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In this work, we consider the simplified modified Camassa-Holm (MCH) equation by
applying the new extended direct algebraic method. The simplified MCH equation is
given as follows:

D
(µ)
t + ρD(µ)

x − u(3µ)xxt + p(u3)(µ)x = 0, t ≥ 0, 0 < µ ≤ 1, (1)

where p, ρ real parameters, Dµ
t is the conformable derivate operator of the order

µ respect to the variable. In this study,the exact solutions of (1) using Improved
Bernoulli Sub-Equation Function Method (IBSEFM) are obtained and the 3D graphs
acquired from the values of the solutions are given.

Keywords: IBSEF method, Conformable fractional derivative, Camassa–Holm
equation.

Introduction

The present work is devoted to solving the simplified modified Camassa–
Holm (MCH) equation by applying the Improved Bernoulli sub-equation
function method. Several methods have been implemented to solve the
simplified MCH equation by many authors [1–7] , such as sine-Gordon
expansion method [1], the (G′/G)-expansion method and the generalized
Riccati equation [2], modified extended tanh method [3].

The definition of conformable fractional derivative of order µ ∈ (0, 1], it
is defined by the following expression [6]:

dµf (t)

dtµ
= lim

ε→0

f
(
t+ εt1−µ

)
− f (t)

ε
; f : (0,∞]→ R.

Also, conformable fractional derivative has the following main properties
[6, 7]:

i. dµtϑ

dtµ = ϑtϑ−µ, ∀µ ∈ R,
ii. dµfg

dtµ = f d
µg
dtµ g + g d

µf
dtµ ,

iii. dµ(f◦g)
dtµ = t1−µg

′
(t) f

′
(g (t)) .

In this study, we will reach the exact solution of our equation by means
of software by using the basic features given in [6, 7] and the method given
in [8].
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Solutions of fractional simplified MCH equation

Consider a nonlinear conformable fractional partial differential equation of
the form

P
(
u, u

(µ)
t , u(µ)x , u

(2µ)
xt , u

(3µ)
xxt , ...

)
= 0, (2)

where U is an unknown function, P is a polynomial of U and their
derivatives and partial conformable fractional derivatives. Using the wave
transformation, as:

u (x, t) = U (ξ) , ξ =
xµ

µ
− r

tµ

µ
, (3)

where r is an arbitrary constant.
We use Eq. (3) to reduce Eq. (1) to the following nonlinear ordinary

differential equation

rU ′′ + (ρ− r)U + sU 3 = 0. (4)

When we apply the balance between U ′′ and U 3, we obtain following
relationship for m,n and M :

M = n−m+ 1.

Family 1. According to the balance principle, if we take M = 3, n = 3,
and m = 1, we can write

U(ξ) =

n∑
i=0

aiF
i(ξ)

m∑
j=0

bjF j(ξ)
=
a0 + a1F (ξ) + a2F

2(ξ) + a3F
3(ξ)

b0 + b1F (ξ)
=
ψ

φ
, (5)

U ′(ξ) =
ψ′φ− φ′ψ

φ2
,

...,

where F (ξ) is Bernoulli differential polynomial, F ′(ξ) = σF (ξ) + dFM(ξ),
σ 6= 0, d 6=, a3 6= 0, b1 6= 0, M ∈ R − {0, 1, 2} . When we use Equations

(5) in Equation (4), we obtain a system of algebraic equations from the
coefficients of polynomial of F . By solving this algebraic system of equations
with the help of software programme, it yields us the following coefficients:
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case1. For σ 6= d,

a0 = −
i
√−p+ ra2

2
√
2d
√
r

; a1 = −
i
√−p+ ra2b1

2
√
2d
√
rb0

; a3 = −
a2b1
b0

; s = −8d2rb20
a22

; (6)

σ = − i
√−p+r√

2
√
r

.

Putting Equation (6) coefficients in Equation (5), we obtain the complex
exponential function solution to the conformable time MCH equation as
follows:

U1(x, t) =

(
−i
√
2
√−p+r
d
√
r

+ 4
−i

√
2d

√
r√−p+r
+exp−i

√
2
√−p+r(−ctαxα)√

rα
ǫ

)
α2

4b0
, (7)

where a2, b0, α, d, r are constants and not zero.
As a result, we have succesfully applied the IBSEFM to the nonlinear

conformable time fractional MCH equation and we obtained the complex
prototype solution.Using software mathematics programme, it is constructed
two and three dimensional figures of this solution according to the suitable
values of these parameters.
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