
Èç òåîðåì 5 è 6, â ÷àñòíîñòè, ñëåäóåò àíàëîã òåîðåìû B.
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Ïóñòü P={pj}∞j=1 � ïîñëåäîâàòåëüíîñòü íàòóðàëüíûõ ÷èñåë, òàêàÿ
÷òî 2 ≤ pj ≤ N ïðè âñåõ j ∈ N è Zj = {0, 1, . . . , pj − 1}. Ïî îïðåäåëåíèþ
ïîëàãàåìm0 = 1,mn = p1 . . . pn ïðè n ∈ N. Òîãäà êàæäîå ÷èñëî x ∈ [0, 1)

èìååò ðàçëîæåíèå x =
∞∑
j=1

xjm
−1
j , xj ∈ Zj. Ýòî ðàçëîæåíèå îïðåäåëÿåòñÿ
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îäíîçíà÷íî, åñëè ïðè x = k/mn, 0 < k < mn, k ∈ Z, áðàòü ðàçëîæåíèå ñ
êîíå÷íûì ÷èñëîì íåíóëåâûõ xj. Êàæäîå k ∈ Z+ îäíîçíà÷íî ïðåäñòàâèìî

â âèäå k =
∞∑
j=1

kjmj−1, kj ∈ Zj. Äëÿ ÷èñåë x ∈ [0, 1) è k ∈ Z+ ïîëîæèì

ïî îïðåäåëåíèþ χk(x) = exp

(
2πi

(
∞∑
j=1

xjkj/pj

))
. Ñèñòåìà {χk(x)}∞k=0

îðòîíîðìèðîâàíà è ïîëíà â L1[0, 1) (ñì. [1, ãë. 1,� 1.5]). Äëÿ f ∈ L1[0, 1)
êîýôôèöèåíòû Ôóðüå è ÷àñòè÷íàÿ ñóììà Ôóðüå çàäàþòñÿ ôîðìóëàìè

f̂(i) =

� 1

0

f(t)χi(t) dt, i ∈ Z+, Sn(f)(x) =
n−1∑
i=0

f̂(i)χi(x), n ∈ N.

Êàê îáû÷íî, ïðîñòðàíñòâî Lp[0, 1), 1 ≤ p <∞, ñíàáæåíî íîðìîé ‖f‖p =

=
(� 1

0 |f(t)|p dt
)1/p

. Ïóñòü Pn = {f ∈ L[0, 1) : f̂(i) = 0, i ≥ n}, n ∈
∈ N. Îïðåäåëèì íàèëó÷øåå ïðèáëèæåíèå äëÿ f ∈ Lp[0, 1), 1 ≤ p < ∞,
ôîðìóëîé En(f)p = inf{‖f −Q‖p : Q ∈ Pn}, n ∈ N.

Ñèñòåìà {χi(x)χj(y)}∞i,j=0 òàêæå îðòîíîðìèðîâàíà è ïîëíà â L
1[0, 1)2,

÷òî ïîçâîëÿåò îïðåäåëèòü äëÿ f ∈ L1[0, 1)2 êîýôôèöèåíòû Ôóðüå

f̂(i, j) =

� 1

0

� 1

0

f(x, y)χi(x)χj(y) dx dy, i, j ∈ Z+

è ÷àñòè÷íóþ ñóììó Ôóðüå

Smn(f)(x, y) =
m−1∑
i=0

n−1∑
j=0

f̂(i, j)χi(x)χj(y), m, n ∈ N.

Ïðîñòðàíñòâî Lp[0, 1)2 ñíàáæåíî íîðìîé

‖f‖p =

(� 1

0

� 1

0

|f(x, y)|p dx dy
)1/p

.

Åñëè Pmn = {f ∈ L1[0, 1)2 : f̂(i, j) = 0 ïðè i ≥ m èëè j ≥ n},
òî Emn(f)p = inf{‖f − Q‖p : Q ∈ Pmn}, m,n ∈ N. ×åðåç C∗[0, 1),
ñîîòâåòñòâåííî, ÷åðåç C∗[0, 1)2 ñ íîðìàìè ‖f‖∞ = sup

x∈[0,1)

|f(x)| èëè

‖f‖∞ = sup
(x,y)∈[0,1)

|f(x, y)| ìû îáîçíà÷èì çàìûêàíèå ïîëèíîìîâ ïî ñèñòåìå

{χk(x)}∞k=0, ñîîòâåòñòâåííî, ïî ñèñòåìå {χk(x)}∞k=0 ïî íîðìå ‖ · ‖∞.
Ââåäåì P-è÷íîå ïðîñòðàíñòâî Õàðäè

H(P, [0, 1)) =

{
f ∈ L[0, 1) : M(f) = sup

n∈Z+

|Smn
(f)(x)| ∈ L[0, 1)

}
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ñ íîðìîé ‖f‖H = ‖M(f)‖1. Â äâóìåðíîì ñëó÷àå ïðîñòðàíñòâî Õàðäè
H(P, [0, 1))2 îïðåäåëÿåòñÿ àíàëîãè÷íî ñ ïîìîùüþ ìàêñèìàëüíîé ôóíê-
öèè M(f)(x, y) = sup

k,n∈Z+

|Smk,mn
(f)(x, y)| (ñì. [2]). Âåëè÷èíû En(f)∞ è

Emn(f)∞, En(f)H è Emn(f)H , îïðåäåëÿþòñÿ òàê æå, êàê è âûøå.
Ïóñòü α ≥ 1. Áóäåì ãîâîðèòü, ÷òî ïîñëåäîâàòåëüíîñòü γ = {γk}∞k=0

ïðèíàäëåæèò êëàññó A(α) = A(P, α), åñëè γk > 0 ïðè âñåõ k è(
mn+1−1∑
k=mn

γαk

)1/α

≤ Cm(1−α)/α
n

mn−1∑
k=mn−1

γk =: Cm(1−α)/α
n Γn, n ∈ N.

Ïðè n = 0 ïðåäïîëàãàåì, ÷òî àíàëîãè÷íîå íåðàâåíñòâî âåðíî äëÿ Γ0 =
= γ0. Äàííîå îïðåäåëåíèå ââåäåíî â ðàáîòå Ë. Ãîãîëàäçå è Ð. Ìåñõèà [3]
ïðè mn = 2n. Áóäåì ñ÷èòàòü, ÷òî ïîñëåäîâàòåëüíîñòü γ = {γk}∞k=1 ïðè-
íàäëåæèò êëàññó A(∞), åñëè γk > 0 ïðè âñåõ k è max

mn<k≤mn+1

γk ≤ Cm−1
n Γn,

n ∈ N. Ïóñòü γ = {γij}∞i,j=0 � ïîëîæèòåëüíàÿ äâîéíàÿ ïîñëåäîâàòåëü-
íîñòü, α ≥ 1. Ðàññìîòðèì ìíîæåñòâà èíäåêñîâ

Rl = {(i, j) : 0 ≤ i, j < ml, i, j ∈ Z} \ {(i, j) : 0 ≤ i, j < ml−1, i, j ∈ Z},

ãäå l ∈ N, R0 = {(0, 0)}. Åñëè ïðè âñåõ l ∈ N âåðíî íåðàâåíñòâî∑
i,j∈Rl

γαij

1/α

≤ Cm
2/α−2
l

∑
i,j∈Rl−1

γij =: Cm
2/α−2
l Γ

(2)
l−1, l ∈ N,

òî {γij}∞i,j=0 ïðèíàäëåæèò êëàññó A(α, 2) = A(α, 2,P) (ñì. [4]). Êëàññ
A(∞, 2) = A(∞, 2,P) îïðåäåëÿåòñÿ àíàëîãè÷íî.

Òåîðåìà 1. 1. Ïóñòü f ∈ H(P, [0, 1)), 0 < r ≤ 1, γ = {γk}∞k=0 ∈
∈ A(1/(1 − r)). Åñëè ñõîäèòñÿ ðÿä

∞∑
k=1

γkE
r
k(f)H , òî ðÿä

∞∑
k=0

γk|f̂(k)|r

òàêæå ñõîäèòñÿ.
2. Ïóñòü {εk}∞k=0 óáûâàåò ê íóëþ, óäîâëåòâîðÿåò óñëîâèþ Áàðè

∞∑
k=n

εk/k = O(εn), n ∈ N, è εm ≤ Cεn ïðè n ∈ [m, 2m], à ðÿä
∞∑
k=1

γkε
r
k

ðàñõîäèòñÿ. Òîãäà ñóùåñòâóåò ôóíêöèÿ f0 ∈ H(P, [0, 1)), òàêàÿ ÷òî

En(f0)H = O(εn), n ∈ Z+, è ðÿä
∞∑
k=0

γk|f̂0(k)|r ðàñõîäèòñÿ.

Òåîðåìà 2. 1. Ïóñòü f ∈ Lp[0, 1), 2 < p < ∞, èëè f ∈ C∗[0, 1),
0 < r ≤ 2, γ = {γk}∞k=0 ∈ A(2/(2 − r)). Åñëè ñõîäèòñÿ ðÿä
∞∑
k=1

γkk
−r/2Er

k(f)p, òî ðÿä
∞∑
k=0

γk|f̂(k)|r òàêæå ñõîäèòñÿ.
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2. Ïóñòü pi ≡ q, {εk}∞k=0 óáûâàåò ê íóëþ, óäîâëåòâîðÿåò óñëîâèþ

Áàðè
∞∑
k=n

εk/k = O(εn), n ∈ N, è εm ≤ C1εn ïðè n ∈ [m, 2m], à ðÿä

∞∑
k=1

γkε
r
k ðàñõîäèòñÿ. Òîãäà ñóùåñòâóåò ôóíêöèÿ f0 ∈ C∗[0, 1), òàêàÿ

÷òî En(f0)∞ = O(εn), n ∈ Z+, è ðÿä
∞∑
k=0

γk|f̂0(k)|r ðàñõîäèòñÿ.

Òåîðåìà 3. 1. Ïóñòü f ∈ H(P, [0, 1)2), 0 < r ≤ 1, γ =

= {γij}∞i,j=0 ∈ A(1/(1 − r), 2). Åñëè ñõîäèòñÿ ðÿä
∞∑
k=0

Γ
(2)
k Er

mk,mk
(f)H , òî

ðÿä
∞∑
i=0

∞∑
j=0

γij|f̂(i, j)|r òàêæå ñõîäèòñÿ.

2. Ïóñòü {ωk}∞k=0 óáûâàåò ê íóëþ, óäîâëåòâîðÿåò óñëîâèþ Áàðè
∞∑
k=n

ωk = O(ωn), n ∈ N, à γ òàêîâà, ÷òî Γ
(2)
k = O

(
mk−1∑
i=mk−1

mk−1∑
i=mk−1

γij

)
. Åñëè

ðÿä
∞∑
k=1

Γ
(2)
k ωrk ðàñõîäèòñÿ, òî ñóùåñòâóåò ôóíêöèÿ f0 ∈ H(P, [0, 1)2),

òàêàÿ ÷òî Emk,mk
(f0)H = O(ωk), n ∈ Z+, è ðÿä

∑∞
i=0

∑∞
j=0 γij|f̂0(i, j)|r

ðàñõîäèòñÿ.

Òåîðåìà 4. 1. Ïóñòü f ∈ Lp[0, 1)2, 2 < p < ∞, èëè f ∈ C∗[0, 1)2,
0 < r ≤ 2, γ = {γij}∞i,j=0 ∈ A(2/(2 − r), 2). Åñëè ñõîäèòñÿ ðÿä
∞∑
k=0

Γ
(2)
k q−rkEr

qk,qk(f)p, òî ðÿä
∞∑
i=0

∞∑
j=0

γij|f̂(i, j)|r òàêæå ñõîäèòñÿ.

2. Ïóñòü pi ≡ q, {ωk}∞k=0 óáûâàåò ê íóëþ, óäîâëåòâîðÿåò óñëîâèþ

Áàðè
∞∑
k=n

ωk = O(ωn), n ∈ N. Åñëè ðÿä
∞∑
k=1

q−krΓ
(2)
k ωrk ðàñõîäèòñÿ, òî

ñóùåñòâóåò ôóíêöèÿ f0 ∈ C∗[0, 1)2, òàêàÿ ÷òî Emk,mk
(f0)∞ = O(ωk),

n ∈ Z+, è ðÿä
∞∑
i=0

∞∑
j=0

γij|f̂0(i, j)|r ðàñõîäèòñÿ.

Òåîðåìû 1�4 îáîáùàþò â íåêîòîðîì ñìûñëå ðåçóëüòàòû èç [5].
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Ïóñòü 1 < p < ∞, f � 2π-ïåðèîäè÷åñêàÿ èçìåðèìàÿ îãðàíè÷åí-
íàÿ ôóíêöèÿ, ξ = {x0 < x1 < . . . < xn = x0 + 2π} � ðàçáèåíèå ïå-

ðèîäà è æp
ξ(f) :=

(
n∑
i=1

|f(xi)− f(xi−1)|p
)1/p

. Ïîëîæèì ïî îïðåäåëåíèþ

ω1−1/p(f, δ) = sup{æp
ξ(f) : λ(ξ) := maxi(xi − xi−1) ≤ δ}. Äëÿ 1 < p <

< ∞ ââåäåì ïðîñòðàíñòâà Vp, ñîäåðæàùåå âñå f ñî ñâîéñòâîì ‖f‖Vp :=
= max(‖f‖∞, ω1−1/p(f, 2π)) <∞, è Cp = {f ∈ Vp : lim

δ→0
ω1−1/p(f, δ) = 0}.

Äàëåå Lp, 1 ≤ p <∞, � ïðîñòðàíñòâî 2π-ïåðèîäè÷åñêèõ èçìåðèìûõ

ôóíêöèé ñ êîíå÷íîé íîðìîé ‖f‖p =
(� 2π

0 |f(x)|p dx
)1/p

, à äëÿ k ∈ N, δ ∈
∈ [0, 2π], ðàññìîòðèì ωk(f, δ)p := sup{‖∆k

hf(x)‖p : |h| ≤ δ}, ãäå ∆k
hf(x) =

=
k∑
i=0

(−1)k−i
(
k
i

)
f(x + ih). Èçâåñòíî, ÷òî äëÿ f ∈ L1 ñóùåñòâóåò ñîïðÿ-

æåííàÿ ôóíêöèÿ

f̃(x) = lim
ε→0

(2π)−1

π�

ε

(f(x− t)− f(x+ t))ctg(t/2) dt.

Ïî òåîðåìå Ì. Ðèññà (ñì. [2, ãë. VIII, � 14] èç f ∈ Lp(T), 1 < p <

<∞, ñëåäóåò, ÷òî f̃ ∈ Lp(T). Äëÿ ïðîñòðàíñòâà Tn òðèãîíîìåòðè÷åñêèõ
ïîëèíîìîâ ïîðÿäêà íå âûøå n ââåäåì n-å íàèëó÷øåå ïðèáëèæåíèå â Vp
ðàâåíñòâîì En(f)Vp := inf

tn∈Tn
‖f − tn‖Vp, n ∈ Z+. Àíàëîãè÷íî ââîäÿòñÿ

En(f)p è ωk(f, δ)Vp. Âåëè÷èíû ωk(f, δ)X è En(f)X , ãäå X = Vp èëè X = p,
1 < p <∞, ñâÿçàíû ïðÿìîé è îáðàòíîé òåîðåìàìè ïðèáëèæåíèÿ

En(f)X ≤ Cωk(f,
1

n+ 1
)X , ωk(f,

1

n+ 1
)X ≤

C

nk

n∑
i=0

(i+ 1)k−1Ei(f)X ,

ãäå n ∈ Z+ (ñì. [3, ãë. 5, 6]).
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