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Ôðåéìû íàõîäÿò øèðîêîå ïðèìåíåíèå â öèôðîâîé îáðàáîòêå ñèãíà-
ëîâ. Âåñüìà ïåðñïåêòèâíûì ïðåäñòàâëÿåòñÿ ïðèìåíåíèå ôðåéìîâ äëÿ ðå-
øåíèÿ äèñêðåòíîé ôàçîâîé ïðîáëåìû.

Ïóñòü HN = RN (HN = CN) � åâêëèäîâî (óíèòàðíîå) êîíå÷íîìåðíîå
ïðîñòðàíñòâî cî ñêàëÿðíûì ïðîèçâåäåíèåì

〈x, y〉 =
N∑
n=1

xnyn (〈x, y〉 =
N∑
n=1

xnyn).

Îïðåäåëåíèå 1. Íàáîð ýëåìåíòîâ F = {fm, m = 1, ...,M} ⊂ HN

íàçûâàåòñÿ ôðåéìîì äëÿ ïðîñòðàíñòâà HN , åñëè ñóùåñòâóþò ïîëîæè-
òåëüíûå ÷èñëà A è B òàêèå, ÷òî äëÿ ëþáîãî x ∈ HN

A‖x‖2 ≤
M∑
m=1

|〈x, fm〉|2 ≤ B‖x‖2. (1)

Îïðåäåëåíèå 2. Ôðåéì {fm}Mm=1 áóäåì íàçûâàòü ðàâíîìåðíûì, åñëè
ñóùåñòâóåò ÷èñëî β òàêîå, ÷òî ‖fm‖ = β äëÿ ëþáîãî m = 1, ...,M .

Ïóñòü ñèñòåìà âåêòîðîâ {fm}Mm=1 ∈ HN , óäîâëåòâîðÿåò óñëîâèÿì:
1) ‖fm‖ = 1, äëÿ m = 1, . . . ,M ;
2) ñóùåñòâóåò c 6= 0 òàêîå, ÷òî |〈fi, fj〉| = c, äëÿ i 6= j = 1, . . . ,M ,

òîãäà äàííóþ ñèñòåìó áóäåì íàçûâàòü æåñòêèì ðàâíîóãîëüíûì ôðåé-
ìîì.

Â ïðîñòðàíñòâå HN ðàññìîòðèì îïåðàòîð ñèíòåçà V ∗, ïðåäñòàâèìûé
â âèäå ìàòðèöû, â êîòîðîé ñòîëáöû-âåêòîðû èç ôðåéìà F .

Ââåäåì ïîíÿòèå ñïàðêà.
Îïðåäåëåíèå 2.

spark (F ) = min{‖x‖0 : V ∗x = 0, x 6= 0}, (2)

ãäå ‖x‖0 � îáîçíà÷åíèå êîëè÷åñòâà íåíóëåâûõ êîîðäèíàò âåêòîðà x.
Èíûìè ñëîâàìè, ñïàðê � ýòî ðàçìåð ìèíèìàëüíîé ëèíåéíî çàâèñèìîé

ñèñòåìû â ìàòðèöå V ∗ ðàçìåðíîñòè N ×M .
Èç îïðåäåëåíèÿ ïîëó÷èì:
� spark ({en}Nn=1) = 0, ãäå {en}Nn=1 � áàçèñ â HN ;
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� åñëè â ìàòðèöå V ∗ ñîäåðæèòñÿ íîëü-ñòîëáåö, òî spark (F ) ≥ 1;
� äëÿ ëþáîé M ×N ìàòðèöû F 0 ≤ spark (F ) ≤M + 1.
� åñëè spark(F ) = N + 1, òî ãîâîðÿò, ÷òî ñèñòåìà {fm}Mm=1 èìååò

ïîëíûé ñïàðê.
Èç ðàáîòû [3] íàì èçâåñòíà ñëåäóþùàÿ òåîðåìà:
Òåîðåìà 1. Âñÿêèé ôðåéì F = {fm}Mm=1 ñ ïîëíûì ñïàðêîì â RN ,

ãäå M ≥ 2N − 1, óäîâëåòâîðÿåò ñâîéñòâó àëüòåðíàòèâíîé ïîëíîòû.
Òàêèì îáðàçîì, ìû ïîëó÷èëè, ÷òî ôðåéì ñ ïîëíûì ñïàðêîì, ñîäåð-

æàùèé, ïî êðàéíåé ìåðå, 2N − 1 âåêòîðîâ, óäîâëåòâîðÿåò ñâîéñòâó àëü-
òåðíàòèâíîé ïîíîòû.

Åñòåñòâåííî âîçíèêëî ïðåäïîëîæåíèå, ÷òî ðàâíîìåðíûå ðàâíîóãîëü-
íûå ôðåéìû èìåþò ïîëíûé ñïàðê.

Ïðèìåð 1. Ïóñòü íàì äàíà ñèñòåìà âåêòîðîâ G. Íåïîñðåäñòâåííî
ïðîâåðÿåòñÿ, ÷òî îíà ÿâëÿåòñÿ ðàâíîóãîëüíûì è ðàâíîìåðíûì ôðåéìîì.

G =
1√

1 + φ2

 0 0 1 1 φ −φ
1 1 φ −φ 0 0

φ −φ 0 0 1 1

 , ãäå φ =
1 +
√

5

2
(3)

Äîêàæåì, ÷òî äàííûé ôðåéì èìååò ïîëíûé ñïàðê.
Ðàññìîòðèì ìèíîðû òðåòüåãî ïîðÿäêà.

A1,2,3 = A1,2,4 = −A1,3,6 = −A1,4,5 = A1,5,6 = −A2,3,5 = −A2,4,6 =

= A2,5,6 = A3,4,5 = A3,4,6 = −2φ = −1−
√

5;

A1,2,5 = −A1,2,6 = A1,3, = A1,3,5 = −A1,3,6 = −A1,4,5 = A1,4,6 = −A2,3,4 =

= A2,3,6 = A2,4,5 = A3,5,6 = −A4,5,6 = −φ3 − 1 = −3−
√

5.

Ïîëó÷àåì, ÷òî ëþáûå òðè âåêòîðà ëèíåéíî íåçàâèñèìû, spark(G) = 4.
Ñëåäóþùèé ïðèìåð ïîêàçûâàåò, ÷òî âûäâèíóòîå âûøå ïðåäïîëîæå-

íèå íå îïðàâäûâàåòñÿ. Ïîñòðîåí ðàâíîìåðíûé ðàâíîóãîëüíûé ôðåéì ñ
íåïîëíûì ñïàðêîì.

Ïðèìåð 2: Âîçüìåì ñèñòåìó D â C3, êîòîðàÿ ÿâëÿåòñÿ ðàâíîìåðíûì
è ðàâíîóãîëüíûì ôðåéìîì.

Íàéäåì ÷åìó ðàâåí ñïàðê äàííîé ñèñòåìû.
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Ðåçóëüòàòû ðàñ÷åòîâ ìèíîðîâ òðåòüåãî ïîðÿäêà Ai,j,k, ãäå i, j, k �
ñòîëáöû èç ñèñòåìû D, ìîæíî ïðèâåñòè ê òàêîìó âèäó:

A1,2,3 = A1,4,5 = −A1,3,5 = −6
√

5

25
, A1,2,4 =

8
√

5

25
,

A1,3,4 =
3
√

5

25
(
√

3i+ 1), A1,3,6 = −A1,4,6 =
1

5
(3 +

√
3i),

A2,3,4 = A3,4,5 =

√
5

25
(3
√

3i− 7),

A2,3,6 = A3,4,6 = A4,5,6 = −A2,4,6 = −A3,5,6 =
1

5
(−3 +

√
3i).

Ìèíîðû òðåòüåãî ïîðÿäêà:

A1,2,5 = A1,2,6 = A1,5,6 = A2,3,5 = A2,4,5 = A2,5,6 = 0.

Çíà÷èò spark(D) ≤ 3. Ðàññìàòðèâàÿ ïðîèçâîëüíûå ïàðû âåêòîðîâ
íà ëèíåéíóþ çàâèñèìîñòü, ïîëó÷èì, ÷òî ëþáûå äâà âåêòîðà â äàííîé
ñèñòåìå áóäóò ëèíåéíî íåçàâèñèìû.

spark(D) = 3
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Ïóñòü C � êîìïëåêñíàÿ ïëîñêîñòü, D � åäèíè÷íûé êðóã íà C,
H(D) � ìíîæåñòâî âñåõ ôóíêöèé, àíàëèòè÷åñêèõ â D. Ïðè âñåõ 0 <
< q < +∞ îïðåäåëèì êëàññ È. È. Ïðèâàëîâà:

Πq =

{
f ∈ H(D) : sup

0<r<1

1

2π

� π

−π

(
ln+ |f(reiθ)|

)q
dθ < +∞

}
.
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