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Äàííàÿ ðàáîòà ïîñâÿùåíà âîïðîñó ÷èñëåííîé ðåàëèçàöèè áûñòðîãî
ïðåîáðàçîâàíèÿ Ôóðüå íà ëîêàëüíûõ ïîëÿõ, ðàññìîòðåííîãî â ðàáîòå
Ñ. Ô. Ëóêîìñêîãî è À. Ì. Âîäîëàçîâà [1]. Íåîáõîäèìî îòìåòèòü, ÷òî â
íàñòîÿùåå âðåìÿ â èíôîðìàöèîííûõ òåõíîëîãèÿõ àêòèâíî ïðèìåíÿþòñÿ
àëãîðèòìû, èñïîëüçóþùèå ðàçëè÷íûå ñâîéñòâà ïðåîáðàçîâàíèÿ Ôóðüå ïî
ðàçíîîáðàçíûì ñèñòåìàì. Áóäåì ðàññìàòðèâàòü ïðèìåíåíèå àëãîðèòìà
íà ïðèìåðå ñæàòèÿ èçîáðàæåíèé.

Ïîä ëîêàëüíûì ïîëåì K ïîíèìàþò ëîêàëüíî êîìïàêòíîå, âïîëíå
íåñâÿçíîå, íåäèñêðåòíîå, ïîëíîå òîïîëîãè÷åñêîå ïðîñòðàíñòâî, â êîòî-
ðîì îïðåäåëåíû íåïðåðûâíûå îïåðàöèè ¾+̇¿, ¾·¿ � ñëîæåíèÿ è óìíîæå-
íèÿ, äëÿ êîòîðûõ âûïîëíåíû àêñèîìû ïîëÿ. Â ïîëå K ââîäÿò îïåðàòîð
ðàñòÿæåíèÿ ñëåäóþùèì îáðàçîì. Åäèíè÷íûé øàð

D = {x ∈ K : |x| ≤ 1}, µD = 1.

ÿâëÿåòñÿ êîëüöîì, â êîòîðîì ñóùåñòâóåò åäèíñòâåííûé ìàêñèìàëüíûé
èäåàë

B = {x ∈ K : |x| < 1}.

Ýëåìåíò p ∈ B ñ íàèáîëüøåé íîðìîé |p| íàçûâàþò ïðèìèòèâíûì ýëåìåí-
òîì. Äëÿ íåãî µB = |p| = 1

ps , ãäå p � ïðîñòîå, s ∈ N. Åñëè x ∈ D \ B, òî

|x| = 1. Åñëè äëÿ ëþáîãî a ∈ K ïðîèçâåäåíèå pa
df
= a+ a+ · · ·+ a︸ ︷︷ ︸

p

= 0,

òî ÷èñëî p íàçûâàþò õàðàêòåðèñòèêîé ïîëÿ K.
Ïóñòü p � ïðîñòîå è s � íàòóðàëüíîå. Êîíå÷íîå ïîëå GF (ps) ñîñòîèò

èç âåêòîðîâ

a = (a(0), a(1), ..., a(s−1)),

â êîòîðûõ êîìïîíåíòû a(j) ïðèíèìàþò çíà÷åíèÿ îò 0 äî p − 1, îïåðà-
öèÿ ñëîæåíèÿ îïðåäåëÿåòñÿ ïîêîìïîíåíòíî ïî ìîäóëþ p. Ëîêàëüíîå ïî-
ëå K = F (s) ïîëîæèòåëüíîé õàðàêòåðèñòèêè p èçîìîðôíî ìíîæåñòâó
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ôîðìàëüíûõ ñòåïåííûõ ðÿäîâ

a =
∞∑
i=k

ait
i, k ∈ Z, ai ∈ GF (ps).

Îïåðàöèè ñëîæåíèÿ è óìíîæåíèÿ îïðåäåëÿþòñÿ êàê ñóììà è ïðîèçâåäå-
íèå òàêèõ ðÿäîâ. Ìîæíî ñ÷èòàòü, ÷òî ëîêàëüíîå ïîëå F (s) õàðàêòåðèñòè-
êè p ñîñòîèò èç áåñêîíå÷íûõ â îáå ñòîðîíû ïîñëåäîâàòåëüíîñòåé

a = (. . . ,0n−1, an, . . . , a0, a1, . . . ), aj ∈ GF (ps),

â êîòîðûõ ëèøü êîíå÷íîå ÷èñëî ýëåìåíòîâ aj ñ îòðèöàòåëüíûìè íîìå-
ðàìè îòëè÷íî îò íóëÿ.

Ïóñòü f (N) � ñòóïåí÷àòàÿ ôóíêöèÿ. Îáîçíà÷èì åå çíà÷åíèÿ íà ñìåæ-
íûõ êëàññàõ KN+̇aN−1gN−1+̇ . . . +̇a1g1+̇a0g0 ⊂ K0 ÷åðåç

f (N)
aN−1aN−2...a1a0

:= f (N)(KN+̇aN−1gN−1+̇ . . . +̇a1g1+̇a0g0).

Ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè f (N) ñîâïàäàåò ñ êîýôôèöèåíòàìè
cᾱ0ᾱ1...ᾱN−1

â ðàçëîæåíèè

f (N) =
∑

ᾱ0ᾱ1...ᾱN−1∈GF (ps)

cᾱ0,ᾱ1,...,ᾱN−1
rᾱ0

0 rᾱ1
1 . . . r

ᾱN−1

N−1 ,

ãäå rᾱ0
0 , r

ᾱ1
1 , . . . , r

ᾱN−1

N−1 � ôóíêöèè Ðàäåìàõåðà, îïðåäåëåííûå â [1]. Òàêèì

îáðàçîì, ïðåîáðàçîâàíèå Ôóðüå âåêòîðó çíà÷åíèé f
(N)
aN−1aN−2...a1a0 ñòàâèò â

ñîîòâåòñòâèå âåêòîð êîýôôèöèåíòîâ cᾱ0,ᾱ1,...,ᾱN−1
.

Ìîæíî ñ÷èòàòü, ÷òî âåêòîð çíà÷åíèé ôóíêöèè f (N) åñòü âåêòîð

F = f (N)
aN−1aN−2...a1a0

=
∣∣∣òàê êàê am = (a(0)

m , a(1)
m , . . . , a(s−1)

m ), a(j)
m = 0, p− 1

∣∣∣=
= f

(N)

a
(0)
N−1a

(1)
N−1...a

(s−1)
N−1 ,a

(0)
N−2a

(1)
N−2...a

(s−1)
N−2 ,...,a

(0)
1 a

(1)
1 ,...,a

(s−1)
1 ,a

(0)
0 a

(1)
0 ,...,a

(s−1)
0

.

Áóäåì ïîëàãàòü, ÷òî f
(N)
aN−1aN−2...a1a0 çàíóìåðîâàíû èíäåêñîì

n = (a
(0)
N−1 + a

(1)
N−1p+ · · ·+ a

(s−1)
N−1 p

s−1) + ps(a
(0)
N−2 + a

(1)
N−2p+ · · ·+

+a
(s−1)
N−2 p

s−1) + · · ·+ ps(N−1)(a
(0)
0 + a

(1)
0 p+ · · ·+ a

(s−1)
0 ps−1). (1)

Äàëåå ïðèâåäåì ôîðìóëû îáðàòíîãî ïðåîáðàçîâàíèÿ Ôóðüå

f
(n)
(ᾱN ...ᾱn)an−1...a1a0

=
∑

ᾱn−1∈GF (ps)

p
−s
2 e

2πi
p (ᾱn−1,an−1)p

s
2f

(n−1)
(ᾱN ,...ᾱn−1)an−2...a1a0

. (2)
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Òàê êàê ìàòðèöà ñèñòåìû (2) óíèòàðíà, òî åå ðåøåíèå èìååò âèä

f
(n−1)
(ᾱN ...ᾱn−1)an−2...a1a0

=
∑

an−1∈GF (ps)

p−se−
2πi
p (ᾱn−1,an−1)f

(n)
(ᾱN ,...ᾱn)an−1...a1a0

, (3)

Ïîñëå ïðåäïîñëåäíåãî øàãà ïîëó÷àåì ðàâåíñòâà

f
(1)
(ᾱN ,ᾱN−1,...,ᾱ1)a0

=
∑

ᾱ0∈GF (ps)

e
2πi
p (ᾱ0,a0)f

(0)
(ᾱN ,ᾱN−1,...,ᾱ1ᾱ0),

èç êîòîðûõ íàõîäèì êîýôôèöèåíòû Ôóðüå cᾱ0ᾱ1...ᾱN = f
(0)
(ᾱN ,ᾱN−1,...,ᾱ1ᾱ0)

ïî ôîðìóëàì (3). Òàêèì îáðàçîì (3) è (2) � ðàñ÷åòíûå ôîðìóëû äëÿ
ïðÿìîãî è îáðàòíîãî ïðåîáðàçîâàíèÿ Ôóðüå ñîîòâåòñòâåííî.

Îáùåå êîëè÷åñòâî îïåðàöèé ðàâíî (N+1)·2p2s ·pNs = 2(N+1)ps(N+2).
Äàëåå ðàññìîòðèì ïðàêòè÷åñêèå çàäà÷è íà ïðèìåðå ñæàòèÿ èçîáðà-

æåíèé. Èçîáðàæåíèå ìîæíî òðàêòîâàòü êàê ìàòðèöó ôèêñèðîâàííîãî
ðàçìåðà, ýëåìåíòàìè êîòîðîé ÿâëÿþòñÿ íîìåðà öâåòîâ òî÷åê â öâåòî-
âîé ïàëèòðå. Ðàçîáüåì èñõîäíóþ ìàòðèöó íà ïîäìàòðèöû ðàçìåðíîñòè
pN × pN , ãäå p � ïðîñòîå. Äàííóþ ìàòðèöó áóäåì ðàññìàòðèâàòü êàê
âåêòîð äëèíû psN , ãäå s = 2. Òàêèì îáðàçîì, èìååì êóñî÷íî ïîñòîÿí-
íóþ ôóíêöèþ fN , ïðèíèìàþùóþ psN çíà÷åíèé. Äàëåå ê íåé ïðèìåíÿåì
ïðÿìîå ïðåîáðàçîâàíèå Ôóðüå (2), ñîðòèðóåì êîýôôèöèåíòû ïî óáûâà-
íèþ ìîäóëÿ è îáíóëÿåì íåêîòîðûé ïðîöåíò íàèìåíüøèõ êîýôôèöèåíòîâ.
Çàòåì ïðèìåíÿåì îáðàòíîå ïðåîáðàçîâàíèå (1) è âîññòàíàâëèâàåì èçîá-
ðàæåíèå.

Îòìåòèì ïðîáëåìû, âîçíèêàþùèå ïðè ðåàëèçàöèè äàííîãî àëãîðèò-
ìà, êîòîðûå âëèÿþò íà âû÷èñëèòåëüíóþ ñëîæíîñòü. Â ôîðìóëàõ ïðÿ-
ìîãî è îáðàòíîãî ïðåîáðàçîâàíèÿ äëÿ íóìåðàöèè çíà÷åíèé ôóíêöèè è
êîýôôèöèåíòîâ èñïîëüçóåòñÿ ìóëüòèèíäåêñ aN−1aN−2 . . . a1a0, êîòîðûé
íåîáõîäèìî ïðåîáðàçîâàòü â äåñÿòè÷íîå ïðåäñòàâëåíèå è íàîáîðîò.

Ïðîöåäóðû ïåðåñ÷åòà íóìåðàöèè (ïðåîáðàçîâàíèÿ èíäåêñîâ) â ïðè-
âåäåííûõ ôîðìóëàõ ïðåîáðàçîâàíèÿ Ôóðüå íå ðàññìàòðèâàþòñÿ, îäíàêî
îíè âíîñÿò çíà÷èòåëüíóþ âû÷èñëèòåëüíóþ ñëîæíîñòü â ïðèêëàäíîé çà-
äà÷å.

Ïî ðåçóëüòàòàì èññëåäîâàíèÿ íàïèñàíà ïðîãðàììà, ðåàëèçóþùàÿ
äàííûé àëãîðèòì. Ïðîâåäåíî ñðàâíåíèå ñêîðîñòè è êà÷åñòâà ñæàòèÿ äàí-
íîãî ìåòîäà ñî ñæàòèåì ïî äðóãèì ñèñòåìàì (Õààðà, Âèëåíêèíà, êîñèíóñ-
ïðåîáðàçîâàíèÿ).
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