè èç (1). Ìíîæåñòâà ñõîäíîé

ñòðóêòóðû ðàññìàòðèâàëèñü, íàïð., â [5], [6], [7], [8], [9], [10].
Ïðèâåäåì ðÿä ðåçóëüòàòîâ î âîññòàíàâëèâàþùèõ ìíîæåñòâàõ äëÿ

êëàññîâ Lµ, γ (Gp) è Lµ, lnγ (Gp).
Òåîðåìà 1. Ïóñòü Q = {q(s)}, K = {k(s)},

q(s) :=
[
as
]
, k(s) := [bs] ,

[∗] îçíà÷àåò öåëóþ ÷àñòü ∗. Äëÿ òîãî, ÷òîáû äëÿ ëþáîãî δ > 0 íà-
øëîñü íàòóðàëüíîå q òàêîå, ÷òî ìíîæåñòâî Hq(Q,K) ÿâëÿëîñü áû
δ-âîññòàíàâëèâàþùèì ìíîæåñòâîì äëÿ êëàññà Lµ, γ (Gp), äîñòàòî÷íî
âûïîëíåíèÿ õîòÿ áû îäíîãî èç ñëåäóþùèõ äâóõ óñëîâèé:

� γ ≥ 1, b >
1

ln p
è 0 < a < b;

� 0 < γ < 1, b >
1

γ ln p
è 0 < a < b.

Òåîðåìà 2. Ïóñòü Q = {q(s)} è K = {k(s)},

q(s) :=
[
sb
]
, k(s) :=

[
sb + a · ln s− d · ln(ln(s))

]
,

1 < a ln 2 < bγ, b >
1

γ
, d ≥ 0.

Òîãäà äëÿ çàäàííîãî δ > 0 íàéäåòñÿ ìíîæåñòâî âèäà Hq(Q,K), ÿâëÿ-
þùååñÿ δ-âîññòàíàâëèâàþùèì ìíîæåñòâîì äëÿ êëàññà Lµ, lnγ (Gp).

Åñòåñòâåííûé ñïîñîá âîññòàíîâèòü ï.â. çíà÷åíèÿ ïðîèçâîëüíîé ôóíê-
öèè f èç êëàññà Lµ, γ (Gp) èëè Lµ, lnγ (Gp) ïî çíà÷åíèÿì f íà ñîîòâåò-
ñòâóþùåì δ-âîññòàíàâëèâàþùåì ìíîæåñòâå âûãëÿäèò òàê. (Ðàçóìååòñÿ,
ñóùåñòâóþò è äðóãèå ñïîñîáû ñäåëàòü ýòî.)
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Øàã 1. Âîññòàíîâëåíèå ñðåäíåãî çíà÷åíèÿf íà ïðîèçâîëüíîì p-è÷íîì
èíòåðâàëå g ⊕∆0

r ïî åå çíà÷åíèÿì íà Hq(Q,K) ïðè ïîìîùè ôîðìóëû

f g⊕∆0
r
= lim

s→∞
f (g⊕∆0

r)∩Hq(s),k(s)
.

Øàã 2. Íàõîæäåíèå ï.â. çíà÷åíèé ôóíêöèè f ïî íàéäåííûì çíà÷åíè-
ÿì fg⊕∆0

r
ñ ïîìîùüþ ôîðìóëû

f (g) = lim
r→∞

f g⊕∆0
r
.
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Ðàññìàòðèâàþòñÿ ðÿäû

f(a;x) =
a0
2
+

∞∑
k=1

ak cos(kx), g(b;x) =
∞∑
k=1

bk sin(kx), (1)

ïîñëåäîâàòåëüíîñòè êîýôôèöèåíòîâ êîòîðûõ a = {ak}k∈N0
, b = {bk}k∈N

ìîíîòîííî ñòðåìÿòñÿ ê íóëþ. Ñóììû âñåõ òàêèõ ðÿäîâ íåïðåðûâíû íà
èíòåðâàëå (0, 2π). Êëàññ âñåõ ïîñëåäîâàòåëüíîñòåé b = {bk}k∈N, äëÿ êî-
òîðûõ b1 > 0, bk+1 ≤ bk (∀k ∈ N), limk→∞ bk = 0, îáîçíà÷èì M. Â
20-ì âåêå áûë ïîëó÷åí ðÿä ðåçóëüòàòîâ î ïîâåäåíèè ñóìì ðÿäîâ îáùåãî
âèäà (1) c êîýôôèöèåíòàìè èç M è âûïóêëûìè êîýôôèöèåíòàìè ïðè
x→ 0 [1�4]. Â ïîñëåäíèå äâà äåñÿòèëåòèÿ ïîÿâèëèñü äâóñòîðîííèå îöåí-
êè ñóìì ñèíóñ-ðÿäîâ (1) ñ òî÷íûìè êîíñòàíòàìè [5�9]. Çäåñü óòî÷íÿþòñÿ
íåêîòîðûå íåðàâåíñòâà èç [5] è [7].

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Òåîðåìà 1. Ïðè ëþáîì x ∈ (π/2, π) âåðíà îöåíêà ñâåðõó

g(b;x) ≤ b1
2
ctg
(x
4

)
∀b ∈ M. (2)

Òåîðåìà 2. Ïðè ëþáîì q ∈ N, q ≥ 2, íà èíòåðâàëå 2π/(q+1) < x <
2π/q âåðíà îöåíêà ñíèçó

g(b;x) ≥ −bq
2
tg
(x
4

)
∀b ∈ M. (3)

Â òî÷êàõ âèäà {2π/q | q ∈ N, q ≥ 2} ñóììà ëþáîãî ñèíóñ-ðÿäà ñ
ìîíîòîííûìè êîýôôèöèåíòàìè íåîòðèöàòåëüíà.

Äîêàçàíî, ÷òî îöåíêè (2) è (3) îïòèìàëüíû íà âñþäó ïëîòíîì ìíî-
æåñòâå.

Ïîëîæèì m(x) = [π/x], 0 < x < π. Â [5] áûëî äîêàçàíî äâîéíîå
íåðàâåíñòâî

−b1
2
tg
(x
4

)
≤ g(b;x) < 2 sin

(x
2

)m(x)∑
k=1

kbk ∀x ∈ (0, π), ∀b ∈ M. (4)

Òåîðåìà 1 óòî÷íÿåò âåðõíþþ îöåíêó (4) íà (π/2, π), à òåîðåìà 2 îöåí-
êó ñíèçó â (4). Â [7] áûëî çàìå÷åíî, ÷òî ïðè x ∈ (0, π/2] â ïðàâîé ÷àñòè
(4) ìîæíî çàìåíèòü ìíîæèòåëü k â ñóììå íà min(k,m(x)+ 1− k). Ýòîò
ðåçóëüòàò äîïóñêàåò äàëüíåéøåå óòî÷íåíèå.

Òåîðåìà 3. Äëÿ ñóììû ñèíóñ-ðÿäà (1) âåðíû îöåíêè

g(b;x) < 2 sin
(x
2

)(
b1 +

√
3b2
2

)
, g(b;x) ≤ sinx

(
b1 +

2b2√
3

)
, x ∈

(π
3
,
π

2

)
,

g(b;x) ≤ sinx

m(x)∑
k=1

min (k,m(x) + 1− k) bk, x ∈
(
0,
π

3

]
.

Â [1] áûëà ïîëó÷åíà îöåíêà äëÿ ñóììû êîñèíóñ-ðÿäà (1), åñëè ïîñëå-
äîâàòåëüíîñòü a = {ak}k∈N0

âûïóêëà, òî åñòü : {∆ak} = {ak − ak+1} ∈
M⇔ak − 2ak+1 + ak+2 ≥ 0 ∀k ∈ N.

Áûëî âûâåäåíî íåðàâåíñòâî

f(x) ≤ C

m(x)∑
k=0

(
k +

1

2

)
∆ak,

243



ãäå C � íåêîòîðàÿ ïîñòîÿííàÿ (íàñêîëüêî èçâåñòíî àâòîðó, çíà÷åíèå C
íå óêàçûâàëîñü). Â [8] äîêàçàíî, ÷òî ïðè x ∈ (0, π/2] ìîæíî ïîëîæèòü
C = 1.

Áîëåå òî÷íî, ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû.

Òåîðåìà 4. Äëÿ ñóììû ïðîèçâîëüíîãî êîñèíóñ-ðÿäà (1) ñ âûïóêëîé
ïîñëåäîâàòåëüíîñòüþ êîýôôèöèåíòîâ a = {ak}k∈N0

âåðíà îöåíêà ñâåðõó

f(x) ≤
m(x)−1∑
k=0

(
k +

1

2

)
(ak − ak+1) ∀x ∈ (0,

π

2
]. (4.1)

Ïðè x ∈ [π/3, π/2] âåðíà áîëåå ñèëüíàÿ îöåíêà

f(x) ≤ a0 − a3
2

+ (a1 − a2) cosx. (4.2)

Çàìå÷àíèå 1. Îöåíêà (4.2) äåéñòâèòåëüíî ñèëüíåå, ÷åì (4.1) ïðè
x ∈ [π/3, π/2). Ïðàâàÿ ÷àñòü (4.1) ïðè ýòèõ x (òîãäà âåðõíèé ïðåäåë
ñóììèðîâàíèÿ ðàâåí 1) èìååò âèä (a0 − a1)/2 + 3(a1 − a2)/2. Ïðàâàÿ æå
÷àñòü (4.2) ìåíüøå

a0 − a3
2

+
a1 − a2

2
=
a0 − a1

2
+ (a1 − a2) +

a2 − a3
2

≤ a0 − a1
2

+
3

2
(a1 − a2).

Ñîâïàäåíèå îöåíîê (4.1) è (4.2) íà èíòåðâàëå (π/3, π/2) âîçìîæíî òîëüêî
â ¾âûðîæäåííîì¿ ñëó÷àå f(x) ≡ a0/2.

Íà çíà÷åíèÿ x ∈ (π/2, π] íåðàâåíñòâî (4.1) íå ïåðåíîñèòñÿ: â íåêîòî-
ðûõ ñëó÷àÿõ íåðàâåíñòâî f(x) ≤ (a0 − a1)/2 íå èìååò ìåñòà. Òðåáóåòñÿ
ëèáî óâåëè÷èòü ìíîæèòåëü ïåðåä ðàçíîñòüþ (a0 − a1), ëèáî äîáàâèòü
âòîðîå ñëàãàåìîå.

Òåîðåìà 5. Ïðè ëþáîì x ∈ (0, π] âåðíî íåðàâåíñòâî

f(x) ≤ a0 − a1
2

+ (a1 − a2) ctg
2
(x
2

)
, (5.1)

êîòîðîå îáðàùàåòñÿ â ðàâåíñòâî íà ìíîæåñòâå òî÷åê

{xn,ν =
π(2ν + 1)

n
| ν, n ∈ N, 1 ≤ ν ≤ n− 1

2
}, (5.2)

åñëè â êà÷åñòâå f âçÿòü n-å ÿäðî Ôåéåðà

Fn(x) =
1

2
+

n−1∑
k=1

(
1− k

n

)
cos(kx) ≡ 1

2n

(
sin(nx/2)

sin(x/2)

)2

,
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ïîñëåäîâàòåëüíîñòü êîýôôèöèåíòîâ Ôóðüå êîòîðîãî

ak,n = 1− k

n
, 0 ≤ k ≤ n− 1, ak = 0, k ≥ n

ÿâëÿåòñÿ âûïóêëîé.

Çàìå÷àíèå 2. Íåòðóäíî óáåäèòüñÿ â òîì, ÷òî ìíîæåñòâî òî÷åê
(5.2) âñþäó ïëîòíî íà [0, π]. Îöåíêó (5.1) ëó÷øå âñåãî ïðèìåíÿòü ïðè
x ∈ [π/2, π]. Íà ýòîì îòðåçêå ïðàâàÿ ÷àñòü (5.1) íå ïðåâîñõîäèò 0.5(a0 −
a1) cosec

2(x/2) ≤ a0 − a1.
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Ðàâíîìåðíûå ïî a ∈ (0, 1) äâóñòîðîííèå

îöåíêè ôóíêöèé
∞∑
k=1

k−a cos(kx) è
∞∑
k=1

k−a sin(kx)

÷åðåç ïåðâûå ñëàãàåìûå èõ àñèìïòîòè÷åñêèõ
ðÿäîâ1

À. Þ. Ïîïîâ, Ò. Â. Ðîäèîíîâ (Ìîñêâà, Ðîññèÿ)
rodionovtv@mail.ru

Äëÿ ôóíêöèé
∞∑
k=1

k−a cos(kx) è
∞∑
k=1

k−a sin(kx) íà (0, π] ïîëó÷åíû ðàâíîìåðíûå

ïî 0 < a < 1 äâóñòîðîííèå îöåíêè ÷åðåç ïåðâûå ñëàãàåìûå èõ àñèìïòîòè÷åñêèõ
ðÿäîâ.

Êëþ÷åâûå ñëîâà: ñïåöèàëüíûå òðèãîíîìåòðè÷åñêèå ðÿäû, ïîëèëîãàðèôì.

Áëàãîäàðíîñòè: ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò
� 20-01-00584).

Uniform with respect to a ∈ (0, 1) two-sided

estimates of functions
∞∑
k=1

k−a cos(kx) and

∞∑
k=1

k−a sin(kx) by �rst members of their

asymptotic series1
A. Yu. Popov, T. V. Rodionov (Moscow, Russia)

rodionovtv@mail.ru

For functions
∞∑
k=1

k−a cos(kx) and
∞∑
k=1

k−a sin(kx) on (0, π] two-sided estimates by

means of �rst members of their asymptotic series are obtained. These estimates are
uniform with respect to 0 < a < 1.

Keywords: special trigonometric series, polylogariphm.
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Research (project No. 20-01-00584).

Ñïåöèàëüíûå òðèãîíîìåòðè÷åñêèå ðÿäû

f(x, a) =
∞∑
k=1

k−a cos kx, g(x, a) =
∞∑
k=1

k−a sin kx, a > 0,

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

246



÷àñòî âñòðå÷àþòñÿ â ìàòåìàòè÷åñêîé ëèòåðàòóðå. Èçâåñòíû ñëåäóþùèå
àñèìïòîòèêè [1, ãë. II (13.11) è ãë.V, � 2]:

f(x, a) ∼ sin
(πa
2

)
Γ(1− a)xa−1, x→ 0+, a ∈ (0, 1), (1)

g(x, a) ∼ cos
(πa
2

)
Γ(1− a)xa−1, x→ 0+, a ∈ (0, 2). (2)

Ðàâíîìåðíû ëè îíè ïî a ∈ (0, 1)? Ìû äîêàçàëè ðàâíîìåðíîñòü àñèìïòî-
òèêè (2) è ðàâíîìåðíîñòü âèäîèçìåí¼ííîé àñèìïòîòèêè (1), äîáàâèâ â å¼
ïðàâóþ ÷àñòü îòðèöàòåëüíîå ñëàãàåìîå ζ(a) (ζ � äçåòà-ôóíêöèÿ Ðèìà-
íà). Îáîçíà÷èì

f0(x, a) = sin
(πa
2

)
Γ(1−a)xa−1+ζ(a), g0(x, a) = cos

(πa
2

)
Γ(1−a)xa−1.

Íàïîìíèì, ÷òî ôóíêöèÿ ζ(a) óáûâàåò íà ïîëóèíòåðâàëå [0, 1), ζ(0) =
−1/2, lim

a→1−
ζ(a) = −∞.

Òåîðåìà. Ïðè ëþáûõ x ∈ (0, π] è a ∈ (0, 1) âåðíû äâîéíûå íåðàâåí-
ñòâà

f0(x, a) +
ζ(3)

4π3
x2 sin

πa

2
< f(x, a) < f0(x, a) +

x2

18
sin

πa

2
, (3)

g0(x, a)−
x

2
< g(x, a) < g0(x, a)−

x

12
. (4)

Çàìå÷àíèå 1. Íåòðóäíî óáåäèòüñÿ â ñïðàâåäëèâîñòè ðàâåíñòâà
lim
a→1

g0(x, a) = π/2 (ïðè ëþáîì x > 0), êîòîðîå âìåñòå ñ òîæäåñòâîì

g(x, 1) =
∞∑
k=1

sin kx

k
=

π − x

2
ïîêàçûâàåò, ÷òî îöåíêà ñíèçó â (4) ïðè

a = 1 ïðåâðàòèëàñü áû â ðàâåíñòâî. Ýòî îçíà÷àåò, ÷òî ôóíêöèþ g(x, a)
(ïðè âñåõ a ∈ (0, 1) è x ∈ (0, π]) íåëüçÿ îöåíèòü ñíèçó ÷åðåç g0(x, a)−kx,
ãäå k � êàêîå-ëèáî ÷èñëî èç èíòåðâàëà (0, 1/2). Â òîì æå ñìûñëå íåóëó÷-
øàåìà è îöåíêà ñâåðõó â (4).

Çàìå÷àíèå 2. Êîíñòàíòó
ζ(3)

4π3
â ëåâîì íåðàâåíñòâå (3) óâåëè÷èòü

íåëüçÿ: ïîñëå å¼ çàìåíû á�îëüøèì ÷èñëîì íåðàâåíñòâî ïðè äîñòàòî÷íî
áëèçêèõ ê íóëþ a è x ïåðåñòàëî áû âûïîëíÿòüñÿ. ×òî æå êàñàåòñÿ ïðàâî-
ãî íåðàâåíñòâà, òî â í¼ì íåëüçÿ çàìåíèòü 1/18 íà ÷èñëî, ìåíüøåå 1/24:
òîãäà íåðàâåíñòâî íå áóäåò âûïîëíÿòüñÿ ïðè äîñòàòî÷íî ìàëûõ x è a,
áëèçêèõ ê 1. Â äåéñòâèòåëüíîñòè, ìû âûâåëè áîëåå ñèëüíîå, íî áîëåå
ãðîìîçäêîå íåðàâåíñòâî

f(x, a) < f0(x, a) +
x2

24

(
1− x2

4π2

)−1

sin
πa

2
, 0 < a < 1, 0 < x ⩽ π,
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â êîòîðîì íåëüçÿ óìåíüøèòü ïîñòîÿííóþ 1/24, íî, âîçìîæíî, óäàñòñÿ
óìåíüøèòü ìíîæèòåëü

(
1− x2

4π2

)−1
.

Äîêàçàòåëüñòâî îñíîâàíî íà ðàçëîæåíèè â ðÿä

La(z)− Γ(1− a)

(
ln

1

z

)a−1

=
∞∑
n=0

ζ(a− n)

n!
(ln z)n, (5)

ãäå La (ïîëèëîãàðèôì) � àíàëèòè÷åñêîå ïðîäîëæåíèå ñóììû ñòåïåííî-

ãî ðÿäà
∞∑
k=1

k−azk èç êðóãà |z| < 1 â C \ [1,+∞). Ïîä ln z ïîíèìàåòñÿ

ln(reiφ) = ln r + iφ, è â ðàçëîæåíèè (5) ïðåäïîëàãàåòñÿ, ÷òî z = reiφ ëå-
æèò íà ðèìàíîâîé ïîâåðõíîñòè {0 < r < +∞,−2π < φ < 2π}. Ðÿä â (5)
ñõîäèòñÿ â îáëàñòè | ln z| < 2π, ëåæàùåé íà ýòîì ìíîãîîáðàçèè. Ïîñëå
âû÷èòàíèÿ èç La(z) ôóíêöèè Γ(1−a)

(
ln 1

z

)a−1
îñîáåííîñòü â òî÷êå z = 1

(ïðè a ∈ (0, 1) îíà ÿâëÿåòñÿ òî÷êîé âåòâëåíèÿ êàê ó ñòåïåííîé ôóíê-
öèè wp â òî÷êå w = 0) �ñòèðàåòñÿ�. Ðàçëîæåíèå (5) íàéäåíî äîâîëüíî
äàâíî (ñì., íàïðèìåð, [3] è [2, 1.11 (8)]).
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Ëèíåéíûå íåïðåðûâíûå ôóíêöèîíàëû
ïðîñòðàíñòâ Ïðèâàëîâà1

Å. Ã. Ðîäèêîâà (Áðÿíñê, Ðîññèÿ)
evheny@yandex.ru

Â ðàáîòå ïîëó÷åíî äèñêðåòíîå îïèñàíèå ëèíåéíûõ íåïðåðûâíûõ ôóíêöèîíàëîâ
ïðîñòðàíñòâ È.È. Ïðèâàëîâà.

Êëþ÷åâûå ñëîâà: êëàññ Ïðèâàëîâà, ïëîñêèé êëàññ Ïðèâàëîâà, ëèíåéíûå íåïðå-
ðûâíûå ôóíêöèîíàëû.

Continuous linear functionals on the Privalov
spaces1

E. G. Rodikova (Bryansk, Russia)
evheny@yandex.ru

The description of continuous linear functionals of the Privalov spaces in a disk is
obtained in this paper.

Keywords: Privalov spaces, Privalov classes by area, linear continuous functionals.

Ïóñòü C - êîìïëåêñíàÿ ïëîñêîñòü, D - åäèíè÷íûé êðóã íà C, H(D)
- ìíîæåñòâî âñåõ ôóíêöèé, àíàëèòè÷åñêèõ â D. Ïðè âñåõ 0 < q < +∞
îïðåäåëèì êëàññ È.È. Ïðèâàëîâà:

Πq =

{
f ∈ H(D) : sup

0<r<1

1

2π

� π

−π

(
ln+ |f(reiθ)|

)q
dθ < +∞

}
,

ãäå ln+ |a| = max(ln |a|, 0), ∀a ∈ C.
Îòìåòèì, ÷òî êëàññû Πq âïåðâûå áûëè ðàññìîòðåíû È. È. Ïðèâà-

ëîâûì â [3]. Ïðè q = 1 îíè ñîâïàäàþò ñ õîðîøî èçâåñòíûì êëàññîì
Ð. Íåâàíëèííû (ñì. [2]).

Ïðè âñåõ 0 < q < +∞ ââåäåì òàêæå â ðàññìîòðåíèå êëàññ

Π̃q =

f ∈ H(D) :

1�

0

π�

−π

(
ln+ |f(reiθ)|

)q
dθdr < +∞

 .

Áóäåì íàçûâàòü åãî ïëîñêèì êëàññîì È. È. Ïðèâàëîâà èëè êëàññîì
È. È. Ïðèâàëîâà ïî ïëîùàäè. Ïðè q = 1 ïëîñêèé êëàññ Ïðèâàëîâà ñîâ-
ïàäàåò ñ õîðîøî èçâåñòíûì ïëîñêèì êëàññîì Ð. Íåâàíëèííû, âõîäÿùèì
â øêàëó êëàññîâ Íåâàíëèííû-Äæðáàøÿíà.

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Â äàííîé ðàáîòå ïîëó÷åíî îïèñàíèå ìíîæåñòâà íåïðåðûâíûõ ëèíåé-
íûõ ôóíêöèîíàëîâ íà ïðîñòðàíñòâàõ Πq (0 < q < 1), Π̃q (q > 0). Îò-
ìåòèì, ÷òî âîïðîñû îïèñàíèÿ ëèíåéíûõ ôóíêöèîíàëîâ íà ðàçëè÷íûõ
ïðîñòðàíñòâàõ àíàëèòè÷åñêèõ ôóíêöèé èññëåäîâàëèñü â ðàáîòàõ À. Òåé-
ëîðà [7] - íà ïðîñòðàíñòâàõ Õàðäè Hp (p > 1), Ï. Äþðåíà, Á. Ðîìáåðãà è
À. Øèëäñà [5] - íà ïðîñòðàíñòâàõ Õàðäè Hp (0 < p < 1), Í. ßíàãèàðà [8]
- íà ïðîñòðàíñòâàõ Ñìèðíîâà, Ð. Ìåøòðîâè÷à è À.Â. Ñóááîòèíà [1] - íà
ïðîñòðàíñòâàõ Πq (q > 1). Äëÿ äîêàçàòåëüñòâà îñíîâíûõ ðåçóëüòàòîâ ìû
èñïîëüçóåì ìåòîäû ðàáîò [8], [1]. Ñóòü ìåòîäà çàêëþ÷àåòñÿ â ñëåäóþùåì:
âîïðîñ î íàõîæäåíèè îáùåãî âèäà ëèíåéíîãî ôóíêöèîíàëà íà íåêîòîðîì
ïðîñòðàíñòâå àíàëèòè÷åñêèõ â êðóãå X ôóíêöèé ñâîäèòñÿ ê îòûñêàíèþ
âèäà ïðîèçâîëüíîãî êîýôôèöèåíòíîãî ìóëüòèïëèêàòîðà, äåéñòâóþùåãî
èç êëàññà X â êëàññ îãðàíè÷åííûõ àíàëèòè÷åñêèõ ôóíêöèé H∞.

Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå:
Òåîðåìà 1. Ëþáîé íåïðåðûâíûé ëèíåéíûé ôóíêöèîíàë Φ íàä ïðî-

ñòðàíñòâîì Ïðèâàëîâà Πq (0 < q < 1) îïðåäåëÿåòñÿ ôîðìóëîé

Φ(f) =
+∞∑
k=0

akbk, (1)

ãäå ÷èñëà {bk} ñ óñëîâèåì

bk = O
(
exp

(
−c · k

1
1+q

))
, k → +∞, c > 0, (2)

ÿâëÿþòñÿ êîýôôèöèåíòàìè Òåéëîðà íåêîòîðîé àíàëèòè÷åñêîé ôóíê-
öèè â D, {ak} � êîýôôèöèåíòû Òåéëîðà ôóíêöèè f ∈ Πq (0 < q < 1).
Ïðè ýòîì ðÿä â ïðàâîé ÷àñòè (1) àáñîëþòíî ñõîäèòñÿ.

Îáðàòíî, êàæäàÿ ïîñëåäîâàòåëüíîñòü {bk} ñ óñëîâèåì (2) îïðåäåëÿ-
åò ïî ôîðìóëå (1) ëèíåéíûé íåïðåðûâíûé ôóíêöèîíàë Φ íàä ïðîñòðàí-
ñòâîì Ïðèâàëîâà Πq (0 < q < 1).

Òåîðåìà 2. Ëþáîé íåïðåðûâíûé ëèíåéíûé ôóíêöèîíàë Φ íàä ïëîñ-
êèì êëàññîì Ïðèâàëîâà Π̃q (q > 0) îïðåäåëÿåòñÿ ôîðìóëîé

Φ(f) =
+∞∑
k=0

akbk, (3)

ãäå ÷èñëà {bk} ñ óñëîâèåì

bk = O
(
exp

(
−c · k

2
2+q

))
, k → +∞, c > 0, (4)

ÿâëÿþòñÿ êîýôôèöèåíòàìè Òåéëîðà íåêîòîðîé àíàëèòè÷åñêîé ôóíê-
öèè â D, {ak} � êîýôôèöèåíòû Òåéëîðà ôóíêöèè f ∈ Π̃q. Ïðè ýòîì
ðÿä â ïðàâîé ÷àñòè (3) àáñîëþòíî ñõîäèòñÿ.
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Îáðàòíî, êàæäàÿ ïîñëåäîâàòåëüíîñòü {bk} ñ óñëîâèåì (4) îïðåäåëÿ-
åò ïî ôîðìóëå (3) ëèíåéíûé íåïðåðûâíûé ôóíêöèîíàë Φ íàä ïëîñêèì
êëàññîì Ïðèâàëîâà Π̃q (q > 0).

Ïðè äîêàçàòåëüñòâå òåîðåìû 1 èñïîëüçîâàëîñü îïèñàíèå êîýôôèöè-
åíòíûõ ìóëüòèïëèêàòîðîâ èç ïðîñòðàíñòâà È.È. Ïðèâàëîâà, ïîëó÷åííîå
â ðàáîòå [6], à ïðè äîêàçàòåëüñòâå òåîðåìû 2 - îïèñàíèå êîýôôèöèåíòíûõ
ìóëüòèïëèêàòîðîâ èç ïëîñêîãî êëàññà È.È. Ïðèâàëîâà [4].
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ÓÄÊ 517.958

Ðåøåíèå íà÷àëüíî-ãðàíè÷íîé çàäà÷è äëÿ
óðàâíåíèÿ ãèïåðáîëè÷åñêîãî òèïà ñî

ñìåøàííîé ïðîèçâîäíîé1

Â. Ñ. Ðûõëîâ (Ñàðàòîâ, Ðîññèÿ)
rykhlovvs@yamdex.ru

Ðàññìàòðèâàåòñÿ íà÷àëüíî-ãðàíè÷íàÿ çàäà÷à äëÿ íåîäíîðîäíîãî ãèïåðáîëè÷åñêî-
ãî óðàâíåíèÿ âòîðîãî ïîðÿäêà íà êîíå÷íîì îòðåçêå ñ ïîñòîÿííûìè êîýôôèöèåí-
òàìè è ñìåøàííîé ïðîèçâîäíîé. Ðàññìàòðèâàåòñÿ ñëó÷àé çàêðåïëåííûõ êîíöîâ.
Ïðåäïîëàãàåòñÿ, ÷òî êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ ïðîñòûå è ëåæàò íà
âåùåñòâåííîé îñè ïî ðàçíûå ñòîðîíû îò íà÷àëà êîîðäèíàò. Îïðåäåëÿþòñÿ êëàñ-
ñè÷åñêàÿ è îáîùåííàÿ ïîñòàíîâêè íà÷àëüíî-ãðàíè÷íûõ çàäà÷. Ôîðìóëèðóþòñÿ
òåîðåìû åäèíñòâåííîñòè ðåøåíèÿ è ñóùåñòâîâàíèè ðåøåíèé äëÿ äâóõ ÷àñòíûõ
ñëó÷àåâ. Äàþòñÿ ôîðìóëû äëÿ ðåøåíèé â ýòèõ ÷àñòíûõ ñëó÷àÿõ.

Êëþ÷åâûå ñëîâà: ãèïåðáîëè÷åñêîå óðàâíåíèå, âòîðîé ïîðÿäîê, íà÷àëüíî-
ãðàíè÷íàÿ çàäà÷à, îáîùåííàÿ íà÷àëüíî-ãðàíè÷íàÿ çàäà÷à, êîíå÷íûé îòðåçîê,
ñìåøàííàÿ ïðîèçâîäíàÿ â óðàâíåíèè, ïîñòîÿííûå êîýôôèöèåíòû, çàêðåïëåííûå
êîíöû, ñóùåñòâîâàíèå ðåøåíèÿ, åäèíñòâåííîñòü ðåøåíèÿ, ôîðìóëà äëÿ ðåøåíèÿ,
ðàñõîäÿùèåñÿ ðÿäû.

The solution of the initial boundary value
problem for a hyperbolic equation with a

mixed derivative1
V. S. Rykhlov (Saratov, Russia)

rykhlovvs@yandex.ru

An initial boundary value problem for a second-order inhomogeneous hyperbolic
equation with constant coe�cients and a mixed partial derivative is considered. The
case of �xed ends is considered. It is assumed that the roots of the characteristic
equation are simple and lie on the real axis on di�erent sides of the origin. Classical and
generalized statements of initial boundary value problems are determined. Theorems
of the uniqueness of the solution and the existence of the solutions for two special
cases are formulated. Formulas of the solutions for these special cases are given.

Keywords: hyperbolic equation, second order, initial boundary value problem,
generalized initial boundary value problem, �nite segment, mixed derivative in the
equation, constant coe�cients, �xed ends, existence of the solution, uniqueness of the
solution, formula for the solution, divergent series.

Ââåäåíèå

Ðàññìîòðèì íà÷àëüíî-ãðàíè÷íóþ çàäà÷ó

∂2u

∂x2
+ p1

∂2u

∂x∂t
+ p2

∂2u

∂t2
= f(x, t), x ∈ [0, 1], t ∈ [0,+∞), (1)

u(0, t) = 0, u(1, t) = 0, (2)

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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u(x, 0) = φ(x),
∂u(x, 0)

∂t
= ψ(x), (3)

ãäå âñå ôóíêöèè, âõîäÿùèå â (1)�(3), êîìïëåêñíîçíà÷íûå è pj ∈ R, φ, ψ ∈
L1[0, 1], f(x, t) ∈ L1(QT ), QT = [0, 1]× [0, T ] ïðè ëþáîì T > 0.

Ðàññìàòðèâàåòñÿ ñëó÷àé ãèïåðáîëè÷åñêîãî óðàâíåíèÿ (1), òî åñòü âû-
ïîëíÿåòñÿ óñëîâèå p21−4p2 > 0. Â ýòîì ñëó÷àå êîðíè ω1, ω2 õàðàêòåðèñòè-
÷åñêîãî ìíîãî÷ëåíà âåùåñòâåííû. Ïðåäïîëîæèì, ÷òî îíè óäîâëåòâîðÿþò
íåðàâåíñòâàì

ω1 < 0 < ω2. (4)

Ïðè ðàññìîòðåíèè ýòîé çàäà÷è èñïîëüçóþòñÿ ìåòîä èç ñòàòüè [1]. Â
ýòîé æå ñòàòüå äàåòñÿ èñòîðèÿ âîïðîñà.

Àíàëîãè÷íî [1] ïîä êëàññè÷åñêèì ðåøåíèåì (èëè êëàññè÷åñêèì ðå-
øåíèåì ïî÷òè âñþäó (ï.â.), èëè áîëåå êðàòêî ðåøåíèåì ï.â.) ïîíèìà-
åòñÿ ôóíêöèÿ u(x, t), êîòîðàÿ íåïðåðûâíà âìåñòå ñ ux(x, t) è ut(x, t) è
ïðè ýòîì ux(x, t) è ut(x, t)) àáñîëþòíî íåïðåðûâíû ïî x è t, ïðè÷åì
uxt(x, t) = utx(x, t) (â ñëó÷àå êîãäà uxt(x, t) è utx(x, t) íå ÿâëÿþòñÿ íåïðå-
ðûâíûìè ôóíêöèÿìè, ýòî ðàâåíñòâî ìîæåò íå âûïîëíÿòüñÿ íà ìíîæå-
ñòâå ïîëîæèòåëüíîé ìåðû [2]), óäîâëåòâîðÿþùàÿ óñëîâèÿì (2)�(3) è ï.â.
óðàâíåíèþ (1).

Â ñëó÷àå êëàññè÷åñêîãî ðåøåíèÿ çàäà÷è (1)�(3) íåîáõîäèìî äîëæíû
âûïîëíÿòüñÿ óñëîâèÿ ãëàäêîñòè: φ(x), φ′(x), ψ(x) àáñîëþòíî íåïðåðûâ-
íû è óñëîâèÿ ñîãëàñîâàíèÿ: φ(0) = φ(1) = ψ(0) = ψ(1) = 0.

Åäèíñòâåííîñòü êëàññè÷åñêîãî ðåøåíèÿ

Îáîçíà÷èì ÷åðåç L(λ) îïåðàòîð-ôóíêöèþ (î.ô.), ïîðîæäåííóþ äèôôå-
ðåíöèàëüíûì âûðàæåíèåì

ℓ(y, λ) := y′′ + λp1y
′ + λ2p2y,

è êðàåâûìè óñëîâèÿìè
y(0) = y(1) = 0.

Ïóñòü Rλ åñòü ðåçîëüâåíòà ýòîé î.ô., G(x, ξ, λ) � ôóíêöèÿ Ãðèíà, à
R1λ åñòü èíòåãðàëüíûé îïåðàòîð ñ ÿäðîì Gξ(x, ξ, λ).

Ñîáñòâåííûå çíà÷åíèÿ L(λ), î÷åâèäíî, ïðîñòûå è âûðàæàþòñÿ ïî
ôîðìóëàì

λ =
2kπi

ω2 − ω1
, k = ±1,±2, . . . .

Îáîçíà÷èì ÷åðåç γk îêðóæíîñòè {λ : |λ − λk| = δ}, ãäå δ > 0 è
íàñòîëüêî ìàëî, ÷òî âíóòðè γk íàõîäèòñÿ ïî îäíîìó ñ.ç.
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Òåîðåìà 1. Ïóñòü u(x, t) � êëàññè÷åñêîå ðåøåíèå çàäà÷è (1)�(3) ñ
äîïîëíèòåëüíûì óñëîâèåì (4). Åñëè utt ∈ L1(QT ) ïðè ëþáîì T > 0, òî
îíî åäèíñòâåííî è íàõîäèòñÿ ïî ôîðìóëå

u(x, t) =
1

2πi

∑
k

�

γk

( t�

0

eλ(t−τ)Rλf(·, τ) dτ−

−p1eλtR1λφ+ p2e
λtλRλφ+ p2e

λtRλψ

)
dλ,

(5)

â êîòîðîé ðÿä ñïðàâà ñõîäèòñÿ ðàâíîìåðíî ïî x ∈ [0, 1] ïðè ëþáîì ôèê-
ñèðîâàííîì t > 0.

Òåîðåìà 1 ãîâîðèò î òîì, ÷òî ôîðìàëüíûé ðÿä (5) è íà÷àëüíî-
ãðàíè÷íàÿ çàäà÷à (1)�(3) òåñíî ñâÿçàíû. Àíàëîãè÷íî [1] ðàñøèðèì ïî-
íÿòèå ýòîé ñâÿçè.

Ðÿä ñïðàâà â ôîðìóëå (5) èìååò ñìûñë äëÿ ëþáûõ èíòåãðèðóåìûõ
íà [0,1] ôóíêöèé φ(x), ψ(x) è ôóíêöèè f(x, t) ∈ L1(QT ) ïðè ëþáîì
T > 0, õîòÿ îí ìîæåò áûòü è ðàñõîäÿùèìñÿ. Â ýòîì ñëó÷àå åñòåñòâåí-
íî ãîâîðèòü, ÷òî (5) òàêæå ÿâëÿåòñÿ ôîðìàëüíûì ðåøåíèåì íà÷àëüíî-
ãðàíè÷íîé çàäà÷è (1)�(3), ïîíèìàåìîé ÷èñòî ôîðìàëüíî. Òàê æå, êàê è
â [1], áóäåì íàçûâàòü åå îáîáùåííîé íà÷àëüíî-ãðàíè÷íîé çàäà÷åé.

Ñóùåñòâîâàíèå ðåøåíèé â äâóõ ÷àñòíûõ ñëó÷àÿõ

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ äëÿ ôóíêöèè f(x) ∈ L1[0, 1]:

f ∗(ξ) =

{
0, ξ ∈

[
0, ω2

ω2−ω1

]
,

f
(
ω2−ω1

ω1
(ξ − 1)

)
, ξ ∈

[
ω2

ω2−ω1
, 1
]
;

f∗(ξ) =

{
f
(
ω2−ω1

ω2
ξ
)
, ξ ∈

[
0, ω2

ω2−ω1

]
,

0, ξ ∈
[

ω2

ω2−ω1
, 1
]
.

×åðåç f̃(x) áóäåì îáîçíà÷àòü 1-ïåðèîäè÷åñêîå ïðîäîëæåíèå ôóíêöèè
f(x), x ∈ [0, 1], òî åñòü f̃(x) := f({x}), x ∈ R, ãäå {·} îáîçíà÷àåò äðîáíóþ
÷àñòü x.

Èñïîëüçóÿ ïîíÿòèå ðàñõîäÿùåãîñÿ ðÿäà â ïîíèìàíèè Ýéëåðà [3,4],
ôîðìàëüíîìó ðÿäó (5) â ñëó÷àå ψ(x) ≡ 0, f(x, t) ≡ 0 íàçíà÷àåì ñëåäóþ-
ùóþ ñóììó

u1(x, t) =
ω1

ω2 − ω1

(
φ̃∗
( t+ ω2x

ω2 − ω1

)
− φ̃∗

( t+ ω1x

ω2 − ω1

))
+

+
ω2

ω2 − ω1

(
φ̃∗

( t+ ω2x

ω2 − ω1

)
− φ̃∗

( t+ ω1x

ω2 − ω1

))
.

(6)
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Ïî îïðåäåëåíèþ ñ÷èòàåì, ÷òî (6) åñòü ðåøåíèå îáîùåííîé ñìåøàííîé
çàäà÷è (1)�(3) â ñëó÷àå ψ(x) ≡ 0, f(x, t) ≡ 0.

Îñíîâàíèåì ïðàâèëüíîñòè òàêîãî îïðåäåëåíèÿ ñëóæèò
Òåîðåìà 2. Ïóñòü âûïîëíÿåòñÿ óñëîâèå (4), ôóíêöèè φ(x) è φ′(x)

àáñîëþòíî íåïðåðûâíû, φ′′(x) ∈ L1[0, 1] è φ(0) = φ(1) = 0. Òîãäà ôóíê-
öèÿ u1(x, t) èç (6) ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì çàäà÷è (1)�(3) â
ñëó÷àå ψ(x) ≡ 0, f(x, t) ≡ 0.

Îáîçíà÷èì

Ψ(x) =

x�

0

ψ(ξ) dξ.

Îïÿòü, èñïîëüçóÿ ïîíÿòèå ðàñõîäÿùåãîñÿ ðÿäà â ïîíèìàíèè Ýéëåðà
[3,4], ôîðìàëüíîìó ðÿäó (5) â ñëó÷àå φ(x) ≡ 0, f(x, t) ≡ 0 íàçíà÷àåì
ñëåäóþùóþ ñóììó

u2(x, t) = − p2
ω2 − ω1

(
Ψ̃∗
( t+ ω2x

ω2 − ω1

)
− Ψ̃∗

( t+ ω1x

ω2 − ω1

)
+

+Ψ̃∗

( t+ ω2x

ω2 − ω1

)
− Ψ̃∗

( t+ ω1x

ω2 − ω1

))
.

(7)

Ïî îïðåäåëåíèþ ñ÷èòàåì, ÷òî (7) åñòü ðåøåíèå îáîùåííîé ñìåøàííîé
çàäà÷è (1)�(3) â ñëó÷àå φ(x) ≡ 0, f(x, t) ≡ 0.

Îñíîâàíèåì ïðàâèëüíîñòè òàêîãî îïðåäåëåíèÿ ñëóæèò
Òåîðåìà 3. Ïóñòü âûïîëíÿåòñÿ óñëîâèå (4), ôóíêöèÿ ψ(x) àáñî-

ëþòíî íåïðåðûâíà, ψ′(x) ∈ L1[0, 1] è ψ(0) = ψ(1) = 0. Òîãäà ôóíêöèÿ
u2(x, t) èç (7) ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì çàäà÷è (1)�(3) â ñëó÷àå
φ(x) ≡ 0, f(x, t) ≡ 0.
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ÓÄÊ 517.9

Îöåíêà íàèìåíüøåãî óêëîíåíèÿ
äëÿ ïåðèîäè÷åñêèõ ôóíêöèé â ìåòðèêå

Õàóñäîðôà1

Å. Õ. Ñàäåêîâà (Ìîñêâà, Ðîññèÿ)
EKSadekova@mephi.ru

Íà âåùåñòâåííîé îñè ðàññìàòðèâàåòñÿ êëàññ ìíîãîçíà÷íûõ 2π�ïåðèîäè÷åñêèõ
îãðàíè÷åííûõ ôóíêöèé. Èññëåäóåòñÿ çàäà÷à î ïðèáëèæåíèè â õàóñäîðôîâîé
ìåòðèêå ôóíêöèé èç ýòîãî êëàññà òðèãîíîìåòðè÷åñêèìè ïîëèíîìàìè. Ïîëó÷å-
íà îöåíêà ñâåðõó äëÿ âåëè÷èíû íàèìåíüøåãî óêëîíåíèÿ â òåðìèíàõ êîëåáàíèÿ
ôóíêöèè. Îñíîâíîé ðåçóëüòàò ðàáîòû ïðîèëëþñòðèðîâàí íà äâóõ ìîäåëüíûõ
ïðèìåðàõ � ôóíêöèÿõ òî÷å÷íîãî âñïëåñêà è òî÷å÷íîãî êîëåáàíèÿ.

Êëþ÷åâûå ñëîâà: ïåðèîäè÷åñêàÿ ôóíêöèÿ, ìåòðèêà Õàóñäîðôà, òðèãîíîìåòðè÷å-
ñêèå ïîëèíîìû, íàèìåíüøåå óêëîíåíèå, òî÷å÷íûé âñïëåñê, òî÷å÷íîå êîëåáàíèå.

The estimation of the least deviation for
periodic functions in the Hausdor� metric1

E. H. Sadekova (Moscow, Russia)
EKSadekova@mephi.ru

The class of multivalued 2π�periodic bounded functions is considered on the real axis.
The problem of approximation in the Hausdor� metric of functions from this class by
trigonometric polynomials is investigated. An upper bound is obtained for the value
of the least deviation in terms of the �uctuation of the function. The main result of
the paper is illustrated by two model examples � the functions of a point splash and
a point oscillation.

Keywords: periodic function, Hausdor� metric, trigonometric polynomials, least
deviation, point splash function, point oscillation function.

Ðàññìîòðèì ìåòðè÷åñêîå ïðîñòðàíñòâî òî÷åê íà ïëîñêîñòè ñ ðàññòî-
ÿíèåì Ìèíêîâñêîãî

ρ ((x1, y1), (x2, y2)) = max {|x1 − x2|, |y1 − y2|} .

Ïóñòü A è B � çàìêíóòûå ìíîæåñòâà íà ïëîñêîñòè. Õàóñäîðôîâûì ðàñ-
ñòîÿíèåì ìåæäó ìíîæåñòâàìè A è B íàçûâàåòñÿ âåëè÷èíà

H(A,B) = inf {ε ⩾ 0 : A ⊂ Uε(B), B ⊂ Uε(A)} ,

ãäå Uε(X) = {(x, y) : ρ ((x, y) , X) ⩽ ε} � ¾ε-îêðåñòíîñòü¿ ìíîæåñòâà X
íà ïëîñêîñòè îòíîñèòåëüíî ðàññòîÿíèÿ ρ.

Ïóñòü M � êëàññ 2π�ïåðèîäè÷åñêèõ îãðàíè÷åííûõ (âîîáùå ãîâî-
ðÿ, ìíîãîçíà÷íûõ) ôóíêöèé. Õàóñäîðôîâûì ðàññòîÿíèåìH(f, g) ìåæäó

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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äâóìÿ îãðàíè÷åííûìè ôóíêöèÿìè f(x) è g(x) èçM íàçûâàåòñÿ õàóñäîð-
ôîâî ðàññòîÿíèå ìåæäó èõ äîïîëíåííûìè ãðàôèêàìè, ò. å.

H(f, g) = H (F (f), F (g)) ,

ãäå F (f) � äîïîëíåííûé ãðàôèê ôóíêöèè y = f(x). Ïîä äîïîëíåííûì
ãðàôèêîì F (f) òàêîé ôóíêöèè f áóäåì ïîíèìàòü íàèìåíüøåå çàìêíó-
òîå ìíîæåñòâî ïëîñêîñòè, ñîäåðæàùåå ãðàôèê ýòîé ôóíêöèè è âìåñòå
ñ êàæäîé ïàðîé òî÷åê (x1, y1) è (x1, y2) ñîäåðæàùåå âåðòèêàëüíûé îòðå-
çîê ñ êîíöàìè â ýòèõ òî÷êàõ.

Äëÿ îãðàíè÷åííîé 2π�ïåðèîäè÷åñêîé ôóíêöèè íàèìåíüøåå óêëîíå-
íèå îò òðèãîíîìåòðè÷åñêèõ ïîëèíîìîâ Tn ïîðÿäêà íå âûøå n â ñìûñëå
õàóñäîðôîâà ðàññòîÿíèÿ îáîçíà÷èì ñèìâîëîì

HET
n (f) = inf

Tn
{H(f, Tn)} .

Ïóñòü Ω(f) � êîëåáàíèå ôóíêöèè f èç M, ò. å. âåëè÷èíà

Ω(f) = sup
x∈[0,2π]

f(x)− inf
x∈[0,2π]

f(x).

Íàø ïåðâûé ðåçóëüòàò ñîñòîèò â ñëåäóþùåì.
Òåîðåìà 1. Äëÿ ëþáîé ôóíêöèè f ∈ M, δ�îêðåñòíîñòü äîïîëíåí-

íîãî ãðàôèêà êîòîðîé ñîäåðæèò ãðàôèê íåêîòîðîãî òðèãîíîìåòðè÷å-
ñêîãî ïîëèíîìà, ïðè âñåõ n > n0(f) ñïðàâåäëèâà îöåíêà

HET
n (f) <

1

n
log
(
e4 nΩ(f)

)
.

Â ðàáîòå [1] Áë.X. Ñåíäîâ è Â.À. Ïîïîâ óñòàíîâèëè, ÷òî äëÿ ëþáîé
ôóíêöèè f ∈ M âûïîëíÿåòñÿ íåðàâåíñòâî

HEn(f) ⩽
(
1 + αn(f)

) log n

n
,

ãäå αn(f) → 0 ïðè n→ ∞, ïðè÷¼ì ìíîæèòåëü 1 + αn(f) íåëüçÿ çàìåíèòü
íà ìíîæèòåëü C + αn(f) ñ êîíñòàíòîé C < 1.

Äëÿ M > 0 îïðåäåëèì ôóíêöèþ òî÷å÷íîãî âñïëåñêà

δM(x) =

{
[0,M ], x ∈ 2πZ,
0, x /∈ 2πZ.

Êàê ïîêàçàíî â [2], ïðè äîñòàòî÷íî áîëüøèõ n äëÿ íàèìåíüøèõ óêëîíå-
íèé HEn(δM) âåðíà îöåíêà

HEn(δM) >
1

n

(
log
(
2Mn

)
− log log n

)
,
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êîòîðàÿ äåìîíñòðèðóåò òî÷íîñòü òåîðåìû 1.
Ðàññìîòðèì òåïåðü ôóíêöèþ òî÷å÷íîãî êîëåáàíèÿ, îïðåäåëÿåìóþ ïî

ôîðìóëå

χM(x) =

{
[−M,M ], x ∈ 2πZ,
0, x /∈ 2πZ.

Äëÿ ýòîãî ñïåöèàëüíîãî ïðèìåðà ïîëó÷åíî ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà 2. Ïðè êàæäîì çíà÷åíèè M > 0 ñïðàâåäëèâà àñèìïòîòè-

÷åñêàÿ ôîðìóëà

HEn(χM) =
1

n

(
log
(
4M

√
e n
)
− 1

2
log log n

)
+ o

(
1

n

)
, n→ ∞.
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ÓÄÊ 517.5

Ñâîéñòâà ÷àñòíûõ ìîäóëåé ãëàäêîñòè
ôóíêöèé ñ ëàêóíàðíûìè êîýôôèöèåíòàìè

Ôóðüå1
Á. Â. Ñèìîíîâ, È. Ý. Ñèìîíîâà, Ë. Â. Ñàìîôàëîâà,

Â. Ï. Ìèøòà (Âîëãîãðàä, Ðîññèÿ)
dvr@vstu.ru

Â äàííîé ðàáîòå óòî÷íÿþòñÿ íåêîòîðûå ñâîéñòâà ÷àñòíûõ ìîäóëåé ãëàäêîñòè
ôóíêöèé ñ ëàêóíàðíûìè êîýôôèöèåíòàìè Ôóðüå â ïðîñòðàíñòâàõ Ëåáåãà ñî ñìå-
øàííîé íîðìîé.

Êëþ÷åâûå ñëîâà: ÷àñòíûé ìîäóëü ãëàäêîñòè, ëàêóíàðíûå êîýôôèöèåíòû Ôóðüå,
ñìåøàííàÿ íîðìà.

Properties of partial moduli of smoothness of
functions with lacunary Fourier coe�cients1
B. V. Simonov, I. E. Simonova, L. V. Samofalova, V. P. Mishta

(Volgograd, Russia)
dvr@vstu.ru

In this paper certain properties for the partial moduli of smoothness of functions with
lacunary Fourier coe�cients in the Lebesgue space with the mixed norm are re�ned.

Keywords: partial modulus of smoothness, lacunary Fourier coe�cients, mixed norm.

Äëÿ ôóíêöèé îäíîãî ïåðåìåííîãî Â.È. Êîëÿäà [1] äîêàçàë íåðàâåí-
ñòâî, óòî÷íÿþùåå èçâåñòíîå íåðàâåíñòâî Ï.Ë. Óëüÿíîâà [2, 3]. Â äàííîé
ðàáîòå ïîëó÷åíî àíàëîãè÷íîå íåðàâåíñòâî äëÿ ÷àñòíûõ ìîäóëåé ãëàäêî-
ñòè äëÿ ôóíêöèé ñ ëàêóíàðíûìè êîýôôèöèåíòàìè Ôóðüå â ïðîñòðàí-
ñòâàõ Ëåáåãà ñî ñìåøàííîé íîðìîé. Ñâîéñòâà ÷àñòíûõ ìîäóëåé ãëàäêî-
ñòè èçó÷àëèñü â ðÿäå ðàáîò (ñì., íàïðèìåð, [4] - [7]).

Îáîçíà÷èì ÷åðåç
− Lp1p2, 1 < pi < ∞, i = 1, 2 − ìíîæåñòâî èçìåðèìûõ ôóíêöèé äâóõ

ïåðåìåííûõ f(x1, x2), 2π - ïåðèîäè÷åñêèõ ïî êàæäîìó ïåðåìåííîìó, äëÿ
êîòîðûõ

||f ||p1p2 =

( 2π�

0

( 2π�

0

|f(x1, x2)|p1dx1

)p2
p1

dx2

) 1
p2

<∞;

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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− L0
p1p2

� ìíîæåñòâî ôóíêöèé f ∈ Lp1p2 òàêèõ, ÷òî
2π�
0

f(x1, x2)dx2 = 0;

äëÿ ïî÷òè âñåõ x1 è
2π�
0

f(x1, x2)dx1 = 0; äëÿ ïî÷òè âñåõ x2;

− Sm1,∞(f), S∞,m2
(f), Sm1,m2

(f) � ÷àñòè÷íûå ñóììû ðÿäà Ôóðüå
ôóíêöèè f(x1, x2), ò.å.

Sm1,∞(f) = 1
π

2π�
0

f(x1 + t1, x2)Dm1
(t1)dt1, S∞,m2

(f) = 1
π

2π�
0

f(x1, x2 + t2)×

×Dm2
(t2)dt2, Sm1,m2

(f) = 1
π2

2π�
0

2π�
0

f(x1 + t1, x2 + t2)Dm1
(t1)Dm2

(t2)dt1dt2

(mi = 0, 1, 2, ..., i = 1, 2), ãäå Dm(t) =
sin (m+ 1

2 )t

2 sin t
2

(m = 0, 1, 2...) − ÿäðî
Äèðèõëå;

− f (ρ1,ρ2) � ïðîèçâîäíóþ â ñìûñëå Âåéëÿ ôóíêöèè f(x1, x2) ïîðÿäêà
ρ1(ρ1 ≥ 0) ïî ïåðåìåííîé x1 è ïîðÿäêà ρ2(ρ2 ≥ 0) ïî ïåðåìåííîé x2 ([8],
ãë. III, ñòð. 238 ),

− Em1∞(f)p1p2 � ÷àñòíîå íàèëó÷øåå ïðèáëèæåíèå ôóíêöèè f ∈ Lp1p2
ïî ïåðåìåííîé x1, ò. å. Em1∞(f)p1p2 = inf

Tm1∞
∥f − Tm1∞∥p1p2, ãäå ôóíêöèè

Tm1∞(x1, x2) ∈ Lp1p2 è ÿâëÿþòñÿ òðèãîíîìåòðè÷åñêèìè ïîëèíîìàìè ïî-
ðÿäêà íå âûøå, ÷åì m1, ïî ïåðåìåííîé x1;

− E∞m2
(f)p1p2 � ÷àñòíîå íàèëó÷øåå ïðèáëèæåíèå ôóíêöèè f ∈ Lp1p2

ïî ïåðåìåííîé x2,, ò. å. E∞m2
(f)p1p2 = inf

T∞m2

∥f − T∞m2
∥p1p2, ãäå ôóíê-

öèè T∞m2
(x1, x2) ∈ Lp1p2 è ÿâëÿþòñÿ òðèãîíîìåòðè÷åñêèìè ïîëèíîìàìè

ïîðÿäêà íå âûøå, ÷åì m2, ïî ïåðåìåííîé x2.
Äëÿ ôóíêöèè f ∈ Lp1p2 îïðåäåëèì ðàçíîñòè ñ øàãàìè h1 è h2

ïîëîæèòåëüíûõ ïîðÿäêîâ α1 è α2 ñîîòâåòñòâåííî, ïî ïåðåìåííûì x1 è
x2, ñëåäóþùèì îáðàçîì:

∆α1

h1
(f) =

∞∑
ν1=0

(−1)ν1
(
α1
ν1

)
f(x1 + (α1 − ν1)h1, x2), ∆α2

h2
(f) =

∞∑
ν2=0

(−1)ν2
(
α2
ν2

)
f(x1, x2 + (α2 − ν2)h2), ãäå (αν ) = 1 äëÿ ν = 0, (αν ) = α äëÿ

ν = 1, (αν ) =
α(α−1)...(α−ν+1)

ν! äëÿ ν ≥ 2.
Îáîçíà÷èì ÷åðåç
− ωα1,0(f, δ1)p1p2− ÷àñòíûé ìîäóëü ãëàäêîñòè ïîëîæèòåëüíîãî ïîðÿä-

êà α1 ïî ïåðåìåííîé x1, òî åñòü

ωα1,0(f, δ1)p1p2 = sup
|h1|≤δ1

∥∆α1

h1
(f)∥p1p2,

− ω0,α2
(f, δ2)p1p2− ÷àñòíûé ìîäóëü ãëàäêîñòè ïîëîæèòåëüíîãî ïîðÿä-

êà α2 ïî ïåðåìåííîé x2, òî åñòü
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ω0,α2
(f, δ2)p1p2 = sup

|h2|≤δ2
∥∆α2

h2
(f)∥p1p2.

Äëÿ íåîòðèöàòåëüíûõ ôóíêöèîíàëîâ F (f, δ1, δ2) è G(f, δ1, δ2) áó-
äåì ïèñàòü, ÷òî F (f, δ1, δ2) ≪ G(f, δ1, δ2), åñëè ñóùåñòâóåò ïîëî-
æèòåëüíàÿ ïîñòîÿííàÿ C, íå çàâèñÿùàÿ îò f, δ1 è δ2, òàêàÿ, ÷òî
F (f, δ1, δ2) ≤ CG(f, δ1, δ2). Åñëè îäíîâðåìåííî F (f, δ1, δ2) ≪ G(f, δ1, δ2)
è G(f, δ1, δ2) ≪ F (f, δ1, δ2), òî áóäåì ïèñàòü, ÷òî F (f, δ1, δ2) ≍
G(f, δ1, δ2).

Ñêàæåì, ÷òî f ∈ Λp1p2, 1 < pi < ∞, i = 1, 2, åñëè f ∈ L0
p1p2

è èìååò
ðÿä Ôóðüå

∞∑
µ2=0

∞∑
µ1=0

aµ1,µ2
φ1(2

µ1x1)φ2(2
µ2x2),

ãäå φi(t) = cos t èëè φi(t) = sin t, i = 1, 2.
Ñôîðìóëèðóåì îñíîâíûå ðåçóëüòàòû.
Òåîðåìà 1. Ïóñòü f ∈ Λp1p2, 1 < pi < ∞, βi > αi > 0, ni =

0, 1, 2 · · · , δi ∈ (0, 12), i = 1, 2. Òîãäà

ωα1,0

(
f,

1

2n1

)
p1p2

≍ 1

2n1α1

{
n1∑
k1=0

∞∑
k2=0

a2k1k22
2k1α1

} 1
2

+

{ ∞∑
k1=n1+1

∞∑
k2=0

a2k1k2

} 1
2

,

ω0,α2

(
f,

1

2n2

)
p1p2

≍ 1

2n2α2

{ ∞∑
k1=0

n2∑
k2=0

a2k1k22
2k2α2

} 1
2

+

{ ∞∑
k1=0

∞∑
k2=n2+1

a2k1k2

} 1
2

,

ωα1,0

(
f,

1

2n1

)
p1p2

≍ 1

2α1n1

(
n1∑
µ1=0

22α1µ1E2
2µ1−1∞(f)p1p2

) 1
2

,

ω0,α2

(
f,

1

2n2

)
p1p2

≍ 1

2α2n2

(
n2∑
µ1=0

22α2µ2E2
∞,2µ2−1(f)p1p2

) 1
2

,

ωα1,0

(
f,

1

2n1

)
p1p2

≍

( ∞∑
µ1=n1+1

2−2α1µ1∥S(α1,0)
2µ1∞ (f)∥2p1p2

) 1
2

,

ω0,α2

(
f,

1

2n2

)
p1p2

≍

( ∞∑
µ2=n2+1

2−2α2µ2∥S(0,α2)
∞2µ2 (f)∥2p1p2

) 1
2

,
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ωα1,0(f, δ1)p1p2 ≍ δα1
1

 1�

δ1

[
t−α1
1 ωβ1,0(f, t1)p1p2

]2 dt1
t1


1
2

,

ω0,α2
(f, δ2)p1p2 ≍ δα2

2

 1�

δ2

[
t−α2
2 ω0,β2(f, t2)p1p2

]2 dt2
t2


1
2

.

Òåîðåìà 2. Ïóñòü f ∈ Λp1p2, αi > θi, δi ∈ (0, 1), i = 1, 2. Òîãäà
I. ïðè 1 < p1 < q1 <∞, θ1 =

1
p1
− 1

q1
, 1 < p2 <∞

δα1−θ1
1

( 1�

δ1

t
−p1(α1−θ1)
1 ωp1α1,0

(f, t1)q1p2
dt1
t1

) 1
p1

≪

( δ1�

0

t−q1θ11 ωq1α1,0
(f, t1)p1p2

dt1
t1

) 1
q1

,

(1)
II. ïðè 1 < p2 < q2 <∞, θ2 =

1
p2
− 1

q2
, 1 < p1 <∞

δα2−θ2
2

( 1�

δ2

t
−p2(α2−θ2)
2 ωp20,α2

(f, t2)p1q2
dt2
t2

) 1
p2

≪

( δ2�

0

t−q2θ22 ωq20,α2
(f, t2)p1p2

dt2
t2

) 1
q2

.

(2)
Ïðè÷åì â ñîîòíîøåíèÿõ (1) è (2) çíàê ≪ íåëüçÿ çàìåíèòü íà ≍ .

Òåîðåìà 3.
I. Ïóñòü f ∈ Λp1p2, 1 < p1 < q1 < ∞, θ1 = 1

p1
− 1

q1
, 1 < p2 < ∞, α1 >

θ1, n1 = 1, 2, .... Òîãäà

( 2−n1�

0

t−q1θ11 ωq1α1,0
(f, t1)p1p2

dt1
t1

) 1
q1

≍

≍ 2n1(θ1−α1)
( ∞∑
µ2=0

n1∑
µ1=0

a2µ1,µ2
22µ1α1

) 1
2 +

( ∞∑
ν1=n1

2ν1q1θ1
( ∞∑
µ2=0

a2ν1,µ2

) q1
2

) 1
q1 ,

2−n1(α1−θ1)

( 1�

2−n1

t
−p1(α1−θ1)
1 ωp1α1,0

(f, t1)q1p2
dt1
t1

) 1
p1

≍

≍ 2−n1(α1−θ1)
( n1∑
ν1=0

2ν1p1(α1−θ1)
( ∞∑
µ2=0

a2ν1,µ2

)p1
2
) 1

p1 +
( ∞∑
µ2=0

∞∑
µ1=n1+1

a2µ1,µ2

) 1
2

,
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II. Ïóñòü f ∈ Λp1p2, 1 < p2 < q2 < ∞, θ2 = 1
p2

− 1
q2
, 1 < p1 < ∞, α2 >

θ2, n2 = 1, 2, .... Òîãäà( 2−n2�

0

t−q2θ22 ωq20,α2
(f, t2)p1p2

dt2
t2

) 1
q2

≍

≍ 2n2(θ2−α2)
( n2∑
µ2=0

∞∑
µ1=0

a2µ1,µ2
22µ2α2

) 1
2 +

( ∞∑
ν2=n2

2ν2q2θ2
( ∞∑
µ1=0

a2µ1,ν2

) q2
2

) 1
q2 ,

2−n2(α2−θ2)

( 1�

2−n2

t
−p2(α2−θ2)
2 ωp20,α2

(f, t2)p1q2
dt2
t2

) 1
p2

≍

≍ 2−n2(α2−θ2)
( n2∑
ν2=0

2ν2p2(α2−θ2)
( ∞∑
µ1=0

a2µ1,ν2

)p2
2
) 1

p2 +
( ∞∑
µ1=0

∞∑
µ2=n2+1

a2µ1,µ2

) 1
2

.

Àíàëîãè÷íûå òåîðåìû äëÿ ôóíêöèè îäíîãî ïåðåìåííîãî äîêàçàíû â
ðàáîòå [9], äëÿ ñìåøàííûõ ìîäóëåé ãëàäêîñòè � â ðàáîòàõ [10], [11].

Çàìå÷àíèå. Èç òåîðåìû 2 ñëåäóåò ñëåäóþùàÿ îöåíêà ÷àñòíûõ ìî-
äóëåé ãëàäêîñòè ïðîèçâîäíîé ôóíêöèè ÷åðåç ÷àñòíûå ìîäóëè ãëàäêîñòè
ñàìîé ôóíêöèè.

Ïóñòü f ∈ Λp1p2, αi > θi, δi ∈ (0, 1), i = 1, 2. Òîãäà
I. ïðè 1 < p1 < q1 <∞, θ1 =

1
p1
− 1

q1
, 1 < p2 <∞, ρ1 > 0

δα1−θ1
1

(
1�
δ1

t
−p1(α1−θ1)
1 ωp1α1,0

(f (ρ1,0), t1)q1p2
dt1
t1

) 1
p1

≪

≪

(
δ1�
0

t
−q1(ρ1+θ1)
1 ωq1α1+ρ1,0

(f, t1)p1p2
dt1
t1

) 1
q1

,

II. ïðè 1 < p2 < q2 <∞, θ2 =
1
p2
− 1

q2
, 1 < p1 <∞, ρ2 > 0

δα2−θ2
2

(
1�
δ2

t
−p2(α2−θ2)
2 ωp20,α2

(f (0,ρ2), t2)p1q2
dt2
t2

) 1
p2

≪

≪

(
δ2�
0

t
−q2(θ2+ρ2)
2 ωq20,α2+ρ2

(f, t2)p1p2
dt2
t2

) 1
q2

.
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ÓÄÊ 517.17+517.51

Î êðàòíîì èíòåãðàëå ïåðèîäè÷åñêîé
ôóíêöèè íåñêîëüêèõ ïåðåìåííûõ1

Ã. Ê. Ñîêîëîâà, Ñ. Ñ. Îðëîâ (Èðêóòñê, Ðîññèÿ)
98gal@mail.ru, orlov_sergey@inbox.ru

Çàìåòêà ïîñâÿùåíà èññëåäîâàíèþ ñâîéñòâà ïåðèîäè÷íîñòè ôóíêöèé íåñêîëüêèõ
äåéñòâèòåëüíûõ ïåðåìåííûõ. Äîêàçûâàåòñÿ òåîðåìà î ïðåäñòàâëåíèè êðàòíîãî
èíòåãðàëà ñ ïåðåìåííûìè âåðõíèìè ïðåäåëàìè ïåðèîäè÷åñêîé ôóíêöèè ìíîãèõ
äåéñòâèòåëüíûõ ïåðåìåííûõ, ÷òî ÿâëÿåòñÿ îáîáùåíèåì ëåììû î ïðåäñòàâëåíèè
èíòåãðàëà ïåðèîäè÷åñêîé ôóíêöèè îäíîé ïåðåìåííîé â âèäå ñóììû ëèíåéíîé è
ïåðèîäè÷åñêîé ôóíêöèé. Áåç îãðàíè÷åíèÿ îáùíîñòè, ðàññìàòðèâàþòñÿ ôóíêöèè,
èìåþùèå â êà÷åñòâå ìíîæåñòâà ïåðèîäîâ ïðÿìîóãîëüíóþ ðåø¼òêó.

Êëþ÷åâûå ñëîâà: ïåðèîäè÷åñêàÿ ôóíêöèÿ ìíîãèõ äåéñòâèòåëüíûõ ïåðåìåííûõ,
ìíîæåñòâî ïåðèîäîâ, êðàòíûé èíòåãðàë.

Áëàãîäàðíîñòè: ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ïðàâèòåëüñòâà
Èðêóòñêîé îáëàñòè è ÐÔÔÈ (ïðîåêò � 20-41-385002 ð_Íàñòàâíèê).

On the multiple integral of a periodic
multivariate function1

G. K. Sokolova, S. S. Orlov (Irkutsk, Russia)
98gal@mail.ru, orlov_sergey@inbox.ru

This note deals with the study of the periodicity property of a multivariate functions.
Theorem on the representation of a multiple integral with variable upper boundaries
of a periodic multivariate function is proved. This theorem is a generalization to the
multidimensional case of the Lemma on the representation of the integral of a periodic
function of one variable as a sum of linear and periodic functions. Without loss of
generality, we consider functions with a rectangular lattice as the set of periods.

Keywords: periodic functions of several variables, set of periods, multiple integral.
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Ðàíåå â çàìåòêå [1] áûëà îïèñàíà ñòðóêòóðà ìíîæåñòâà Pf ïåðèîäîâ
ïåðèîäè÷åñêîé ôóíêöèè f : Rn → R, è ïîêàçàíî, ÷òî, íå îãðàíè÷èâàÿ
îáùíîñòè, âñÿêóþ ïåðèîäè÷åñêóþ ôóíêöèþ f : Rn → R ìîæíî ñ÷èòàòü
ïåðèîäè÷åñêîé ïî ïåðâûì m1 ïåðåìåííûì è ïîñòîÿííîé ïî ñëåäóþùèì
m2 ïåðåìåííûì. Âñþäó äàëåå áóäåì ïîëàãàòü, ÷òî ôóíêöèÿ f : Rn → R
ÿâëÿåòñÿ ïåðèîäè÷åñêîé ïî âñåì ïåðåìåííûì ñ ìíîæåñòâîì ïåðèîäîâ Pf
ðåø¼òêîé Λ(T̄1, T̄2, . . . , T̄n), ïîðîæä¼ííîé âåêòîðàìè T̄i = Tiēi, ñèñòåìà
âåêòîðîâ {ē}ni=1 îçíà÷àåò êëàññè÷åñêèé áàçèñ Ãàëåëÿ, è i = 1, 2, . . . , n.

Ñëåäóþùàÿ òåîðåìà ÿâëÿåòñÿ îáîáùåíèåì ëåììû î ïðåäñòàâëåíèè
èíòåãðàëà ïåðèîäè÷åñêîé ôóíêöèè îäíîé ïåðåìåííîé [2, ñòð. 57].

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Òåîðåìà. Ïóñòü ôóíêöèÿ f : Rn → R íåïðåðûâíà ïî ñîâîêóïíîñòè
âñåõ ïåðåìåííûõ x1, x2, . . . , xn è ÿâëÿåòñÿ ïåðèîäè÷åñêîé ñ ìíîæåñòâîì
ïåðèîäîâ Pf , òîãäà èìååò ìåñòî ðàâåíñòâî

�

PJn

f(t1, t2, . . . , tn) dt1dt2 . . . dtn =

=
n−1∑
k=1

(−1)k−1
∑

1⩽i1<...<ik⩽n

∏
i∈Jn\{i1,...,ik}

xi

�

Pi1,...,ik

SJn\{i1,...,ik} dti1dti2 . . . dtik+

+ (−1)n−1
∏
i∈Jn

xi SJn + ε(r̄), r̄ ∈ Rn, (1)

ãäå Pi1,...,ik = [0, xi1]× . . .× [0, xik] îáîçíà÷àåò k-ìåðíûé ïàðàëëåëåïèïåä,
Jn = {1, 2, . . . , n} � ìíîæåñòâî èíäåêñîâ, à âûðàæåíèå

Si1,...,ik =
1

µ(PΛ(T̄i1 ,...,T̄ik )
)

�

PΛ(T̄i1
,...,T̄ik

)

f(x1, x2, . . . , xn) dxi1dxi2 . . . dxik

îïðåäåëÿåò ñðåäíåå çíà÷åíèå ôóíêöèè f ïî ïåðåìåííûì xi1, . . . , xik íà
ôóíäàìåíòàëüíîì ïàðàëëåëåïèïåäå PΛ(T̄i1 ,...,T̄ik )

ðåø¼òêè Λ(T̄i1, . . . , T̄ik)

ìåðû Æîðäàíà µ(PΛ(T̄i1 ,...,T̄ik )
), ôóíêöèÿ ε : Rn → R ïåðèîäè÷åñêàÿ ñ

ìíîæåñòâîì ïåðèîäîâ Pε òàêèì, ÷òî Pf ⊆ Pε.
Ïðè n = 1 ïðèâåä¼ííàÿ âûøå òåîðåìà èãðàåò ñóùåñòåííóþ ðîëü ïðè

ïîñòðîåíèè ïåðèîäè÷åñêèõ ðåøåíèé îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé [2], à òàêæå èíòåãðàëüíûõ óðàâíåíèé, íàïðèìåð, [3]. Íåñìîòðÿ
íà ãðîìîçäêèé âèä, ôîðìóëà (1) èìååò ïðîñòóþ ñòðóêòóðó è íàïîìèíàåò
ôîðìóëó âêëþ÷åíèÿ-èñêëþ÷åíèÿ èç òåîðèè ìíîæåñòâ.

Äîêàçàòåëüñòâî çàêëþ÷àåòñÿ â ïðîâåðêå ïåðèîäè÷íîñòè ôóíêöèè
ε : Rn → R ñ ïåðèîäàìè T̄i = Tiēi, ãäå, çäåñü è âñþäó äàëåå, i ∈ Jn.
Ïóñòü ôóíêöèÿ f : Rn → R ïåðèîäè÷åñêàÿ ñ ìíîæåñòâîì ïåðèîäîâ Pf ,
è j ∈ Jn. Òîãäà èìååò ìåñòî ñîîòíîøåíèå

ε(r̄ + T̄j)− ε(r̄) =

�

PJn\{j}

Tj�

0

f(t1, . . . , tn) dt1dt2 . . . dtn−

−
n−2∑
k=1

(−1)k−1
∑

1⩽i1<...<ik⩽n
iℓ ̸=j, ℓ∈Jn

∏
i∈Jn\{i1,...,ik,j}

xi

Tj�

0

�

Pi1,...,ik

SJn\{i1,...,ik,j} dti1 . . . dtik−
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−
n−2∑
k=1

(−1)k
∑

1⩽i1<...<ik⩽n
iℓ ̸=j, ℓ∈Jn

∏
i∈Jn\{i1,...,ik,j}

xi

Tj�

0

�

Pi1,...,ik

SJn\{i1,...,ik,j} dti1 . . . dtik−

−
Tj�

0

�

PJn\{j}

f(t1, . . . , tn) dt1 . . . dtn − (−1)n−2
∏

i∈Jn\{j}

xi

Tj�

0

SJn\{j} dtj−

−(−1)n−1
∏

i∈Jn\{j}

xi

Tj�

0

SJn\{j}dtj = 0,

ïðàâàÿ ÷àñòü êîòîðîãî îáðàùàåòñÿ â íóëü, â ñèëó âûïîëíåíèÿ ðàâåíñòâà

�

PJn\{j}

xj+Tj�

xj

f(t1, . . . , tn) dt1 . . . dtn =

�

PJn\{j}

Tj�

0

f(t1, . . . , tn) dt1 . . . dtn,

ëåâàÿ ÷àñòü êîòîðîãî íå çàâèñèò îò ïåðåìåííîé èíòåãðèðîâàíèÿ xj, ÷òî
ñëåäóåò èç ïåðèîäè÷íîñòè ñ ïåðèîäîì Tj ôóíêöèè f ïî ýòîé ïåðåìåííîé
è ñîîòíîøåíèÿ

∂x1x2...xn

�

PJn\{j}

xj+Tj�

xj

f(t1, . . . , tn) dt1 . . . dtn = f(r̄ + T̄j)− f(r̄),

êîòîðîå â ñèëó íåïðåðûâíîñòè ôóíêöèè f ïî ñîâîêóïíîñòè ïåðåìåííûõ
x1, x2, . . . , xn ÿâëÿåòñÿ âåðíûì. Òàêèì îáðàçîì, ïåðèîäû T̄i = Tiēi, i ∈ Jn,
ïîðîæäàþùèå ìíîæåñòâî ïåðèîäîâ Pf ôóíêöèè f ÿâëÿþòñÿ ïåðèîäàìè
è ôóíêöèè ε, ò. å. èìååò ìåñòî âêëþ÷åíèå Pf ⊆ Pε.

Îòìåòèì, ÷òî ïðåäñòàâëåíèå (1) èíâàðèàíòíî îòíîñèòåëüíî âûáîðà
ïåðèîäîâ ïî ïåðåìåííûì xi, i ∈ Jn ôóíêöèè f : Rn → R. Ïîñêîëüêó
ôóíêöèÿ f : Rn → R íåïðåðûâíà íà Rn ïî ñîâîêóïíîñòè ïåðåìåííûõ,
òî ôóíêöèÿ ε : Rn → R èìååò íåïðåðûâíóþ âñþäó íà Rn ñìåøàííóþ
ïðîèçâîäíóþ ∂x1...xnε è ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé çàäà÷è òèïà Ãóðñà

∂x1...xnε = f(r̄)−
n−1∑
k=1

(−1)k−1
∑

1⩽i1<...<ik⩽n

SJn\{i1,...,ik} − (−1)n−1SJn,

ε|xj=0 = ε|xi=0 = 0, i, j ∈ Jn,

êîòîðàÿ ÿâëÿåòñÿ îäíîçíà÷íî ðàçðåøèìîé [4, ñ. 298]. Îòñþäà íåìåäëåííî
ñëåäóåò, ÷òî ïðåäñòàâëåíèå (1) åäèíñòâåííî. Åñëè ôóíêöèÿ f : Rn → R
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òîæäåñòâåííî ïîñòîÿííà èëè ïðåäñòàâèìà êàê ñóììà ôóíêöèé, êîòîðûå
çàâèñÿò îò êàæäîé ïåðåìåííîé ñ îòäåëüíîñòè, ò. å.

f(r̄) = f1(x1) + . . .+ fn(xn),

òîãäà óðàâíåíèå çàäà÷è òèïà Ãóðñà îêàæåòñÿ îäíîðîäíûì ∂x1...xnε = 0,
è ðàññìàòðèâàåìàÿ çàäà÷à áóäåò èìåòü òîæäåñòâåííî íóëåâîå ðåøåíèå.
Èíûìè ñëîâàìè, â ýòîì ñëó÷àå, ìíîæåñòâî ïåðèîäîâ ôóíêöèè ε : Rn → R
ñîâïàäàåò ñî âñåì ïðîñòðàíñòâîì Rn.

Ñëåäóþùåå óòâåðæäåíèå ÿâëÿåòñÿ ïðÿìûì ñëåäñòâèåì ïðèâåä¼ííîé
âûøå òåîðåìû. Ââåä¼ì îáîçíà÷åíèå

F (r̄) =

�

PJn

f(t1, t2, . . . , tn) dt1dt2 . . . dtn, r̄ ∈ Rn,

ãäå PJn � n-ìåðíûé ïàðàëëåëåïèïåä èç òåîðåìû 1.
Ñëåäñòâèå. Ïóñòü f : Rn → R ÿâëÿåòñÿ íåïðåðûâíîé ôóíêöèåé

ïî ñîâîêóïíîñòè ïåðåìåííûõ x1, x2, . . . , xn è ïåðèîäè÷åñêîé c ðåø¼òêîé
ïåðèîäîâ Pf . Òîãäà äëÿ òîãî ÷òîáû êðàòíûé èíòåãðàë F : Rn → R áûë
ïåðèîäè÷åñêîé ôóíêöèåé ïî âñåì ïåðåìåííûì x1, x2, . . . , xn íåîáõîäèìî
è äîñòàòî÷íî, ÷òîáû äëÿ êàæäîãî i ∈ Jn âûïîëíÿëîñü ñîîòíîøåíèå

Ti�

0

f(x1, . . . , xi−1, t, . . . , xn) dt = 0,

ïðè âñåõ (x1, . . . , xi−1, xi+1, . . . , xn) ∈ Rn−1. Ïðè ýòîì PF = Pf .
Ïðèâåä¼ííûå ðåçóëüòàòû ïëàíèðóåòñÿ ïðèìåíèòü ê èçó÷åíèþ âîïðîñà

ñóùåñòâîâàíèÿ ïåðèîäè÷åñêèõ ðåøåíèé äèôôåðåíöèàëüíûõ óðàâíåíèé â
÷àñòíûõ ïðîèçâîäíûõ, â òîì ÷èñëå, è ê ïîñòðîåíèþ ìíîæåñòâ ïåðèîäîâ
íàéäåííûõ ðåøåíèé.
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Îá àïïðîêñèìàöèè ãèïåðñèíãóëÿðíîãî
èíòåãðàëà ïî äåéñòâèòåëüíîé îñè1
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Ïîñòðîåíû è èññëåäîâàíû èíòåðïîëÿöèîííûå êâàäðàòóðíûå ôîðìóëû ñ óçëàìè
ðàçëè÷íîé êðàòíîñòè äëÿ ãèïåðñèíãóëÿðíîãî èíòåãðàëà ïî äåéñòâèòåëüíîé îñè
äëÿ ïëîòíîñòåé èç ïðîñòðàíñòâà öåëûõ ôóíêöèé ýêñïîíåíöèàëüíîãî òèïà.

Êëþ÷åâûå ñëîâà: ãèïåðñèíãóëÿðíûé èíòåãðàë, öåëûå ôóíêöèè ýêñïîíåíöèàëüíî-
ãî òèïà, èíòåðïîëÿöèÿ, êâàäðàòóðíûå ôîðìóëû.

On the approximation of the hypersingular
integral along the real axis1

Yu. S. Soliev (Moscow, Russia)
su1951@mail.ru

Interpolation quadrature formulas with nodes of various multiplicities for a
hypersingular integral along the real axis for densities from the space of integer
functions of exponential type are constructed and investigated.

Keywords: hypersingular integral, exponential integer functions, interpolation,
quadrature formulas.

Ðàññìîòðèì ïîíèìàåìûé â ñìûñëå êîíå÷íîãî çíà÷åíèÿ ïî Àäàìàðó ñèí-
ãóëÿðíûé èíòåãðàë

Aqf = Aq(f ;x) =
1

π

+∞�

−∞

f(t)

(t− x)q
dt, q = 2, 3, ..., (1)

ãäå f(x) - ïëîòíîñòü èíòåãðàëà, îãðàíè÷åííàÿ íà âåùåñòâåííîé îñè R
ôóíêöèÿ.

Ïóñòü Lp(R) (1 < p <∞) - ïðîñòðàíñòâî âñåõ èçìåðèìûõ íà R ôóíê-
öèé f ñ îáû÷íîé íîðìîé, ωk(f, t)p = ωk(f, t)Lp

- ìîäóëü ãëàäêîñòè k-
ãî ïîðÿäêà f â Lp(R), Lrp(R) - ïîäïðîñòðàíñòâî ôóíêöèé f ∈ Lp(R),
äëÿ êîòîðûõ ïðîèçâîäíàÿ f (r−1) àáñîëþòíî íåïðåðûâíà íà R è ∥f (r)∥p =
∥f (r)∥Lp

<∞, Bp,σ - ìíîæåñòâî öåëûõ ôóíêöèé ýêñïîíåíöèàëüíîãî òèïà
≤ σ, ïðèíàäëåæàùèõ Lp(R).

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Äëÿ f ∈ Bp,σ ââåäåì [1], [2] èíòåðïîëÿöèîííûé îïåðàòîð

Lσf = Lσ(f ;x) =
+∞∑

k=−∞

f

(
kπ

σ

)
sin cσ(x− kπ

σ
), sin cx =

sinx

x
, σ > 0. (2)

Àïïðîêñèìèðóÿ ïëîòíîñòü èíòåãðàëà (1) âûðàæåíèåì (2), ïîëó÷èì
êâàäðàòóðíóþ ôîðìóëó

Aqf = Aq(Lσf ;x) +Rσqf, (3)

ãäå Rσqf = Rσq(f ;x) - îñòàòî÷íûé ÷ëåí. Ïðèâåäåì ÿâíûé âèä ôîðìóëû
(3) ïðè q = 2:

A2f = A2(Lσf ;x) +Rσ2f =

=
σ

2

+∞∑
−∞

f

(
kπ

σ

)(
sin c2

σx− kπ

2
− 2 sin c(σx− kπ)

)
+Rσ2f. (4)

Òåîðåìà 1. Ïóñòü f ∈ Lrp(R) ∩ Bp,σ, r = 1, 2, ..., 1 ≤ p ≤ ∞, σ ≥ 1.

Åñëè f(x) = O
(
(| x | +1)−d

)
, dp ≥ 1, x ∈ R, òî äëÿ îñòàòî÷íîãî ÷ëåíà

êâàäðàòóðíîé ôîðìóëû (3) ñïðàâåäëèâà îöåíêà

∥Rσqf∥p ≤ Cr,p,qσ
−r+qω1

(
f (r),

1

σ

)
p

,

ãäå Cr,p,q - ïîñòîÿííàÿ, çàâèñÿùàÿ òîëüêî îò r, p è q.
Èç òåîðåìû 1 è èçâåñòíûõ ðåçóëüòàòîâ ïî íåðàâåíñòâàì ðàçíûõ ìåò-

ðèê (ñì., íàïð., [3]) âûòåêàåò
Ñëåäñòâèå. Ïóñòü â óñëîâèÿõ òåîðåìû 1 ω1(f, δ)p = 0(δα), 0 ≤ α ≤ 1.

Òîãäà äëÿ Rσqf ñïðàâåäëèâà ðàâíîìåðíàÿ îöåíêà

∥Rσqf∥C = O
(
σ−r−α+q+

1
p

)
, r + α ≥ q +

1

p
.

Çàìåòèì, ÷òî åñëè f ∈ Bp,σ è 2π - ïåðèîäè÷íà, òî êâàäðàòóðíàÿ
ôîðìóëà (4) òî÷íà äëÿ ëþáîãî òðèãîíîìåòðè÷åñêîãî ïîëèíîìà âèäà
n∑

k=−n
cke

ikx, n ≤ [σ] ([σ] - öåëàÿ ÷àñòü σ ) (ñì. [4]). Äàëåå, äëÿ öåëûõ

ôóíêöèé ýêñïîíåíöèàëüíîãî òèïà , ïî òåîðåìå Ì. Êàðòðàéò [3], óñëî-
âèå îãðàíè÷åííîñòè f(x) íà R ìîæíî çàìåíèòü íà óñëîâèå |f

(
kπ
σ

)
| ≤M

(M ≥ 0, k = 0,±1,±2, ...) .
Ðàññìîòðèì êâàäðàòóðíóþ ôîðìóëó ñ êðàòíûìè óçëàìè äëÿ èíòåãðà-

ëà (1).

270



Ïî àíàëîãèè ñ [5] äëÿ f ∈ Bp,σ ââåäåì èíòåðïîëÿöèîííûé îïåðàòîð

Hσf = Hσ(f ;x), óäîâëåòâîðÿþùèé óñëîâèÿìH
(v)
σ

(
f ; kπσ

)
= f (v)

(
kπ
σ

)
(v =

0,m− 1):
Hσf = Hσ (f ;x) =

+∞∑
k=−∞

sin cmσ

(
x− kπ

σ

)m−1∑
v=0

1

v!

(
x− kπ

σ

)v
f (v)

(
kπ

σ

)
.

Òîãäà
Aqf = Aq (Hσf ;x) +R(q)

σmf, (5)

ãäå R(q)
σmf = R

(q)
σm(f ;x) - îñòàòî÷íûé ÷ëåí.

Ïðè q = 2 êâàäðàòóðíàÿ ôîðìóëà (5) ïðèìåò âèä:

A2f = A2 (Hσf ;x) +R(2)
σmf =

=
1

22n−1σ2n

+∞∑
k=−∞

2n−1∑
v=0

1

v!
f (v)

(
kπ

σ

) n−1∑
s=0

(−1)n−s+1Cs
2n

(
x− kπ

σ

)−2n+v−1

(
2n−v∑
µ=1

1

(µ− 1)!
(2n− v − µ+ 1)

(
2σ(n− s)

(
x− kπ

σ

))µ−1

cos
µπ

2
+

+2σ(n− s)

(
x− kπ

σ

)
cos 2σ(n− s)

(
x− kπ

σ

)
− (2n− v) sin 2σ(n− s)(

x− kπ

σ

)
) +R(2)

σmf,m = 2n;

A2f = A2 (Hσf ;x) +R(2)
σmf =

1

22n−2σ2n−1

+∞∑
k=−∞

2n−2∑
v=0

1

v!
f (v)

(
kπ

σ

) n−1∑
s=0

(−1)n−s+1Cs
2n−1

(
x− kπ

σ

)−2n+v

(
2n−v−1∑
µ=1

1

(µ− 1)!
(2n− v − µ)

(
σ(2n− 2s− 1)

(
x− kπ

σ

))µ−1

sin
µπ

2
−

−σ(2n− 2s− 1)

(
x− kπ

σ

)
sinσ(2n− 2s− 1)

(
x− kπ

σ

)
−

(2n− v − 1) cosσ(2n− 2s− 1)

(
x− kπ

σ

)
) +R(2)

σmf,m = 2n− 1;

ãäå Ck
n - áèíîìèíàëüíûå êîýôôèöèåíòû.
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Òåîðåìà 2. Ïóñòü f ∈ Lrp(R) ∩ Bp,σ, r = 1, 2, ...., 1 ≤ p ≤ ∞, σ ≥ 1,

ωk(f, δ)p = 0(δα), 0 ≤ α ≤ 1 è f (ν)(x) = O
(
(| x | +1)−dν

)
, dνp ≥ 1,

ν = 0,m− 1, x ∈ R. Òîãäà

∥R(q)
σmf∥p = O

(
σ−r−α+q+m−1

)
, r + α ≧ +m− 1.

Ñëåäñòâèå. Â óñëîâèÿõ òåîðåìû 2 äëÿ R(q)
σq f ñïðàâåäëèâà ðàâíîìåð-

íàÿ îöåíêà

∥R(q)
σq f∥C = O

(
σ−r−α+q+m−1+ 1

p

)
, r + α ≧ +

1

p
+m− 1.

Â çàêëþ÷åíèå îòìåòèì, ÷òî àíàëîãè÷íûå âîïðîñû äëÿ èíòåãðàëà A1f
ðàññìàòðèâàëèñü â ðàáîòå [6].
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Ê. Ñ. Ñïåðàíñêèé, Ï. À. Òåðåõèí (Ñàðàòîâ, Ðîññèÿ)
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Ìû ðàññìàòðèâàåì ïðåäñòàâëÿþùèå ñâîéñòâà ïîäïðîñòðàíñòâ, ïîðîæäåííûõ ÿä-
ðîì Ñåãå. Êàê îñíîâíîé ðåçóëüòàò ìû äîêàçûâàåì êðèòåðèé ñõîäèìîñòè ïîðÿä-
êîñîõðàíÿþùåãî ñëàáîãî æàäíîãî àëãîðèòìà äëÿ ïîäïðîñòðàíñòâ ïîðîæäåííûõ
ÿäðîì Ñåãå â ïðîñòðàíñòâå Õàðäè.
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æàäíûé àëãîðèòì.

On the convergence of the order-preserving
weak greedy algorithm for subspaces generated

by the Szego kernel in the Hardy space1
K. S. Speransky, P. A. Terekhin (Saratov, Russia)
konstantin.speransky@yahoo.com, terekhinpa@mail.ru

We consider representing properties of subspaces generated by the Szego kernel. As the
main result we prove the convergence criteria of the Order-Preserving Weak Greedy
Algorithm for subspaces generated by the Szego kernel in the Hardy space.

Keywords: reproducing kernel, Szego kernel, Hardy Space, weak greedy algorithm.

Ïîñòðîåííûé íàìè â ðàáîòå [1] ôðåéì íà îñíîâå äèñêðåòèçèðîâàííûõ
ÿäåð Ñåãå ÿâëÿëñÿ áåçóñëîâíîé ñèñòåìîé ïðåäñòàâëåíèÿ â ïðîñòðàíñòâå
Õàðäè, ïîýòîìó âîçíèêàåò âîïðîñ îá àëãîðèòìå íàõîæäåíèÿ êîýôôèöè-
åíòîâ ðàçëîæåíèÿ, êîòîðûé áû ñîõðàíèë ïîðÿäîê ýëåìåíòîâ â åñòåñòâåí-
íîé íóìåðàöèè.

Îïðåäåëåíèå 1. Ïðîñòðàíñòâîì Õàðäè H2 íàçûâàåòñÿ ïðîñòðàíñò-
âî, ñîñòîÿùåå èç âñåõ àíàëèòè÷åñêèõ ôóíêöèé f(z) â åäèíè÷íîì äèñêå
D = {|z| < 1} äëÿ êîòîðûõ êîíå÷íà íîðìà

∥f∥H2 = sup
0<r<1

(
1

2π

� 2π

0

∣∣f(reit)∣∣2 dt) 1
2

<∞.

Îïðåäåëåíèå 2. Âîñïðîèçâîäÿùåå ÿäðî K ïðîñòðàíñòâà H2 íàçû-
âàåòñÿ ÿäðîì Ñåãå è èìååò âèä

K(z, ζ) = Kζ(z) =
1

1− ζz
, z, ζ ∈ D.

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Äëÿ ðåøåíèÿ çàäà÷è íàõîæäåíèÿ êîýôôèöèåíòîâ ñèñòåìû ïðåäñòàâ-
ëåíèÿ øèðîêî ïðèìåíÿþòñÿ ñëàáûå æàäíûå àëãîðèòìû. Â îáùåì ñëó÷àå,
ñëàáûé æàäíûé àëãîðèòì íå äàåò ðÿäà ïî åñòåñòâåííî óïîðÿäî÷åííîé
ñèñòåìå è, êàê ïðàâèëî, ýòîò ðÿä íå ÿâëÿåòñÿ áåçóñëîâíî ñõîäÿùèìñÿ.
Âûõîäîì èç ñëîæèâøåéñÿ ñèòóàöèè ìîæåò áûòü èñïîëüçîâàíèå ïîðÿäêî-
ñîõðàíÿþùåãî ñëàáîãî æàäíîãî àëãîðèòìà ïðåäëîæåííîãî è èçó÷åííîãî
À.Â. Ñèëüíè÷åíêî â ðàáîòå [2].

Â êà÷åñòâå ïîäïðîñòðàíñòâ Lk, k = 1, 2, . . . ïî êîòîðûì áóäåò èäòè
ïðèáëèæåíèå â ïîðÿäêîñîõðàíÿþùåì ñëàáîì æàäíîì àëãîðèòìå âûáåðåì
ïðîñòðàíñòâà ïîðîæäåííûå ÿäðàìè Ñåãå Kλk,j , j = 0, . . . , nk−1, êîòîðûå
äèñêðåòèçèðîâàíû â òî÷êàõ λk,j ∈ D:

Lk :=
[
Kλk,j

]nk−1

j=0
= span

{
Kλk,j

}nk−1

j=0
, k = 1, 2, . . . .

Âûáåðåì òî÷êè äèñêðåòèçàöèè ÿäåð Ñåãå ñëåäóþùèì îáðàçîì

λk,j = rke
2πij
nk , j = 0, 1, . . . , nk − 1, (1)

ãäå ìû ïðåäïîëàãàåì, ÷òî

rk ↗ 1, nk ↗ ∞ ïðè k → ∞. (2)

Òåîðåìà. (ñì. [3]) Ïóñòü ïîñëåäîâàòåëüíîñòü ïîäïðîñòðàíñòâ
{Lk}∞k=1 ïîðîæäåíà ÿäðàìè Ñåãå äèñêðåòèçèðîâàííûìè â òî÷êàõ óäîâëå-
òâîðÿþùèõ (1) è (2). Òîãäà ïîðÿäêîñîõðàíÿþùèé ñëàáûé æàäíûé àëãî-
ðèòì ñõîäèòñÿ â ïðîñòðàíñòâå H2 òîãäà è òîëüêî òîãäà, êîãäà rk è nk
óäîâëåòâîðÿþò ïðåäåëüíîìó ñîîòíîøåíèþ

lim sup
k→∞

nk(1− rk) > 0.
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Î ïîëèîðòîãîíàëüíûõ ñèñòåìàõ ôóíêöèé1

À. Ï. Ñòàðîâîéòîâ, Å. Ï. Êå÷êî (Ãîìåëü, Áåëàðóñü)
svoitov@gsu.by, ekechko@gmail.com

Â äàííîé ðàáîòå ñ ïîìîùüþ ïðîöåññà ïîëèîðòîãîíàëèçàöèè ïðîèçâîëü-
íîé êîíå÷íîé ïîäñèñòåìû ëèíåéíî íåçàâèñèìîé ñèñòåìû ôóíêöèé φ =
{φ0(x), φ1(x), ..., φn(x), ...} â ïðåäãèëüáåðòîâûõ ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ,
ïîðîæä¼ííûõ ìåðàìè µ1, ..., µk, ïîñòðîåíû ïîëèîðòîãîíàëüíûå ñèñòåìû ôóíê-
öèé. Îñíîâíûì ðåçóëüòàòîì ÿâëÿåòñÿ îáîáùåíèå íà ìíîãîìåðíûé ñëó÷àé òåîðå-
ìû Ý.Øìèäòà îá îðòîãîíàëèçàöèè.

Êëþ÷åâûå ñëîâà: ïîëèîðòîãîíàëüíå ìíîãî÷ëåíû, íîðìàëüíûé èíäåêñ, ñîâåðøåí-
íàÿ ñèñòåìà, îïðåäåëèòåëè Ãðàìà.

Áëàãîäàðíîñòè: ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà îá-
ðàçîâàíèÿ Ðåñïóáëèêè Áåëàðóñü.

About polyorthogonal system of function1

A. P. Starovoitov, E. P. Kechko (Gomel, Belarus)
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This article constructed polyorthogonal systems of functions using the process
polyorthogonalization of an arbitrary of a �nite subsystem of a linearly independent
system of functions φ = {φ0(x), φ1(x), ..., φn(x), ...} in pre-Hilbert function spaces
generated by measures µ1, ..., µk. The main result is a generalization of E. Schmidt's
theorem on orthogonalization to the multidimensional case.

Keywords: polyorthogonal polynomials, normal index, perfect system, Gram
determinants.
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Ïóñòü µ1, ..., µk � ïîëîæèòåëüíûå áîðåëåâñêèå ìåðû íà âåùåñòâåííîé
ïðÿìîé, íîñèòåëÿìè êîòîðûõ ÿâëÿþòñÿ îòðåçêè ∆1, ...,∆k. Ðàññìîòðèì
ñèñòåìó ôóíêöèé φ = {φ0(x), φ1(x), ..., φn(x), ...}, êàæäàÿ èç êîòîðûõ
èçìåðèìà íà îòðåçêå ∆j îòíîñèòåëüíî ìåðû µj ïðè âñåõ j = 1, ..., k.
Áóäåì ñ÷èòàòü, ÷òî ñèñòåìà φ ëèíåéíî íåçàâèñèìà íà êàæäîì èç îòðåçêîâ
∆j è �

∆j

|φp(x)|2dµj(x) < +∞, j = 1, ..., k; p = 0, 1, ... . (1)

Åñëè âûïîëíÿþòñÿ óñëîâèÿ (1), òî êðàòêî áóäåì ïèñàòü, ÷òî φ ∈ L2
µ,

µ = {µ1, ..., µk}. Ñêàëÿðíîå ïðîèçâåäåíèå ôóíêöèé f(x) è g(x) â ïðåä-
ãèëüáåðòîâîì ïðîñòðàíñòâå, ïîðîæäåííîì ìåðîé µj, îáîçíà÷èì ÷åðåç

(f, g)j =

�

∆j

f(x)g(x)dµj(x).

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Âåçäå â äàëüíåéøåì ïðåäïîëàãàåì, ÷òî φ ∈ L2
µ. Ìíîæåñòâî k�ìåðíûõ

ìóëüòèèíäåêñîâ (èíäåêñîâ) n = (n1, ..., nk), ò.å. óïîðÿäî÷åííûõ k öåëûõ
íåîòðèöàòåëüíûõ ÷èñåë, îáîçíà÷èì ÷åðåç Zk+. Ïîðÿäîê ìóëüòèèíäåêñà
n = (n1, ..., nk) � ýòî ñóììà |n| := n1 + ...+ nk.

Îïðåäåëåíèå 1. Ïóñòü n = (n1, ..., nk) ∈ Zk+ � íåíóëåâîé ìóëü-
òèèíäåêñ. Òîãäà ψn(x) = α0φ0(x) + ... + α|n|φ|n|(x), ãäå αj ∈ R è
α2
0 + ... + α2

|n| ̸= 0, áóäåì íàçûâàòü n-îé ïîëèîðòîãîíàëüíîé ôóíêöè-
åé äëÿ íàáîðà ìåð µ, ïîðîæäåííîé ñèñòåìîé φ , åñëè�

∆j

ψn(x)φp(x)dµj(x) = 0, p = 0, 1, ..., nj − 1; j = 1, ..., k. (2)

Çäåñü ïðåäïîëàãàåòñÿ, ÷òî nj ̸= 0. Åñëè nj0 = 0, òî â (2) èíäåêñ j
ïðîáåãàåò çíà÷åíèÿ {1, ..., j0−1, j0+1, ...., k}, ò.å. ìåðà µj0 â îïðåäåëåíèè
ïîëèîðòîãîíàëüíîé ôóíêöèè ψn(x) íå ó÷èòûâàåòñÿ.

Åñëè â îïðåäåëåíèè 1 ïîëîæèòü k = 1 (èëè èíäåêñ n = (n1, 0, ..., 0)),
òî îòîæäåñòâëÿÿ ìåðó µ1 ñ µ, à n1 ñ n ∈ Z1

+, áóäåì íàõîäèòñÿ â óñëîâèÿõ
òåîðåìû Ý.Øìèäòà, ò.å. n-àÿ ïîëèîðòîãîíàëüíàÿ ôóíêöèÿ ÿâëÿåòñÿ n-
îé îðòîãîíàëüíîé ôóíêöèåé è äëÿ íå¼ èìååò ìåñòî õîðîøî èçâåñòíàÿ
ôîðìóëà Øìèäòà (ïîäðîáíåå ñì., íàïðèìåð, [1, ãë. 3, � 1])

ψn(x) =

∣∣∣∣∣∣∣∣∣∣∣∣

(φ0, φ0) (φ1, φ0) . . . (φn, φ0)

(φ0, φ1) (φ1, φ1) . . . (φn, φ1)

. . . . . . . . . . . .

(φ0, φn−1) (φ1, φn−1) . . . (φn, φn−1)

φ0(x) φ1(x) . . . φn(x)

∣∣∣∣∣∣∣∣∣∣∣∣
. (3)

Â ïðåäñòàâëåíèè ψn(x) = α0φ0(x)+ ...+αnφn(x), êîòîðîå ëåãêî ïîëó÷èòü
èç ôîðìóëû (3), êîýôôèöèåíò αn ðàâåí îïðåäåëèòåëþ Ãðàìà [2]

Gn =

∣∣∣∣∣∣∣∣∣
(φ0, φ0) (φ1, φ0) . . . (φn−1, φ0)

(φ0, φ1) (φ1, φ1) . . . (φn−1, φ1)

. . . . . . . . . . . .

(φ0, φn−1) (φ1, φn−1) . . . (φn−1, φn−1)

∣∣∣∣∣∣∣∣∣
äëÿ ñèñòåìû ôóíêöèé {φ0(x), φ1(x), ..., φn−1(x)}. Õîðîøî èçâåñòíî (ñì.,
íàïðèìåð, [1, ãë. 3, � 1]), ÷òî äëÿ ñèñòåìû {φ0(x), φ1(x), ..., φn−1(x)} îïðå-
äåëèòåëü Ãðàìà Gn îòëè÷åí îò íóëÿ òîãäà è òîëüêî òîãäà, êîãäà ýòà ñè-
ñòåìà ëèíåéíî íåçàâèñèìà íà îòðåçêå ∆.

Ïîëèîðòîãîíàëüíàÿ ôóíêöèÿ óñëîâèÿìè (2) îïðåäåëÿåòñÿ íå îäíî-
çíà÷íî, à ñ òî÷íîñòüþ äî ÷èñëîâîãî ìíîæèòåëÿ. Ýòà íååäèíñòâåííîñòü
ìîæåò áûòü è áîëåå ñóùåñòâåííîé (ñì., íàïðèìåð, [3]� [4]).
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Îïðåäåëåíèå 2. Áóäåì ãîâîðèòü, ÷òî n-ÿ ïîëèîðòîãîíàëüíàÿ
ôóíêöèÿ ψn(x) îäíîçíà÷íî îïðåäåëÿåòñÿ óñëîâèÿìè (2), åñëè äëÿ ëþ-
áûõ äâóõ òàêèõ ôóíêöèé ψn(x), ψ

∗
n(x) íàéä¼òñÿ äåéñòâèòåëüíîå ÷èñëî

λ, ÷òî ψn(x) ≡ λψ∗
n(x) íà âñåõ îòðåçêàõ ∆j.

Íàøåé öåëüþ ÿâëÿåòñÿ íàõîæäåíèå íåîáõîäèìûõ è äîñòàòî÷íûõ óñëî-
âèé íà èíäåêñ n ∈ Zk+ è ñèñòåìó µ = {µ1, ..., µk}, ïðè êîòîðûõ n-ÿ ïîëè-
îðòîãîíàëüíàÿ ôóíêöèÿ îïðåäåëÿåòñÿ îäíîçíà÷íî. Â îäíîìåðíîì ñëó÷àå
îäíîçíà÷íîñòü âûòåêàåò èç ëèíåéíîé íåçàâèñèìîñòè ñèñòåìû φ.

Ïóñòü n ∈ Zk+ � íåíóëåâîé ìóëüòèèíäåêñ. Äëÿ nj ̸= 0 îïðåäåëèì
ìàòðèöû ïîðÿäêà nj × (|n|+ 1)

F j =

∣∣∣∣∣∣∣∣∣
(φ0, φ0)

j (φ1, φ0)
j . . . (φ|n|, φ0)

j

(φ0, φ1)
j (φ1, φ1)

j . . . (φ|n|, φ1)
j

. . . . . . . . . . . .

(φ0, φnj−1)
j (φ1, φnj−1)

j . . . (φ|n|, φnj−1)
j

∣∣∣∣∣∣∣∣∣ ,
à çàòåì ìàòðèöó ïîðÿäêà |n| × (|n|+ 1)

Fn =
[
F 1 F 2 . . . F k

]T
:=

F
1

...

F k

 .

Ïðè nj = 0 ìàòðèöà Fn íå ñîäåðæèò áëîê-ìàòðèöó F j. Åñëè, íàïðèìåð,
ìóëüòèèíäåêñ n = (n1, 0, ..., 0), òî ìàòðèöà Fn ñîñòîèò òîëüêî èç îäíîãî
áëîêà F 1 è ÿâëÿåòñÿ ìàòðèöåé Ãðàìà: îíà ñîñòîèò èç ýëåìåíòîâ îïðåäå-
ëèòåëÿ (3), ñòîÿùèõ âûøå ïîñëåäíåé ñòðîêè ýòîãî îïðåäåëèòåëÿ.

Åñëè ê ìàòðèöå Fn äîáàâèòü â êà÷åñòâå ïîñëåäíåé ñòðîêè ñòðîêó

E(x) =
(
φ0(x) φ1(x) ... φ|n|(x)

)
,

òî ïîëó÷èì êâàäðàòíóþ ìàòðèöó. Îïðåäåëèòåëü ýòîé ìàòðèöû èìååò âèä

det

[
Fn

E(x)

]
=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(φ0, φ0)
1 (φ1, φ0)

1 . . . (φ|n|, φ0)
1

. . . . . . . . . . . .

(φ0, φn1−1)
1 (φ1, φn1−1)

1 . . . (φ|n|, φn1−1)
1

. . . . . . . . . . . .

. . . . . . . . . . . .

(φ0, φ0)
k (φ1, φ0)

k . . . (φ|n|, φ0)
k

. . . . . . . . . . . .

(φ0, φnk−1)
k (φ1, φnk−1)

k . . . (φ|n|, φnk−1)
k

φ0(x) φ1(x) . . . φ|n|(x)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.
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Îïðåäåëåíèå 3. Èíäåêñ n ∈ Zk+ áóäåì íàçûâàòü ñëàáî íîðìàëüíûì
äëÿ µ, åñëè ðàíã ìàòðèöû Fn ìàêñèìàëüíûé, ò.å. ðàâåí |n|.

Îïðåäåëåíèå 4. Ñèñòåìó ìåð µ = {µ1, ..., µk} áóäåì íàçûâàòü ñëà-
áî ñîâåðøåííîé, åñëè âñå íåíóëåâûå èíäåêñû n ∈ Zk+ ÿâëÿþòñÿ ñëàáî
íîðìàëüíûìè äëÿ µ.

Òåîðåìà 1. Äëÿ òîãî, ÷òîáû äëÿ íåíóëåâîãî èíäåêñà n ∈ Zk+ è
ñèñòåìû ìåð µ = {µ1, ..., µk} n-àÿ ïîëèîðòîãîíàëüíàÿ ôóíêöèÿ ψn(x)
îïðåäåëÿëàñü óñëîâèÿìè (2) îäíîçíà÷íî, íåîáõîäèìî è äîñòàòî÷íî,
÷òîáû èíäåêñ n áûë ñëàáî íîðìàëüíûì äëÿ µ, ò.å. rangFn = |n|.

Åñëè rangFn = |n|, òî ïðè îïðåäåë¼ííîì âûáîðå íîðìèðóþùåãî ìíî-
æèòåëÿ n-àÿ ïîëèîðòîãîíàëüíàÿ ôóíêöèÿ ïðåäñòàâèìà â âèäå

ψn(x) = det

[
Fn

E(x)

]
. (4)

Ñëåäñòâèå. Ïîëèîðòîãîíàëüíàÿ ôóíêöèÿ ψn(x) îïðåäåëåíà îäíî-
çíà÷íî äëÿ âñåõ íåíóëåâûõ ìóëüòèèíäåêñîâ n ∈ Zk+ òîãäà è òîëüêî
òîãäà, êîãäà ñèñòåìà µ ÿâëÿåòñÿ ñëàáî ñîâåðøåííîé.

Çàìåòèì, ÷òî êîìïîíåíòà nj ìóëüòèèíäåêñà n = (n1, . . . , nk) îïðå-
äåëÿåò íàñêîëüêî çíà÷èìà ìåðà µj â îïðåäåëåíèè ïîëèîðòîãîíàëüíîé
ôóíêöèè: ÷åì áîëüøå nj, òåì áîëüøå óñëîâèé â (2) ñ ó÷àñòèåì ìåðû
µj. Òàêèì îáðàçîì, ÷èñëî nj êîëè÷åñòâåííî õàðàêòåðèçóåò âêëàä ìåðû
µj â ïîñòðîåíèå n-îé ïîëèîðòîãîíàëüíîé ôóíêöèè ψn(x). Â ÷àñòíîñòè,
åñëè, íàïðèìåð, n = (n1, 0, . . . , 0) ∈ Zk+, òî ìû íàõîäèìñÿ â óñëîâèÿõ
òåîðåìû Øìèäòà, è ôîðìóëà (4) â òî÷íîñòè ñîâïàäàåò ñ êëàññè÷åñêîé
ôîðìóëîé (3).

Â ñëó÷àå, êîãäà φ = {1, x, x2, ...}, n-àÿ ïîëèîðòîãîíàëüíàÿ ôóíêöèÿ
ψn(x) ÿâëÿåòñÿ n-ûì ïîëèîðòîãîíàëüíûì ìíîãî÷ëåíîì. Äëÿ òàê íàçû-
âàåìûõ ñîâåðøåííûõ íàáîðîâ ìåð µ ïîëèîðòîãîíàëüíûå ìíîãî÷ëåíû õî-
ðîøî èçó÷åíû è íàøëè ïðèìåíåíèå â ðàçëè÷íûõ îáëàñòÿõ àëãåáðû, àíà-
ëèçà, òåîðåòè÷åñêîé ôèçèêè (ñì., íàïðèìåð, [5]).
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Íåêîòîðûå ñâîéñòâà ñìåù¼ííûõ ðÿäîâ
Ôóðüå � Ñîáîëåâà1

Ì. Ñ. Ñóëòàíàõìåäîâ (Ìàõà÷êàëà, Ðîññèÿ)
Sultanakhmedov@gmail.com

Ðàññìàòðèâàþòñÿ ðÿäû Ôóðüå ïî ñèñòåìàì ôóíêöèé, îðòîãîíàëüíûõ â ñìûñëå
ñêàëÿðíîãî ïðîèçâåäåíèÿ òèïà Ñîáîëåâà ñëåäóþùåãî âèäà

⟨f, g⟩ =
r−1∑
ν=0

f (ν)(c)g(ν)(c) +

b�

a

f (r)(t)g(r)(t)ρ(t)dt.

Äîêàçàí ðÿä ñâîéñòâ ýòèõ ðÿäîâ, òàêèõ êàê ïî÷ëåííîå èíòåãðèðîâàíèå, äèôôå-
ðåíöèðîâàíèå, ñîâïàäåíèå ÷àñòè÷íûõ ñóìì ñ ïðèáëèæàåìîé ôóíêöèåé â òî÷êå c.
Êðîìå òîãî, èññëåäóåòñÿ èõ ðàâíîìåðíàÿ ñõîäèìîñòü.

Êëþ÷åâûå ñëîâà: îðòîãîíàëüíîñòü â ñìûñëå Ñîáîëåâà, ðÿäû Ôóðüå, ðÿäû Ôóðüå
� Ñîáîëåâà, ðàâíîìåðíàÿ ñõîäèìîñòü.

Some properties of shifted Fourier � Sobolev
series1

M. S. Sultanakhmedov (Makhachkala, Russia)
Sultanakhmedov@gmail.com

We consider Fourier series by functions orthogonal with respect to the Sobolev type
inner product of the following form

⟨f, g⟩ =
r−1∑
ν=0

f (ν)(c)g(ν)(c) +

b�

a

f (r)(t)g(r)(t)ρ(t)dt.

A number of properties of these series are proved, such as term-by-term integration,
di�erentiation, coincidence of their partial sums with the approximated function at
the point c. In addition, their uniform convergence is investigated.

Keywords: orthogonality in the Sobolev sense, Fourier series, Fourier � Sobolev series,
uniform convergence.

Ââåäåíèå

Ïóñòü ñèñòåìà ôóíêöèé {φk(x)}∞k=0 îðòîíîðìèðîâàíà íà (a, b) c âåñîì
ρ(x), ò.å.

b�

a

φk(x)φl(x)ρ(x)dx = δkl, (1)

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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ãäå δkl � ñèìâîë Êðîíåêåðà. ×åðåç Lpρ(a, b) îáîçíà÷èì ïðîñòðàíñòâî ôóíê-

öèé f(x), èçìåðèìûõ íà (a, b), äëÿ êîòîðûõ
b�
a

|f(x)|pρ(x)dx <∞.

Èç (1) ñëåäóåò, ÷òî φk(x) ∈ L2
ρ(a, b) (k = 0, 1, . . .). Ìû äîáàâèì ê

ýòîìó óñëîâèþ åù¼ îäíî, ñ÷èòàÿ, ÷òî φk(x) ∈ L(a, b) (k = 0, 1, . . .).
Òîãäà äëÿ ïðîèçâîëüíî çàäàííîé òî÷êè c ∈ [a, b] ìû ìîæåì îïðåäå-

ëèòü íîâóþ ñèñòåìó ôóíêöèé:

φcr,k(x) =
(x− c)k

k!
, k = 0, 1, . . . , r − 1, (2)

φcr,r+k(x) =
1

(r − 1)!

x�

c

(x− t)r−1φk(t)dt, k = 0, 1, . . . . (3)

Èç (2) è (3) ñëåäóåò, ÷òî

(φcr,k(x))
(ν) =


φr−ν,k−ν(x), åñëè 0 ≤ ν ≤ r − 1, r ≤ k,

φk−r(x), åñëè ν = r ≤ k,

φcr,k−ν(x), åñëè ν ≤ k < r,

0, åñëè k < ν ≤ r.

(4)

×åðåçW r,c
Lp
ρ(a,b)

îáîçíà÷èì ïðîñòðàíñòâî Ñîáîëåâà, ñîñòîÿùåå èç ôóíê-
öèé f(x), r − 1 ðàç íåïðåðûâíî äèôôåðåíöèðóåìûõ íà [a, b], ïðè÷¼ì
f (r−1)(x) àáñîëþòíî íåïðåðûâíà íà [a, b] è f (r)(x) ∈ Lpρ(a, b). Ñêàëÿðíîå
ïðîèçâåäåíèå â ïðîñòðàíñòâå W r,c

L2
ρ(a,b)

îïðåäåëèì ñ ïîìîùüþ ðàâåíñòâà

⟨f, g⟩ =
r−1∑
ν=0

f (ν)(c)g(ν)(c) +

� b

a

f (r)(t)g(r)(t)ρ(t)dt. (5)

Ðàíåå â ðàáîòàõ Øàðàïóäèíîâà È.È. è äð. èññëåäîâàòåëåé (ñì., íàïð.,
[1�7] è öèòèðîâàííóþ òàì ëèòåðàòóðó) ïîäðîáíî èññëåäîâàëñÿ ñëó÷àé,
êîãäà c = a. Ïðè÷¼ì èññëåäîâàíèÿ ïðîâîäèëèñü êàê â îáùåì, òàê è äëÿ
êîíêðåòíûõ âåñîâ ρ(x) è ñèñòåì ôóíêöèé {ϕ(x)}∞k=0.

Ðàññìàòðèâàåìîå íàìè ñêàëÿðíîå ïðîèçâåäåíèå òèïà Ñîáîëåâà ÿâëÿ-
åòñÿ îáîáùåíèåì â òîì ñìûñëå, ÷òî c íå îáÿçàòåëüíî ñîâïàäàåò a. Ìî-
òèâàöèåé ê òàêîìó èññëåäîâàíèþ ïîñëóæèëà ãèïîòåçà î òîì, ÷òî ðÿäû
Ôóðüå ïî ñîîòâåòñòâóþùèì îðòîãîíàëüíûì ôóíêöèÿì ïðè îïðåäåë¼ííîì
âûáîðå òî÷êè c ìîãóò äàâàòü ëó÷øåå ïðèáëèæåíèå ê èñõîäíûì ôóíêöè-
ÿì â ñìûñëå ðàâíîìåðíîé ìåòðèêè. Ãèïîòåçà íàõîäèò ïîäòâåðæäåíèå â
ðÿäå êîìïüþòåðíûõ ýêñïåðèìåíòîâ.
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Ñêàëÿðíîå ïðîèçâåäåíèå âèäà (5), ñîîòâåòñòâóþùèå îðòîãîíàëüíûå
ôóíêöèè, à òàêæå ðÿäû Ôóðüå ïî íèì ìû áóäåì íàçûâàòü ñìåù¼ííûìè
ñ òåì, ÷òîáû îòëè÷èòü èõ îò ðàññìîòðåííûõ ðàíåå (äëÿ êîòîðûõ c = a).

Îðòîãîíàëüíîñòü ñìåù¼ííûõ ôóíêöèé è ðÿäû Ôóðüå

� Ñîáîëåâà ïî íèì

Äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 6. Ïóñòü ôóíêöèè φk(x) (k = 0, 1, . . .) îáðàçóþò ïîëíóþ â
L2
ρ(a, b) îðòîíîðìèðîâàííóþ c âåñîì ρ(x) ñèñòåìó íà îòðåçêå [a, b].

Òîãäà ñèñòåìà {φcr,k(x)}∞k=0, ïîðîæä¼ííàÿ ñèñòåìîé {φk(x)}∞k=0 ïîñðåä-
ñòâîì ðàâåíñòâ (2) è (3), ïîëíà â W r,c

L2
ρ(a,b)

è îðòîíîðìèðîâàíà îòíîñè-

òåëüíî ñêàëÿðíîãî ïðîèçâåäåíèÿ (5).

Äëÿ ôóíêöèè f(x) ∈ W r,c
L2
ρ(a,b)

îïðåäåëèì ñìåù¼ííûé ðÿä Ôóðüå � Ñî-
áîëåâà ñ ïîìîùüþ ðàâåíñòâà

f(x) ∼
r−1∑
k=0

f (k)(c)
(x− c)k

k!
+

∞∑
k=0

fr,k(t)φ
c
r,k(t)ρ(t)dt, (6)

ãäå

fr,k(t) =

b�

a

f (r)(t)φk−r(t)ρ(t)dt. (7)

Îòìåòèì íåêîòîðûå âàæíûå ñâîéñòâà ðÿäà (6).
1. Åñëè r > 1, òî â ðåçóëüòàòå ïî÷ëåííîãî äèôôåðåíöèðîâàíèÿ ðÿäà

(6) äëÿ f(x), ìû ïîëó÷èì ðÿä äëÿ ïðîèçâîäíîé f ′(x), ñîîòâåòñòâóþùèé
ñëó÷àþ, êîãäà âìåñòî r ôèãóðèðóåò r − 1. Äðóãèìè ñëîâàìè

f ′(x) ∼
∞∑
k=1

f ′r−1,k−1φ
c
r−1,k−1(x) =

∞∑
k=1

(fr,kφ
c
r,k(x))

′. (8)

2. Ïî÷ëåííîå èíòåãðèðîâàíèå ñ ïåðåìåííûì âåðõíèì ïðåäåëîì:
x�

c

f ′(t)dt ∼
∞∑
k=1

f ′r−1,k−1

x�

c

φcr−1,k−1(t)dt =
∞∑
k=1

fr,kφ
c
r,k(x). (9)

3. Âàæíîå çíà÷åíèå èìååò ñâîéñòâî ñìåøàííîãî ðÿäà (6), êîòîðîå
çàêëþ÷àåòñÿ â òîì, ÷òî åãî ÷àñòè÷íàÿ ñóììà âèäà

Φc
r,N(f, x) =

r−1∑
k=0

f (k)(c)
(x− c)k

k!
+

N∑
k=r

fr,kφ
c
r,k(x) (10)
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ïðè N ≥ r, r-êðàòíî ñîâïàäàåò ñ èñõîäíîé ôóíêöèåé f(x) â òî÷êå x = c,
ò.å.

(Φc
r,N(f, x))

(ν)
x=c = f (ν)(c), 0 ≤ ν ≤ r − 1. (11)

4. Èç (4) è (10) ïðè 0 ≤ ν ≤ r − 1 ñëåäóåò, ÷òî

(
Φc
r,N(f, x)

)(ν)
=

r−1−ν∑
n=0

f (n+ν)(c)
(x− c)n

n!
+

+
N−ν∑
n=r−ν

f
(ν)
r−ν,nφ

c
r−ν,n(x) = Φc

r−ν,N−ν(f
(ν), x). (12)

Â ñâîþ î÷åðåäü îòñþäà ïðè 0 ≤ ν ≤ r − 2 âûâîäèì

f (ν)(x)−
(
Φc
r,N(f, x)

)(ν)
=

=
1

(r − ν − 2)!

x�

c

(x− t)r−ν−2
[
f (r−1)(t)− Φ1,N−r+1(f

(r−1), t)
]
dt. (13)

Êðîìå òîãî, äîêàçàíî òàêæå ñëåäóþùåå óòâåðæäåíèå î ðàâíîìåðíîé
ñõîäèìîñòè ñìåù¼ííîãî ðÿäà Ôóðüå � Ñîáîëåâà.

Òåîðåìà 7. Ïóñòü 1
ρ(x) ∈ L(a, b), à ôóíêöèè φk(x) (k = 0, 1, . . .) îáðà-

çóþò ïîëíóþ â L2
ρ(a, b) îðòîíîðìèðîâàííóþ c âåñîì ρ(x) ñèñòåìó íà

îòðåçêå [a, b]; {φcr,k(x)}∞k=0 � ñèñòåìà, îðòîíîðìèðîâàííàÿ â W r
L2
ρ(a,b)

îòíîñèòåëüíî ñêàëÿðíîãî ïðîèçâåäåíèÿ (5), ïîðîæä¼ííàÿ ñèñòåìîé
{φk(x)}∞k=0 ïîñðåäñòâîì ðàâåíñòâ (2) è (3). Òîãäà, åñëè f(x) ∈ W r

L2
ρ(a,b)

,

òî ñìåù¼ííûé ðÿä Ôóðüå � Ñîáîëåâà (6) ñõîäèòñÿ ê ôóíêöèè f(x) ðàâ-
íîìåðíî îòíîñèòåëüíî x ∈ [a, b].
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ÓÄÊ 517.984

Ñòðóêòóðà ñóùåñòâåííîãî ñïåêòðà è
äèñêðåòíûé ñïåêòð îïåðàòîðà ýíåðãèè øåñòè
ýëåêòðîííûõ ñèñòåì â ìîäåëè Õàááàðäà.

Ïåðâîå ñèíãëåòíîå ñîñòîÿíèå1
Ñ. Ì. Òàøïóëàòîâ (Òàøêåíò, Óçáåêèñòàí)
sadullatashpulatov@yandex.ru, toshpul@mail.ru

Ðàññìàòðèâàåòñÿ îïåðàòîð ýíåðãèè øåñòè ýëåêòðîííûõ ñèñòåì â ìîäåëè Õàááàð-
äà è èññëåäóåòñÿ ñòðóêòóðà ñóùåñòâåííîãî ñïåêòðà è äèñêðåòíûé ñïåêòð ñèñòåìû
â îäíî èç ñèíãëåòíûõ ñîñòîÿíèé. Ïîêàçàíî, ÷òî â îäíîìåðíîì ñëó÷àå, ñóùåñòâåí-
íûé ñïåêòð ñèñòåìû â ðàññìàòðèâàåìîì ñëó÷àå, ñîñòîèò èç îáúåäèíåíèé ñåìüè
îòðåçêîâ, à äèñêðåòíûé ñïåêòð ñèñòåìû ñîñòîèò èç íå áîëåå îäíîãî ñîáñòâåííîãî
çíà÷åíèå. Â òðåõìåðíîì ñëó÷àå, ëèáî ñóùåñòâåííûé ñïåêòð ñèñòåìû ñîñòîèò èç
îáúåäèíåíèé ñåìüè îòðåçêîâ, à äèñêðåòíûé ñïåêòð ñèñòåìû ñîñòîèò èç íå áîëåå
îäíîãî ñîáñòâåííîãî çíà÷åíèÿ, ëèáî ñóùåñòâåííûé ñïåêòð ñèñòåìû åñòü îáúåäè-
íåíèé ÷åòûðåõ îòðåçêîâ, à äèñêðåòíûé ñïåêòð ñèñòåìû ïóñò, ëèáî ñóùåñòâåííûé
ñïåêòð ñèñòåìû åñòü îáúåäèíåíèé äâóõ îòðåçêîâ, à äèñêðåòíûé ñïåêòð ñèñòåìû
ïóñò, ëèáî ñóùåñòâåííûé ñïåêòð ñèñòåìû ñîñòîèò èç åäèíñòâåííîãî îòðåçêà, à
äèñêðåòíûé ñïåêòð ñèñòåìû ïóñò.

Êëþ÷åâûå ñëîâà: ìîäåëü Õàááàðäà, øåñòè ýëåêòðîííàÿ ñèñòåìà, ñóùåñòâåííûé
ñïåêòð, äèñêðåòíûé ñïåêòð, ñèíãëåòíîå ñîñòîÿíèå.

Structure of essential spectra and discrete
spectrum of the energy operator of six-electron
systems in the Hubbard model. First Singlet

state1
S. M. Tashpulatov (Tashkent, Uzbekistan)
sadullatashpulatov@yandex.ru, toshpul@mail.ru

We consider of the energy operator of six electron systems in the Hubbard model and
investigated the structure of essential spectra and discrete spectrum of the system in
the �rst singlet state. Show to in the one-dimensional case, the essential spectra of
the system is consists of the union of seven segments, and discrete spectrum of the
system is consists of no more than one eigenvalue. In the three-dimensional case, or
the essential spectra of the system is consists of the union of seven segments, and
discrete spectrum of the system is consists of no more than one eigenvalue, or the
essential spectra of the system is consists of the union of four segments, and discrete
spectrum of the system is empty set, or the essential spectra of the system is consists
of the union of two segments, and discrete spectrum of the system is empty set, or the
essential spectra of the system is consists of single segment, and discrete spectrum of
the system is empty set.

Keywords: Hubbard model, six-electron system, essential spectra, discrete spectrum,
singlet state.

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Introduction

In the early 1970s, paper [1], where a simple model of a metal was proposed
that has become a fundamental model in the theory of strongly correlated
electron systems. The model proposed in [1] was called the Hubbard model
after John Hubbard, who made a fundamental contribution to studying the
statistical mechanics of that system. The Hubbard model is currently one of
the most extensively studied multielectron models of metals [2]. Therefore,
obtaining exact results for the spectrum and wave functions of the crystal
described by the Hubbard model is of great interest. The spectrum and
wave functions of the system of two electrons in a crystal described by the
Hubbard Hamiltonian were studied in [2]. The spectrum and wave functions
of the system of three and four electrons in a crystal described by the
Hubbard Hamiltonian were studied in [3] and [4]. The spectrum and wave
functions of the system of �ve electrons in a crystal described by the Hubbard
Hamiltonian were studied in [5].

Hamiltonian of considering system has the form

H = A
∑
m,γ

a+m,γam,γ +B
∑
m,τ,γ

a+m,γam+τ,γ + U
∑
m

a+m,↑am,↑a
+
m,↓am,↓.

Here, A is the electron energy at a lattice site, B is the transfer integral
between neighboring sites (we assume that B > 0 for convenience), τ which
means that summation is taken over the nearest neighbors, U is the parameter
of the on-site Coulomb interaction of two electrons, γ is the spin index, and
a+m,γ and am,γ are the respective electron creation and annihilation operators
at a site m ∈ Zν. In the six-electron systems exists singlet and triplet and
quintet and octet states. The Hamiltonian H acts in the antisymmetric Fo'ck
space Has. Let φ0 be the vacuum vector in the space Has.

Main results

The �rst singlet state corresponds the basis functions 1s0m,n,p,q,r,t =

a+m,↑a
+
n,↑a

+
p,↑a

+
q,↓a

+
r,↓a

+
t,↓φ0. The subspace 1H̃s

0, corresponding to the
�rst singlet state is the set of all vectors of the form 1ψs0 =∑

m,n,p,q,r,t∈Zν f̃(m,n, p, q, r, t)1s0m,n,p,q,r,t, f̃ ∈ las2 , where l
as
2 is the subspace

of antisymmetric functions in the space l2((Zν)6).

Theorem 1. The subspace 1H̃s
0 is invariant under the operator H, and the

restriction 1Hs
0 of H to the subspace 1H̃s

0 is a bounded self-adjoint operator.
It generates a bounded self- adjoint operator 1H

s
0, acting in the space las2 .

In the quasimomentum representation, the operator 1H
s
0 acts in the

Hilbert space Las2 ((T ν)6) as (1H̃s
0 f̃)(λ, µ, γ, θ, η, ξ) = {6A+2A

∑ν
i=1[cosλi+
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cosµi+cos γi+cos θi+ cos ηi+cos ξi]}f̃(λ, µ, γ, θ, η, ξ)+U
�
T ν [f̃(s, µ, γ, λ+

θ−s, η, ξ)+ f̃(s, µ, γ, θ, λ+η−s, ξ)+ f̃(s, µ, γ, θ, η, λ+ξ−s)+ f̃(λ, s, γ, µ+
θ−s, θ, ξ)+ f̃(λ, s, γ, θ, µ+η−s, ξ)+ f̃(λ, s, γ, θ, η, µ+ξ−s)+ f̃(λ, µ, s, γ+
θ − s, η, ξ) + f̃(λ, µ, s, θ, γ + η − s, ξ) + f̃(λ, µ, s, θ, η, γ + ξ − s)]ds, where
Las2 is the subspace of antisymmetric functions in L2((T

ν)6).

Theorem 2. Let ν = 1 and U < 0. Then the essential spectrum of
operator 1H̃s

0 is the union of seven segments: σess(
1H̃s

0) = [a+ c+ e, b+ d+
f ]∪ [a+ c+ z3, b+d+ z3]∪ [a+ e+ z2, b+ f + z2]∪ [a+ z2+ z3, b+ z2+ z3]∪
[c+e+z1, d+f +z1]∪ [c+z1+z3, d+z1+z3]∪ [e+z1+z2, f +z1+z2], and

the discrete spectrum of operator 1H̃s
0 is consists of no more one eigenvalue:

σdisc(
1H̃s

0) = {z1 + z2 + z3}, or σdisc(1H̃s
0) = ∅, here and hereafter a = 2A−

4B cos Λ1

2 , b = 2A+4B cos Λ1

2 , c = 2A− 4B cos Λ2

2 , d = 2A+4B cos Λ2

2 , e =

2A− 4B cos Λ3

2 , f = 2A+ 4B cos Λ3

2 , and z1 = 2A−
√
9U 2 + 16B2 cos2 Λ1

2 ,

z2 = 2A+
√
9U 2 + 16B2 cos2 Λ2

2 , z3 = 2A−
√
U 2 + 16B2 cos2 Λ3

2 .

Let ν = 3, Λ1 = λ+µ, Λ2 = γ+θ, Λ3 = η+ξ, and Λi = (Λ0
i ,Λ

0
i ,Λ

0
i ), i =

1, 2, 3;

Theorem 3. a). If U < 0, and U < −4B cos
Λ0
1
2

W , cos Λ0
1

2 > cos Λ0
2

2 , and

cos Λ0
1

2 > 3 cos Λ0
3

2 , or U < −4B cos
Λ0
2
2

W , cos Λ0
1

2 < cos Λ0
2

2 , and cos Λ0
2

2 > 3 cos Λ0
3

2 ,

or U < −12B cos
Λ0
3
2

W , and cos Λ0
1

2 < 3 cos Λ0
3

2 , then the essential spectrum of

operator 1H̃s
0 is consists of the union of seven segments: σess(

1Hs
0) = [a1 +

c1+ e1, b1+ d1+ f1]∪ [a1+ c1+ z
′

3, b1+ d1+ z
′

3]∪ [a1+ e1+ z
′

2, b1+ f1+ z
′

2]∪
[a1+z

′

2+z
′

3, b1+z
′

2+z
′

3]∪ [c1+e1+z
′

1, d1+f1+z
′

1]∪ [c1+z
′

1+z
′

3, d1+z
′

1+z
′

3]∪
[e1+ z

′

1+ z
′

2, f1+ z
′

1+ z
′

2], and discrete spectrum of operator 1H̃s
0 of no more

one eigenvalue: σdisc(
1Hs

0) = {z′

1 + z
′

2 + z
′

3}, or σdisc(1Hs
0) = ∅. Here, and

hereafter a1 = 2A−12B cos Λ0
1

2 , b1 = 2A+12B cos Λ0
1

2 , c1 = 2A−12B cos Λ0
2

2 ,

d1 = 2A+12B cos Λ0
2

2 , e1 = 2A−12B cos Λ0
3

2 , f1 = 2A+12B cos Λ0
3

2 , and z
′

1, z
′

2,

and z
′

3 are the eigenvalue, correspondingly, of the operators H̃
1
2Λ1
, H̃2

2Λ2
, and

H̃3
2Λ3
.

b). If −4B cos
Λ0
1
2

W ≤ U < −4B cos
Λ0
2
2

W , cos Λ0
1

2 > cos Λ0
2

2 , and cos Λ0
2

2 > 3 cos Λ0
3

2 ,

or −4B cos
Λ0
2
2

W ≤ U < −4B cos
Λ0
1
2

W , cos Λ0
1

2 < cos Λ0
2

2 , and cos Λ0
2

2 > 3 cos Λ0
3

2 , or

−12B cos
Λ0
3
2

W ≤ U < −4B cos
Λ0
1
2

W , cos Λ0
1

2 < 3 cos Λ0
3

2 , and cos Λ0
1

2 > cos Λ0
2

2 , or

−12B cos
Λ0
3
2

W ≤ U < −4B cos
Λ0
2
2

W , cos Λ0
2

2 < 3 cos Λ0
3

2 , and cos Λ0
1

2 < cos Λ0
2

2 , or

−4B cos
Λ0
1
2

W ≤ U < −12B cos
Λ0
3
2

W , cos Λ0
1

2 > 3 cos Λ0
3

2 , and cos Λ0
1

2 > cos Λ0
2

2 , or
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−4B cos
Λ0
2
2

W ≤ U < −12B cos
Λ0
3
2

W , cos Λ0
1

2 > 3 cos Λ0
3

2 , and cos Λ0
1

2 < cos Λ0
2

2 , then

the essential spectrum of the operator 1H̃s
0 is consists of the union of four

segments: σess(
1Hs

0) = [a1 + c1 + e1, b1 + d1 + f1] ∪ [a1 + c1 + z
′

3, b1 + d1 +
z

′

3] ∪ [c1 + e1 + z
′

1, d1 + f1 + z
′

1] ∪ [c1 + z
′

1 + z
′

3, d1 + z
′

1 + z
′

3], or σess(
1Hs

0) =
[a1+ c1+ e1, b1+d1+ f1]∪ [a1+ c1+ z

′

3, b1+d1+ z
′

3]∪ [a1+ e1+ z
′

2, b1+ f1+
z

′

2] ∪ [a1 + z
′

2 + z
′

3, b1 + z
′

2 + z
′

3], or σess(
1Hs

0) = [a1 + c1 + e1, b1 + d1 + f1] ∪
[a1+e1+z

′

2, b1+f1+z
′

2]∪ [c1+e1+z
′

1, d1+f1+z
′

1]∪ [e1+z
′

1+z
′

2, f1+z
′

1+z
′

2],

and the discrete spectrum of the operator 1H̃s
0 is empty set.

c).If −4B cos
Λ0
2
2

W ≤ U < −12B cos
Λ0
3
2

W , cos Λ0
1

2 > cos Λ0
2

2 , and cos Λ0
2

2 > 3 cos Λ0
3

2 ,

or −4B cos
Λ0
1
2

W ≤ U < −12B cos
Λ0
3
2

W , cos Λ0
1

2 < cos Λ0
2

2 , and cos Λ0
1

2 > 3 cos Λ0
3

2 ,

or −4B cos
Λ0
1
2

W ≤ U < −4B cos
Λ0
2
2

W , cos Λ0
1

2 > cos Λ0
2

2 , and cos Λ0
1

2 < 3 cos Λ0
3

2 ,

or −4B cos
Λ0
2
2

W ≤ U < −4B cos
Λ0
1
2

W , cos Λ0
1

2 < cos Λ0
2

2 , and cos Λ0
2

2 < 3 cos Λ0
3

2 , or

−12B cos
Λ0
3
2

W ≤ U < − − 4B cos
Λ0
2
2

W , cos Λ0
1

2 > 3 cos Λ0
3

2 , and cos Λ0
1

2 > cos Λ0
2

2 ,

cos Λ0
2

2 < 3 cos Λ0
3

2 , or −12B cos
Λ0
3
2

W ≤ U < −4B cos
Λ0
1
2

W , cos Λ0
1

2 < cos Λ0
2

2 ,

cos Λ0
2

2 > 3 cos Λ0
3

2 , cos
Λ0
1

2 < 3 cos Λ0
3

2 , then the essential spectrum of operator

the operator 1H̃s
0 is the union of two segments: σess(

1Hs
0) = [a1+c1+e1, b1+

d1 + f1] ∪ [a1 + c1 + z
′

3, b1 + d1 + z
′

3], or σess(
1Hs

0) = [a1 + c1 + e1, b1 + d1 +
f1] ∪ [a1 + e1 + z

′

2, b1 + f1 + z
′

2], or σess(
1Hs

0) = [a1 + c1 + e1, b1 + d1 + f1] ∪
[c1+e1+z

′

1, d1+f1+z
′

1], and discrete spectrum of the operator 1H̃s
0 is empty

set.

d). If −12B cos
Λ0
3
2

W ≤ U < 0, cos Λ0
1

2 > cos Λ0
2

2 and cos Λ0
2

2 > 3 cos Λ0
3

2 , or

cos Λ0
1

2 < cos Λ0
2

2 and cos Λ0
1

2 > 3 cos Λ0
3

2 , or −
4B cos

Λ0
2
2

W ≤ U < 0, cos Λ0
1

2 > cos Λ0
2

2

and cos Λ0
1

2 < 3 cos Λ0
3

2 , or cos Λ0
1

2 > cos Λ0
2

2 , cos
Λ0
1

2 > 3 cos Λ0
3

2 , or −4B cos
Λ0
1
2

W ≤
U < 0, cos Λ0

1

2 < cos Λ0
2

2 and cos Λ0
2

2 < 3 cos Λ0
3

2 , or cos Λ0
1

2 < cos Λ0
2

2 , and

cos Λ0
2

2 > 3 cos Λ0
3

2 , then the essential spectrum of the operator 1H̃s
0 is consists

of a single segment: σess(
1Hs

0) = [a1 + c1 + e1, b1 + d1 + f1], and discrete

spectrum of the operator 1H̃s
0 is empty set: σdisc(

1H̃s
0) = ∅.
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ÓÄÊ 517.9

Îá óñëîâèÿõ ìîíîãåííîñòè1

Ä. Ñ. Òåëÿêîâñêèé (Ðîññèÿ, Ìîñêâà)
dtelyakov@mail.ru

Äîêàçàíà ãîëîìîðôíîñòü ôóíêöèé îäíîãî êîìïëåêñíîãî ïåðåìåííîãî, óäîâëåòâî-
ðÿþùèõ îñëàáëåííûì óñëîâèÿì êîìïëåêñíîé äèôôåðåíöèðóåìîñòè è íåêîòîðûì
óñëîâèÿì ñóììèðóåìîñòè.

Êëþ÷åâûå ñëîâà: ãîëîìîðôíîñòü, ìîíîãåííîñòü, óñëîâèÿ Êîøè�Ðèìàíà, àñèìï-
òîòè÷åñêàÿ ìîíîãåííîñò.

On monogeneity conditions1
D. S. Tel�yakovskij (Russia, Moscow)

dtelyakov@mail.ru
We prove that functions of one complex variable that satisfy weakened monogeneity
conditions and some summability conditions are holomorphic.

Keywords: holomorphic functions, monogenic functions, Cauchy�Riemann conditions,
asymptotically monogenic functions.

Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ãîëîìîðôíîñòè ôóíêöèé f(z), z ∈
G ⊂ C, êîòîðûå óäîâëåòâîðÿþò íåêîòîðûì îñëàáëåííûì óñëîâèÿì ìî-
íîãåííîñòè (êîìïëåêñíîé äèôôåðåíöèðóåìîñòè).

Ñîãëàñíî òåîðåìå Ãóðñà�Ïðèíñãåéìà, åñëè ôóíêöèÿ f(z) â êàæäîé
òî÷êå îáëàñòè G èìååò êîíå÷íóþ ïðîèçâîäíóþ, òî f(z) ãîëîìîðôíà â G.
Â ýòîé òåîðåìå ïðåäïîëîæåíèå î ñóùåñòâîâàíèè ïðîèçâîäíîé ìîæíî
îñëàáëÿòü, íî ïðè ýòîì íà ôóíêöèþ îáû÷íî íàäî íàêëàäûâàòü òå èëè
èíûå ìåòðè÷åñêèå óñëîâèÿ. Äîêàçàòåëüñòâó ãîëîìîðôíîñòè íåïðåðûâ-
íûõ ôóíêöèé, óäîâëåòâîðÿþùèõ ðàçëè÷íûì óñëîâèÿì ìîíîãåííîñòè, ïî-
ñâÿù¼í öèêë ðàáîò Ä.Å.Ìåíüøîâà, âûïîëíåííûé â 20�30-õ ãîäàõ 20 âåêà.

Ñíà÷àëà îïðåäåëèì óñëîâèÿ ìîíîãåííîñòè, êîòîðûå ðàññìàòðèâàþòñÿ
â ýòîé ðàáîòå.

Ïóñòü ζ � ïðåäåëüíàÿ òî÷êà ìíîæåñòâà Aζ ⊂ G. Áóäåì ãîâîðèòü,
÷òî f(z) ìîíîãåííà â ζ îòíîñèòåëüíî ìíîæåñòâà Aζ , åñëè ñóùåñòâóåò
êîíå÷íûé ïðåäåë

f(z)− f(ζ)

z − ζ
ïðè z → ζ, z ∈ Aζ .

Íàèáîëåå èçâåñòíûì óñëîâèåì ìîíîãåííîñòè âäîëü ìíîæåñòâà ÿâëÿ-
þòñÿ óñëîâèÿ Êîøè�Ðèìàíà. Âûïîëíåíèå óñëîâèé Êîøè�Ðèìàíà â òî÷-
êå ζ îçíà÷àåò ìîíîãåííîñòü f(z) â òî÷êå ζ îòíîñèòåëüíî êðåñòèêà ñ öåí-
òðîì â ζ (êðåñòèêîì Kζ ñ öåíòðîì â òî÷êå ζ áóäåì íàçûâàòü îáúåäè-
íåíèå äâóõ ïåðåñåêàþùèõñÿ â ζ íåêîëëèíåàðíûõ èíòåðâàëîâ), ïðè÷åì

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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îäèí èç èíòåðâàëîâ êðåñòèêà ïàðàëëåëåí îñè Ox, à äðóãîé � îñè Oy.
Ä.Å.Ìåíüøîâ ðàññìîòðåë òàêæå ôóíêöèè, ìîíîãåííûå â òî÷êàõ îáëàñòè
îòíîñèòåëüíî êðåñòèêîâ, áåç îãðàíè÷åíèé íà ðàñïîëîæåíèå îáðàçóþùèõ
êðåñòèêè èíòåðâàëîâ.

Ôóíêöèÿ f(z) íàçûâàåòñÿ àñèìïòîòè÷åñêè ìîíîãåííîé â òî÷êå ζ,
åñëè f(z) ìîíîãåííà â ζ îòíîñèòåëüíî ìíîæåñòâà Aζ ó êîòîðîãî òî÷êà ζ
ÿâëÿåòñÿ òî÷êîé ïëîòíîñòè (â ñìûñëå ïëîñêîé ìåðû Ëåáåãà).

Ñóùåñòâîâàíèå ó f(z) êîíå÷íîé íåíóëåâîé ïðîèçâîäíîé ýêâèâàëåíò-
íî óñëîâèÿì ñîõðàíåíèÿ óãëîâ è ïîñòîÿíñòâà ðàñòÿæåíèé ïðè îòîáðà-
æåíèè w = f(z). Ýòè óñëîâèÿ ìîæíî ðàññìàòðèâàòü ïî îòäåëüíîñòè.
Ä. Å.Ìåíüøîâ ðàññìîòðåë ôóíêöèè ó êîòîðûõ ñóùåñòâóåò êîíå÷íûé ïðå-
äåë ∣∣∣∣f(z)− f(ζ)

z − ζ

∣∣∣∣ ïðè z → ζ, z ∈ Tζ ,

ãäå Tζ � îáúåäèíåíèå òð¼õ ïîïàðíî íåêîëëèíåàðíûõ ëó÷åé, èñõîäÿùèõ
èç òî÷êè ζ. Ýòî óñëîâèå Ä.Å.Ìåíüøîâ íàçâàë óñëîâèåì K ′′.

Ä. Å.Ìåíüøîâ äîêàçàë ñëåäóþùèå äîñòàòî÷íûå óñëîâèÿ ãîëîìîð-
ôíîñòè.

Òåîðåìà 1 [1, 2]. Íåïðåðûâíàÿ â îáëàñòè G ôóíêöèÿ f(z) ìîíîãåííàÿ
â êàæäîé òî÷êå ζ ∈ G âäîëü íåêîòîðîãî êðåñòèêà Kζ, ÿâëÿåòñÿ â G
ãîëîìîðôíîé.

Òåîðåìà 2 [2]. Íåïðåðûâíàÿ â îáëàñòè G ôóíêöèÿ f(z) àñèìïòîòè÷å-
ñêè ìîíîãåííàÿ â êàæäîé òî÷êå èç G, ÿâëÿåòñÿ â G ãîëîìîðôíîé.

Òåîðåìà 3 [3]. Ïóñòü íåïðåðûâíàÿ è îäíîëèñòíàÿ â îáëàñòè G ôóíê-
öèÿ f(z) â êàæäîé òî÷êå èç G óäîâëåòâîðÿåò óñëîâèþ K ′′. Òîãäà ëèáî

ôóíêöèÿ f(z), ëèáî ôóíêöèÿ f(z) ÿâëÿåòñÿ â G ãîëîìîðôíîé.

Êàê îòìåòèë ñàì Ä. Å.Ìåíüøîâ, ïðèìåð Õ.Áîðà ôóíêöèè f(z) = z
ïðè Im z ≥ 0 è f(z) = z ïðè Im z < 0 ïîêàçûâàåò, ÷òî â ïîñëåäíåé
òåîðåìå óñëîâèå îäíîëèñòíîñòè ÿâëÿåòñÿ ñóùåñòâåííûì. Óñëîâèå îäíî-
ëèñòíîñòè íàñòîëüêî ñèëüíî, íàñêîëüêî ýòî âîîáùå âîçìîæíî, îñëàáèë
Þ. Þ.Òðîõèì÷óê [4], êîòîðûé çàìåíèë ïðåäïîëîæåíèå îá îäíîëèñòíî-
ñòè ïðåäïîëîæåíèåì î òîì, ÷òî â òî÷êàõ ζ îáëàñòè îòîáðàæåíèå w = f(z)
ÿâëÿåòñÿ ïðÿìûì, ò.å. ñîõðàíÿþùèì íàïðàâëåíèÿ óãëîâ âäîëü íåêîòî-
ðûõ ñõîäÿùèõñÿ ê ζ ïîñëåäîâàòåëüíîñòåé. Ïðè ýòîì, åñëè îòîáðàæåíèå
w = f(z) ïðÿìîå, òî ôóíêöèÿ f(z) ãîëîìîðôíîé áûòü íå ìîæåò.

Ïðèìåðû ïîêàçûâàþò, ÷òî íè â îäíîé èç òåîðåì 1�3 ïîëíîñòüþ îòêà-
çàòüñÿ îò óñëîâèÿ íåïðåðûâíîñòè íåëüçÿ. Îäíàêî ýòî óñëîâèå ìîæíî ñó-
ùåñòâåííî îñëàáèòü. Äëÿ ôóíêöèé, óäîâëåòâîðÿþùèõ óñëîâèÿì Êîøè�
Ðèìàíà â êëàññè÷åñêîé ôîðìå (îäèí èç èíòåðâàëîâ êðåñòèêà ïàðàëëåëåí
îñèOx, à äðóãîé � îñèOy) Ã. Ï.Òîëñòîâ [5] çàìåíèë óñëîâèå íåïðåðûâíî-
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ñòè ôóíêöèè óñëîâèåì å¼ îãðàíè÷åííîñòè, Ã. Õ.Ñèíäàëîâñêèé [6] � óñëî-
âèåì ñóììèðóåìîñòè |f(z)|, à Ä. Ñ.Òåëÿêîâñêèé [7] � óñëîâèåì ñóììè-
ðóåìîñòè log+ |f(z)|. Äàëåå Ä. Ñ.Òåëÿêîâñêèé [8�10] ïîêàçàë, ÷òî âî âñåõ
òåîðåìàõ 1�3 óñëîâèå íåïðåðûâíîñòè ìîæíî çàìåíèòü íåêîòîðûì óñëî-
âèåì ñóììèðóåìîñòè log+ |f(z)|, ïðè÷¼ì â îáîáùåíèÿõ òåîðåì 1 è 3 íàëî-
æåííîå óñëîâèå ñóììèðóåìîñòè log+ |f(z)| ñóùåñòâåííî îñëàáèòü íåëüçÿ,
à â òåîðåìå 3 âìåñòî óñëîâèÿ îäíîëèñòíîñòè èñïîëüçóåòñÿ óñëîâèå ïðÿ-
ìèçíû îòîáðàæåíèÿ w = f(z) è íà ðàñïîëîæåíèå ëó÷åé â òðîéêàõ Tζ
íåîáõîäèìî íàëîæèòü íåêîòîðûå îãðàíè÷åíèÿ.

Â íàñòîÿùåé ðàáîòå îñëàáëÿåòñÿ óñëîâèå ìîíîãåííîñòè. Ïðåäïîëîæå-
íèå î ìîíîãåííîñòè ôóíêöèè f(z) â òî÷êàõ ζ ∈ G îòíîñèòåëüíî ìíî-
æåñòâ Aζ òîé èëè èíîé ñòðóêòóðû çàìåíåíî ïðåäïîëîæåíèåì î âûïîëíå-
íèè ñëåäóþùèõ äâóõ óñëîâèé:

1◦ â êàæäîé òî÷êå z ∈ Aζ , ëåæàùåé äîñòàòî÷íî áëèçêî ê òî÷êå ζ, ïðè
íåêîòîðîì çíà÷åíèè Lζ âûïîëíåíî íåðàâåíñòâî∣∣f(z)− f(ζ)

∣∣ ≤ Lζ
∣∣z − ζ

∣∣;
2◦ åñëè ïðåäåë â óñëîâèè 1◦ íå ðàâåí íóëþ, òî íàéäóòñÿ ñõîäÿùèåñÿ

ê ζ âäîëü äâóõ íåêîëëèíåàðíûõ ëó÷åé ïîñëåäîâàòåëüíîñòè òî÷åê {z′n} è
{z′′n}, îòíîñèòåëüíî êîòîðûõ ôóíêöèÿ f(z) ìîíîãåííà â ζ.

Åñëè ôóíêöèÿ f(z) óäîâëåòâîðÿåò â òî÷êå ζ óñëîâèþ 1◦, áóäåì ãî-
âîðèòü, ÷òî f(z) óäîâëåòâîðÿåò â ζ óñëîâèþ Ëèïøèöà âäîëü ìíîæå-
ñòâà Aζ .

ßñíî, ÷òî óñëîâèå 1◦ âûïîëíåíî, åñëè f(z) ìîíîãåííà â òî÷êå ζ îò-
íîñèòåëüíî ìíîæåñòâà Aζ . Âûïîëíåíèå óñëîâèÿ ïðÿìèçíû Òðîõèì÷óêà
ñëåäóåò èç âûïîëíåíèÿ óñëîâèÿ 2◦.

Ïîëó÷åíû ñëåäóþùèå îáîáùåíèÿ òåîðåì 1�3 Ìåíüøîâà.

Òåîðåìà 1′. Ïóñòü ôóíêöèÿ f(z) â êàæäîé òî÷êå ζ ∈ G óäîâëåòâî-
ðÿåò óñëîâèþ Ëèïøèöà âäîëü íåêîòîðîãî êðåñòèêà Kζ è óñëîâèþ 2◦.
Åñëè (log+ |f(z)|)p ëîêàëüíî ñóììèðóåì â G ïðè âñåõ ïîëîæèòåëüíûõ
p < 2, òî ôóíêöèÿ f(z) ãîëîìîðôíà â G.

Òåîðåìà 2′. Ïóñòü ôóíêöèÿ f(z) â êàæäîé òî÷êå ζ ∈ G óäîâëåòâî-
ðÿåò óñëîâèþ Ëèïøèöà îòíîñèòåëüíî íåêîòîðîãî ìíîæåñòâà Aζ, ó
êîòîðîãî ζ ÿâëÿåòñÿ òî÷êîé ïëîòíîñòè, è óñëîâèþ 2◦. Åñëè log+ |f(z)|
ëîêàëüíî ñóììèðóåì â G, òî ôóíêöèÿ f(z) ãîëîìîðôíà â G.

Äëÿ òîãî, ÷òîáû â òåîðåìå 3 áûëî ìîæíî îñëàáèòü óñëîâèå íåïðå-
ðûâíîñòè, áóäåì ïðåäïîëàãàòü, ÷òî òðîéêè ëó÷åé Tζ ÿâëÿþòñÿ ðàñòîïû-
ðåííûìè, ò.å. ñ êàæäîé ñòîðîíû îò ëþáîé ïðîõîäÿùåé ÷åðåç ζ ïðÿìîé
ëåæèò ïî êðàéíåé ìåðå ïî îäíîìó ëó÷ó èç Tζ .
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Òåîðåìà 3′. Ïóñòü ôóíêöèÿ f(z) â êàæäîé òî÷êå ζ ∈ G óäîâëåòâîðÿ-
åò óñëîâèþ Ëèïøèöà âäîëü íåêîòîðîé ðàñòîïûðåííîé òðîéêè ëó÷åé Tζ
è óñëîâèþ 2◦. Åñëè (log+ |f(z)|)p ëîêàëüíî ñóììèðóåì â G ïðè âñåõ ïî-
ëîæèòåëüíûõ p < 2, òî ôóíêöèÿ f(z) ãîëîìîðôíà â G.

Ïðåäïîëîæåíèå î òîì, ÷òî ôóíêöèÿ f(z) â êàæäîé òî÷êå ζ óäî-
âëåòâîðÿåò óñëîâèþ Ëèïøèöà âäîëü ñîîòâåòñòâóþùåãî ìíîæåñòâà Aζ ,
ñóùåñòâåííî îñëàáèòü íåëüçÿ. Ýòî ïîêàçûâàåò ñëåäóþùèé ïðèìåð.
Ïóñòü h(t) � ïðîèçâîëüíàÿ ôóíêöèÿ òèïà ìîäóëÿ íåïðåðûâíîñòè ó êîòî-

ðîé
h(t)

t
→ +∞ ïðè t↘ 0. Ñóùåñòâóåò òàêàÿ íåïðåðûâíàÿ íåäèôôåðåí-

öèðóåìàÿ íè â îäíîé òî÷êå ôóíêöèÿ φh(z) ó êîòîðîé äëÿ êàæäîé òî÷êè ζ
âî âñåõ òî÷êàõ z âûïîëíåíî íåðàâåíñòâî |φh(z) − φh(ζ)| ≤ h(|z − ζ|), è
ïðîèçâîäíàÿ êîòîðîé â òî÷êå ζ âäîëü íåêîòîðûõ äâóõ ïîñëåäîâàòåëüíî-
ñòåé, îäíà èç êîòîðûõ ñòðåìèòñÿ ê ζ âäîëü îñè Ox, à äðóãàÿ � âäîëü
îñè Oy, ðàâíà íóëþ.

Â äîñòàòî÷íûõ óñëîâèé ãàðìîíè÷íîñòè óñëîâèÿ íà íåïðåðûâíîñòü ñó-
ùåñòâåííî ñëàáåå. Â ðàáîòå Òåëÿêîâñêîãî [11] áûëà äîêàçàíà ãàðìîíè÷-
íîñòü ôóíêöèè u(z) äâóõ ïåðåìåííûõ, óäîâëåòâîðÿþùèõ óðàâíåíèþ Ëà-
ïëàñà, çàïèñàííîìó â äèñêðåòíîé ôîðìå. Ïîëíîñòüþ îòêàçàòüñÿ îò óñëî-
âèÿ íåïðåðûâíîñòè â ýòîì óòâåðæäåíèè íåëüçÿ, íî äîñòàòî÷íî ïðåäïîëà-
ãàòü, ÷òî äëÿ íåêîòîðîé ôóíêöèè h(t) òèïà ìîäóëÿ íåïðåðûâíîñòè äëÿ
êàæäîé òî÷êè ζ ïðè íåêîòîðîì çíà÷åíèè Lζ âî âñåõ òî÷êàõ z ∈ Aζ âû-
ïîëíåíî íåðàâåíñòâî |u(z)− u(ζ)| ≤ Lζh(|z − ζ|).

Çàìåòèì, ÷òî â êàæäîé èç òåîðåì 1′�3′ âìåñòî âûïîëíåíèÿ óñëîâèÿ 2◦

äîñòàòî÷íî ïðåäïîëàãàòü, ÷òî äëÿ âñåõ òî÷åê îáëàñòè âäîëü ñîîòâåò-
ñòâóþùèõ ïîñëåäîâàòåëüíîñòåé {z′n} è {z′′n} ñóùåñòâóåò êîíå÷íûé ïðå-

äåë

∣∣∣∣f(z)− f(ζ)

z − ζ

∣∣∣∣ è, åñëè ýòîò ïðåäåë íå ðàâåí íóëþ, òî îòîáðàæåíèå

w = f(z) ÿâëÿåòñÿ ïðÿìûì â ñìûñëå Òðîõèì÷óêà.
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Îáñóæäàþòñÿ òðàíñöåíäåíòíûå óðàâíåíèÿ âèäà sin z = z è sh z = z, èññëåäîâà-
íèå êîòîðûõ âîñõîäèò ê ðàáîòå Õàðäè (1902). Ïðèâîäÿòñÿ óòî÷íåííûå ðåçóëüòàòû
î ðàñïðåäåëåíèè êîðíåé íà ìíîæåñòâå C \ {0}. Îòìå÷àåòñÿ ñâÿçü ñ òåîðèåé öå-
ëûõ ôóíêöèé òèïà Ìèòòàã-Ëåôôëåðà. Èíòåðåñ ê òåìàòèêå áûë âûçâàí âîïðîñîì
î êðàòíûõ íóëÿõ îäíîé öåëîé ôóíêöèè ïîðÿäêà ρ = 1/2. Ýòà ïîñëåäíÿÿ âîçíèêëà
èç ñïåêòðàëüíûõ ñîîòíîøåíèé â îáðàòíûõ çàäà÷àõ ìàòåìàòè÷åñêîé ôèçèêè.
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Â 1902 ã. îïóáëèêîâàíà ðàáîòà [1], ïîñâÿùåííàÿ êîðíÿì óðàâíåíèÿ

sin z = z (1)

íà ìíîæåñòâå z ∈ C \ {0}. Òàì æå, â [1], ââåäåíî îáîáùåííîå óðàâíåíèå

sin z = az (2)

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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ñ ïàðàìåòðîì a ̸= 0. Íà çàëîæåííîé òåîðåòè÷åñêîé îñíîâå ïðîâîäèëèñü
äàëüíåéøèå èññëåäîâàíèÿ ïî ÷èñëåííîìó àíàëèçó êîðíåé òðàíñöåíäåíò-
íûõ óðàâíåíèé (1), (2), èõ îáîáùåíèé è àíàëîãîâ (ñì. [2]�[7]). Îòìåòèì,
÷òî ïîäîáíûå óðàâíåíèÿ âîçíèêàþò â ìàòåìàòè÷åñêîé ôèçèêå ïðè ðàñ-
ñìîòðåíèè ñïåêòðàëüíûõ çàäà÷ ìåõàíèêè ñïëîøíîé ñðåäû (ñì. [8]�[11]).
Èõ òàêæå èñïîëüçóþò êàê âàæíûé èëëþñòðàòèâíûé ìàòåðèàë â òåîðèè
öåëûõ ôóíêöèé (ñì. [12, ñ. 64�68]).

Íàðÿäó ñ (1) âñòðå÷àåòñÿ ¾ãèïåðáîëè÷åñêîå¿ óðàâíåíèå âèäà

sh z = z. (3)

Èñõîäíàÿ âåðñèÿ (1) ïîëó÷àåòñÿ èç (3) ïðè çàìåíå z íà iz. Ïîýòîìó ìíî-
æåñòâà êîðíåé ýòèõ óðàâíåíèé ñâÿçàíû ïðîñòûì ïîâîðîòîì íà óãîë π/2.
Ïî ïðè÷èíàì òåõíè÷åñêîãî õàðàêòåðà íàì óäîáíåå ñåé÷àñ èìåòü äåëî
ñ óðàâíåíèåì (3). Áóäåì ðàññìàòðèâàòü åãî íà ìíîæåñòâå z ∈ C \ {0}.

Îòìåòèì ñíà÷àëà ôàêòû îáùåãî õàðàêòåðà. Ëåãêî ïðîâåðÿåòñÿ, ÷òî
óðàâíåíèå (3) íå èìååò êîðíåé z ̸= 0 íà îñÿõ Re è Im. Ïðè ýòîì êîðíåé
áåñêîíå÷íî ìíîãî, è îíè îáðàçóþò ñ÷åòíûé íàáîð íà ïëîñêîñòè. Ó÷èòû-
âàÿ åñòåñòâåííûå ñèììåòðèè, êîðíè óðàâíåíèÿ (3) ìîæíî ïðåäñòàâèòü
â âèäå

±zn, n ∈ Z \ {0}, z−n = zn. (4)

Çäåñü îñíîâíàÿ ñåðèÿ êîðíåé

z1, z2, . . . , zn, . . . (5)

ðàñïîëîæåíà â ïåðâîì êâàäðàíòå C++ ≡ {z = x+ iy : x > 0, y > 0}
è óïîðÿäî÷åíà ïî âîçðàñòàíèþ ìîäóëåé. Ïîíÿòíî, ÷òî íóæíî äàòü îïèñà-
íèå ëèøü äëÿ ýòîé îñíîâíîé ñåðèè (5).

Ïðè àíàëèçå óðàâíåíèÿ (3) ïîëåçíî ó÷èòûâàòü ñâÿçü

sh z − z

z3
=

∞∑
m=0

z2m

(2m+ 3)!
= E1/2(z

2; 4) (6)

ñ ñîîòâåòñòâóþùåé ôóíêöèåé òèïà Ìèòòàã-Ëåôôëåðà. Íàïîìíèì, ÷òî
ýòî êëàññè÷åñêîå ñåìåéñòâî (ñì. [13]) îáðàçóþò öåëûå ôóíêöèè

Eρ(z;µ) =
∞∑
m=0

zm

Γ(ρ−1m+ µ)
, z ∈ C,

ñ ïàðàìåòðàìè ρ > 0, µ ∈ C (è Γ-ôóíêöèåé â çíàìåíàòåëå). Òåì ñàìûì,
ê èññëåäîâàíèþ ìíîæåñòâà (4) ìîæíî ïðèâëåêàòü îáùèå ðåçóëüòàòû ìî-
íîãðàôèè [14]. Íàïðèìåð, èç óêàçàííîé òàì òåîðåìû 4.3.1 ñëåäóåò, ÷òî
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îñíîâíàÿ ñåðèÿ êîðíåé (5) ëîêàëèçóåòñÿ â ïðàâîé ïîëóïëîñêîñòè

Re z >
√
2 + ln(

√
2 + 1) = 2.2955 . . . . (7)

Çàòåì, ïðèìåíÿÿ òåîðåìó 2.1.1, ïîñëå íåñëîæíûõ âû÷èñëåíèé ïîëó÷èì
äëÿ îñíîâíîé ñåðèè (5) ñëåäóþùóþ àñèìïòîòè÷åñêóþ ôîðìóëó

zn = ln(4nπ)+
1

4n
+ i

(
2nπ +

π

2
− ln(4nπ)

2nπ

)
+O

(
ln2 n

n2

)
, n→ ∞. (8)

Ôîðìóëà (8) ñîãëàñóåòñÿ ñ ðåçóëüòàòîì [12, ñ. 67] (åñëè ïåðåäåëàòü îòâåò
èç êíèãè [12] íà óðàâíåíèå (3) âìåñòî ðàçîáðàííîãî òàì óðàâíåíèÿ (2)).

Îòìåòèì áëèçêèé øàáëîí àñèìïòîòèêè èç ðàáîòû [9] (ñì. òàêæå [1]),
îòêóäà èçâëåêàåòñÿ ïðèáëèæåííàÿ ôîðìóëà

zn = ln((4n+ 1)π) + δn + i

(
2nπ +

π

2
− 2 ln((4n+ 1)π)

(4n+ 1)π
+ εn

)
(9)

ïðè n ∈ N ñî çíà÷åíèÿìè δn, εn ∈ R, òàêèìè, ÷òî δn → 0 è εn → 0, êî-
ãäà n→ ∞. Íà ïåðâûé âçãëÿä, âàðèàíò (8) êàæåòñÿ ïðîùå è äàæå ÷óòü
ñèëüíåå, íî èìåííî ïðåäñòàâëåíèå (9) ïîçâîëÿåò âûâåñòè ïî-íàñòîÿùåìó
òî÷íûé ðåçóëüòàò.

Òåîðåìà 1. Â ôîðìóëå (9) äëÿ îñíîâíîé ñåðèè (5) êîðíåé óðàâíå-
íèÿ (3) ïðè âñåõ íîìåðàõ n ∈ N äåéñòâóþò îöåíêè

0 < δn <
2 ln2

(
(4n+ 1)π

)
(4n+ 1)2π2

, |εn| <
4 ln3

(
(4n+ 1)π

)
(4n+ 1)3π3

. (10)

Òàêîå ñî÷åòàíèå ôîðìóëû (9) ñ îöåíêàìè (10) äàåò âåñüìà ïîëíîå
ïðåäñòàâëåíèå î ïîâåäåíèè êîðíåé óðàâíåíèÿ (3). Êàê âèäèì, èòîãîâûé
îòâåò îêàçûâàåòñÿ íåàñèìïòîòè÷åñêèì, ôàêòè÷åñêè ïðèìåíèìûì ïðè
âñåõ íîìåðàõ n ∈ N. Óêàæåì åùå îäèí íåàñèìïòîòè÷åñêèé ðåçóëüòàò
íåñêîëüêî èíîãî õàðàêòåðà.

Òåîðåìà 2. Äëÿ óðàâíåíèÿ (3) ðàññìàòðèâàåì îñíîâíóþ ñåðèþ êîð-
íåé (5) â ïåðâîì êâàäðàíòå C++ ≡ {z = x+ iy : x > 0, y > 0}. Òîãäà
ñïðàâåäëèâû óòâåðæäåíèÿ.

� Âñå êîðíè (5) íàõîäÿòñÿ íà êðèâîé γ ⊂ C++ ñ óðàâíåíèåì

y = cthx
√

sh2 x− x2 ∼ y = chx

√
1− x2

sh2 x
. (11)

� Êîðåíü zn ïðè ôèêñèðîâàííîì n ∈ N ïîïàäàåò â îáëàñòü

chx− 1 < y < chx, 2nπ +
π

3
< y < 2nπ +

π

2
. (12)
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� Âñå êîðíè (5) ðàñïîëîæåíû â ïîëóïëîñêîñòè

Re z > ln 5π = 2.7541 . . . , (13)

÷òî òî÷íåå ïðåæíåé îöåíêè (7).

Ïåðå÷èñëåííûå ôàêòû, ñâÿçàííûå ñ ôîðìóëàìè (9)�(13), ïîëó÷àþòñÿ
àíàëèòè÷åñêèì ïóòåì. Èõ, â öåëîì, äîñòàòî÷íî äëÿ îñíîâíûõ ïðèëîæå-
íèé, èñïîëüçóþùèõ êîðíè óðàâíåíèÿ (3) ïðè z ∈ C \ {0}.

Êðîìå òîãî, èìåþòñÿ òàáëèöû ïåðâûõ êîðíåé óðàâíåíèÿ (1), ò. å. óðàâ-
íåíèÿ sin z = z (ñì., íàïðèìåð, [2], [8], [9]). Îòñþäà ïðè çàìåíå çíà÷å-
íèé a+ bi çíà÷åíèÿìè b+ ai ïîëó÷àåì ïåðâûå êîðíè óðàâíåíèÿ (3).
(Ïîíÿòíî, ÷òî â íàøè äíè áîëåå åñòåñòâåííî îáðàòèòüñÿ ê ñèñòåìàì êîì-
ïüþòåðíîé ìàòåìàòèêè, ñ ïîìîùüþ êîòîðûõ íàõîäèòñÿ ëþáîå ðàçóìíîå
êîëè÷åñòâî êîðíåé ñ âûñîêîé ñòåïåíüþ òî÷íîñòè.)

Êàê óæå îòìå÷àëîñü, òðàíñöåíäåíòíûå óðàâíåíèÿ âèäà (1)�(3) âñòðå-
÷àþòñÿ â ìàòåìàòè÷åñêîé ôèçèêå. Ïîìèìî ïðåæíèõ ðàáîò [8]�[11], ñâÿ-
çàííûõ ñ ìåõàíèêîé ñïëîøíîé ñðåäû, óêàæåì îäíó íîâóþ ñèòóàöèþ, âû-
çâàâøóþ íàø îñîáûé èíòåðåñ ê óðàâíåíèþ (3).

Íåêîòîðîå âðåìÿ íàçàä ïðè èçó÷åíèè îäíîé îáðàòíîé çàäà÷è äëÿ àáñ-
òðàêòíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà (ñì. [15], [16])
âîçíèê âîïðîñ î íóëÿõ ýëåìåíòàðíîé öåëîé ôóíêöèè

H(λ) = H(λ; p) =
2√
λ
sh

√
λ

2
+ p ch

√
λ

2
(14)

ïåðåìåííîé λ ∈ C ïîðÿäêà ρ = 1/2 ñ ïàðàìåòðîì p ∈ C \ {0}. Çäåñü,
êðîìå îáùåãî èññëåäîâàíèÿ íóëåé, òðåáîâàëîñü óçíàòü, ñóùåñòâóþò ëè
çíà÷åíèÿ p ∈ C \ {0}, ïðè êîòîðûõ öåëàÿ ôóíêöèÿ (14) èìååò êðàòíûå
íóëè. Íåñìîòðÿ íà âíåøíþþ îäíîðîäíîñòü êîíñòðóêöèè ïî ïàðàìåòðó p,
ñèòóàöèÿ ñ êðàòíûìè íóëÿìè îêàçàëàñü âåñüìà íåîðäèíàðíîé.

Êàê âûÿñíèëîñü, ïðàêòè÷åñêè âñåãäà âñå íóëè ôóíêöèè (14) ÿâëÿ-
þòñÿ ïðîñòûìè, íî, â òî æå âðåìÿ, ñóùåñòâóåò ñ÷åòíîå ìíîæåñòâî èñ-
êëþ÷èòåëüíûõ çíà÷åíèé p = pn , ïðè êàæäîì èç êîòîðûõ ôóíêöèÿ (14)
îáëàäàåò åùå è îäíèì íóëåì êðàòíîñòè äâà. Îêîí÷àòåëüíûé ðåçóëüòàò
ôîðìóëèðóåòñÿ â òåðìèíàõ êîðíåé óðàâíåíèÿ (3), ïîïàäàþùèõ â ïðàâóþ
ïîëóïëîñêîñòü Re z > 0. Íóæíîå ïîäìíîæåñòâî êîðíåé ïîëó÷àåòñÿ èç
îñíîâíîé ñåðèè (5) â ôîðìå z = zn ïðè n ∈ Z \ {0}, ãäå z−n = zn.

Òåîðåìà 3. Ðàññìàòðèâàåì öåëóþ ôóíêöèþ H(λ; p) âèäà (14) ñ ïà-
ðàìåòðîì p ∈ C \ {0}. Îïðåäåëèì ñ÷åòíîå ìíîæåñòâî çíà÷åíèé

pn = − 2

1 + ch zn
, n ∈ Z \ {0}, p−n = pn, (15)
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ãäå zn � êîðíè óðàâíåíèÿ (3), ïîïàäàþùèå â ïîëóïëîñêîñòü Re z > 0.
Òîãäà ñïðàâåäëèâû óòâåðæäåíèÿ.

� Ïðè êàæäîì p ∈ C \ {0}, íå âõîäÿùåì â ìíîæåñòâî (15), öåëàÿ
ôóíêöèÿ H(λ; p) èìååò òîëüêî ïðîñòûå íóëè.

� Ïðè êàæäîì p = pn èç ìíîæåñòâà (15) ñ âûáðàííûì çíà÷åíèåì
êîðíÿ zn öåëàÿ ôóíêöèÿ H(λ; pn), ïîìèìî áåñêîíå÷íîãî ÷èñëà ïðî-
ñòûõ íóëåé, èìååò â òî÷íîñòè îäèí êðàòíûé íóëü λ = z2n êðàò-
íîñòè äâà.

Äîáàâèì åùå, ÷òî ïðè n ∈ N âñå çíà÷åíèÿ pn èç ôîðìóëû (15) ïîïà-
äàþò â ïðÿìîóãîëüíèê

−0.11 < Re p < 0, 0 < Im p < 0.22, (16)

ïðè÷åì pn → 0 ïðè n→ ∞. Ãðàíèöû (16) âìåñòå ñ èçîáðàæåíèåì ïî-
ñëåäîâàòåëüíîñòè pn íåòðóäíî ïîëó÷èòü êîìïüþòåðíûìè ðàñ÷åòàìè.

Òåîðåìà 3 ïîëåçíà ïðè ïîñòðîåíèè ïðèñîåäèíåííûõ ýëåìåíòàðíûõ ðå-
øåíèé èñõîäíîé îáðàòíîé çàäà÷è â íåêîòîðûõ ñïåöèàëüíûõ ñèòóàöèÿõ
(ñì. çàìåòêó Ì.Àëìîõàìåäà è È.Â.Òèõîíîâà â íàñòîÿùåì ñáîðíèêå).
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Î ïîâåäåíèè ïîëèíîìîâ Êàíòîðîâè÷à íà
êîìïëåêñíîé ïëîñêîñòè â ìîäåëüíîì
ïðèìåðå ñèììåòðè÷íîãî ìîäóëÿ1

È. Â. Òèõîíîâ, Â. Á. Øåðñòþêîâ, È. Â. Îêîðî÷êîâ
(Ìîñêâà, Ðîññèÿ)

ivtikh@mail.ru, shervb73@gmail.com, ivan.okorochkov@yandex.ru
Êàê èçâåñòíî, îäèí èç ñîäåðæàòåëüíûõ ðàçäåëîâ êîíñòðóêòèâíîãî àíàëèçà ñâÿ-
çàí ñ èçó÷åíèåì ïîëèíîìîâ, àïïðîêñèìèðóþùèõ ïðîñòûå íåãëàäêèå ôóíêöèè.
Â íàñòîÿùåé çàìåòêå äàí êðàòêèé îáçîð íàøèõ íåäàâíèõ ðåçóëüòàòîâ î ïîâåäå-
íèè íà ïëîñêîñòè C ïîëèíîìîâ Êàíòîðîâè÷à, âçÿòûõ îò ñèììåòðè÷íîãî ìîäóëÿ.
Óêàçàíî òî÷íîå ìíîæåñòâî ñõîäèìîñòè òàêèõ ïîëèíîìîâ è íàéäåíà èõ ñêîðîñòü
ñõîäèìîñòè ê ñîîòâåòñòâóþùåé ïðåäåëüíîé ôóíêöèè. Îòäåëüíî îáñóæäàåòñÿ âî-
ïðîñ ðàñïðåäåëåíèÿ íóëåé ïîëèíîìîâ Êàíòîðîâè÷à. Öåíòðàëüíóþ ðîëü â èññëå-
äîâàíèè èãðàåò ñïåöèôèêà ïîðîæäàþùåé ôóíêöèè, áëàãîäàðÿ êîòîðîé óäàåòñÿ
óñòàíîâèòü ïðÿìóþ ñâÿçü ìåæäó ïîëèíîìàìè Êàíòîðîâè÷à è áîëåå ïðîñòûìè
ïîëèíîìàìè Áåðíøòåéíà.

Êëþ÷åâûå ñëîâà: ïîëèíîìû Êàíòîðîâè÷à, ïîëèíîìû Áåðíøòåéíà, ñèììåòðè÷íûé
ìîäóëü, ñõîäèìîñòü íà êîìïëåêñíîé ïëîñêîñòè, ñêîðîñòü ñõîäèìîñòè, ðàñïðåäå-
ëåíèå íóëåé.

On the behavior of Kantorovich polynomials
on the complex plane in a model example of a

symmetric module function1

I. V. Tikhonov, V. B. Sherstyukov, I. V. Okorochkov
(Moscow, Russia)

ivtikh@mail.ru, shervb73@gmail.com, ivan.okorochkov@yandex.ru
The question of approximation of simple continuous non-smooth functions by classical
systems of polynomials plays a special role in the constructive analysis. The note gives
a short review of our recent results on the behavior of Kantorovich polynomials on C
for a symmetric module function. The exact set of convergence of such polynomials
is indicated, and the rate of convergence to the corresponding limit function is found.
The problem of the distribution of zeros of Kantorovich polynomials is discussed. The
central role in the study is played by the speci�city of the generating function, which
allows to establish a direct connection between Kantorovich polynomials and simpler
Bernstein polynomials.

Keywords: Kantorovich polynomials, Bernstein polynomials, symmetric module
function, convergence on the complex plane, rate of convergence, distribution of zeros.

Âîçüìåì ñòàíäàðòíûé îòðåçîê [0, 1] è íà íåì ñèììåòðè÷íûé ìîäóëü

f(x) = |2x− 1|, x ∈ [0, 1]. (1)

Ðàññìîòðèì ïîëèíîìû Áåðíøòåéíà

Bn(f, z) =
n∑
k=0

f

(
k

n

)
Ck
n z

k(1− z)n−k (2)

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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ñ íóìåðàöèåé n ∈ N è ïîëèíîìû Êàíòîðîâè÷à

Kn(f, z) = (n+ 1)
n∑
k=0

(k+1)/(n+1)�

k/(n+1)

f(u) du · Ck
n z

k(1− z)n−k (3)

ñ íóìåðàöèåé n ∈ N0 ≡ N ∪ {0}. Çäåñü Ck
n � îáû÷íûå áèíîìèàëüíûå êî-

ýôôèöèåíòû. Ïåðåìåííóþ z ñ÷èòàåì êîìïëåêñíîé. Îáùóþ òåîðèþ ïîëè-
íîìîâ Áåðíøòåéíà è íåêîòîðûå áàçîâûå ñâåäåíèÿ î ïîëèíîìàõ Êàíòîðî-
âè÷à ñì. â [1]�[3]. Èñïîëüçóåì ñåé÷àñ îïðåäåëåíèÿ (2), (3) ïðèìåíèòåëüíî
ê êîíêðåòíîé ïîðîæäàþùåé ôóíêöèè (1) � ìîäåëüíîìó ïðèìåðó â òåî-
ðèè àïïðîêñèìàöèè.

Ïîëèíîìû Áåðíøòåéíà äëÿ ôóíêöèè (1) èçó÷åíû â ðàáîòàõ [4]�[8].
Èññëåäîâàíèå ñîîòâåòñòâóþùèõ ïîëèíîìîâ Êàíòîðîâè÷à òîëüêî íà÷èíà-
åòñÿ. Ïðèâåäåì õàðàêòåðíûå ðåçóëüòàòû î ïîâåäåíèè ïîëèíîìîâKn(f, z)
íà ïëîñêîñòè C, îñíîâàííûå íà ñïåöèàëüíîé ñâÿçè ìåæäó ïîëèíîìàìè
Áåðíøòåéíà è Êàíòîðîâè÷à ïðè âûáîðå f(x) = |2x− 1|.

Íàïîìíèì (ñì. [4], [5]), ÷òî ïîëèíîìû Áåðíøòåéíà îò ñèììåòðè÷íîãî
ìîäóëÿ îáëàäàþò ñëåäóþùèì ñâîéñòâîì ïîïàðíîãî ñêëåèâàíèÿ

B2m(f, z) = B2m+1(f, z), m ∈ N.

Äëÿ ïîëèíîìîâ Êàíòîðîâè÷à ïðÿìîãî àíàëîãà òàêîãî ñâîéñòâà íåò: çäåñü
âîçíèêàþò äâå ñåðèèK2m(f, z) èK2m+1(f, z), ïî-ðàçíîìó âûðàæàþùèåñÿ
÷åðåç ïîëèíîìû Áåðíøòåéíà.

Òåîðåìà 1. Äëÿ ôóíêöèè f(x) = |2x−1|, âçÿòîé íà [0, 1], ïîëèíîìû
Áåðíøòåéíà è Êàíòîðîâè÷à ñâÿçàíû ñîîòíîøåíèÿìè

K2m(f, z) =
2m

2m+ 1
B2m+1(f, z) +

1

2(2m+ 1)
2−2mCm

2m(4z(1− z))m,

K2m+1(f, z) =
2m+ 1

2m+ 2
B2m+1(f, z),

äåéñòâóþùèìè ïðè âñåõ m ∈ N0.

Èñïîëüçóÿ äàííîå óòâåðæäåíèå âìåñòå ñ èçâåñòíûìè ñâîéñòâàìè ïî-
ëèíîìîâ Áåðíøòåéíà, ìîæíî â ïðèìåðå (1) âåñüìà ïîëíî îõàðàêòåðèçî-
âàòü ïîâåäåíèå ïîëèíîìîâ Êàíòîðîâè÷à íà êîìïëåêñíîé ïëîñêîñòè.

Òåîðåìà 2. Äëÿ ôóíêöèè f(x) = |2x− 1|, âçÿòîé íà [0, 1], ïîñëåäî-
âàòåëüíîñòü Kn(f, z) ïðè n→ ∞ ñõîäèòñÿ ðàâíîìåðíî íà êîìïàêòå

D ≡ {z ∈ C : |4z(1− z)| ⩽ 1} (4)
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ê ôóíêöèè

φ(z) =

{
1− 2z, z ∈ D1 = D ∩ {Re z ⩽ 1/2},
2z − 1, z ∈ D2 = D ∩ {Re z ⩾ 1/2}.

(5)

Âî âíåøíèõ òî÷êàõ z ∈ C \D ïîñëåäîâàòåëüíîñòü Kn(f, z) ðàñõîäèòñÿ
ïðè n → ∞, òî÷íåå, íåçàâèñèìî ðàñõîäÿòñÿ îáå ïîäïîñëåäîâàòåëüíî-
ñòè K2m(f, z) è K2m+1(f, z).

Ìíîæåñòâî (4) íàçûâàåòñÿ êîìïàêòîì Êàíòîðîâè÷à � îíî òàêîå æå,
êàê ìíîæåñòâî ñõîäèìîñòè ïîëèíîìîâ Áåðíøòåéíà (2) â ïðèìåðå (1)
(ñì. [7], [8]). Îäíàêî õàðàêòåð ñõîäèìîñòè ïîëèíîìîâ Áåðíøòåéíà è Êàí-
òîðîâè÷à ê îáùåé ïðåäåëüíîé ôóíêöèè (5) áóäåò ñóùåñòâåííî ðàçíûì.

Êàê ïîêàçûâàþò èññëåäîâàíèÿ, äëÿ ïîëèíîìîâ Áåðíøòåéíà íà ìíî-
æåñòâå D íàäî ðàçëè÷àòü òðè ñëó÷àÿ: à) â îñîáîé òî÷êå z = 1/2 ñêîðîñòü
ñõîäèìîñòè íèçêàÿ, ñòåïåííàÿ, ïîðÿäêà n−1/2 ; á) â äðóãèõ ãðàíè÷íûõ
òî÷êàõ èç ìíîæåñòâà |4z(1− z)| = 1 ñêîðîñòü ñõîäèìîñòè áîëåå âûñîêàÿ,
ïîðÿäêà n−3/2 ; â) âî âíóòðåííèõ òî÷êàõ èç D, ò. å. ïðè |4z(1 − z)| < 1,
ñêîðîñòü ñõîäèìîñòè ýêñïîíåíöèàëüíàÿ, ïîðÿäêà n−3/2 |4z(1 − z)|n (çà
íåêîòîðûìè ïîäðîáíîñòÿìè ìû îòñûëàåì ê [7], [8]).

Äëÿ ïîëèíîìîâ Êàíòîðîâè÷à ïîëó÷àåì òàêîå óòâåðæäåíèå.

Òåîðåìà 3. Â ñèòóàöèè òåîðåìû 2 âî âñåõ òî÷êàõ z ∈ D \ {1/2}
ñïðàâåäëèâà àñèìïòîòèêà óêëîíåíèÿ ïîëèíîìîâ Êàíòîðîâè÷à îò èõ
ïðåäåëüíîé ôóíêöèè

Kn(f, z)− φ(z) ∼ −1

n
φ(z), n→ ∞. (6)

Â îñîáîé òî÷êå z = 1/2 äåéñòâóåò áîëåå ìåäëåííûé ñòåïåííîé çàêîí

Kn(f, 1/2)− φ(1/2) = Kn(f, 1/2) ∼
√

2

πn
, n→ ∞. (7)

Àñèìïòîòè÷åñêèå ôîðìóëû (6), (7) äàþò îáùåå ïðåäñòàâëåíèå î ñõî-
äèìîñòè ïîëèíîìîâ Êàíòîðîâè÷à íà êîìïàêòå D è äîïóñêàþò äàëüíåé-
øèå óòî÷íåíèÿ. Îòìåòèì, â ÷àñòíîñòè, ÷òî âàæíûå çíà÷åíèÿ Kn(f, 1/2)
èç ôîðìóëû (7) íàõîäÿòñÿ â ÿâíîì âèäå:

K2m(f, 1/2) =
4m+ 1

4m+ 2
2−2mCm

2m, K2m+1(f, 1/2) = 2−2m−2Cm+1
2m+2, (8)

ãäå m ∈ N0. Ñîîòíîøåíèÿ (8) ëåãêî ñëåäóþò èç òåîðåìû 1 c ó÷åòîì òîãî,
÷òî B2m+1(f, 1/2) = 2−2mCm

2m ïðè m ∈ N0.
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Îòäåëüíûé èíòåðåñ ïðåäñòàâëÿåò âîïðîñ ðàñïðåäåëåíèÿ íóëåé ïîëè-
íîìîâ Êàíòîðîâè÷à. Óêàæåì çäåñü ñëåäóþùèé îòïðàâíîé ðåçóëüòàò.

Òåîðåìà 4. Äëÿ ôóíêöèè f(x) = |2x − 1|, âçÿòîé íà [0, 1], âñå íó-
ëè ïîëèíîìîâ Kn(f, z) ïðè n ⩾ 2 ÿâëÿþòñÿ ïðîñòûìè è ðàñïîëîæåíû
âíå êîìïàêòà D èç ôîðìóëû (4). Ïîëèíîìû K0(f, z) è K1(f, z) òîæäå-
ñòâåííî ðàâíû êîíñòàíòå 1/2 è íóëåé íå èìåþò.

Äîêàçàòåëüñòâî äàííîãî óòâåðæäåíèÿ îñíîâàíî íà òåîðåìå 1 è íåêîòî-
ðûõ èçâåñòíûõ ðåçóëüòàòàõ î íóëÿõ ïîëèíîìîâ Áåðíøòåéíà (ñì. [6], [7]).

Îòìåòèì, ÷òî òåîðèÿ ðàñïðåäåëåíèÿ íóëåé ïîëèíîìîâ Áåðíøòåéíà
áûëà èíèöèèðîâàíà ðàáîòîé [9] è ñóùåñòâåííî ðàçâèòà â [10]�[12]. Åñòü
îñíîâàíèÿ ïîëàãàòü, ÷òî ìíîãèå ïðåæíèå ïîäõîäû äîïóñêàþò ïåðåíîñ íà
ïîëèíîìû Êàíòîðîâè÷à.
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Î ïîëíîòå ñèñòåìû ñîáñòâåííûõ ôóíêöèé
îïåðàòîðà Øðeäèíãåðà ñ êîìïëåêñíûì

ñòåïåííûì ïîòåíöèàëîì1
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sergey.tumanov@yahoo.com

Äëÿ α ∈ (0, 2) ñèñòåìà ñîáñòâåííûõ ôóíêöèé êîìïëåêñíîãî îïåðàòîðà Øð¼äèí-
ãåðà Lc = −d2/dx2 + cxα â L2(R+) ñ êðàåâûì óñëîâèåì Äèðèõëå ïîëíà ïðè âñåõ
c: | arg c| < 2πα/(α+ 2) + ∆t(α) äëÿ íåêîòîðîãî ∆t(α) > 0.
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On the completeness of the system of
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For α ∈ (0, 2) the system of eigenfunctions of the complex Schr�odinger operator
Lc = −d2/dx2 + cxα in L2(R+) with the Dirichlet boundary conditions is complete
for all c: | arg c| < 2πα/(α+ 2) + ∆t(α) with some ∆t(α) > 0.
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Ðàññìàòðèâàåòñÿ îïåðàòîð

Lc,α = − d2

dx2
+ cxα

â L2(R+) ñ ãðàíè÷íûì óñëîâèåì Äèðèõëå ïðè c ∈ C, | arg c| < π, α > 0.
Îïåðàòîð Lc,α èìååò êîìïàêòíûé îáðàòíûé, ñïåêòð åãî äèñêðåòíûé,

êîðíåâûå ïîäïðîñòðàíñòâà îäíîìåðíû [1].
Ïðè 0 < | arg c| < π îí íå ñàìîñîïðÿæ¼í, áîëåå òîãî, îáëàäàåò ïëî-

õèìè ñïåêòðàëüíûìè ñâîéñòâàìè: íîðìà ðåçîëüâåíòû ýêñïîíåíöèàëüíî
ðàñò¼ò ïðè óäàëåíèè îò ñïåêòðà [2]; ðàñòóò íîðìû ñïåêòðàëüíûõ ïðîåê-
òîðîâ [3]. Â ýòèõ óñëîâèÿõ îïåðàòîð íå ìîæåò áûòü ïîäîáíûì ñàìîñîïðÿ-
æ¼ííîìó, åãî ñîáñòâåííûå ôóíêöèè íå îáðàçóþò áàçèñà Ðèññà â L2(R+).

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Òåì íå ìåíåå, âîïðîñ ïîëíîòû åãî ñèñòåìû ñîáñòâåííûõ ôóíêöèé (ñ.ñ.ô.)
â L2(R+), âîîáùå ãîâîðÿ, îòêðûò.

Äëÿ α ≥ 2 çàäà÷à î ïîëíîòå ñ.ñ.ô. Lc,α âïîëíå èññëåäîâàíà [2, 4]:
ñèñòåìà ïîëíà ïðè âñåõ c ∈ C: | arg c| < π.

Ïðè α ∈ (0, 2) ïîëíîòà äîêàçàíà äëÿ | arg c| < t0(α) = 2πα/(α+2) [4].
Â òî æå âðåìÿ, ïðè t0(α) ≤ | arg c| < π âîïðîñ ïî÷òè íå èçó÷åí, òàê êàê
ÿâëÿåòñÿ ãîðàçäî áîëåå ñëîæíîé çàäà÷åé. Ñîîòâåòñòâóþùèå àðãóìåíòû
ïðèâîäÿòñÿ â ðàáîòàõ [1, 4].

Íàì óäàëîñü äîêàçàòü äîêàçàòü ïîëíîòó ñèñòåìû ñîáñòâåííûõ ôóíê-
öèé ïðè áîëåå ñëàáûõ óñëîâèÿõ íà arg c.

Ñôîðìóëèðóåì îñíîâíîé ðåçóëüòàò ðàáîòû.
Äëÿ êîìïëåêñíûõ ÷èñåë ζ = |ζ|ei arg ζ , −π < arg ζ ≤ π è âåùåñòâåííûõ

β, ÷åðåç ζβ áóäåì îáîçíà÷àòü ãëàâíóþ âåòâü: ζβ = |ζ|βeiβ arg ζ .
Äëÿ θ ∈ [t0(α), π) ∩ [t0(α), πα), ïîëîæèì

ζ0(θ) = ei(t0(α)−θ)/α, Z0(θ) = (sin t0(α)/ sin θ)
1/α,

è îïðåäåëèì ôóíêöèþ

ρ(θ) = Re
{ Z0(θ)�

0

√
eiθζα − eit0(α) dζ − 2

ζ0(θ)�

0

√
eiθζα − eit0(α) dζ

}
=

= Re
{ Z0(θ)�

ζ0(θ)

√
eiθζα − eit0(α) dζ −

ζ0(θ)�

0

√
eiθζα − eit0(α) dζ

}
,

ãäå èíòåãðèðîâàíèå âåä¼òñÿ ïî îòðåçêàì, à âåòâè êîðíÿ âûáðàíà òàê,
÷òîáû

Re

Z0(θ)�

0

√
eiθζα − eit0(α) dζ > 0, Re

ζ0(θ)�

0

√
eiθζα − eit0(α) dζ > 0.

Òåîðåìà 1. Äëÿ ëþáîãî α ∈ (0, 2) ôóíêöèÿ ρ(θ) èìååò åäèíñòâåí-
íûé íîëü θ0(α) âíóòðè èíòåðâàëà: (t0(α), π) ∩ (t0(α), πα)

θ0(α) = t0(α) + ∆t(α), ∆t(α) > 0.

Ôóíêöèÿ θ0(α) íåïðåðûâíà ïðè α ∈ (0, 2).
Ïðè | arg c| < θ0(α) ñ.ñ.ô. îïåðàòîðà Lc,α ïîëíà â L2(R+).
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Èçó÷åíû âîçìîæíîñòè ïðèëîæåíèÿ êà÷åñòâåííîé òåîðèè äèôôåðåíöèàëüíûõ
óðàâíåíèé ê íåêîòîðûì çàäà÷àì òåïëîìàññîïåðåíîñà â îäíîðîäíûõ ìàòåðèàëàõ è
ìíîãîñëîéíûõ ïëàíàðíûõ ñòðóêòóðàõ. Ðàññìîòðåíèå ïðîâåäåíî íà ïðèìåðå ìàòå-
ìàòè÷åñêèõ ìîäåëåé ñòàöèîíàðíîãî ïðîöåññà äèôôóçèè íåðàâíîâåñíûõ íåîñíîâ-
íûõ íîñèòåëåé çàðÿäà, ãåíåðèðîâàííûõ øèðîêèì ïó÷êîì êèëîâîëüòíûõ ýëåêòðî-
íîâ â ïîëóïðîâîäíèêàõ. Ðàññìîòðåíû âîïðîñû êîððåêòíîñòè ýòèõ ìàòåìàòè÷å-
ñêèõ ìîäåëåé è ïðèâåä¼í îáçîð ðåçóëüòàòîâ èññëåäîâàíèé òàêèõ ìîäåëåé çà ïî-
ñëåäíåå âðåìÿ.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, òåïëîìàññîïåðåíîñ, äèôôåðåí-
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On the application of the qualitative theory of
di�erential equations to a problem of heat and

mass transfer1
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The possibilities of applying the qualitative theory of di�erential equations to
some problems of heat and mass transfer in homogeneous materials and multilayer
planar structures are studied. The consideration is carried out on the example of
mathematical models of the stationary process of di�usion of nonequilibrium minority
charge carriers generated by a wide beam of kilovolt electrons in semiconductors. The
problems of the correctness of these mathematical models are considered and an
overview of the results of studies of such models in recent years is given.
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ýëåêòðîííûì ïó÷êîì â îäíîðîäíûõ è ìíîãîñëîéíûõ ïîëóïðîâîäíèêî-
âûõ ìàòåðèàëàõ. Èñïîëüçîâàíèå øèðîêèõ ýëåêòðîííûõ ïó÷êîâ ïîçâîëÿåò
ñâåñòè ýòè çàäà÷è ê îäíîìåðíûì è îïèñàòü ýòè ìàòåìàòè÷åñêèå ìîäåëè
îáûêíîâåííûìè äèôôåðåíöèàëüíûìè óðàâíåíèÿìè. Ðàíåå âîïðîñû êî-
ëè÷åñòâåííîé îöåíêè ôóíêöèîíàëüíûõ çàâèñèìîñòåé [1,2], â íàøåì ñëó-
÷àå, âëèÿíèÿ âíåøíåãî âîçäåéñòâèÿ íà ðàñïðåäåëåíèå ÍÍÇ â ðåçóëüòà-
òå èõ äèôôóçèè â ïîëóïðîâîäíèêå, â ñî÷åòàíèè ñ ðàññìîòðåíèåì åäèí-
ñòâåííîñòè ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé òåïëîìàññîïåðåíîñà
è êîððåêòíîñòè èñïîëüçóåìûõ ìàòåìàòè÷åñêèõ ìîäåëåé ðàññìàòðèâàëèñü
âåñüìà ðåäêî. Íàèáîëåå ïîäðîáíî òàêèå çàäà÷è ðàññìàòðèâàëèñü äëÿ îñò-
ðî ñôîêóñèðîâàííûõ ïó÷êîâ [3,4]: ìîäåëèðîâàëàñü íåñòàöèîíàðíàÿ äèô-
ôóçèÿ íåðàâíîâåñíûõ ÍÍÇ â ìåòîäå âðåìÿïðîëåòíîé êàòîäîëþìèíåñöåí-
öèè ïîëóïðîâîäíèêîâ, ïðîâîäèëàcü îöåíêà âëèÿíèÿ èçìåíåíèé âî âíåø-
íåì âîçäåéñòâèè íà ðàñïðåäåëåíèå ÍÍÇ è äîêàçàòåëüñòâî êîððåêòíîñòè
ðàññìàòðèâàåìîé ìîäåëè. Îäíàêî äëÿ øèðîêèõ ýëåêòðîííûõ ïó÷êîâ êî-
ëè÷åñòâåííûé àíàëèç ïîäîáíûõ çàäà÷ ðàíåå íå ïðîâîäèëñÿ, ïîæàëóé, çà
èñêëþ÷åíèåì ðàññìîòðåíèÿ íåêîòîðûõ àñïåêòîâ äèôôóçèè ÍÍÇ â îäíî-
ðîäíîé ïîëóïðîâîäíèêîâîé ìèøåíè [5]. ×òî êàñàåòñÿ äèôôóçèè ÍÍÇ â
ìíîãîñëîéíûõ ïëàíàðíûõ ñòðóêòóðàõ, òî äëÿ òàêèõ îáúåêòîâ îáñóæäà-
ëèñü ëèøü íåêîòîðûå âîçìîæíîñòè êà÷åñòâåííîãî àíàëèçà [6, 7].

Ïîñòàíîâêà çàäà÷è

Â íàñòîÿùåé ðàáîòå ìåòîäàìè ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ïðîäîë-
æåíû èññëåäîâàíèÿ äèôôóçèîííûõ ïðîöåññîâ, îáóñëîâëåííûõ âçàèìî-
äåéñòâèåì øèðîêèõ ýëåêòðîííûõ ïó÷êîâ ñ ïîëóïðîâîäíèêàìè. Îáúåêòà-
ìè èçó÷åíèÿ ÿâëÿþòñÿ ìàòåìàòè÷åñêèå ìîäåëè, îïèñûâàþùèå ïðîöåññû
äèôôóçèè íåðàâíîâåñíûõ ÍÍÇ, ãåíåðèðîâàííûõ øèðîêèì ïó÷êîì êè-
ëîâîëüòíûõ ýëåêòðîíîâ â îäíîðîäíûõ ìàòåðèàëàõ [8, 9] è ìíîãîñëîéíûõ
ïëàíàðíûõ ñòðóêòóðàõ ñ ïðîèçâîëüíûì ÷èñëîì ñëîåâ [6,7]. Îñíîâíîå âíè-
ìàíèå óäåëÿëîñü âëèÿíèþ ïðàâîé ÷àñòè äèôôåðåíöèàëüíûõ óðàâíåíèé,
ôóíêöèè âîçáóæäåíèÿ ÍÍÇ ρ(z), íà ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé äèôôóçèè ∆p(z), îïèñûâàþùèõ ðàñïðåäåëåíèÿ ïðîôèôôóíäèðî-
âàâøèõ íåðàâíîâåñíûõ ÍÍÇ.

Îñíîâíûå ðåçóëüòàòû

Äëÿ ðàññìàòðèâàåìûõ ìàòåìàòè÷åñêèõ ìîäåëåé äèôôóçèè ÍÍÇ â îäíî-
ðîäíûõ ïîëóïðîâîäíèêîâûõ ìàòåðèàëàõ [8,9] è äëÿ ìíîãîñëîéíûõ ïîëó-
ïðîâîäíèêîâûõ ïëàíàðíûõ ñòðóêòóð ñ ïðîèçâîëüíûì ÷èñëîì ñëîåâ [6,7]
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ïîëó÷åíû ñëåäóþùèå îöåíêè: åñëè

|ρ2(z)− ρ1(z)| ≤ ε,

òî ∀z ∈ [0, ∞)
|∆p2(z)−∆p1(z)| ≤ εC,

ãäå C = const, çàâèñÿùàÿ îò âèäà è êîýôôèöèåíòîâ äèôôåðåíöèàëüíîãî
óðàâíåíèÿ, ýëåêòðîôèçè÷åñêèõ ïàðàìåòðîâ ïîëóïðîâîäíèêîâîé ìèøåíè.
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Â ðàáîòå èññëåäóþòñÿ ðåøåíèÿ ïîëóëèíåéíîãî óðàâíåíèÿ ∆u − uϕ(|u|) = 0 íà
íåêîìïàêòíûõ ðèìàíîâûõ ìíîãîîáðàçèé. Ââåäåíî ïîíÿòèå ôóíêöèè Ëèóâèëëÿ
àññîöèèðîâàííîé ñ ïîëóëèíåéíûì óðàâíåíèåì, ôóíêöèè Ëèóâèëëÿ âíåøíîñòè
êîìïàêòà, ¼ìêîñòíîãî ïîòåíöèàëà êîìïàêòà. Äîêàçàíî, ÷òî èç ðàâåíñòâà íóëþ
ôóíêöèè Ëèóâèëëÿ ñëåäóåò ðàâåíñòâî ôóíêöèè Ëèóâèëëÿ âíåøíîñòè êîìïàêòà
è ¼ìêîñòíîãî ïîòåíöèàëà.
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Conditions for the existence of nontrivial
solutions of semilinear elliptic equations of

non-compact Riemannian manifolds1
V. V. Filatov (Volgograd, Russia)
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This paper investigates solutions of the semilinear equation ∆u − uϕ(|u|) = 0 on
non-compact Riemannian manifolds. The concept of the Liouville function associated
with a semilinear equation, the Liouville function of the exterior of a compact set,
and the capacitive potential of a compact set are introduced. It is proved that the
equality of the Liouville function to zero implies the equality of the Liouville function
of the exterior of the compact and the capacitive potential.

Keywords: elliptic equations, capacitive methods, Riemannian manifolds, Liouville
function.
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∆u− uϕ(|u|) = 0 (1)
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íà ïðîèçâîëüíûõ íåêîìïàêòíûõ ðèìàíîâûõ ìíîãîîáðàçèÿõ. Ïðåäïîëà-
ãàåòñÿ, ÷òî ϕ(ξ) > 0, ξ ∈ R - ìîíîòîííî íåóáûâàþùàÿ, íåïðåðûâíî äèô-
ôåðåíöèðóåìàÿ ôóíêöèÿ. À èìåííî, ïîëó÷åíû óñëîâèÿ ñóùåñòâîâàíèÿ
íåòðèâèàëüíûõ îãðàíè÷åííûõ ðåøåíèé óðàâíåíèÿ (1).

Èñòîêè äàííîé òåìàòèêè âîñõîäÿò ê êëàññèôèêàöèîííîé òåîðèè
íåêîìïàêòíûõ ðèìàíîâûõ ìíîãîîáðàçèé. Òåîðåìà îá óíèôîðìèçàöèè
óòâåðæäàåò, ÷òî âñÿêàÿ îäíîñâÿçíàÿ ðèìàíîâà ïîâåðõíîñòü êîíôîðìíî
ýêâèâàëåíòíà îäíîé èç ñëåäóþùèõ ìîäåëüíûõ ïîâåðõíîñòåé:

� ñôåðå (ïîâåðõíîñòü ýëëèïòè÷åñêîãî òèïà);

� êîìïëåêñíîé ïëîñêîñòè (ïîâåðõíîñòü ïàðàáîëè÷åñêîãî òèïà);

� åäèíè÷íîìó äèñêó (ïîâåðõíîñòü ãèïåðáîëè÷åñêîãî òèïà).

Îòëè÷èòåëüíûì ñâîéñòâîì ïîâåðõíîñòåé ïàðàáîëè÷åñêîãî òèïà ÿâëÿåòñÿ
âûïîëíåíèåì íà íèõ òåîðåìû òèïà Ëèóâèëëÿ. Èçâåñòíî, ÷òî íà ïîâåðõ-
íîñòè ïàðàáîëè÷åñêîãî òèïà âñÿêàÿ ïîëîæèòåëüíàÿ ñóïåðãàðìîíè÷åñêàÿ
ôóíêöèÿ ÿâëÿåòñÿ òîæäåñòâåííîé ïîñòîÿííîé. Äàííîå ñâîéñòâî ïîâåðõ-
íîñòåé ïàðàáîëè÷åñêîãî òèïà ïîñëóæèëî îñíîâîé äëÿ ðàñïðîñòðàíåíèÿ
ïîíÿòèÿ ïàðàáîëè÷íîñòè íà ðèìàíîâû ìíîãîîáðàçèÿ ðàçìåðíîñòè âûøå
äâóõ. À èìåííî, ãîâîðÿò ÷òî ìíîãîîáðàçèåM èìååò ïàðàáîëè÷åñêèé òèï,
åñëè âñÿêàÿ îãðàíè÷åííàÿ ñíèçó ñóïåðãàðìîíè÷åñêàÿ ôóíêöèÿ íàM åñòü
òîæäåñòâåííàÿ ïîñòîÿííàÿ.

Îñîáóþ ýôôåêòèâíîñòü â îïðåäåëåíèè òèïà ðèìàíîâûõ ìíîãîîáðàçèé
ïîêàçàëà ¼ìêîñòíàÿ òåõíèêà ñì. íàïð [1�3]. À.À. Ãðèãîðüÿíîì â ðàáî-
òå [4] áûëî äîêàçàíî, ÷òî ïàðàáîëè÷íîñòü òèïà ðèìàíîâà ìíîãîîáðàçèÿ
ýêâèâàëåíòíà òîìó, ÷òî âàðèàöèîííàÿ ¼ìêîñòü âñÿêîãî (íåêîòîðîãî) êîì-
ïàêòà ðàâíà íóëþ.

Î÷åâèäíî, ÷òî êëàññèôèêàöèîííàÿ òåîðèÿ ðèìàíîâûõ ìíîãîîáðàçèé
åñòåñòâåííûì îáðàçîì ïðèâîäèò ê òåîðåìàì òèïà Ëèóâèëëÿ. Ñ÷èòàþùà-
ÿñÿ êëàññè÷åñêîé ôîðìóëèðîâêà òåîðåìû Ëèóâèëëÿ óòâåðæäàåò, ÷òî â
Rn âñÿêàÿ îãðàíè÷åííàÿ ãàðìîíè÷åñêàÿ ôóíêöèÿ ÿâëÿåòñÿ òîæäåñòâåí-
íîé ïîñòîÿííîé.

Â íàñòîÿùåå âðåìÿ îñóùåñòâëÿåòñÿ ñëåäóþùèé ïîäõîä ê òåîðåìàì
òèïà Ëèóâèëëÿ. Ïóñòü íà ðèìàíîâîì ìíîãîîáðàçèè M çàäàí íåêîòîðûé
êëàññ ôóíêöèé A è ýëëèïòè÷åñêèé îïåðàòîð L, ãîâîðÿò, ÷òî íà M âû-
ïîëíåíî (A,L) - ëèóâèëëåâî ñâîéñòâî, åñëè âñÿêîå ðåøåíèå óðàâíåíèÿ
Lu = 0 èç êëàññà A òðèâèàëüíî.

Äàííîé òåìàòèêå ïîñâÿùåíî îãðîìíîå êîëè÷åñòâî ðàáîò [5�7], ðàñ-
ñìàòðèâàþòñÿ êàê ðàçëè÷íûå êëàññû A (îãðàíè÷åííûå, èìåþùèé êîíå÷-
íûé èíòåãðàë ýíåðãèè, ñóììèðóåìûå, ïîëîæèòåëüíûå è ò.ä.) òàê è ðàç-
ëè÷íûå ýëëèïòè÷åñêèå óðàâíåíèÿ, íàïðèìåð:
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� óðàâíåíèå Ëàïëàñà ∆u = 0;

� ñòàöèîíàðíîå óðàâíåíèå Øð¼äèíãåðà ∆u− c(x)u = 0;

� ïîëóëèíåéíûå ýëëèïòè÷åñêèå óðàâíåíèÿ ∆u− g(x, u) = 0.

Ïðèâåä¼ì íåêîòîðûå ïðèìåðû. À.À. Ãðèãîðüÿíîì â ðàáîòå [1] ñ ïîìî-
ùüþ ïîíÿòèÿ ìàññèâíûõ ìíîæåñòâ áûëà ïîëó÷åíà îöåíêà ðàçìåðíîñòè
ïðîñòðàíñòâ îãðàíè÷åííûõ ãàðìîíè÷åñêèõ ôóíêöèé.

Ïîçæå ñ ïîìîùüþ ïîíÿòèÿ c(x) - ìàññèâíûõ ìíîæåñòâ â ðàáîòå
À.À. Ãðèãîðüÿíà è À. Ã. Ëîñåâà [8] áûëà ïîëó÷åíà îöåíêà ðàçìåðíîñòè
ïðîñòðàíñòâ îãðàíè÷åííûõ ðåøåíèé ñòàöèîíàðíîãî óðàâíåíèÿ Øð¼äèí-
ãåðà.

Â ðàáîòå À. Ã. Ëîñåâà, Â.Â. Ôèëàòîâà [9] áûëî äîêàçàíî, ÷òî íà ìíî-
ãîîáðàçèè ñóùåñòâóåò íåòðèâèàëüíîå îãðàíè÷åííîå ðåøåíèå ïîëóëèíåé-
íîãî óðàâíåíèÿ Lu = ∆u − g(x, u) = 0 òîãäà è òîëüêî òîãäà, êîãäà íà
ìíîãîîáðàçèè ñóùåñòâóåò L - ìàññèâíîå ïîäìíîæåñòâî.

Â ðàáîòå Å.À. Ìàçåïû [10] äîêàçàíî, ÷òî íà ìíîãîîáðàçèè ñóùå-
ñòâóþò íåòðèâèàëüíûå îãðàíè÷åííûå ðåøåíèÿ ïîëóëèíåéíîãî óðàâíåíèÿ
∆u − g(x, u) = 0 òîãäà è òîëüêî òîãäà, êîãäà íà ìíîãîîáðàçèè ñóùå-
ñòâóåò íåòðèâèàëüíûå îãðàíè÷åííûå ðåøåíèÿ ñòàöèîíàðíîãî óðàâíåíèÿ
Øð¼äèíãåðà ∆u− u = 0.

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ïîëó÷åíèå óñëîâèé ñóùåñòâîâàíèÿ
íåòðèâèàëüíûõ îãðàíè÷åííûõ ðåøåíèé ïîëóëèíåéíîãî óðàâíåíèÿ (1).

Óñëîâèÿ ñóùåñòâîâàíèé íåòðèâèàëüíûõ îãðàíè÷åí-

íûõ ðåøåíèé ïîëóëèíåéíîãî óðàâíåíèÿ

ÏóñòüM - ïðîèçâîëüíîå íåêîìïàêòíîå ðèìàíîâî ìíîãîîáðàçèå, B - êîì-
ïàêò â M , {Bk} - ãëàäêîå èñ÷åðïàíèå M òî åñòü ïîñëåäîâàòåëüíîñòü

ïðåäêîìïàêòíûõ îòêðûòûõ ìíîæåñòâ, òàêèõ ÷òî
∞⋃
k=1

Bk =M,Bk ⊂ Bk+1.

Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü ðåøåíèé çàäà÷ Äèðèõëå â Bk \ B:
Lhk = ∆hk − hkϕ(|hk|) = 0, hk|∂B = 1, hk|∂Bk

= 1. Ïîñëåäîâàòåëüíîñòü
{hk}∞k=1 â ñèëó ïðèíöèïà ìàêñèìóìà ÿâëÿåòñÿ óáûâàþùåé è îãðàíè÷åí-
íîé. Ïðåäåëüíóþ ôóíêöèþ hB = lim

k→∞
hk áóäåì íàçûâàòü ôóíêöèåé Ëè-

óâèëëÿ âíåøíîñòè êîìïàêòà.
Àíàëîãè÷íî, ïðåäåëüíóþ ôóíêöèþ ïîñëåäîâàòåëüíîñòè ðåøåíèé çà-

äà÷ Äèðèõëå â Bk \ B: Lsk = ∆sk − hkϕ(|sk|) = 0, sk|∂B = 1, sk|∂Bk
= 0

áóäåì íàçûâàòü ¼ìêîñòíûì ïîòåíöèàëîì êîìïàêòà B è îáîçíà÷àòü sB.
Ïðåäåëüíóþ ôóíêöèþ ïîñëåäîâàòåëüíîñòè ðåøåíèé çàäà÷ Äèðèõëå â

Bk: LHk = ∆Hk −Hkϕ(|Hk|) = 0, Hk|∂Bk
= 1 áóäåì íàçûâàòü ôóíêöèåé
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Ëèóâèëëÿ è îáîçíà÷àòü H. Íåñëîæíî ïîêàçàòü, ÷òî H íå çàâèñèò îò
âûáîðà èñ÷åðïàíèÿ.

Ïðåäåëüíóþ ôóíêöèþ ïîñëåäîâàòåëüíîñòè ðåøåíèé çàäà÷ Äèðèõëå â
Bk \ B: Luk = ∆uk − ukϕ(|uk|) = 0, uk|∂B = 0, uk|∂Bk

= 1 áóäåì íàçûâàòü
ãàðìîíè÷åñêîé ìåðîé B è îáîçíà÷àòü uB.

Òåîðåìà 1. Íà ìíîãîîáðàçèè M âñÿêîå îãðàíè÷åííîå ðåøåíèå óðàâ-
íåíèÿ (1) åñòü òîæäåñòâåííûé íîëü, òîãäà è òîëüêî òîãäà êîãäà
H ≡ 0.

Òåîðåìà 2. Ôóíêöèÿ Ëèóâèëëÿ H ≡ 0 òîãäà è òîëüêî òîãäà, êîãäà
äëÿ âñÿêîãî êîìïàêòà B uB ≡ 0.

Òåîðåìà 3. Åñëè Ôóíêöèÿ Ëèóâèëëÿ H ≡ 0 òî äëÿ âñÿêîãî êîìïàê-
òà B hB ≡ sB.
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Ïðåîáðàçîâàíèå òèïà ñâåðòêè è
ïðèáëèæåíèÿ ôóíêöèé â ïðîñòðàíñòâå Sp1
Þ. Õ. Õàñàíîâ, �. Ô. Êàñûìîâà (Äóøàíáå, Òàäæèêèñòàí)

yukhas60@mail.ru

Ðàññìàòðèâàåòñÿ 2π � ïåðèîäè÷åñêàÿ ôóíêöèÿ f(x) ïðèíàäëåæàùàÿ ïðîñòðàí-
ñòâó Sp(1 ≤ p ≤ ∞) íà ïåðèîäå è ïðåîáðàçîâàíèå òèïà ñâåðòêè, ñîäåðæàùåå
íåêîòîðóþ äåéñòâèòåëüíóþ ôóíêöèþ îãðàíè÷åííîé âàðèàöèè íà âñåé âåùåñòâåí-
íîé îñè. Ýòî ïðåîáðàçîâàíèå ïðåäñòàâëÿåò ñîáîé îáîáùåíèå íåêîòîðûõ êîíêðåò-
íûõ ïðåîáðàçîâàíèé, ñâÿçàííûõ ðàçëè÷íûìè õàðàêòåðèñòèêàìè ðàññìàòðèâàå-
ìîé ôóíêöèè. Â ïîðÿäêå îáîáùåíèÿ íåêîòîðûõ èç ðåçóëüòàòîâ, êàñàþùèõñÿ îñî-
áåííîñòåé èíòåãðàëüíîé ìåòðèêè Sp(1 ≤ p ≤ ∞), ñ ó÷åòîì îñîáåííîñòè ñëó÷àÿ
1 ≤ p ≤ ∞, çäåñü èññëåäóåòñÿ âîïðîñ î çàâèñèìîñòè ìåæäó ýòèì ïðåîáðàçîâàíè-
åì è íàèëó÷øèìè ïðèáëèæåíèÿìè ôóíêöèè òðèãîíîìåòðè÷åñêèìè ïîëèíîìàìè.
Ïîëó÷åíû îöåíêè ñâåðõó è ñíèçó äëÿ ðàññìàòðèâàåìîé ñâåðòêè â çàâèñèìîñòè îò
âåëè÷èíû íàèëó÷øåãî ïðèáëèæåíèÿ ôóíêöèé f(x) ∈ Sp(1 ≤ p ≤ ∞).

Êëþ÷åâûå ñëîâà: ïåðèîäè÷åñêàÿ ôóíêöèÿ, ðÿä Ôóðüå, ïðåîáðàçîâàíèå òèïà ñâåðò-
êè, íàèëó÷øèå ïðèáëèæåíèÿ, ïðåîáðàçîâàíèå Ôóðüå, òðèãîíîìåòðè÷åñêèå ïîëè-
íîìû, êîýôôèöèåíòû Ôóðüå, ôóíêöèè îãðàíè÷åííîé âàðèàöèè.

Convolution type transformation and
approximation of functions in the space Sp1
Yu. Kh. Khasanov, Y. F. Khasimnova (Dushanbe, Tajikistan)

yukhas60@mail.ru

We consider a 2π � periodic function f(x) belonging to the space Sp(1 ≤ p ≤ ∞) on
the period and a convolution type transformation containing some real function of
bounded variation on the entire real axis. This transformation is a generalization of
some speci�c transformations related to various characteristics of the function under
consideration. As generalization of some results concerning features of the integral Sp�
metric Sp(1 ≤ p ≤ ∞), taking into account the peculiarity of the case 1 ≤ p ≤ ∞, the
question of the relationship between this transformation and the best approximations
of the function by trigonometric polynomials is investigated here. Top and bottom
estimates for the considered convolution are obtained depending on the value of the
best approximation of the functions f(x) ∈ Sp(1 ≤ p ≤ ∞).

Keywords: periodic function, Fourier series, convolution type transformation, best
approximations, Fourier transform, trigonometric polynomials, Fourier coe�cients,
bounded variation functions.

Ïóñòü Sp � ïðîñòðàíñòâî ïåðèîäè÷åñêèõ ïåðèîäà 2π èíòåãðèðîâàííûõ
ïî Ëåáåãó ôóíêöèé f(x), äëÿ êîòîðûõ ñõîäèòñÿ ðÿä

∑
k∈Z

|ck|p (ck =
1√
2π

π�

−π

f(x)exp(−ikx)dx),

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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ñ íîðìîé

∥f(x)∥Sp
= (
∑
k∈Z

|ck|p)
1
p <∞ (1 ≤ p ≤ ∞),

∥f(x)∥Sp
= max

v∈Z
|cv| (p = ∞).

Âîïðîñû ïðèáëèæåíèÿ ïåðèîäè÷åñêèõ ôóíêöèé òðèãîíîìåòðè÷åñêè-
ìè ïîëèíîìàìè â ïðîñòðàíñòâå Sp äîñòàòî÷íî ïîëíî èññëåäîâàíû â ðà-
áîòàõ À.È. Ñòåïàíöà [1], [2].

Ñ ïîìîùüþ ôóíêöèè σ(u), êîòîðàÿ çàäàíà íà âñåé äåéñòâèòåëüíîé
îñè è òîæäåñòâåííî íå ðàâíà íóëþ íà (−∞,∞), è êîòîðàÿ ÿâëÿåòñÿ
ôóíêöèåé îãðàíè÷åííîé âàðèàöèè íà (−∞,∞), äëÿ êàæäîé ôóíêöèè
f(x) ∈ Sp ðàññìàòðèâàåòñÿ ñëåäóþùåå ïðåîáðàçîâàíèå

Fσ(f ;x, h) =

∞�

−∞

f(x− hu)dσ(u),

ãäå h � äåéñòâèòåëüíûé ïàðàìåòð. Ïðè ýòîì, óêàçàííàÿ âûøå ôóíêöèÿ
σ(u) óäîâëåòâîðÿåò åùå óñëîâèÿì:

∞�

−∞

dσ(u) = 0, σ̂(−u) = σ̂(u)

ãäå

σ̂(u) =

∞�

−∞

exp(−iux)dσ(u).

Òàêèå îáùèå ïðåîáðàçîâàíèÿ, êîòîðûå ïðèíÿòî íàçûâàòü ïðåîáðàçî-
âàíèÿìè òèïà ñâåðòêè äëÿ êëàññè÷åñêèõ Ëåáåãîâûõ ïðîñòðàíñòâ Lp(1 ≤
p <∞) ðàíåå ðàññìàòðèâàëèñü â ðàáîòàõ [3] � [6].

Ñ ïîìîùüþ óêàçàííîãî ïðåîáðàçîâàíèÿ Fσ(f ;x, h), äëÿ êàæäîé
ôóíêöèè f(x) ∈ Sp ðàññìàòðèâàåòñÿ õàðàêòåðèñòèêà D(f ;σ;h; p) =
∥Fσ(f ;x, h)∥sp.

Íåòðóäíî çàìåòèòü, ÷òî ðÿä Ôóðüå ïðåîáðàçîâàíèÿ Fσ(f ;x, h) èìå-
åò âèä

∑
k∈Z

ckσ̂(kh)exp(ikx). Áëàãîäàðÿ ýòîìó, èìååò ìåñòî íåðàâåíñòâî

D(f ;σ;h; p) ≤ V (σ)∥f(x)∥Sp
, ãäå

∞�
−∞

|dσ(u)| = V (σ) <∞.

Èçâåñòíî [1], ÷òî íàèëó÷øèì ïðèáëèæåíèåì ôóíêöèè f(x) ∈ Sp òðè-
ãîíîìåòðè÷åñêèìè ïîëèíîìàìè Tn−1(x) ïîðÿäêà íå âûøå n−1 â ìåòðèêå
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ïðîñòðàíñòâà Sp(1 ≤ p <∞) ÿâëÿåòñÿ ÷àñòíàÿ ñóììà Ôóðüå ïîðÿäêà íå
âûøå n− 1, ò.å.

En(f)Sp
= inf

Tn−1

∥f(x)− Tn−1(x)∥Sp
= ∥f(x)− Sn−1(f ;x)∥Sp

,

ãäå

Sn−1(f ;x) =
∑

|k|≤n−1

ck ·
exp(ikx)√

2π
,

ck- êîýôôèöèåíòû Ôóðüå ôóíêöèè f(x). Òàêèì îáðàçîì

En(f)Sp
=

 ∑
|k|≤n−1

|ck|p
 1

p

.

Òåïåðü ñôîðìóëèðóåì ñëåäóþùèå óòâåðæäåíèÿ, êîòîðûå óñòàíàâëè-
âàþò îöåíêèW (f ;σ; t; p) è D(f ;σ;h; p) ÷åðåç âåëè÷èíû íàèëó÷øåãî ïðè-
áëèæåíèÿ ôóíêöèè f(x) ∈ Sp.

Òåîðåìà 1. Ïóñòü ôóíêöèÿ f(x) ∈ Sp, à ïîñëåäîâàòåëüíîñòü öåëûõ
÷èñåë {nν} òàêàÿ, ÷òî

n0 = 1 < n1 < n2 < . . . < nν < nν+1 < . . . (ν ∈ Z, n−ν = −nν).

Òîãäà, ïðè nm+1 ≤ 1
h èìååò ìåñòî îöåíêà

Dp(f ;σ;h; p) ≤

∣∣∣∣∣∣
∑
|ν|≤m

nν+1−1∑
k=nν

Ep
k(f)Sp

(|σ̂(kh)|p − |σ̂((k − 1)h)|p)

∣∣∣∣∣∣+
+Ep

nm+1
(f)Sp

(V p(σ)− |σ̂((nm+1 − 1)h)|p).
Òåîðåìà 2. Â ïðåäïîëîæåíèÿõ óñëîâèé òåîðåìû 1 ñïðàâåäëèâà ñëå-

äóþùàÿ îöåíêà

Dp(f ;σ;h; p) + V p(σ)Ep
nm+1−1(f)Sp

≥

≥
∑

|ν|≤m−1

nν+1−1∑
k=nν

Ep
k(f)Sp

(|σ̂(kh)|p − |σ̂((k − 1)h)|p).
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ÓÄÊ 517.96;517.984

Ðàñõîäÿùèåñÿ ðÿäû è îáîáùåííàÿ
ñìåøàííàÿ çàäà÷à äëÿ âîëíîâîãî óðàâíåíèÿ1

À. Ï. Õðîìîâ (Ñàðàòîâ, Ðîññèÿ)
KhromovAP@sgu.ru

Èñïîëüçóÿ îïåðàöèþ èíòåãðèðîâàíèÿ ðàñõîäÿùåãîñÿ ðÿäà, ïðèâîäÿòñÿ ðåçóëüòà-
òû ïî ñìåøàííîé çàäà÷å äëÿ âîëíîâãî óðàâíåíèÿ, íå òðåáóþùèå ïðèâëå÷åíèÿ
êëàññè÷åñêèõ ðåøåíèé.

Êëþ÷åâûå ñëîâà: ðàñõîäÿùèåñÿ ðÿäû, âîëíîâîå óðàâíåíèå, ñìåøàííàÿ çàäà÷à.

Divergent series and generalized mixed
problem for wave equation1

Avgust P. Khromov (Saratov, Russia)
KhromovAP@sgu.ru

By integrating divergent series the results, concerning mixed problem for wave
equation, are obtained without use of classic solution.

Keywords: divergent series, wave equation, mixed problem.

1. Ðàññìîòðèì ñëåäóþùóþ ñìåøàííóþ çàäà÷ó:

∂2u(x, t)

∂t2
=
∂2u(x, t)

∂x2
, (x, t) ∈ [0, 1]× [0,∞), (1)

u(0, t) = u(1, t) = 0, (2)
u(x, 0) = φ(x), u′t(x, 0) = 0. (3)

Ôîðìàëüíîå ðåøåíèå ïî ìåòîäó Ôóðüå åñòü

u(x, t) = 2
∞∑
n=1

(φ(ξ), sinnπξ) sinnπx cosnπt, (4)

ãäå (f, g) =
1�
0

f(x)g(x) dx.

Îïðåäåëåíèå. Êëàññè÷åñêèì ðåøåíèåì ñìåøàííîé çàäà÷è (1)�
(3) íàçûâàåòñÿ ôóíêöèÿ u(x, t), íåïðåðûâíàÿ âìåñòå ñ ïðîèçâîäíûìè
u′x(x, t), u

′
t(x, t), ïðè÷åì, â ñâîþ î÷åðåäü, u′x(x, t) (u′t(x, t)) àáñîëþòíî

íåïðåðûâíà ïî x (ïî t), óäîâëåòâîðÿþùàÿ óñëîâèÿì (2), (3) è ïî÷òè âñþ-
äó ïî x è t óðàâíåíèþ (1).

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Îòñþäà ñëåäóåò, ÷òî äëÿ êëàññè÷åñêîãî ðåøåíèÿ íåîáõîäèìî ñ÷èòàòü,
÷òî φ(x), φ′(x) àáñîëþòíî íåïðåðûâíû è φ(0) = φ(1) = 0.

Îòíîñèòåëüíî êëàññè÷åñêîãî ðåøåíèÿ ñïðàâåäëèâà
Òåîðåìà 1 [1]. Åñëè u(x, t) åñòü êëàññè÷åñêîå ðåøåíèå çàäà÷è (1)�

(3) ñ óñëîâèåì, ÷òî ∂2u(x,t)
∂t2 êëàññà Q, òî îíî åäèíñòâåííî è íàõîäèòñÿ

ïî ôîðìóëå (4), â êîòîðîé ðÿä ñïðàâà ïðè ëþáîì ôèêñèðîâàííîì t > 0
ñõîäèòñÿ àáñîëþòíî è ðàâíîìåðíî ïî x ∈ [0, 1].

Çäåñü è â äàëüíåéøåì ñ÷èòàåì, ÷òî ôóíêöèÿ f(x, t) ïåðåìåííûõ
(x, t) ∈ [0, 1] × [0,∞) åñòü ôóíêöèÿ êëàññà Q, åñëè f(x, t) ∈ L[QT ] ïðè
ëþáîì T > 0, ãäå QT = [0, 1]× [0, T ].

Òàêèì îáðàçîì, ó íàñ çàäà÷à (1)�(3) è ðÿä (4) òåñíî ñâÿçàíû.
Ðàñøèðèì ïîíÿòèå ýòîé ñâÿçè. Ðÿä (4) èìååò ñìûñë äëÿ ëþáîé φ(x) ∈

∈ L[0, 1], õîòÿ òåïåðü îí ìîæåò áûòü è ðàñõîäÿùèìñÿ. Òåì íå ìåíåå áóäåì
ñ÷èòàòü, ÷òî îí ÿâëÿåòñÿ ôîðìàëüíûì ðåøåíèåì çàäà÷è (1)�(3), íî ïî-
íèìàåìîé òåïåðü ÷èñòî ôîðìàëüíî. Ýòó çàäà÷ó (1)�(3) è áóäåì íàçûâàòü
îáîáùåííîé ñìåøàííîé çàäà÷åé. Íàéòè ðåøåíèå îáîáùåííîé ñìåøàííîé
çàäà÷è � çíà÷èò íàéòè ¾ñóììó¿ ðàñõîäÿùåãîñÿ ðÿäà (4) (¾ñóììà¿ â êà-
âû÷êàõ îçíà÷àåò, ÷òî ýòî ñóììà èìåííî ðàñõîäÿùåãîñÿ ðÿäà [2, 3]). Ïî-
ìèìî àêñèîì î ðàñõîäÿùèõñÿ ðÿäàõ èç [3, ñ. 19], áóäåì ïîëüçîâàòüñÿ åùå
ñëåäóþùèì ïðàâèëîì èíòåãðèðîâàííèÿ ðàñõîäÿùåãîñÿ ðÿäà:� ∑ df

=
∑ �

, (5)

ãäå
�
� îïðåäåëåííûé èíòåãðàë.

Èòàê, ðàññìîòðèì ðÿä (4). Èìååì

u(x, t) = Σ+ + Σ−, (6)

ãäå Σ± =
∞∑
n=1

(φ(ξ), sinnπξ) sinnπ(x± t). Îòñþäà ñëåäóåò, ÷òî äëÿ íàõîæ-

äåíèÿ ¾ñóììû¿ ðÿäà (4) íàäî íàéòè ¾ñóììó¿ òðèãîíîìåòðè÷åñêîãî ðÿäà
Ôóðüå ôóíêöèè φ(x), ò. å. ðÿäà

2
∞∑
n=1

(φ(ξ), sinnπξ) sinnπx, (7)

Ïóñòü ¾ñóììà¿ ðÿäà (7) ïðè x ∈ [0, 1] åñòü êàêàÿ-òî ôóíêöèÿ g(x) ∈
∈ L[0, 1]. Òîãäà â ñîîòâåòñòâèå ñ ïðàâèëîì (5) èìååì

x�

0

g(η) dη = 2
∞∑
n=1

(φ(ξ), sinnπξ)

x�

0

sinnπη dη. (8)
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Ïî òåîðåìå 3 ([4, ñ. 320]) ðÿä â (8) ñõîäèòñÿ ïðè ëþáîì x ∈ [0, 1] è åãî

ñóììà åñòü
x�
0

φ(η) dη, ò. å.

2
∞∑
n=1

(φ(ξ), sinnπξ)

x�

0

sinnπη dη =

x�

0

φ(η) dη.

Òàêèì îáðàçîì, ïîëó÷èëè, ÷òî
x�
0

g(η) dη =
x�
0

φ(η) dη. Îòñþäà g(x) =

= φ(x) ïî÷òè âñþäó, ò. å. íàøëè ¾ñóììó¿ g(x) ðàñõîäÿùåãîñÿ ðÿäà (7).
Äàëåå, sinnπx íå÷åòíà è 2-ïåðèîäè÷íà. Òîãäà ïîëó÷àåì, ÷òî ¾ñóììà¿ ðÿ-
äà (7) ïðè x ∈ (−∞,∞) åñòü φ̃(x), ãäå φ̃(x) � íå÷åòíîå, 2-ïåðèîäè÷åñêîå
ïðîäîëæåíèå φ(x) ñ îòðåçêà [0, 1] íà âñþ îñü. Â ñèëó (6) ïîëó÷àåì, ÷òî
¾ñóììà¿ u(x, t) ðÿäà (4) åñòü

u(x, t) =
1

2
[φ̃(x+ t) + φ̃(x− t)]. (9)

Òàêèì îáðàçîì, ïîëó÷åíà

Òåîðåìà 2. Ðåøåíèåì îáîáùåííîé ñìåøàííîé çàäà÷è (1)�(3) ÿâëÿ-
åòñÿ ôóíêöèÿ u(x, t) êëàññà Q, îïðåäåëåííàÿ ïî ôîðìóëå (9).

2. Ðàññìîòðèì ñëåäóþùóþ îáîáùåííóþ ñìåøàííóþ çàäà÷ó:

∂2u(x, t)

∂t2
=
∂2u(x, t)

∂x2
+ f(x, t), (x, t) ∈ [0, 1]× [0,∞), (10)

u(0, t) = u(1, t) = 0, (11)
u(x, 0) = u′t(x, 0) = 0, (12)

ãäå f(x, t) åñòü ôóíêöèÿ êëàññà Q.
Ôîðìàëüíîå ðåøåíèå åå ïî ìåòîäó Ôóðüå åñòü

u(x, t) = 2
∞∑
n=1

t�

0

(f(ξ, τ), sinnπξ)
1

nπ
sinnπx sinnπ(t− τ) dτ. (13)

Òàê êàê 2
nπ sinnπx sinnπ(t− τ) =

x+t−τ�
x−t+τ

sinnπη dη, òî (13) ïåðåõîäèò â

u(x, t) =
∞∑
n=1

t�

0

(f(ξ, τ), sinnπξ) dτ

x+t−τ�

x−t+τ

sinnπη dη. (14)
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Èç (14) â ñèëó ïðàâèëà (5) ïîëó÷àåì

u(x, t) =

t�

0

dτ

x+t−τ�

x−t+τ

∞∑
n=1

(f(ξ, τ), sinnπξ) sinnπη dη =

=
1

2

t�

0

dτ

x+t−τ�

x−t+τ

f̃(η, τ) dη (15)

ïîñêîëüêó ðÿä â (15), êàê ýòî ñëåäóåò èç ï. 1, èìååò ¾ñóììó¿ 1
2 f̃(η, τ),

ãäå f̃(η, τ) åñòü íå÷åòíîå, 2-ïåðèîäè÷åñêîå ïðîäîëæåíèå ïî η íà âñþ îñü
ôóíêöèè f(η, τ).

Òàêèì îáðàçîì, ñïðàâåäëèâà

Òåîðåìà 3. Ðåøåíèå u(x, t) îáîáùåííîé ñìåøàííîé çàäà÷è (10)�(12)
åñòü ôóíêöèÿ êëàññà Q, îïðåäåëÿåìàÿ ïî ôîðìóëå

u(x, t) =
1

2

t�

0

dτ

x+t−τ�

x−t+τ

f̃(η, τ) dη. (16)

Îòìåòèì, ÷òî áåç ïðèâëå÷åíèÿ îïåðàöèè èíòåãðèðîâàíèÿ ðàñõîäÿùå-
ãîñÿ ðÿäà ôîðìóëà (16) ïðèâîäèòñÿ â [5].

Òî, ÷òî u(x, t) åñòü ôóíêöèÿ êëàññà Q, äàåòñÿ ñëåäóþùåé ëåììîé.

Ëåììà. Èìååò ìåñòî îöåíêà

∥u(x, t)∥L[QT ] ≤ T (T + 2)∥f(x, t)∥L[QT ].

3. Ðàñcìîòðèì òàêóþ îáîáùåííóþ ñìåøàííóþ çàäà÷ó:

∂2u(x, t)

∂t2
=
∂2u(x, t)

∂x2
+ f(x, t), (x, t) ∈ [0, 1]× [0,∞), (17)

u(0, t) = u(1, t) = 0, (18)
u(x, 0) = φ(x), u′t(x, 0) = 0. (19)

Çäåñü f(x, t) � ôóíêöèÿ êëàññà Q è φ(x) ∈ L[0, 1]. Ôîðìàëüíîå ðåøåíèå
ïî ìåòîäó Ôóðüå [1] åñòü

u(x, t) = u0(x, t) + u1(x, t),

ãäå u0(x, t) åñòü ðÿä (4), u1(x, t) åñòü ðÿä (13). Ïîýòîìó, èñõîäÿ èç ï.ï. 1,
2 ïîëó÷àåì
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Òåîðåìà 4.Îáîáùåííàÿ ñìåøàííàÿ çàäà÷à (17)�(19) èìååò ðåøåíèå
êëàññà Q, îïðåäåëÿåìîå ïî ôîðìóëå:

u(x, t) =
1

2
[φ̃(x+ t) + φ̃(x− t)] +

1

2

t�

0

dτ

x+t−τ�

x−t+τ

f̃(η, τ) dη. (20)

4. Íàêîíåö, ðàññìîòðèì êàê ïðèëîæåíèå ê ïï. 1�3 ñëåäóþùóþ çàäà÷ó:

∂2u(x, t)

∂t2
=
∂2u(x, t)

∂x2
− q(x)u(x, t), (21)

u(0, t) = u(1, t) = 0, (22)
u(x, 0) = φ(x), u′t(x, 0) = 0. (23)

ãäå φ(x) ∈ L[0, 1], q(x) ∈ L[0, 1], q(x)u(x, t) êëàññà Q.
Òîãäà èç ðåçóëüòàòîâ ï. 3 ïîëó÷àåì, ÷òî íàõîæäåíèå ðåøåíèÿ çàäà-

÷è (21)�(23) â êëàñññå Q ñâîäèòñÿ ê íàõîæäåíèþ â êëàññå Q ðåøåíèÿ
èíòåãðàëüíîãî óðàâíåíèÿ

u(x, t) =
φ̃(x+ t) + φ̃(x− t)

2
− 1

2

t�

0

x+t−τ�

x−t+τ

˜q(η)u(η,τ) dη, (24)

ãäå ˜q(η)u(η,τ) åñòü íå÷åòíîå, 2-ïåðèîäè÷åñêîå ïî η ïðîäîëæåíèå ôóíêöèè
q(η)u(η, τ) íà âñþ îñü.

Äëÿ ñëó÷àÿ êëàññè÷åñêèõ ðåøåíèé ïåðåõîä ê óðàâíåíèþ (24) èñïîëü-
çîâàëñÿ ðàíåå â [6].

Èíòåãðàëüíîå óðàâíåíèå (24) èìååò åäèíñòâåííîå ðåøåíèå â êëàññåQ,
ïîëó÷àåìîå ïî ìåòîäó ïîñëåäîâàòåëüíûõ ïîäñòàíîâîê. Òåïåðü ïðèâëå÷å-
íèå îïåðàöèè èíòåãðèðîâàíèÿ ðàñõîäÿùåãîñÿ ðÿäà ïðèâîäèò ê èçìåíå-
íèþ ìåòîäèêè èññëåäîâàíèÿ ðàñõîäÿùèõñÿ ðÿäîâ, ñîäåðæàùåéñÿ â [7�10]:
äëÿ îáîñíîâàíèÿ ïðàâèëüíîñòè ïîëó÷àåìûõ ðåçóëüòàòîâ óæå íå òðåáóåò-
ñÿ ïðèâëå÷åíèÿ êëàññè÷åñêèõ ðåøåíèé.

5. Âàæíîñòü ââåäåíèÿ îïåðàöèè èíòåãðèðîâàíèÿ ðàñõîäÿùåãîñÿ ðÿäà
ïîä÷åðêèâàåòñÿ ñëåäóþùèì ðàññóæäåíèåì. Åñëè ñîõðàíèòü ï. 1, óäàëèòü
èç ï. 2 ïðåäëîæåíèå ïîñëå ôîðìóëû (16), è èç ï. 4 � òðåòüå è ïîñëåä-
íåå ïðåäëîæåíèÿ, òî ïîëó÷àåì öåëüíûé òåêñò áåç ññûëîê íà êàêèå-ëèáî
èñòî÷íèêè, êðîìå [1�4].

6. Õîðîøî èçâåñòíûå ôàêòû ìîæíî îáúÿñíèòü ñ òî÷êè çðåíèÿ ðàñõî-
äÿùèõñÿ ðÿäîâ. Òàê, åñëè ðàññìàòðèâàòü ìàëûå çíà÷åíèÿ ñïåêòðàëüíîãî
ïàðàìåòðà λ â óðàâíåíèè Ôðåäãîëüìà âòîðîãî ðîäà, òî ðåøåíèå ýòîãî
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óðàâíåíèÿ ïðåäñòàâëÿåòñÿ ñõîäÿùèìñÿ ðÿäîì ïîñëåäîâàòåëüíûõ ïîäñòà-
íîâîê, è âûäàþùèéñÿ ðåçóëüòàò Ôðåäãîëüìà î ðåøåíèè óðàâíåíèÿ âòî-
ðîãî ðîäà ïðè ïðîèçâîëüíûõ λ ïðåäñòàâëÿåò ñîáîé ÿâíóþ ¾ñóììó¿ ðàñ-
õîäÿùåãîñÿ ðÿäà ïî îòíîøåíèþ ê óïîìÿíóòîìó ñõîäÿùåìóñÿ ðÿäó ïîñëå-
äîâàòåëüíûõ ïîäñòàíîâîê.

Äðóãîé ïðèìåð � ïîëíîå àíàëèòè÷åñêîå ïðîäîëæåíèå ðÿäà Òåéëîðà
àíàëèòè÷åñêîé â îêðåñòíîñòè ôèêñèðîâàííîé òî÷êè ôóíêöèè âíå êðóãà
ñõîäèìîñòè åñòü ¾ñóììà¿ ðàñõîäÿùåãîñÿ ðÿäà ïî îòíîøåíèþ ê óïîìÿíó-
òîìó ðÿäó Òåéëîðà.
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Îá îäíîé îáðàòíîé çàäà÷å1
Ã. Â. Õðîìîâà, Ñ. Þ. Ñîâåòíèêîâà (Ñàðàòîâ, Ðîññèÿ)
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Äàí ìåòîä ðåøåíèÿ îáðàòíîé çàäà÷è äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî
óðàâíåíèÿ î íàõîæäåíèè ðàâíîìåðíûõ ïðèáëèæåíèé ê ïðàâîé ÷àñòè â ñëó÷àå,
êîãäà çàäàíû ñðåäíåêâàäðàòè÷íûå ïðèáëèæåíèÿ ê òî÷íîìó ðåøåíèþ.

Êëþ÷åâûå ñëîâà: îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå, îáðàòíàÿ çàäà÷à,
ðåãóëÿðèçàöèÿ.

Towards one inverse problem1

G. V. Khromova, S. Y. Sovetnikova (Saratov, Russia)
KhromovaGV@info.sgu.ru, SovetnikovaSY@mail.ru

A method is given for solving the inverse problem for an ordinary di�erential equation
on �nding the uniform approximations to the right-hand side in the case when the
mean square approximations to the exact solution are given.

Keywords: ordinary di�erential equations, inverse problem, regularization.

Ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíîå óðàâíåíèå

p0(x)y
(n)(x) + p1(x)y

(n−1)(x) + . . .+ pn(x)y(x) = f(x), (1)

ãäå y(x) ∈ Cn[0, 1], pi(x) ∈ C[0, 1], i = 0, . . . , n.
Ïðåäïîëàãàåòñÿ, ÷òî íàì èçâåñòíî ïðèáëèæåíèå yδ(x) ê òî÷íîìó ðå-

øåíèþ y(x), òàêîå, ÷òî ∥yδ(x)− y(x)∥L2[0,1]
≤ δ. Òðåáóåòñÿ íàéòè ðàâíî-

ìåðíûå ïðèáëèæåíèÿ ê f(x).
Òàêàÿ çàäà÷à â íåñêîëüêî èíîé ïîñòàíîâêå(â ñëó÷àå, êîãäà yδ(x) -

ðàâíîìåðíîå ïðèáëèæåíèå ê y(x)), ðàññìàòðèâàëàñü â [1,2] è òàì ïðåä-
ëàãàëèñü äëÿ å¼ ðåøåíèÿ ðàçëè÷íûå ìåòîäû ðåãóëÿðèçàöèè. Â ÷àñòíî-
ñòè, â [2] ðàññìàòðèâàëñÿ ìåòîä, ñâîäÿùèé ïîñòàâëåííóþ çàäà÷ó ê çàäà÷å
âîññòàíîâëåíèÿ ïðîèçâîäíûõ ëþáîãî ïîðÿäêà ôóíêöèè y(x), çàäàííîé ñ
ïîãðåøíîñòüþ, è òàì ïðèìåíÿëñÿ ïðîñòîé ïî êîíñòðóêöèè ìåòîä, áàçè-
ðóþùèéñÿ íà îïåðàòîðàõ Ñòåêëîâà. Íî ýòîò ìåòîä ìîæåò âûçâàòü òðóä-
íîñòè â âîïðîñå ñîãëàñîâàíèÿ ïàðàìåòðà ðåãóëÿðèçàöèè ñ ïîãðåøíîñòüþ
δ ïðè ðåøåíèè ïðèêëàäíûõ çàäà÷, ïîñêîëüêó ïðè áîëüøèõ çíà÷åíèÿõ n
íà ïàðàìåòð íàëàãàþòñÿ âñ¼ áîëüøèå îãðàíè÷åíèÿ.

Ñ öåëüþ óñòðàíåíèÿ ýòîãî íåäîñòàòêà çäåñü ïðåäëàãàåòñÿ ìåòîä, èñ-
ïîëüçóþùèé ñåìåéñòâî îïåðàòîðîâ ñ ðàçðûâíîé îáëàñòüþ çíà÷åíèé, ââå-
ä¼ííîå â [3].

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Èòàê, ðàññìàòðèâàåòñÿ ñåìåéñòâî îïåðàòîðîâ

T (m)
α y =

{
T

(m)
α2 y, x ∈ [0, 12 ]

T
(m)
α1 y, x ∈ [12 , 1],

ãäå

T
(m)
α2 y = Amα

−(2m+1)

x+α�

x

dm

dxm
[(t− x)m(α− (t− x))m] y(t)dt,

Am =

(
m∑
l=0

(−1)l
C l
m

m+ l + 1

)−1

, m = 0, 1, . . . , n.

T
(m)
α1 îòëè÷àåòñÿ îò T (m)

α2 çàìåíîé èíòåðâàëà [x, x + α] íà [x − α, x], à
(t− x) − íà (x− t).

Èçâåñòíî [3], ÷òî∥∥∥T (m)
α y − y(m)

∥∥∥
L∞[0,1]

→ 0 ïðè α → 0 (2)(
∥·∥L∞

= max
{
∥·∥C[0,1/2] , ∥·∥C[1/2,1]

})
è ÷òî ∥∥∥T (m)

α

∥∥∥
L2→L∞

= Cmα
− 2m+1

2 . (3)

Êîíñòàíòà Cm îïðåäåëÿåòñÿ â ñëåäóþùåé ëåììå
Ëåììà. Èìååò ìåñòî ôîðìóëà

Cm = AmBm, ãäå Bm = (
∑

1+
∑

2)
1
2 ,∑

1 =
m∑
k=0

(Ck
m)

2 [(k + 1)(k + 2) . . . (k +m)]2 (2k + 1)−1,

∑
2 = 2

m∑
k,l=0(k ̸=l)

Ck
mC

l
m(−1)k+l(k+1)(k+2) . . . (k+m)(l+1)(l+2) . . .

(l +m)(k + l + 1)−1

Îïðåäåëèì ôóíêöèþ

fαδ (x) =
n∑

m=0

pn−m(x)T
(m)
α yδ(x). (4)

Èç (1)-(4) è îöåíêè∥∥∥T (m)
α yδ − y(m)

∥∥∥
L∞

≤
∥∥∥T (m)

α

∥∥∥
L2→L∞

δ +
∥∥∥T (m)

α y − y(m)
∥∥∥
L∞

326



âûòåêàþò ñëåäóþùèå òåîðåìû.
Òåîðåìà 1. Åñëè α = α(δ) òàê, ÷òî α(δ) → 0 è δ (α(δ))−

2n+1
2 → 0

ïðè δ → 0, òî
∥∥∥fα(δ)δ (x)− f(x)

∥∥∥
L∞[0,1]

→ 0 ïðè δ → 0.

Òåîðåìà 2. Åñëè ñóùåñòâóåò íåïðåðûâíàÿ y(n+1)(x) ïðè x ∈ [0, 1],
òî ñïðàâåäëèâà îöåíêà∥∥∥fα(δ)δ (x)− f(x)

∥∥∥
L∞

≤ 2M
2n+1
2n+3 (P0Cn)

2
2n+3 δ

2
2n+3+

+
n−1∑
m=0

Pn−mCm

(
P0Cn
M

)− 2m+1
2n+3

δ
2(n−m)+2

2n+3 ,

ãäå α(δ) =

(
P0Cn
M

) 2
2n+3

δ
2

2n+3 , Pk = ∥pk(x)∥C[0,1], k = 0, . . . , n,

M =
n∑

m=0
Pn−mMm, Mm =

∥∥y(m+1)(x)
∥∥
C[0,1]

.
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Ðàâíîìåðíî âûïóêëûå íåñèììåòðè÷íûå
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Äëÿ ðàâíîìåðíî âûïóêëûõ íåñèììåòðè÷íûõ ïðîñòðàíñòâ ðàññìàòðèâàþòñÿ âî-
ïðîñû î íåïóñòûõ ïåðåñå÷åíèÿõ âëîæåííîé ñèñòåìû âûïóêëûõ îãðàíè÷åííûõ
çàìêíóòûõ ìíîæåñòâ. Èçó÷àþòñÿ âîïðîñû àïïðîêñèìàòèâíîé åäèíñòâåííîñòè â
ýòèõ ïðîñòðàíñòâàõ äëÿ ñëó÷àÿ íåïóñòûõ çàìêíóòûõ âûïóêëûõ ïîäìíîæåñòâ.
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For uniformly convex asymmetrical spaces, we consider questions about non-empty
intersections of a nested system of convex bounded closed sets. Questions about
approximative uniqueness in these spaces are studied for the case of non-empty closed
convex subsets.
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Ââåäåíèå

Â íàñòîÿùåé ðàáîòå ìû áóäåì ðàññìàòðèâàòü îáîáùåíèÿ ëèíåéíî íîð-
ìèðîâàííûõ ïðîñòðàíñòâ, à èìåííî, ëèíåéíûå ïðîñòðàíñòâà ñ íåêîòîðîé
íåñèììåòðè÷íîé íîðìîé ∥ · | íà íåì. Îò íåñèììåòðè÷íîé íîðìû íà ëè-
íåéíîì ïðîñòðàíñòâå X áóäåì òðåáîâàòü ñâîéñòâà: 1). ∥αx| = α∥x| äëÿ
âñåõ α ⩾ 0, x ∈ X; 2). ∥x+ y| ⩽ ∥x|+ ∥y| äëÿ âñåõ x, y ∈ X è 3). ∥x| ⩾ 0
äëÿ âñåõ x ∈ X, è 3a). ∥x| = 0 ⇔ x = 0. Íåñèììåòðè÷íàÿ íîðìà çàäàåòñÿ
ôóíêöèîíàëîì Ìèíêîâñêîãî íåêîòîðîãî, âîîáùå ãîâîðÿ, íåñèììåòðè÷íî-
ãî òåëà, ñîäåðæàùåãî íîëü â ñâîåì ÿäðå. Îòìåòèì òàêæå, ÷òî âìåñòå ñ
íåñèììåòðè÷íîé íîðìîé ∥ · | ÷àñòî óäîáíî ðàññìàòðèâàòü íîðìó ñèììåò-
ðèçàöèè: ∥x∥ := max{∥x|, ∥− x|} (x ∈ X). Â îáùåì ñëó÷àå ïðîñòðàíñòâî
ñ íåñèììåòðè÷íîé íîðìîé óäîâëåòâîðÿåò òîëüêî àêñèîìå îòäåëèìîñòè
T1 (ò.å. äëÿ ëþáûõ a, b ∈ X íàéäóòñÿ èõ îêðåñòíîñòè O(a), O(b) òàêèå,
÷òî a /∈ O(b), b /∈ O(a)) è ìîæåò áûòü íåõàóñäîðôîâûì (ò.å. ìîæåò íå

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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óäîâëåòâîðÿòü àêñèîìå T2). Áîëåå ïîäðîáíî ñâîéñòâà íåñèììåòðè÷íûõ
ïðîñòðàíñòâ ìîæíî ïîñìîòðåòü â ðàáîòàõ [1]�[3].

Â íåñèììåòðè÷íûõ ïðîñòðàíñòâàõ ìû âûäåëèì ïîäêëàññ ïðîñò-
ðàíñòâ, êîòîðûå áóäåì íàçûâàòü ðàâíîìåðíî âûïóêëûìè. Îòìåòèì, ÷òî
ãëàâíîé öåëüþ çäåñü ÿâëÿåòñÿ íàõîæäåíèå òàêîãî îïðåäåëåíèÿ, ïðè êîòî-
ðîì áîëüøèíñòâî ñâîéñòâ ðàâíîìåðíî âûïóêëûõ ïðîñòðàíñòâ (â ñëó÷àå
ñèììåòðè÷íîé íîðìû) ïåðåíîñèëèñü áû íà ñóùåñòâåííî íåñèììåòðè÷íûå
ïðîñòðàíñòâà (íîðìà êîòîðûõ íå ýêâèâàëåíòíà íîðìå ñèììåòðèçàöèè).

×åðåç B(x, r) è B̊(x, r) îáîçíà÷èì ñîîòâåòñòâåííî �çàìêíóòûé� è îò-
êðûòûé øàð â ëèíåéíîì íåñèììåòðè÷íîì íîðìèðîâàííîì ïðîñòðàíñòâå
èëè â ïîëóíîðìèðîâàííîì ïðîñòðàíñòâå X = (X, ∥ · |) ñ öåíòðîì x
ðàäèóñà r, ò.å. ñîîòâåòñòâåííî ìíîæåñòâà {y ∈ X | ∥y − x| ⩽ r} è
{y ∈ X | ∥y − x| < r}. Íàäî îòìåòèòü, ÷òî øàð B(x, r) ìîæåò íå áûòü
çàìêíóòûì ìíîæåñòâîì îòíîñèòåëüíî òîïîëîãèè, ïîðîæäåííîé îòêðû-
òûìè øàðàìè êàê ïðåäáàçîé.

Äëÿ ïðîèçâîëüíîãî ìíîæåñòâà M íåêîòîðîãî íåñèììåòðè÷íîãî íîð-
ìèðîâàííîãî ïðîñòðàíñòâà èëè ïîëóíîðìèðîâàíîãî X ÷åðåç ϱ(y,M)
(y ∈ X, M ⊂ X) îáîçíà÷èì ðàññòîÿíèå äî ìíîæåñòâà M, ò.å. âåëè÷è-
íó inf

z∈M
∥z − y|.

×åðåç PMx îáîçíà÷èì ìíîæåñòâî âñåõ áëèæàéøèõ òî÷åê èç M äëÿ
x ∈ X, ò.å. ìíîæåñòâî {y ∈M | ∥y − x| = ϱ(x,M)}.

Îñíîâíûå ðåçóëüòàòû

Ïåðåéäåì ê îïðåäåëåíèþ ðàâíîìåðíî âûïóêëûõ íåñèììåòðè÷íûõ ïðî-
ñòðàíñòâ.

Ïîëîæèì

∆(a) := ∥f − ag|+ a∥g| − ∥f |, a ∈ [0, 1].

Íàäî îòìåòèòü, ÷òî èç ýòîãî îïðåäåëåíèÿ âûòåêàåò, ÷òî äëÿ ëþáûõ
ε > 0 ñóùåñòâóåò δ > 0 òàêîå, ÷òî äëÿ ëþáûõ f, g ∈ X: ∥f | = ∥g| = 1 èç
óñëîâèÿ ∥(f + g)/2| ⩾ 1− δ âûòåêàåò, ÷òî ∥f − µg| ⩽ ε) äëÿ íåêîòîðîãî
µ ∈ [1− ε, 1].

Îïðåäåëåíèå 1. Íåñèììåòðè÷íîå ïðîcòðàíñòâî X = (X, ∥ · |) íà-
çûâàåòñÿ ðàâíîìåðíî âûïóêëûì, åñëè äëÿ ëþáûõ ε > 0 è a ∈ (0, 1] ñóùå-
ñòâóåò δ > 0 òàêîå, ÷òî äëÿ ëþáûõ f, g ∈ X: ∥f | = ∥g| = 1 èç óñëîâèÿ
∆(a) < δ âûòåêàåò, ÷òî f ∈ B(µg, ε) äëÿ íåêîòîðîãî µ ∈ [1− ε, 1].

Îïðåäåëåíèå 2. Íåñèììåòðè÷íîå ïðîñòðàíñòâî X = (X, ∥ · |) íà-
çûâàåòñÿ ïðàâî- (ëåâî-) ïîëíûì, åñëè äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè
{xn} ⊂ X èç óñëîâèÿ, ÷òî äëÿ ëþáîãî ε > 0 ñóùåñòâóåò N ∈ N
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òàêîå, ÷òî ∥xm − xn| < ε äëÿ âñåõ m ⩾ n ⩾ N (òàêàÿ ïîñëåäîâà-
òåëüíîñòü íàçûâàåòñÿ ôóíäàìåíòàëüíîé), âûòåêàåò, ÷òî ñóùåñòâó-
åò òî÷êà x ∈ X òàêàÿ, ÷òî ∥x − xn| → 0 (∥xn − x| → 0) ïðè n → ∞.
Ïðàâî ïîëíîå ïðîñòðàíñòâî áóäåì íàçûâàòü ïðîñòî ïîëíûì ïðîñòðàí-
ñòâîì.

Òåîðåìà 1. Ïóñòü N � íåïóñòîå çàìêíóòîå âûïóêëîå ïîäìíîæå-
ñòâî â íåñèììåòðè÷íîì ðàâíîìåðíî âûïóêëîì ïðàâî-ïîëíîì ïðîñòðàí-
ñòâå X = (X, ∥ · |). Òîãäà äëÿ âñåõ x ∈ X ñóùåñòâóåò åäèíñòâåííàÿ
òî÷êà y ∈ N (áëèæàéøàÿ äëÿ x âî ìíîæåñòâå N): ∥y − x| = ϱ(x,N),
è äëÿ ëþáîé (ìèíèìèçèðóþùåé) ïîñëåäîâàòåëüíîñòè {yn} ⊂ N òàêîé,
÷òî ∥yn−x| → ϱ(x,N) (n→ ∞) âûòåêàåò, ÷òî ∥yn− y| → 0 (n→ ∞).

Òåîðåìà 2. Ïóñòü N � íåïóñòîå çàìêíóòîå âûïóêëîå ïîäìíîæå-
ñòâî â íåñèììåòðè÷íîì ðàâíîìåðíî âûïóêëîì ëåâî-ïîëíîì ïðîñòðàí-
ñòâå X = (X, ∥ · |) ñ àêñèîìîé îòäåëèìîñòè T2. Òîãäà äëÿ âñåõ x ∈ X
ñóùåñòâóåò åäèíñòâåííàÿ òî÷êà y ∈ N (áëèæàéøàÿ äëÿ x âî ìíî-
æåñòâå N): ∥y − x| = ϱ(x,N), è äëÿ ëþáîé (ìèíèìèçèðóþùåé) ïîñëå-
äîâàòåëüíîñòè {yn} ⊂ N òàêîé, ÷òî ∥yn − x| → ϱ(x,N) (n → ∞)
âûòåêàåò, ÷òî ∥yn − y| → 0 (n→ ∞).

Òåîðåìà 3. Ïóñòü X = (X, ∥ · |) � ëåâî-ïîëíîå ðàâíîìåðíî âûïóê-
ëîå íåñèììåòðè÷íîå ïðîñòðàíñòâî ñ àêñèîìîé îòäåëèìîñòè T2, {Nk} �
âëîæåííàÿ ïîñëåäîâàòåëüíîñòü íåïóñòûõ âûïóêëûõ îãðàíè÷åííûõ çà-

ìêíóòûõ ìíîæåñòâ. Òîãäà ïåðåñå÷åíèå N :=
∞⋂
k=1

Nk íåïóñòî.
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ÓÄÊ 501.1

Äâîè÷íûå áàçèñíûå ñïëàéíû1

Ñ. À. ×óìà÷åíêî (Ñàðàòîâ, Ðîññèÿ)
email@mail.ru

Ðàññìàòðèâàåòñÿ íîâûé êëàññ áàçèñíûõ ñïëàéíîâ, êîòîðûå ïîëó÷àþòñÿ ìíîãî-
êðàòíûì èíòåãðèðîâàíèåì ôóíêöèè Óîëøà. Óñòàíîâëåíî, ÷òî ñèñòåìà ñæàòèÿ
è ñäâèãîâ, ïîðîæäåííàÿ äâîè÷íûì áàçèñíûì ñïëàéíîì, ÿâëÿåòñÿ áàçèñîì â ïðî-
ñòðàíñòâå íåïðåðûâíûõ ôóíêöèé. Äîêàçàíî, ÷òî äâîè÷íûé áàçèñíûé ñïëàéí óäî-
âëåòâîðÿåò ìàñøòàáèðóþùåìó óðàâíåíèþ è ïîñòðîåí êðàòíîìàñøòàáíûé àíàëèç
îáùåãî âèäà, êîòîðûé íå ÿâëÿåòñÿ îðòîãîíàëüíûì. Ïðîâåäåíà îöåíêà ïðèáëèæå-
íèÿ äëÿ ôóíêöèé èç ïðîñòðàíñòâà Ñîáîëåâà.

Êëþ÷åâûå ñëîâà: ñèñòåìû ñæàòèÿ è ñäâèãîâ, êðàòíîìàñøòàáíûé àíàëèç, ìàñøòà-
áèðóþùåå óðàâíåíèå.

Áëàãîäàðíîñòè: èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî
ôîíäà � 22-21-00037, https://rscf.ru/project/22-21-00037/.

Binary basic splines1
S. A. Chumachenko (Saratov, Russia)

chumachenkosergei@gmail.com

We are exploring a new class of basic splines, which are obtained by multiple
integration of the Walsh function. We found that the scales and shifts system was
generated by a binary basic spline is a basis in the space of continuous functions.
It is proved that the binary basis spline satis�es the scaling equation, and a general
multi-resolution analysis is constructed but is not orthogonal. The approximation is
estimated for functions from the Sobolev space.

Keywords: scales and shifts, multi-resolution analysis, scaling equation.

Acknowledgements: this work was supported by the Russian Science Foundation �
22-21-00037, https://rscf.ru/project/22-21-00037/.

Ââåäåíèå

Ïóñòü If(x) =
x�
0

f(t) dt (x ∈ [0, 1]) � îïåðàòîð èíòåãðèðîâàíèÿ,

W2n−1(x) =
n−1∏
k=0

rk(x) � ôóíêöèè Óîëøà, n ∈ N, n ≥ 2.

Îïðåäåëåíèå 1. Ôóíêöèþ

ψn,N(x) =

{
Qn,NINW2n−1(x), x ∈ [0, 1],

0, x /∈ [0, 1].

áóäåì íàçûâàòü äâîè÷íûì áàçèñíûì ñïëàéíîì n-é ñòåïåíè N -ãî ïî-
ðÿäêà ãëàäêîñòè(N ≤ n,N ∈ N), ãäå Qn,N - íîðìèðóþùèé êîýôôèöèåíò

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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â C[0, 1]

Áóäåì ðàññìàòðèâàòü ñèñòåìó ñæàòèé è ñäâèãîâ φm,jn (x) = φn(2
mx−j)

Òåîðåìà 1.Ñèñòåìà φm,jn (x) ÿâëÿåòñÿ áàçèñîì â ïðîñòðàíñòâå
C0[0, 1] è ñïðàâåäëèâî íåðàâåíñòâî

|f(x)− S2m+j(x)| ≤ ωf(
1

2m+2
) + ω2

f(
1

2m+2
).

[1]

Òåîðåìà 2. Ñïðàâåäëèâî ðàâåíñòâî

ψn,n (x) =
1

2n
ψn,n (2x− 0) +

2n−1∑
t=1

1

2n−1
ψn,n

(
2x− t

2n

)
+

1

2n
ψn,n (2x− 1) .

Ëåììà 1. Ïóñòü F (x) = ψ
(
x
2n

)
. Îïðåäåëèì ïðåîáðàçîâàíèå Ôóðüå

ðàâåíñòâîì

f̂(ω) =

∞�

−∞

f(ω)e−2πiωxdx.

Òîãäà

F̂ (ω) =
Qn,n

2

(
1

πiω

)n+1 n∏
k=1

(
1− e−2kπiω

)
Ïðè m ∈ Z îáðàçóåì ïîäïðîñòðàíñòâà Vm = (2

m
2 F (2nx+ k)k∈Z)

Îïðåäåëåíèå 2. Åñëè âûïîëíåíû óñëîâèÿ (àêñèîìû)
A1) Vm ∈ Vm+1,
A2)

⋃
m∈Z Vm = L2(R),

A3)
⋂
m∈Z Vm = 0,

òî ñîâîêóïíîñòü (Vm)m∈Z íàçûâàþò îáîáùåííûì êðàòíîìàñøòàáíûì
àíàëèçîì. Ãîâîðÿò òàêæå, ÷òî ôóíêöèÿ φ ïîðîæäàåò îáîáùåííûé
ÊÌÀ.

Òåîðåìà 3. Ñîâîêóïíîñòü (Vn)n∈Z îáðàçóåò îáîáùåííûé ÊÌÀ.

Çàìå÷àíèå 1. Èç ëåììû 1 âèäíî, ÷òî ÊÌÀ íå ÿâëÿåòñÿ ðèññîâñêèì,
òàê êàê íå ñóùåñòâóåò ïîëîæèòåëüíîé êîíñòàíòû, îãðàíè÷èâàþùåé F̂
ñíèçó.
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Îïðåäåëåíèå 3.Ïóñòü f, g ∈ L2 (R). Âûðàæåíèå

[f, g] (ω)
df
=
∑
k∈Z

f (ω + k) g (ω + k)

íàçûâàþò ñêîáî÷íûì ïðîèçâåäåíèåì.

Îïðåäåëåíèå 4. Ïóñòü s > 0. Ìíîæåñòâî

W s
2 (R) =

{
f ∈ L2 (R) : ||f ||W s

2 (R) = || (1 + | · |)s f̂ ||L2(R) < +∞
}

íàçûâàþò ïðîñòðàíñòâîì Ñîáîëåâà.

Îïðåäåëåíèå 5.Ïóñòü φ ∈ L2 (R) , φm,k(x) = 2
m
2 φ (2nx+ k). Îïåðà-

òîð

βm : f →
∑
k∈Z

(f, φn,k)φn,k

íàçûâàþò êâàçèèíòåðïîëÿöèîííûì îïåðàòîðîì.

Îïðåäåëåíèå 6.Îïåðàòîð βm äîñòàâëÿåò àïïðîêñèìàöèþ ïîðÿäêà
t ∈ R+, åñëè äëÿ âñåõ f ∈ W t

2 (R) ||f − βmf ||L2(R) = O(2−mt).

Òåîðåìà 4.Îïåðàòîð βm, ïîñòðîåííûé ïî ôóíêöèè φ(x) = CnF (x),

ãäå Cn =
2

n2+n
2

Q(n, n)
, äîñòàâëÿåò àïïðîêñèìàöèþ ïîðÿäêà 1.
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ÓÄÊ 517.51

Îá îäíîé çàäà÷å Õåäáåðãà äëÿ åìêîñòè
êîëüöåâîé îáëàñòè îòíîñèòåëüíî çàäàííîãî

êîìïàêòà1

Â. À. Øëûê (Âëàäèâîñòîê, Ðîññèÿ)
shlykva@yandex.ru

Ïóñòü 1
p + 1

q = 1, 1 ≤ q <∞, G � êîëüöåâàÿ îáëàñòü â åâêëèäîâîì ïðîñòðàíñòâå

Rn, n ≥ 2; E � êîìïàêòíîå ìíîæåñòâî â Rn. Â ñòàòüå ðàññìàòðèâàåòñÿ ðåøåíèå
çàäà÷è Õåäáåðãà î ïðåäñòàâëåíèè q-åìêîñòè êîëüöà G îòíîñèòåëüíî E ÷åðåç p-
ìîäóëü ñåìåéñòâà ïîâåðõíîñòåé â G \ E, ðàçäåëÿþùèõ ãðàíè÷íûå êîìïîíåíòû
êîëüöà G, êîãäà q = 1, p = ∞.

Êëþ÷åâûå ñëîâà: åìêîñòü êîíäåíñàòîðà, ìîäóëü ñåìåéñòâà ïîâåðõíîñòåé.

Áëàãîäàðíîñòè: ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíîáðíàóêè ÐÔ, ñîãëàøåíèå
� 075-02-2021-1395, è ïðè ïîääåðæêå Âëàäèâîñòîêñêîãî ôèëèàëà Ðîññèéñêîé òà-
ìîæåííîé àêàäåìèè.

On the problem of Hedberg for the ring
domain capacity with respect to a given

compact1
V. A. Shlyk (Vladivostok, Russia)

shlykva@yandex.ru

Let 1
p + 1

q = 1, 1 ≤ q < ∞, G be a ring domain in Euclidean space Rn, n ≥ 2; E be

the compact set in Rn. In the paper we consider the solution of the Hedberg problem
of representating the q-capacity of the ring G with respect to E by the p-module of a
family of surfaces in G \ E separating the boundary components of the ring G when
q = 1, p = ∞.

Keywords: condenser capacity, modulus of surface family.
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Education of the Russian Federation, agreement No. 075-02-2021-1395, and by
Vladivostok Branch of Russian Custom Academy.

Ââåäåíèå

Îòìåòèì, ÷òî ðåøåíèå ñôîðìóëèðîâàííîé âûøå çàäà÷è Õåäáåðãà (ñì. [1],
ñòð. 193) â ñëó÷àå 1 < q < ∞ áûëî äàíî â [2] è èñïîëüçóåò ñóùåñòâåííî
ðàâíîìåðíóþ âûïóêëîñòü ïðîñòðàíñòâ Lp(G \ E), Lq(G \ E).

Çäåñü äëÿ n ≥ 2 îáîçíà÷èì ÷åðåç Rn = Rn ∪ {∞} îäíîòî÷å÷íóþ
êîìïàêòèôèêàöèþ ïðîñòðàíñòâà Rn. Âñå òîïîëîãè÷åñêèå ðàññìîòðåíèÿ
ïðîâîäÿòñÿ â ìåòðè÷åñêîì ïðîñòðàíñòâå (Rn, h), ãäå h � õîðäàëüíàÿ ìåò-
ðèêà, ïîðîæäåííàÿ ñòåðåîãðàôè÷åñêîé ïðîåêöèåé (ñì. [3]). ×åðåç Hn−1

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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îáîçíà÷èì îáû÷íóþ (n−1)-ìåðíóþ ìåðó Õàóñäîðôà, è ïóñòü mn � ìåðà
Ëåáåãà â Rn. Ïîä êîëüöîì G ⊂ Rn ïîíèìàåì îáëàñòü, äëÿ êîòîðîé Rn\G
ñîñòîèò èç äâóõ íåïóñòûõ ñâÿçíûõ êîìïîíåíò F0 è F1, ãäå ∞ ∈ F0.

Ïóñòü E áóäåò çàìêíóòûì ìíîæåñòâîì â Rn. Áóäåì ãîâîðèòü, ÷òî
êîìïàêò σ ⊂ G \ E ðàçäåëÿåò F0 è F1 â G \ E, åñëè ñóùåñòâóþò íåïåðå-
ñåêàþùèåñÿ îòêðûòûå ìíîæåñòâà A,B ⊂ Rn òàêèå, ÷òî Rn \σ = A∪B è
F0 ⊂ A, F1 ⊂ B. Òàêîé êîìïàêò σ áóäåì íàçûâàòü ïîâåðõíîñòüþ, ðàçäå-
ëÿþùåé F0 è F1 â G\E. Ïóñòü Σ = Σ(F0, F1, G\E) îáîçíà÷àåò ñåìåéñòâî
âñåõ ïîâåðõíîñòåé, êîòîðûå ðàçäåëÿþò F0 è F1 â G \ E.

Äëÿ áîðåëåâñêîé ôóíêöèè ρ : G \ E → [0,+∞] ïîëîæèì ∥ρ∥∞ =
ess sup
G\E

ρ ïî mn-ìåðå.

Îïðåäåëèì ∞-ìîäóëü ñåìåéñòâà Σ1 ⊂ Σ êàê âåëè÷èíó M∞(Σ1) =
inf ∥ρ∥∞, ãäå èíôèìóì áåðåòñÿ ïî âñåì áîðåëåâñêèì ôóíêöèÿì ρ : G \
E → [0,+∞] òàêèì, ÷òî

�
σ

ρdHn−1 ≥ 1 äëÿ âñåõ σ ∈ Σ1. Â ñëó÷àå Σ1 = Σ

ïîëîæèìM∞(Σ) =M∞(G\E). Ôóíêöèè ρ â îïðåäåëåíèèM∞(Σ1) áóäåì
íàçûâàòü äîïóñòèìûìè ìåòðèêàìè äëÿ Σ1. Åìêîñòü C1(G/E) îïðåäåëèì
òàê æå, êàê è â [1].

Íåòðóäíî çàìåòèòü, ÷òî åñëè îäíà èç êîìïîíåíò ñâÿçíîñòè ìíîæåñòâà
E ñîåäèíÿåò F0 è F1, òî Σ = ∅. Â ýòîì ñëó÷àå ïîëîæèì ïî îïðåäåëåíèþ
M∞(G \ E) = 0, C1(G/E) = ∞, ÷òî âëå÷åò ðàâåíñòâî M∞(G \ E) =

1
C1(G/E) . Íèæå ñ÷èòàåì, ÷òî íè îäíà èç êîìïîíåíò ñâÿçíîñòè ìíîæåñòâà
E íå ñîåäèíÿåò F0 è F1.

Îñíîâíûå ðåçóëüòàòû

Òåîðåìà 1. Ïóñòü Σ1 = {σ ∈ Σ : Hn−1(σ) = ∞}. Òîãäà M∞(Σ1) = 0.
Òåîðåìà 2. C1(G/E) <∞.
Òåîðåìà 3. Åñëè M∞(Σ) = ∞, òî C1(G/E) = 0. Ñïðàâåäëèâî îá-

ðàòíîå: åñëè C1(G/E) = 0, òî M∞(Σ) = ∞.
Òåîðåìà 4. Åñëè C1(G/E) > 0, òî ρ = 1

C1(G/E) � äîïóñòèìàÿ ìåò-

ðèêà äëÿ Σ.
Òåîðåìà 5. C1(G/E) =

1
M∞(G\E).
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ÓÄÊ 517.52

Îá óïîðÿäî÷èâàíèè è âàðèàöèè ôóíêöèé íà
íóëüìåðíûõ êîìïàêòíûõ ãðóïïàõ1

Â. È. Ùåðáàêîâ, (ãîð. Æóêîâñêèé Ìîñêîâñêîé îáëàñòè,
Ðîññèÿ)

kafmathan@mail.ru (äëÿ Â.È.Ùåðáàêîâà)

Ïîêàçàíî, ÷òî âàðèàöèÿ ôóíêöèè (ñîãëàñíî å¼ �êëàññè÷åñêîìó� îïðåäåëåíèþ) íà
íóëüìåðíîé êîìïàêòíîé àáåëåâîé ãðóïïå çàâèñèò îò îòîáðàæåíèÿ ýòîé ãðóïïû íà
îòðåçîê [0, 1], òî åñòü îò âûáîðà áàçèñíûõ ýëåìåíòîâ. Ñóùåñòâóþò ôóíêöèè, êîòî-
ðûå ÿâëÿþòñÿ ôóíêöèÿìè îãðàíè÷åííîé âàðèàöèè (è äàæå ìîíîòîííûìè ôóíê-
öèÿìè) ïðè îäíîì âûáîðå áàçèñíûõ ýëåìåíòîâ (è ñâÿçàííûì ñ ýòèìè áàçèñíûìè
ýëåìåíòàìè ïîíÿòèåì óïîðÿäî÷èâàíèÿ) è íå áóäóò èìåòü îãðàíè÷åííîé âàðèàöèè
îòíîñèòåëüíî äðóãîãî íàáîðà áàçèñíûõ ýëåìåíòîâ.

Êëþ÷åâûå ñëîâà: íóëüìåðíàÿ êîìïàêòíàÿ àáåëåâà ãðóïïà, ôóíêöèè îãðàíè÷åííîé
âàðèàöèè.

Áëàãîäàðíîñòè: ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò
� 17-01-01404).

About ordering and variattion of the function
on zero-dimensional compact groups1

V. I. Shcherbakov (Zhukovsky of Moscow district, Russia)
kafmathan@mail.ru (for V.I.Shcherbakov)

It is shown that the variation of a function (according to its �classical� de�nition) on
a zero-dimensional compact Abelian group depends on the mapping of this group to
the segment [0, 1], that is, on the choice of basic elements. There are functions which
are functions of the bounded variation (and even monotonic functions) for one choice
of basic elements (and the ordering associated with this elements) and will not have
bounded variation with respect to

to another set of basic elements.

Keywords: zero-demensional compact Abelian group; functions of bounded variation.
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Ïóñòü p0 = 1, {pn}∞n=1− ïîñëåäîâàòåëüíîñòü, ñîñòîÿùàÿ èç ïðîñòûõ

÷èñåë;mn =
n∏
k=0

pk (n = 0, 1, 2, . . .) èG� íóëüìåðíàÿ êîìïàêòíàÿ àáåëåâà

ãðóïïà (ãðóïïà Âèëåíêèíà [1]) ñ îïåðàöèåé ⊕, îáðàòíîé îïåðàöèåé ⊖,
íóëåâûì ýëåìåíòîì 0G, ñèñòåìîé âëîæåííûõ ïîäãðóïï

G = G0 ⊃ G1 ⊃ G2 ⊃ . . . ⊃ Gn ⊃ . . . òàêèõ, ÷òî
∞⋂
n=0

Gn = {0G} (1)

è ôàêòîð-ãðóïïà Gn−1 \Gn èìååò ïîðÿäîê pn (n = 1, 2, . . .).

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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Çàäàííûå â (1) ïîäãðóïïû Gn ÿâëÿþòñÿ ñèñòåìîé îêðåñòíîñòåé íóëÿ
â ãðóïïå G. Òàêèì îáðàçîì â G îïðåäåëåííà òîïîëîãèÿ, îòíîñèòåëüíî
êîòîðîé ââîäÿòñÿ ïîíÿòèÿ ñõîäèìîñòè è íåïðåðûâíîñòè ôóíêöèè. Îòíî-
ñèòåëüíî ýòîé òîïîëîãèè ãðóïïà G ÿâëÿåòñÿ êîìïàêòîì.

Â êàæäîì èç ìíîæåñòâ Gn−1 \ Gn çàôèêñèðóåì ýëåìåíò en (n =
1, 2, . . .), êîòîðûé íàçîâåì áàçèñíûì. Bñÿêèé ýëåìåíò x ∈ G åäèíñòâåí-
íûì îáðàçîì ïðåäñòàâèì â âèäå

x = x1· e1⊕x2· e2⊕. . .⊕xn· en⊕. . . , ãäå xk � öåëûå ñ 0 ≤ xk ≤ pk−1. (2)

Òîãäà ýëåìåíò x ∈ G îòîáðàæàåòñÿ íà îòðåçîê [0, 1]

x 7→ xE =
∞∑
k=1

xk
mk

, ãäå xk îïðåäåëåíû â (2) , (3)

a E = {en}∞n=1 � ðàíåå çàäàííàÿ ñèñòåìà áàçèñíûõ ýëåìåíòîâ. Óìíîæå-
íèå ýëåìåíòà g ãðóïïûG íà öåëîå íåîòðèöàòåëüíîå ÷èñëî n îïðåäåëÿåòñÿ
ñëåäóþùèì îáðàçîì:

0· g = 0G; 1· g = g è n· g = g ⊕ g ⊕ g . . .⊕ g︸ ︷︷ ︸
n ðàç

Îòîáðàæåíèå ãðóïïû G íà îòðåçîê [0, 1], çàäàííîå ïî ôîðìóëå (3),
èíîãäà íàçûâàþò îòîáðàæåíèåì Ìîííà [2] (ñì,. íàïðèìåð, [3]), õîòÿ
îòîáðàæåíèÿ ãðóïïû G íà îòðåçîê [0, 1] áûëè èçâåñòíû åù¼ è Í.ß. Âè-
ëåíêèíó [1].

Bçàèìíîîäíîçíà÷íîñòü ïðè îòîáðàæåíèè (3) íàðóøàåòñÿ ëèøü â òî÷-
êàõ âèäà

r+ =<
l

mn
>= x1· e1 ⊕ . . .⊕ xn−1· en−1 ⊕ xn· en è (4)

r− =<
l

mn
> − = x1· e1⊕. . .⊕xn−1· en−1⊕(xn−1)· en⊕. . .⊕(pn+1−1)· en+1⊕

⊕ . . .⊕ (pn+k − 1)· en+k ⊕ . . . , (5)

êîòîðûå ïðè îòîáðàæåíèè (3) ïåðåõîäÿò â îäíî è òo æå ÷èñëî r = l
mn

=
n∑
k=1

xk
mk
.

Íà ãðóïïå G ââîäèòñÿ ïîíÿòèå óïîðÿäî÷èâàíèÿ òî÷åê ñëåäóþùèì îá-
ðàçîì: x < y, åñëè xE < yE, ãäå xE è yE îáðàçû òî÷åê x ∈ G è, ñîîò-
âåòñòâåííî, y ∈ G ïðè çàäàííîãî ôîðìóëîé (3) îòîáðàæåíèè Ìîííà, a
òàêæå r− < r+, ãäå r− îïðåäåëåíà ôîðìóëîé (5), a r+ � ðàâåíñòâîì
(4).
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Óïîðÿäî÷èâàíèå ìîæíî îïðåäåëèòü è ýêâèâàëåíòíûì îáðàçîì:

x = x1· e1 ⊕ . . .⊕ xn· en ⊕ . . . < y = y1· e1 ⊕ . . .⊕ yn· en ⊕ . . . ,

åñëè xk < yk, ãäå k = min{n ∈ N|xn ̸= yn}.
Bapèàöèþ îò ôóíêöèè (ïîä ôóíêöèåé áóäåì ïîíèìàòü îòîáðàæåíèå

ãðóïïûG âî ìíîæåñòâî äåéñòâèòåëüíûõ ÷èñåë R; ìîãóò ðàññìàòðèâàòüñÿ
òàêæå è ìîíîòîííûå ôóíêöèè) îïðåäåëÿåì �êëàññè÷åñêèì� îáðàçîì (cì.,
íàïðèìåð [4]): ïóñòü

T = {x0, x1, . . . , xn−1, xn|0G = x0 < x1 < . . . < xn−1 < xn = 1GE} (6)

� íåêîòîðîå ðàçáèåíèå ãðóïïû G, ãäå 1GE = (p1−1)· e1⊕(p2−1)· e2⊕. . .⊕
(pn − 1)· en ⊕ . . . � òî÷êà ãðóïïû G, îáðàçîì êîòîðîé ïðè îòîáðàæåíèè
Ìîííà (3) ÿâëÿåòñÿ åäèíèöà (1GE, âîîáùå ãîâîðÿ, çàâèñèò îò âûáîðà
áàçèñíûõ ýëåìåíòîâ E = {en}∞n=1).

Òîãäà âàðèàöèÿ îò ôóíêöèè f(t) íà ãðóïïå G : V (G) =

sup
T
(
n∑
k=1

|f(xk) − f(xk−1)|), ãäå âåðõíÿÿ ãðàíü ïî âñåì ðàçáèåíèÿì T (6)

ãðóïïû G. Ïðè ýòîì åñëè ýòà âåðõíÿÿ ãðàíü êîíå÷íà, òî ôóíêöèÿ f(t) íà-
çûâàåòñÿ ôóíêöèåé îãðàíè÷åííîé âàðèàöèè, èíà÷å � ôóíêöèåé íåîãðà-
íè÷åííîé âàðèàöèè.

Ýòà âàðèàöèÿ çàâèñèò îò áàçèñà E = {en}∞n=1, ÷òî îòìå÷àë åù¼
Í.ß. Âèëåíêèí [1]. Áîëåå òîãî, äàæå ñàì êëàññ ôóíêöèé îãðàíè÷åííîé
âàðèàöèè íà ãðóïïåG çàâèñèò îò áàçèñíûõ ýëåìåíòîâE = {en}∞n=1. Ñïðà-
âåäëèâa ñëåäóþùàÿ
Òåîðåìa. Äëÿ âñÿêîãî áàçèña E = {en}∞n=1 íàéä¼òñÿ ôóíêöèÿ îãðà-
íè÷åííîé âàðèàöèè (è äàæå ìîíîòîííàÿ) îòíîñèòåëüíî ýòîãî áàçèñà
f(x), è äðóãèå áàçèñíûå ýëåìåíòû Ẽ = {ẽn}∞n=1, îòíîñèòåëüíî êîòî-
ðûõ òà æå ôóíêöèÿ f(x) óæå íå èìååò îãðàíè÷åííîé âàðèàöèè íà
G.

Äëÿ sup
n
pn = ∞ ïðåäûäóùàÿ òåîðåìà áûëà àíîíñèðîâàíà â [5].
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