
Àâòîðîì ðàíåå àíîíñèðîâàëñÿ ðåçóëüòàò ïðè n = 1, 2, 3, 4, 5 â ðàáî-
òå [6].
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I. Îáîçíà÷èì ÷åðåç
• Lp, 1 ≤ p <∞,− ìíîæåñòâî èçìåðèìûõ 2π-ïåðèîäè÷åñêèõ ôóíêöèé

f(x) îäíîãî ïåðåìåííîãî x òàêèõ, ÷òî ‖f‖p <∞, ãäå

‖f‖p =
( 2π�

0

|f(x)|pdx
)1/p

;

• L0
p � ìíîæåñòâî ôóíêöèé f ∈ Lp òàêèõ, ÷òî

2π�
0

f(x)dx = 0;

• ωα(f, δ)p � äðîáíûé ìîäóëü ãëàäêîñòè ïîðÿäêà α > 0 ôóíêöèè
f ∈ Lp, ò.å.

ωα(f, δ)p = sup
|h|≤δ
||
∞∑
ν=0

(−1)ν
(
α

ν

)
f(x+ (α− ν)h)||p,

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò N 16-01-00350).
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ãäå
(
α
ν

)
= 1 äëÿ ν = 0,

(
α
ν

)
= α äëÿ ν = 1,

(
α
ν

)
= α(α−1)···(α−ν+1)

ν! äëÿ ν ≥ 2.
Îòìåòèì, ÷òî åñëè α = k, ãäå k ∈ N, òî ωα(f, δ)p åñòü îáû÷íûé ìîäóëü

ãëàäêîñòè k−ãî ïîðÿäêà ôóíêöèè f(x).
Õîðîøî èçâåñòíî íåðàâåíñòâî Óëüÿíîâà [1]:
åñëè f ∈ Lp, 1 ≤ p < q <∞, θ = 1

p −
1
q , k ∈ N, δ ∈ (0, 1), òî

ωk(f, δ)q ≤ C1

( δ�

0

[
t−θωk(f, t)p

]qdt
t

)1/q

. (1)

Ïðèìåíåíèå äðîáíûõ ìîäóëåé ãëàäêîñòè ïîçâîëèëî ïîëó÷èòü ñëåäó-
þùèå óñèëåííûå íåðàâåíñòâà Óëüÿíîâà ([2�5]):

à) åñëè f ∈ L0
p, 1 < p < q <∞, α > 0, θ = 1

p −
1
q , δ ∈ (0, 1), òî

ωα(f, δ)q ≤ C2

( δ�

0

[
t−θωα+θ(f, t)p

]qdt
t

)1/q

, (2)

íåðàâåíñòâî (2) ïðè p = 1 íåñïðàâåäëèâî,
á) åñëè f ∈ L0

1, 1 = p < q < ∞, θ = 1 − 1
q , α > γ > 0, γ + θ > α,

δ ∈ (0, 1), òî

ωα(f, δ)q ≤ C3

( δ�

0

[
t−θωγ+θ(f, t)1

]qdt
t

)1/q

, (3)

â) åñëè f ∈ L0
1, 1 = p < q <∞, θ = 1− 1

q , β > α > 0, δ ∈ (0, 1), òî

ωα(f, δ)q ≤ C4

( δ�

0

[
t−θωα+θ(f, t)1

]qdt
t

)1/q

+

+δα
( 1�

δ

[
t−α−θωβ+θ(f, t)1

]qdt
t

) 1
q

. (4)

Îòìåòèì, ÷òî â íåðàâåíñòâàõ (1)�(4) ïîñòîÿííûå C1 − C4 íå çàâèñÿò
îò f è δ.

II. Îáîçíà÷èì ÷åðåç
• Lp, 1 ≤ p < ∞, � ìíîæåñòâî èçìåðèìûõ ôóíêöèé f(x1, x2) äâóõ

ïåðåìåííûõ x1 è x2, 2π-ïåðèîäè÷åñêèõ ïî êàæäîìó ïåðåìåííîìó, äëÿ
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êîòîðûõ ‖f‖p <∞, ãäå

‖f‖p =

 2π�

0

2π�

0

|f(x1, x2)|pdx1dx2


1
p

;

• L0
p � ìíîæåñòâî ôóíêöèé f ∈ Lp òàêèõ, ÷òî

2π�
0

f(x1, x2)dx1 = 0 äëÿ

ïî÷òè âñåõ x2 è
2π�
0

f(x1, x2)dx2 = 0 äëÿ ïî÷òè âñåõ x1;

• ∆α1

h1
(f)− ðàçíîñòü ñ øàãîì h1 ïîëîæèòåëüíîãî ïîðÿäêà α1 ïî ïåðå-

ìåííîé x1 ôóíêöèè f ∈ Lp, òî åñòü

∆α1

h1
(f) =

∞∑
ν1=0

(−1)ν1

(
α1

ν1

)
f(x1 + (α1 − ν1)h1, x2),

• ∆α2

h2
(f)− ðàçíîñòü ñ øàãîì h2 ïîëîæèòåëüíîãî ïîðÿäêà α2 ïî ïåðå-

ìåííîé x2 ôóíêöèè f ∈ Lp, ò. å.

∆α2

h2
(f) =

∞∑
ν2=0

(−1)ν2

(
α2

ν2

)
f(x1, x2 + (α2 − ν2)h2),

• ωα1,α2
(f, δ1, δ2)p− ñìåøàííûé ìîäóëü ãëàäêîñòè ïîëîæèòåëüíûõ ïî-

ðÿäêîâ α1 è α2 ñîîòâåòñòâåííî ïî ïåðåìåííûì x1 è x2 ôóíêöèè f ∈ Lp,
ò. å.

ωα1,α2
(f, δ1, δ2)p = sup

|hi|≤δi,i=1,2

||∆α1

h1

(
∆α2

h2
(f)
)
||p;

• ωα(f, δ)p � ïîëíûé ìîäóëü ãëàäêîñòè ïîëîæèòåëüíîãî ïîðÿäêà α
ôóíêöèè f(x1, x2) ∈ Lp, ò. å.

ωα(f, δ)p = sup
|h1|≤δ,|h2|≤δ

||
∞∑
ν=0

(−1)ν
(
α

ν

)
f(x1 + (α− ν)h1, x2 + (α− ν)h2)||p.

Äëÿ ñìåøàííûõ ìîäóëåé ãëàäêîñòè ñïðàâåäëèâû ñëåäóþùèå óñèëåí-
íûå íåðàâåíñòâà Óëüÿíîâà ([5�8]):

à) åñëè f ∈ L0
1, 1 < p < q <∞, θ = 1

p −
1
q , αi > 0, δi ∈ (0, 1), i = 1, 2, òî

ωα1,α2

(
f, δ1, δ2

)
q
≤ C5

( δ1�

0

δ2�

0

[
(t1t2)

−θωα1+θ,α2+θ(f, t1, t2)p
]qdt1
t1

dt2
t2

) 1
q

, (5)

257



íåðàâåíñòâî (5) ïðè p = 1 íåñïðàâåäëèâî,
á) åñëè f ∈ L0

1, 1 = p < q <∞, θ = 1− 1
q , αi > γi > 0, γi + θ > αi,

δi ∈ (0, 1), i = 1, 2, òî

ωα1,α2

(
f, δ1, δ2

)
q
≤ C6

( δ1�

0

δ2�

0

[
(t1t2)

−θωγ1+θ,γ2+θ(f, t1, t2)1

]qdt1
t1

dt2
t2

) 1
q

, (6)

â) åñëè f ∈ L0
1, 1 = p < q <∞, θ = 1− 1

q , βi > αi > 0, δi ∈ (0, 1),
i = 1, 2, òî

ωα1,α2

(
f, δ1, δ2

)
q
� C7

{( δ1�

0

δ2�

0

[
(t1t2)

−θωα1+θ,α2+θ(f, t1, t2)1

]qdt1
t1

dt2
t2

) 1
q

+

+δα1
1

( 1�

δ1

δ2�

0

[
t−α1−θ
1 t−θ2 ωβ1+θ,α2+θ(f, t1, t2)1

]qdt1
t1

dt2
t2

) 1
q

+

+δα2
2

( δ1�

0

1�

δ2

[
t−θ1 t−α2−θ

2 ωα1+θ,β2+θ(f, t1, t2)1

]qdt1
t1

dt2
t2

) 1
q

+

+δα1
1 δ

α2
2

( 1�

δ1

1�

δ2

[
t−α1−θ
1 t−α2−θ

2 ωβ1+θ,β2+θ(f, t1, t2)1

]qdt1
t1

dt2
t2

) 1
q
}
. (7)

Îòìåòèì, ÷òî â íåðàâåíñòâàõ (5)�(7) ïîñòîÿííûå C5 − C7 íå çàâèñÿò
îò f, δ1 è δ2.

Äëÿ ïîëíûõ ìîäóëåé ãëàäêîñòè ñïðàâåäëèâû ñëåäóþùèå óñèëåííûå
íåðàâåíñòâà Óëüÿíîâà ([5, 9, 10]):

à) åñëè f ∈ L0
p, 1 < p < q <∞, θ = 1

p −
1
q , α > 0, δ ∈ (0, 1), òî

ωα(f, δ)q ≤ C8

( δ�

0

[
t−2θωα+2θ(f, t)p

]qdt
t

) 1
q

, (8)

á) åñëè f ∈ L0
1, 1 = p < q <∞, θ = 1− 1

q , 0 < γ < α, γ + 2θ > α,

δ ∈ (0, 1), òî

ωα(f, δ)q ≤ C9

( δ�

0

[
t−2θωγ+2θ(f, t)1

]qdt
t

) 1
q

, (9)
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â) åñëè f ∈ L0
1, 1 = p < q <∞, θ = 1− 1

q , β > α > 0, δ ∈ (0, 1), òî

ωα(f, δ)q ≤ C10

{( δ�

0

[
t−2θωα+2θ(f, t)1

]qdt
t

) 1
q

+

+δα
( 1�

δ

[
t−α−2θωβ+2θ(f, t)1

]qdt
t

) 1
q
}
. (10)

Îòìåòèì, ÷òî â íåðàâåíñòâàõ (8)�(10) ïîñòîÿííûå C8−C10 íå çàâèñÿò
îò f è δ.
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