
In current work we propose a new approach to the approximate solution
of (1), based on decomposition of the function y(x) on the grid ΩN+1 into a

�nite Fourier series by polynomials τα,β1,n (x,N):

y(x) = y(0) +
N−1∑
k=0

ŷ1,k+1τ
α,β
1,k+1(x,N), x ∈ ΩN+1.

where

ŷ1,k+1 =
N−1∑
t=0

∆y(j)τα,βk (j,N)µ(j), (k ≥ 0).

We note that the obtained results can be generalized to systems of
di�erence equations of the form ∆y(x) = hf(x, y), y(0) = y0, with
f = (f1, . . . , fm), y = (y1, . . . , ym).

Moreover, problem (1) is of interest in connection with the fact, that
the issue of the approximate solution of the Cauchy problem for ordinary
di�erential equation

y′(x) = hf(x, y), y(0) = y0, h > 0,

can be reduced to it.
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Ïóñòü f � ôóíêöèÿ îãðàíè÷åííîé âàðèàöèè íà ïðîìåæóòêå [0, 1) è

∞∑
k=1

ckwk(x)

åå ðÿä Ôóðüå �Óîëøà. Ðàññìàòðèâàåòñÿ ñèñòåìà Óîëøà â íóìåðàöèè Ïý-
ëè. Êàê èçâåñòíî, ðÿäû Ôóðüå ôóíêöèé îãðàíè÷åííîé âàðèàöèè ïî òðè-
ãîíîìåòðè÷åñêîé ñèñòåìå âñþäó ñõîäÿòñÿ. Â ñëó÷àå ñèñòåìû Óîëøà òà-
êèå ðÿäû ñõîäÿòñÿ â êàæäîé òî÷êå íåïðåðûâíîñòè ôóíêöèè f (è äàæå
â òî÷êàõ, ãäå âûïîëíÿåòñÿ áîëåå ñëàáîå óñëîâèå íåïðåðûâíîñòè), íî ìî-
ãóò ðàñõîäèòüñÿ â òî÷êàõ ðàçðûâà, õîòÿ è îãðàíè÷åííî. Ïóñòü {nj} �
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ñòðîãî âîçðàñòàþùàÿ ïîñëåäîâàòåëüíîñòü íîìåðîâ. Ðàññìîòðèì âîïðîñ
î ñõîäèìîñòè ðÿäà ïî ìîäóëÿì áëîêîâ

∞∑
j=1

|
nj+1−1∑
n=nj

cnwn(x)|,

â ìåòðèêå L∞[0, 1).
Â ðàáîòàõ [1�4] äëÿ òðèãîíîìåòðè÷åñêèõ ðÿäîâ Ôóðüå ôóíêöèé îãðà-

íè÷åííîé âàðèàöèè èññëåäîâàëèñü óñëîâèÿ íà ïîñëåäîâàòåëüíîñòü èõ
ðàçáèåíèÿ íà áëîêè, ïðè êîòîðûõ ðÿä ïî áëîêàì àáñîëþòíî ñõîäèòñÿ
ê ñóììèðóåìîé ôóíêöèè, ê îãðàíè÷åííîé ôóíêöèè, ê ôóíêöèè ñóììè-
ðóåìîé ñ êâàäðàòîì. Íàïîìíèì ïåðâûé è âòîðîé ðåçóëüòàòû, òàê êàê
äëÿ ñîîòâåòñòâóþùèõ âîïðîñîâ ïîëó÷åíû ðåøåíèÿ è â ñëó÷àå ñèñòåìû
Óîëøà.

Ïóñòü {nj} � ñòðîãî âîçðàñòàþùàÿ ïîñëåäîâàòåëüíîñòü íîìåðîâ, f �
ôóíêöèÿ îãðàíè÷åííîé âàðèàöèè íà [−π, π] è

a0

2
+
∞∑
k=1

ak cos kx+ bk sin kx

åå ðÿä Ôóðüå.
Â ðàáîòå [1] óñòàíîâëåíî äîñòàòî÷íîå óñëîâèå íà ïîñëåäîâàòåëü-

íîñòü {nj} äëÿ òîãî, ÷òîáû äëÿ âñÿêîé ôóíêöèè îãðàíè÷åííîé âàðèàöèè
åå ðÿä Ôóðüå àáñîëþòíî ñõîäèëñÿ ïî áëîêàì ê ñóììèðóåìîé ôóíêöèè, à
èìåííî,

a0

2
+
∞∑
j=1

|
nj+1−1∑
k=nj

(ak cos kx+ bk sin kx)| ∈ L[−π, π]. (1)

Ýòî ñëåäóþùåå óñëîâèå:

∞∑
j=1

log(min(nj, nj+1 − nj + 1))

nj
<∞.

Â ñòàòüå [2] ïîêàçàíî, ÷òî ýòî óñëîâèå ÿâëÿåòñÿ è íåîáõîäèìûì â äàí-
íîì âîïðîñå. Ïðè ýòîì ñàìî óñëîâèå ìîæíî çàïèñàòü â ýêâèâàëåíòíîé
ôîðìå:

∞∑
j=1

log(nj+1 − nj + 1)

nj+1
<∞.

Â ðàáîòå [5] ðàññìîòðåíà àíàëîãè÷íàÿ çàäà÷à äëÿ ðÿäîâ Ôóðüå ôóíê-
öèé îãðàíè÷åííîé âàðèàöèè ïî ñèñòåìå Óîëøà �Ïýëè.

312



Ïðèâåäåì íåñêîëüêî îáîçíà÷åíèé è îïðåäåëåíèé. Âñÿêîå íåîòðèöà-
òåëüíîå öåëîå ÷èñëî n èìååò äâîè÷íîå ðàçëîæåíèå âèäà n =

∑∞
k=0 εk2

k,
ãäå εk = 0 èëè 1. Âàðèàöèåé òàêîãî ÷èñëà n íàçûâàåòñÿ âåëè÷èíà

V (n) =
∞∑
k=1

|εk − εk−1|+ ε0.

Ïóñòü nj+1 è nj èìåþò äâîè÷íûå ðàçëîæåíèÿ nj+1 = 2l1 + 2l2 + . . . +
+ 2lν + 2lν+1 + . . .+ 2ls, nj = 2m1 + 2m2 + . . .+ 2mµ + 2lν+1 + . . .+ 2ls, ïðè÷åì
mµ < lν. Òîãäà ïîëîæèì ñj+1 = 2l1+2l2+. . .+2lν , ñj = 2m1+2m2+. . .+2mµ.

Â [5] äîêàçàíà

Òåîðåìà 1. Ïóñòü {nj}∞j=1 � ñòðîãî âîçðàñòàþùàÿ ïîñëåäîâàòåëü-
íîñòü íàòóðàëüíûõ ÷èñåë. Äëÿ òîãî, ÷òîáû äëÿ âñÿêîé ôóíêöèè îãðà-
íè÷åííîé âàðèàöèè ñóììà ðÿäà

∞∑
j=1

|
nj+1−1∑
n=nj

cnwn(x)|,

ãäå cn � êîýôôèöèåíòû Ôóðüå-Óîëøà ýòîé ôóíêöèè, ïðèíàäëåæàëà
ïðîñòðàíñòâó L[0, 1), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ñõîäèëñÿ ðÿä

∞∑
j=1

max(V (ñj+1, V (ñj)

nj+1
.

Ïîêàçàíî, ÷òî óñëîâèå íà {nj} ñëàáåå, ÷åì ñîîòâåòñòâóþùåå óñëîâèå
â òðèãîíîìåòè÷åñêîì ñëó÷àå.

Â ñëó÷àå ñõîäèìîñòè ðÿäà (1) ê îãðàíè÷åííîé ôóíêöèè íåîáõîäèìûå
è äîñòàòî÷íûå óñëîâèÿ ïîëó÷åíû â ðàáîòå [3].

Òåîðåìà 2. Ïóñòü {nj}∞j=1 � ñòðîãî âîçðàñòàþùàÿ ïîñëåäîâàòåëü-
íîñòü íàòóðàëüíûõ ÷èñåë. Äëÿ òîãî, ÷òîáû äëÿ êàæäîé ôóíêöèè îãðà-
íè÷åííîé âàðèàöèè

a0

2
+
∞∑
j=1

∣∣∣∣∣∣
nj+1−1∑
k=nj

(ak cos kx+ bk sin kx)

∣∣∣∣∣∣ ∈ L∞[−π, π],

ãäå ak, bk � êîýôôèöèåíòû Ôóðüå ýòîé ôóíêöèè, íåîáõîäèìî è äîñòà-
òî÷íî, ÷òîáû âûïîëíÿëèñü óñëîâèÿ:

∞∑
j=i

1

nj
min(ni, ni+1 − ni) ≤M, i = 1, 2, ...,

ãäå M � íåêîòîðàÿ ïîñòîÿííàÿ.
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Äëÿ ðÿäîâ ïî ñèñòåìå Óîëøà â àíàëîãè÷íîì ñëó÷àå ïîëó÷àåòñÿ ñîâñåì
äðóãîé ðåçóëüòàò, à èìåííî, ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà 3. Ïóñòü {nj}∞j=1 � ñòðîãî âîçðàñòàþùàÿ ïîñëåäîâàòåëü-
íîñòü íàòóðàëüíûõ ÷èñåë. Òîãäà íàéäåòñÿ ôóíêöèÿ îãðàíè÷åííîé âà-
ðèàöèè, äëÿ êîòîðîé ñóùåñòâåííàÿ âåðõíÿÿ ãðàíü âåëè÷èíû

∞∑
j=1

|
nj+1−1∑
n=nj

cnwn(x)|

ðàâíà áåñêîíå÷íîñòè.

Äëÿ êàæäîé ïîñëåäîâàòåëüíîñòè ýòà âåðõíÿÿ ãðàíü äîñòèãàåòñÿ íà
õàðàêòåðèñòè÷åñêîé ôóíêöèè íåêîòîðîãî îòðåçêà [0, ξ], çàâèñÿùåãî îò
ïîñëåäîâàòåëüíîñòè.
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Ïóñòü 1 ≤ p ≤ ∞, α > −1
2 . ×åðåç Lp,α îáîçíà÷èì ïðîñòðàíñòâî, ñîñòî-

ÿùåå èç èçìåðèìûõ ôóíêöèé f(x) íà [0,∞) äëÿ êîòîðûõ êîíå÷íà íîðìà

‖f‖p,α =

(� ∞
0

|f |px2α+1dx

) 1
p

, 1 ≤ p <∞.

Îáîçíà÷èì ÷åðåç L∞,α ìíîæåñòâî âñåõ ôóíêöèé f(x), êîòîðûå ðàâíîìåð-
íî íåïðåðûâíû è îãðàíè÷åíû íà [0,∞).
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