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Äëÿ ôóíêöèè f ∈ C[0, 1] ïîëèíîìû Áåðíøòåéíà ââîäÿò ôîðìóëîé

Bn(f, x) =
n∑
k=0

f

(
k

n

)
Ck
n x

k (1− x)n−k, n ∈ N, (1)

ãäå Ck
n � îáû÷íûå áèíîìèàëüíûå êîýôôèöèåíòû. Îñíîâíûå ñâåäåíèÿ ïî

òåîðèè ïîëèíîìîâ Áåðíøòåéíà ïðåäñòàâëåíû â [1�3].
Â ñëó÷àå ïðîñòîãî ñèììåòðè÷íîãî ìîäóëÿ

f(x) = |2x− 1|, x ∈ [0, 1], (2)

ïîëèíîìû (1) óäîâëåòâîðÿþò ñïåöèàëüíîìó ïðàâèëó ñêëåèâàíèÿ

B2m+1(f, x) = B2m(f, x), m ∈ N, (3)
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è äëÿ íèõ ñïðàâåäëèâî ðàçëîæåíèå

B2m(f, x) = 1−
m∑
k=1

1

2k − 1
Ck

2k

(
x(1− x)

)k
, m ∈ N, (4)

âîñõîäÿùåå ê ðàáîòå Ïîïîâè÷ó [4] (ñì. òàêæå [5, 6]).
Çàìåíèì òåïåðü (2) íà ïðîèçâîëüíûé ðàöèîíàëüíûé ìîäóëü

f(x) = |qx− p|, x ∈ [0, 1], (5)

ñ èçëîìîì â òî÷êå c = p/q ∈ (0, 1), ÍÎÄ (p, q) = 1. Äëÿ ïîëèíîìîâ
Áåðíøòåéíà îò ôóíêöèè (5) ïðàâèëî ñêëåèâàíèÿ ïðèîáðåòàåò âèä

Bqm+1(f, x) = Bqm(f, x), m ∈ N, (6)

î÷åâèäíî îáîáùàþùèé ôîðìóëó (3). Ïîäðîáíåå ïðî ïðàâèëî ñêëåèâàíèÿ
ñì. [6]. Öåïî÷êó ïîëèíîìîâ Bqm(f, x) ïðè âûáîðå (5) öåëåñîîáðàçíî âû-
äåëÿòü èç îáùåé ïîñëåäîâàòåëüíîñòè ïîëèíîìîâ (1).

Îêàçûâàåòñÿ, äëÿ ïîëèíîìîâ Áåðíøòåéíà îò ëþáîãî ðàöèîíàëüíîãî
ìîäóëÿ ìîæíî óñòàíîâèòü àíàëîãè ðàçëîæåíèÿ Ïîïîâè÷ó (4). Èñïîëüçó-
åì ñòàíäàðòíûå îáîçíà÷åíèÿ bac è dae äëÿ ïîëà è ïîòîëêà ÷èñëà a ∈ R.
Äëÿ íåñîêðàòèìîé äðîáè c = p/q ∈ (0, 1) è ëþáîãî m ∈ N ââåäåì ñïåöè-
àëüíûå ïîëèíîìû

Q ν, d
p/q,m(x) =

m−1∑
k=0

1

qk + ν
Cpk+d
qk+ν

(
xp(1− x)q−p

)k
, ν ∈ N, d ∈ N ∪ {0},

è äâà ìíîæåñòâà

∆
(1)
p/q = { ν ∈ N : ν 6 q − 1, dcνe 6 c(ν + 1) },

∆
(2)
p/q = { ν ∈ N : ν 6 q − 1, dcνe > c(ν + 1) }.

Òîãäà ïðè âûáîðå ôóíêöèè

f(x) = |x− c|, x ∈ [0, 1], (7)

ñ èçëîìîì â òî÷êå c = p/q ∈ (0, 1), ÍÎÄ (p, q) = 1, ñïðàâåäëèâà ôîðìóëà

Bqm(f, x) = c+ (1− 2c)x− 2
(
P (1)
c,m(x) + P (2)

c,m(x)
)
, m ∈ N, (8)

ãäå

P (1)
c,m(x) =

∑
ν∈∆

(1)
c

(
dcνe − cν

)
xdcνe(1− x)ν−bcνcQ ν, dcνe

c,m (x),
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P (2)
c,m(x) =

∑
ν∈∆

(2)
c

(
cν − bcνc

)
xdcνe(1− x)ν−bcνcQ ν,bcνc

c,m (x).

Ïîëèíîìû Bqm+1(f, x) òîæå âûðàæàþòñÿ â âèäå (8) èç-çà íàëè÷èÿ ïðà-
âèëà (6). Îñòàëüíûå ïîëèíîìû

Bqm+r(f, x), r = 2, . . . , q − 1,

îò ðàöèîíàëüíîãî ìîäóëÿ (7) äîïóñêàþò ðàçëîæåíèÿ, àíàëîãè÷íûå (8),
ñ ñîîòâåòñòâóþùèìè òåõíè÷åñêèìè ïîïðàâêàìè. Êîððåêöèÿ ôîðìóëû (8)
ïðè âîçâðàùåíèè ê ôóíêöèè (5) î÷åâèäíà.

Â ÷àñòíîñòè, äëÿ ôóíêöèè (2) èç îáùåé ôîðìóëû (8) ñëåäóåò ðàçëî-
æåíèå Ïîïîâè÷ó (4). Äëÿ ôóíêöèè f(x) = |3x− 1| íà [0, 1] ïîëó÷èì

B3m(f, x) = 1 + x− 2
m∑
k=1

1

3k − 1
Ck

3k−1

(
x(1− x)2

)k−
− 2x(1− x)

m−1∑
k=0

1

3k + 1
Ck

3k+1

(
x(1− x)2

)k
, m ∈ N.

Äëÿ ôóíêöèè f(x) = |5x− 3| íà [0, 1] ïîëó÷èì

B5m(f, x) = 3− x− 4x(1− x)
m−1∑
k=0

1

5k + 1
C3k+1

5k+1

(
x3(1− x)2

)k−
− 2x2(1− x)2

m−1∑
k=0

1

5k + 3
C3k+2

5k+3

(
x3(1− x)2

)k−
− 6

m∑
k=1

1

5k − 1
C3k

5k−1

(
x3(1− x)2

)k−
− 2x2(1− x)

m−1∑
k=0

1

5k + 2
C3k+1

5k+2

(
x3(1− x)2

)k
, m ∈ N,

è òàê äàëåå. Âîçíèêàþùèå ôîðìóëû îòíþäü íå î÷åâèäíû.
Ñ ïîìîùüþ ïîäîáíûõ ðàçëîæåíèé ìîæíî èññëåäîâàòü ñêîðîñòü ñõî-

äèìîñòè ïîëèíîìîâ Áåðíøòåéíà äëÿ ëþáîãî ðàöèîíàëüíîãî ìîäóëÿ (5)
â îáëàñòè ñõîäèìîñòè, îãðàíè÷åííîé ëåìíèñêàòîé∣∣zp (1− z)q−p

∣∣ =
( p
q

)p (
1− p

q

)q−p
, z ∈ C. (9)

Ýòè æå ðàçëîæåíèÿ ïîëåçíû ïðè èçó÷åíèè ñõîäèìîñòè íóëåé ïîëèíîìîâ
Áåðíøòåéíà ê ëåìíèñêàòå (9), êàê ê ñâîåìó àòòðàêòîðó (ñì. [7]).

341



Èìåþòñÿ àíàëîãè÷íûå ðàçëîæåíèÿ äëÿ ïîëèíîìîâ Áåðíøòåéíà â ñëó-
÷àå ïðîèçâîëüíîãî ìîäóëÿ (7) ñ ëþáûì (íå îáÿçàòåëüíî ðàöèîíàëüíûì)
çíà÷åíèåì c ∈ (0, 1).
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Ïóñòü If(x) =
x�
0

f(t) dt (x ∈ [0, 1]) � îïåðàòîð èíòåãðèðîâàíèÿ,

W2m−1(x) =
m−1∏
k=0

rk(x) � ôóíêöèè Óîëøà, m ∈ N,m ≥ 2.

Îïðåäåëåíèå 1. Ôóíêöèþ

ϕm(x) =

{
2
m2+3m−2

2 ImW2m−1(x), x ∈ [0, 1],

0, x /∈ [0, 1].

áóäåì íàçûâàòü äâîè÷íûì áàçèñíûì ñïëàéíîì m-é ñòåïåíè.
Äëÿ óäîáñòâà, ìû âûáðàëè ôóíêöèè ϕm íîðìèðîâàííûìè â C. Â [1]

áûëî äîêàçàíî, ÷òî ñèñòåìà ñæàòèé è ñäâèãîâ ôóíêöèè ϕm(x) ÿâëÿåòñÿ
áàçèñîì â ïðîñòðàíñòâå C0[0, 1] è ñïðàâåäëèâî íåðàâåíñòâî

|f(x)− S2n+j(x)| ≤ ωf(
1

2n+2
) + ω2

f(
1

2n+2
).

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò 16-01-00152).
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