
Â çàêëþ÷åíèå îòìåòèì, ÷òî îöåíêè ñíèçó íàèáîëüøåãî èç ìèíèìóìîâ
ìîäóëÿ öåëîé ôóíêöèè íà îêðóæíîñòÿõ, ðàäèóñû êîòîðûõ ïðîáåãàþò îò-
ðåçîê ñ ïîñòîÿííûì îòíîøåíèåì, âñòðå÷àëèñü âåñüìà ðåäêî. Àâòîðó èç-
âåñòíû òðè òàêèå ðàáîòû [3�5]. Â [3] è [4] ðàññìàòðèâàëèñü âåñüìà óçêèå
ïîäêëàññû öåëûõ ôóíêöèé. Â [5] â ðàññóæäåíèÿõ èìåþòñÿ íåèñïðàâèìûå
îøèáêè, ïîâëåêøèå çà ñîáîé íåâåðíûé ðåçóëüòàò (ñëåäñòâèå 3 íà ñ. 236).
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Â ðàáîòå èçó÷àåòñÿ àñèìïòîòè÷åñêîå ïîâåäåíèå ïðè x → 0+ ñóìì
ðÿäîâ ïî ñèíóñàì

g(b, x) =
∞∑
k=1

bk sin kx, b = {bk}k∈N , (1)

ïîñëåäîâàòåëüíîñòè êîýôôèöèåíòîâ êîòîðûõ íå òîëüêî ìîíîòîííî ñòðå-
ìÿòñÿ ê íóëþ, ò. å.

b1 > 0, bk+1 6 bk (∀k ∈ N), lim
k→∞

bk = 0, (2)

íî è ïðèíàäëåæàò ñëåäóþùèì äâóì ñïåöèàëüíûì êëàññàì.
Îäèí êëàññ � îáîçíà÷èì åãî B ↓� ñîñòîèò èç âñåõ ïîñëåäîâàòåëüíî-

ñòåé b = {bk}, óäîâëåòâîðÿþùèõ óñëîâèþ (2) è, êðîìå ýòîãî, óñëîâèþ

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ïðîãðàììû Ïðåçèäåíòà äëÿ ïîääåðæêè âåäóùèõ
íàó÷íûõ øêîë (ïðîåêò ÍØ-6222.2018.1).
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(k + 1)bk+1 6 kbk ∀k ∈ N. Äðóãîé êëàññ � îáîçíà÷èì åãî B ↑� ñîñòî-
èò èç âñåõ ïîñëåäîâàòåëüíîñòåé, óäîâëåòâîðÿþùèõ ïðîòèâîïîëîæíîìó
óñëîâèþ kbk 6 (k + 1)bk+1 ∀k ∈ N, è, êðîìå ýòîãî, óñëîâèþ (2).

Äëÿ ïîëó÷åíèÿ äâóñòîðîííåé îöåíêè ñóììû ðÿäà (1) Ð. Ñàëåì [1]
îïðåäåëèë ñëåäóþùóþ ôóíêöèþ:

v(b, x) = x

m(x)∑
k=1

kbk, m(x) = [π/x] .

Îí äîêàçàë ñóùåñòâîâàíèå äëÿ ïðîèçâîëüíîé ïîñëåäîâàòåëüíîñòè b âè-
äà (2) òàêèõ ïîëîæèòåëüíûõ ïîñòîÿííûõ C1, C2, ÷òî âåðíû îöåíêè

g(b, x) 6 C1v(b, x) ∀x ∈ (0, π], (3)

g(b, x) > C2v(b, x), 0 < x 6 x0. (4)

Îöåíêà ñíèçó (4) âûâåäåíà ïðè äîïîëíèòåëüíûõ óñëîâèÿõ: ïîñëåäî-
âàòåëüíîñòü b âûïóêëà è b ∈ B ↑.

Ñ.À. Òåëÿêîâñêèé [2] óëó÷øèë ýòè ðåçóëüòàòû, âûâåäÿ îöåíêè (3) è
(4) ñ àáñîëþòíûìè ïîñòîÿííûìè C1 è C2, x0 = π/2 è ñíÿâ òðåáîâàíèå
b ∈ B ↑. À.Þ. Ïîïîâ [3] äîêàçàë, ÷òî â (3) ìîæíî âçÿòü C1 = 1, óëó÷øèòü
êîòîðóþ â îáùåì ñëó÷àå, âîîáùå ãîâîðÿ, íåëüçÿ. Â [3] òàêæå íàéäåíî
àñèìïòîòè÷åñêè íåóëó÷øàåìîå îïòèìàëüíîå çíà÷åíèå ïîñòîÿííîé C2 =
2π−2.

Íåòðóäíî óáåäèòüñÿ â òîì, ÷òî îöåíêè ñíèçó âèäà (4), åñëè íå òðåáî-
âàòü îò ïîñëåäîâàòåëüíîñòè b íè÷åãî êðîìå ìîíîòîííîãî ñòðåìëåíèÿ ê
íóëþ, ïîëó÷èòü íåëüçÿ.

Íàìè íàéäåíû îöåíêà ñíèçó âèäà (4) ñ àñèìïòîòè÷åñêè íåóëó÷øàåìîé
íà êëàññå B ↓ êîíñòàíòîé C2 è óñèëåíèå îöåíêè (3) ñ àñèìïòîòè÷åñêè
íåóëó÷øàåìîé êîíñòàíòîé C1 < 1 íà êëàññå B ↑.

Òåîðåìà 1. Åñëè b ∈ B ↓, òî ïðè ëþáîì x ∈ (0, π/3] âåðíà
îöåíêà ñíèçó g(b, x) >

(
I − 1/m(x)

)
v(b, x) − 1, 5bm(x)+1 sin (x/2), ãäå

I = (1/π)
� 2π

0 (sin t/t) dt = 0, 451 . . .
Â òî æå âðåìÿ ñóùåñòâóþò òàêèå ïîñëåäîâàòåëüíîñòè b ∈ B ↓

è {xn}n∈N, ÷òî xn > 0 (∀n ∈ N), limn→∞ xn = 0, g(b, xn) ∼ I v(b, xn),
n→∞.

Òåîðåìà 2. Åñëè b ∈ B ↑, òî ïðè ëþáîì x ∈ (0, π) âåðíà îöåí-
êà ñâåðõó g(b, x) 6 I

(
1 + 1/m(x)

)
v(b, x) + 0, 5bm(x)+1 tg (x/4), ãäå I =

= (1/π)
� π

0 (sin t/t) dt = 0, 589 . . .

Â òî æå âðåìÿ ñóùåñòâóþò òàêèå ïîñëåäîâàòåëüíîñòè b ∈ B ↑
è {xn}n∈N, ÷òî xn > 0 (∀n ∈ N), limn→∞ xn = 0, g(b, xn) ∼ I v(b, xn),
n→∞.
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Ðàññìîòðèì ôóíêöèîíàë ‖ · ‖p, 0 ≤ p ≤ +∞. Äëÿ 0 < p < +∞
ñ÷èòàåì, ÷òî îí îïðåäåë¼í ôîðìóëîé

‖f‖p =

(
1

2π

� 2π

0

|f(t)|p dt
)1/p

.

Äëÿ êðàéíèõ p ïîëàãàåì

‖f‖∞ = lim
p→+∞

‖f‖p = ‖f‖C = max
x∈T
|f(t)|,

‖f‖0 = lim
p→0+

‖f‖p = exp

(
1

2π

� 2π

0

ln |f(t)| dt
)
.

Èññëåäóåòñÿ íàèëó÷øàÿ êîíñòàíòà κ(α, n, p) â íåðàâåíñòâå

‖Dαtn‖p ≤ κ(α, n, p) ‖tn‖p, p ∈ [0,∞],

ãäå tn � òðèãîíîìåòðè÷åñêèé ïîëèíîì ñòåïåíè íå âûøå n è Dα � îïå-
ðàòîð äðîáíî-ëèíåéíîãî äèôôåðåíöèðîâàíèÿ ïî Âåéëþ. Òî åñòü áóäåì
èññëåäîâàòü âåëè÷èíó

κ(α, n, p) = sup
tn∈τn,tn 6≡0

‖Dαtn‖p
‖tn‖p

.

Èññëåäîâàíèþ äàííîé âåëè÷èíû ïîñâÿùåíî ìíîãî ðàáîò. Îòìåòèì ñðåäè
íèõ [1�4].

Òåîðåìà. Cïðàâåäëèâî ñëåäóþùåå ðàâåíñòâî κ(α, 1, p) = 1 äëÿ α ∈
∈ R, p ∈ [0; +∞]. Ïðè n = 2, 3, 4, 5, 6, 7, 8 ñïðàâåäëèâî κ(α, n, p) = nα

ïðè ëþáîì α ∈ {1, 2, . . . , 2n− 3} ∪ [2n− 2,∞), p ∈ [0; +∞].

Îòìåòèì, ÷òî ñëó÷àé n = 2 ïîëó÷åí äðóãèì ñïîñîáîì â ðàáîòå [5],
ïðè÷¼ì â ðàáîòå [5] äîêàçàíî, ÷òî κ(α, 2, p) > 2α ïðè âñåõ α ∈ [0; 1) ∪
∪ (1; 2).
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