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B pabore paccmorpena 3amatia Ko 11t MHOTOMEPHOTO PA3HOCTHOTO YPABHEHUS C
ITOCTOSTHHBIMU KO3 PUIMEHTAMI B KOHYCaX Ie/J0YNC/IeHHOM pemeTku. [Ipu momormu
METO/Ia TIPOU3BOAAIINX (DYHKINH JOKA3AHA €€ PA3PEINMOCTh U MOJIyIeHO COOTHOIIIE-
HUEe MEXKJIy MPOU3BOISIIIMMI (DYHKIUSIMU PelleHus 3a1a9n Kol u ee HauaIbHBIMEI
nmarabiMi. Kak ciejpcrBue, perenne 3a1adn Kormm BbIpayKeHO depe3 ee Hada bHbIe
JlaHHBbIe U (DyHIAMEHTaJIbHOE pEIlleHNe.

Karouesvie caosa: permeTodnble Iy TH, TEJIOYNCICHHBI KOHYC, PA3HOCTHOE yPDaBHEHUE,
IPOU3BOISAIIAST (DYHKITHSI.

ON FUNDAMENTAL SOLUTIONS TO DIFFERENCE
EQUATIONS IN LATTICE CONES
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We consider the Cauchy problem for a multidimensional difference equation with
constant coefficients in the cones of an integer lattice. Using the method of generating
functions, its solvability is proved and the relation between the generating functions
of the solution to the Cauchy problem and its initial data is obtained. As a result, the
solution to the Cauchy problem is expressed through its initial data and fundamental
solution.
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On complex valued functions f : Z" — C we define the shift operator
5j : f(a:l,.. cy Ly ,:z:n) — f(:z:l,.. L1, T+ 1,£Cj_|_1,...,$n)

and polynomial difference operator

P(6) = cu6”,

wel

where 2 C Z" is a finite set of points of an n-dimensional lattice, 0¥ =

oy - ...+ 0¥ and ¢, € C are the coefficients of the difference operator.
Let at,...;a" be the set of vectors o/ = (af,...,ad) € Z"j =
1,..., N, and K is a lattice cone spanned by these vectors

K={zecZ  :x2=Ma'"+- 4+ Ao, N €Zs,i=1,...,N}.

We assume that cone K is pointed, which means it does not contain any line
or, equivalently, lies in an open half-space of R". We also define a relation 7 as
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follows: uzv < u—v € K for any u,v € K. Denote m = o' +---+a™, ¢y =
1,a’ = (0,...,0) and formulate the problem.
The Cauchy Problem. Find a solution to the difference equation

N

chf(x —a’)=g(z), 220, (1)

7=0

which coincides with the given function ¢(x) on the set Xy = {z € K :
:c[%m}

f(x) = p(z), e X (2)

We use equation (1) with initial data (2) to describe a wide class problems
of enumerative combinatorial analysis including lattice paths problems (the
Dyck, Motzkin and Schroder paths, generalized lattice paths. See [1], [3], [4]).

The fact that cone K is pointed allows us to prove the solvability of
problem (1)—(2) using the method of generating functions, and namely,
correctly define on the set of (formal) power series

Fz) = fla)e"

TR

the structure of a ring, which will be denoted by Ckl[z]]. Additionally we
will denote F,(2) = > f(x)z".
:L’?(m

Using the method of generating functions, the solvability of problem (1)-
(2) was proved, namely, there is a formula in which generating function ()
is expressed in terms of generating functions ®,,(z) = F(x) — F,,(z) and
Gm(z) = > g(x)z" of the initial data ¢(z) and the right-hand side g(z) of

Z‘}-}{m

equation (1) respectively.

Teopema 1. The generating function F(z) of a solution to the difference
equation (1) with initial data (2) is represented as

N
1 .
F(z) = P(z ) <; ciz" @y ai(2) + Gm(z)),
N
where 274 = (271, ..., 21, P(2) = Y. ¢j27% s a characteristic polynomial
=0



Further, using the concept of the fundamental solution P(z) of the
problem (1)—(2) yields a formula expressing f(x) in terms of p(x), g(x) and
P(z).

A fundamental solution P(x) (see [2]) is a solution such that

N
Zcﬂ?(x —a!) =dy(z), 7€K,

7=0

where d(z) is the Kronecker symbol.
We can obtain the fundamental solution P(x) by expanding function
P~1(271) in a Laurent series as follows

1 X
Pl = ;)P(af)z :

TK

It allows us to find a solution to the Cauchy problem in terms of its initial
data and fundamental solution.

Teopema 2. A solution to the difference equation (1) with initial data (2)
is given as follows:

f@)= 3 Ple—y)r(y).

where

N
ciply — o), if yfm;
T(y) _ j;) JQO( ) K

9(y), if ygm.
Exzample. Let o' = (2,—1),a® = (—1,2) be a column vectors, we let K

denote the cone K spanned by the vectors K = (al,a?), s = a'+a? = (1,1).
We consider the two dimensional difference equation

its characteristic polynomial P(z,w) =1 — 2 2w! — zlw™2.
According to Theorem 2, a solution to this difference equation is

flan, o) = Y Plar— w2 — 42)7 (01, 42),

O< gx
KYK

oy, y2) — o — 2,2+ 1) — oy + 1, y2 — 2),
where 7(y1,y2) = if (y1,92) 2 (1,1);
07 if (yhyQ) = (17 1)
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To find a fundamental solution we will expand the characteristic
polynomial P(z,w) into a series as follows:

1 S 2 1 1. Nk
(1—z2w—1—z—1w2)_kz:;(zw + 2 )=

(k1 + ko)! .
- Z (2k1+ki)!(k12+2k2)|zk w'.

(k17k2)]:>{0 3 3

Consequently;,
(k1 + k2)!

P(klu k?) - :
(2]61;-]62) ' (kl-g?kg) '

Finally, we have the solution for difference equation (3) with arbitrary initial
data

f(l'l, ZL’Q) = P(l'l, .%'2)90(0, O)+
279(:,;1 — 2ty +1)(p(2t, =) — p(20 — 2, —t + 1))+
t=1

s
+ Y Plar+t, w0 — 2t)(0(—t, 2t) — p(—t + 1,2t — 2)).
t=1
In case of lattice paths, ¢(2t, —t) —@p(2t—2, —t+1) = 0for t > 1, p(—t,2t)—
e(—t+ 1,2t —2) =0 for t > 1, and ¢(0,0) = 1, then we get f(z1,x2) =
P(xy1,z2).
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