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electron systems in the Hubbard model in the first and second doublet states. We
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Introduction

The Hubbard model is currently one of the most extensively studied
multielectron models of metals. But little is known about exact results for the
spectrum and wave functions of the crystal described by the Hubbard model,
and obtaining the corresponding statements is therefore of great interest.
The spectrum and wave functions of the system of two electrons in a crystal
described by the Hubbard Hamiltonian were studied in [1]. The structure
of essential spectrum and discrete spectra of the energy operator of three-
electron and four-electron systems in the Hubbard model were investigated
in the work [2, 3]. We consider the energy operator of five-electron systems
in the Hubbard model and described the structure of essential spectrum
and discrete spectra of the system in the doublet states. Hamiltonian of
considering system has the form

H = A
∑

m,γ

a+m,γam,γ +B
∑

m,τ,γ

a+m,γam+τ,γ + U
∑

m

a+m,↑am,↑a
+
m,↓am,↓.

Here, A is the electron energy at a lattice site, B is the transfer integral
between neighboring sites (we assume that B > 0 for convenience), τ which
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means that summation is taken over the nearest neighbors, U is the parameter
of the on-site Coulomb interaction of two electrons, γ is the spin index, and
a+m,γ and am,γ are the respective electron creation and annihilation operators
at a site m ∈ Zν. In the five-electron systems exists five type doublet states.
The Hamiltonian H acts in the antisymmetric Fo’ck space Has. Let ϕ0 be
the vacuum vector in the space Has.

Main results

The first doublet state corresponds the basis functions 1d
1/2
m,n,p,q,r =

a+m,↓a
+
n,↓a

+
p,↑a

+
q,↑a

+
r,↑ϕ0. The subspace 1H̃d

1/2, corresponding to the first doublet
state is the set of all vectors of the form
1ψd1/2 =

∑
m,n,p,q,r∈Zν f̃(m,n, p, q, r)1d

1/2
m,n,p,q,r, f̃ ∈ las2 , where las2 is the

subspace of antisymmetric functions in the space l2((Zν)5).

Theorem 1. The subspace 1H̃d
1/2 is invariant under the operator H, and

the restriction 1Hd
1/2 of H to the subspace 1H̃d

1/2 is a bounded self-adjoint

operator. It generates a bounded self- adjoint operator 1H
d
1/2, acting in the

space las2 .

In the quasimomentum representation, the operator 1H
d
1/2 acts in the

Hilbert space Las2 ((T ν)5) as (1H̃d
1/2f̃)(λ, µ, γ, θ, η) = {5A+2A

∑ν
i=1[cosλi+

cosµi+cos γi+cos θi+ cos ηi]}f̃(λ, µ, γ, θ, η)+U
´

T ν [f̃(s, µ, λ+γ−s, θ, η)+
f̃(s, µ, γ, λ+ θ − s, η)+ +f̃(s, µ, γ, θ, λ+ η − s) + f̃(λ, s, µ+ γ − s, θ, η)+

f̃(λ, s, γ, µ+ θ− s, η) + f̃(λ, s, γ, θ, µ+ η− s)]ds, where Las2 is the subspace
of antisymmetric functions in L2((T

ν)5).

Theorem 2. Let ν = 1 and U < 0. Then the essential spectrum of
operator 1H̃d

1/2 is the union of four segments and the discrete spectrum is
empty.

Let ν = 3, Λ1 = λ+ γ, Λ2 = µ+ θ, Λi = (Λ0
i ,Λ

0
i ,Λ

0
i ), i = 1, 2;

Theorem 3. a). If U < −6B cos
Λ0
1
2

W , cos Λ0
1

2 > cos Λ0
2

2 , or

U < −6B cos
Λ0
2
2

W , cos Λ0
1

2 < cos Λ0
2

2 , then the essential spectrum of operator
1H̃d

1/2 is the union of four segments and the discrete spectrum of operator
1H̃d

1/2 is empty.

b). If −6B cos
Λ0
1
2

W ≤ U < −6B cos
Λ0
2
2

W , cos Λ0
1

2 > cos Λ0
2

2 , or −6B cos
Λ0
2
2

W ≤ U <

402



−6B cos
Λ0
1
2

W , cos Λ0
1

2 < cos Λ0
2

2 , then the essential spectrum of operator 1H̃d
1/2 is

the union of two segments and the discrete spectrum of operator 1H̃d
1/2 is

empty.

c). If −6B cos
Λ0
1
2

W ≤ U < 0, cos Λ0
1

2 < cos Λ0
2

2 or −6B cos
Λ0
2
2

W ≤ U < 0, cos Λ0
1

2 >

cos Λ0
2

2 , then the essential spectrum of 1H̃d
1/2 is the single segment and the

discrete spectrum of operator 1H̃d
1/2 is empty.

The basis functions 2d
1/2
m,n,p,q,r = a+m,↓a

+
n,↑a

+
p,↓a

+
q,↑a

+
r,↑ϕ0 corresponds

to the second doublet state. The subspace 2H̃d
1/2, corresponding to

the second doublet state is the set of all vectors of the form
2ψd1/2 =

∑
m,n,p,q,r∈Zν f̃(m,n, p, q, r)2d

1/2
m,n,p,q,r. Denote 2Hd

1/2 the restriction

of operator H to the subspace 2Hd
1/2. Let Λ1 = λ+ µ, Λ2 = γ + θ.

Theorem 4. If ν = 1 and U < 0, then the essential spectra of the
operator 2Hd

1/2 is the union of seven segments and the discrete spectrum of

operator 2Hd
1/2 is consists of no more one point.

Let ν = 3, Λ3 = λ+ µ, Λ4 = γ + θ, Λj = (Λ0
j ,Λ

0
j ,Λ

0
j), j = 3, 4.

Theorem 5.
a). If ν = 3 and U < −3B

W , cos Λ0
3

2 < 1
2 , cos

Λ0
3

2 > cos Λ0
4

2 , or U < −3B
W ,

cos Λ0
4

2 < 1
2 , cos

Λ0
3

2 < cos Λ0
4

2 , or U < −6B cos
Λ0
3
2

W , cos Λ0
3

2 > 1
2 , cos

Λ0
3

2 > cos Λ0
4

2 ,

then the essential spectra of operator 2Hd
1/2 is the union of seven segments

and the discrete spectrum of operator 2Hd
1/2 is consists of no more one point.

b). If ν = 3 and −3B
W ≤ U < −6B cos

Λ0
3
2

W , cos Λ0
3

2 < 1
2 , cos

Λ0
3

2 ≥ cos Λ0
4

2 , or

−6B cos
Λ0
3
2

W ≤ U < −3B
W , cos Λ0

3

2 > 1
2 , cos

Λ0
3

2 > cos Λ0
4

2 , or −6B cos
Λ0
4
2

W ≤ U <

−3B
W , cos Λ0

4

2 > 1
2 , cos

Λ0
3

2 < cos Λ0
4

2 , or −6B cos
Λ0
3
2

W ≤ U < −6B cos
Λ0
4
2

W , cos Λ0
3

2 > 1
2 ,

cos Λ0
3

2 > cos Λ0
4

2 , then the essential spectra of operator 2Hd
1/2 is the union of

four segments and the discrete spectrum of 2Hd
1/2 is empty.

c). If −6B cos
Λ0
3
2

W ≤ U < −6B cos
Λ0
4
2

W , cos Λ0
3

2 < 1
2 , or −3B

W ≤ U < −6B cos
Λ0
3
2

W ,

cos Λ0
3

2 < 1
2 , cos

Λ0
3

2 < cos Λ0
4

2 , or −6B cos
Λ0
4
2

W ≤ U < −3B
W , cos Λ0

4

2 < 1
2 , then

the essential spectra of operator 2Hd
1/2 is the union of two segments and the

discrete spectrum of operator 2Hd
1/2 is empty.

d). If −6B cos
Λ0
4
2

W ≤ U < 0, cos Λ0
4

2 < 1
2 , cos

Λ0
3

2 > cos Λ0
4

2 , or −6B cos
Λ0
3
2

W ≤
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U < 0, cos Λ0
3

2 < 1
2 , cos

Λ0
3

2 < cos Λ0
4

2 , or −3B
W ≤ U < 0, cos Λ0

3

2 > cos Λ0
4

2 ,

cos Λ0
4

2 > 1
2 , then the essential spectra of operator 2Hd

1/2 is single segment and

the discrete spectrum of 2Hd
1/2 is empty.
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