
Ïðè ýòîì åñëè µ[0,π] = π/3 − 2ε äëÿ íåêîòîðîãî ε > 0, òî µ[2π/3,π] >
> π/3− 7ε (òî åñòü µ[2π/3,π] −−→

ε→0
π/3).

Ñòîèò óïîìÿíóòü, ÷òî â ñâîåé ðàáîòå [5] Ì. È. Äüÿ÷åíêî ïîñòðîèë
äëÿ ëþáîãî ε ∈ (0, π) ïðèìåð òàêîãî íåíóëåâîãî êîñèíóñ-ðÿäà gε(x) ñ
ìîíîòîííûìè êîýôôèöèåíòàìè, ÷òî {x ∈ (0, π) : gε(x) = 0} ⊃ [ε, π].
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Ïóñòü E � âåùåñòâåííîå áàíàõîâî ïðîñòðàíñòâî, u � íåèçâåñòíàÿ, à
f � çàäàííàÿ ôóíêöèè ñî çíà÷åíèÿìè â E àðãóìåíòà t ≥ 0. Ðàññìîòðèì
ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîå óðàâíåíèå âèäà

u′(t) = Au(t) +Bu(t− h) + f(t), t > 0. (1)

Çäåñü A è B � ëèíåéíûå íåïðåðûâíûå îïåðàòîðû èç E â E, h > 0. Äëÿ
óðàâíåíèÿ (1) ïîñòàâèì íà÷àëüíóþ çàäà÷ó

u(t) = ϕ(t), −h ≤ t ≤ 0, (2)

ñ íà÷àëüíîé ôóíêöèåé ϕ(t) ∈ C([−h, 0] ; E).

Îïðåäåëåíèå 1. Êëàññè÷åñêèì ðåøåíèåì çàäà÷è (1), (2) íàçîâåì
ôóíêöèþ u(t) ∈ C([−h, +∞); E) ∩ C1((0, +∞); E), êîòîðàÿ îáðàùàåò â
òîæäåñòâî óðàâíåíèå (1) è óäîâëåòâîðÿåò íà÷àëüíûì óñëîâèÿì (2).

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò � 16-31-00291).
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Ïðåäñòàâëÿåìàÿ ðàáîòà ïîñâÿùåíà èçó÷åíèþ âîïðîñà îäíîçíà÷íîé
ðàçðåøèìîñòè íà÷àëüíîé çàäà÷è (1), (2). Èññëåäîâàíèÿ ïðîâîäÿòñÿ íà
îñíîâå òåîðèè îáîáùåííûõ ôóíêöèé Ñîáîëåâà�Øâàðöà ñî çíà÷åíèÿìè â
áàíàõîâûõ ïðîñòðàíñòâàõ [1] è êîíöåïöèè ôóíäàìåíòàëüíîãî ðåøåíèÿ
àáñòðàêòíîãî ëèíåéíîãî èíòåãðî-äèôôåðåíöèàëüíîãî îïåðàòîðà. Ýòîò
ïîäõîä èñïîëüçîâàëñÿ àâòîðàìè â ðàáîòå [2] äëÿ ñïåöèàëüíîãî êëàññà
äèôôåðåíöèàëüíî-îïåðàòîðíûõ óðàâíåíèé âèäà (1), â êîòîðîì B = αA,
α � íåíóëåâîé ñêàëÿð.

Ïóñòü u = u(t) � êëàññè÷åñêîå ðåøåíèå íà÷àëüíîé çàäà÷è (1), (2),
ïðîäîëæèì åãî íóëåì ïðè t < −h ñëåäóþùèì îáðàçîì:

ũ(t) = ϕ(t)
(
θ(t+ h)− θ(t)

)
+ u(t)θ(t),

òîãäà â êëàññå K ′+(E) ðàñïðåäåëåíèé ñ îãðàíè÷åííûì ñëåâà íîñèòåëåì
íà÷àëüíàÿ çàäà÷à (1), (2) ñâîäèòñÿ ê ñâåðòî÷íîìó óðàâíåíèþ(

Iδ′(t)− Aδ(t)−Bδ(t− h)
)
∗ ũ(t) = g̃(t) (3)

ñ ïðàâîé ÷àñòüþ g̃(t) ∈ K ′+(E2) âèäà

g̃(t) = f(t)θ(t)−Aϕ(t)
(
θ(t+h)−θ(t)

)
+δ′(t)∗ϕ(t)

(
θ(t+h)−θ(t)

)
+ϕ(0)δ(t).

Çäåñü θ � ôóíêöèÿ Õåâèñàéäà, δ � ôóíêöèÿ Äèðàêà, I � òîæäåñòâåííûé
îïåðàòîð. Åäèíñòâåííûì ðåøåíèåì óðàâíåíèÿ (3) â K ′+(E) (îáîáùåííûì
ðåøåíèåì çàäà÷è (1), (2)) ÿâëÿåòñÿ ðàñïðåäåëåíèå ũ(t) = E(t) ∗ g̃(t), ãäå
îáîáùåííóþ îïåðàòîð-ôóíêöèþ E òàêóþ, ÷òî

∀ v(t) ∈ K ′+(E)
(
Iδ′(t)− Aδ(t)−Bδ(t− h)

)
∗ E(t) ∗ v(t) = v(t),

∀ v(t) ∈ K ′+(E) E(t) ∗
(
Iδ′(t)− Aδ(t)−Bδ(t− h)

)
∗ v(t) = v(t),

íàçîâåì ôóíäàìåíòàëüíûì ðåøåíèåì äèôôåðåíöèàëüíîãî îïåðàòîðà
Iδ′(t)− Aδ(t)−Bδ(t− h) ñ îòêëîíÿþùèìñÿ àðãóìåíòîì.

Òåîðåìà 1. Ïóñòü A, B ∈ L(E), òîãäà ôóíäàìåíòàëüíîå ðåøåíèå
äèôôåðåíöèàëüíîãî îïåðàòîðà Iδ′(t)− Aδ(t)−Bδ(t− h) èìååò âèä

E(t) =
+∞∑
k=0

eA(t−kh)Uk(t− kh)θ(t− kh),

ãäå eAt � îïåðàòîðíàÿ ýêñïîíåíòà, ïîñëåäîâàòåëüíîñòü {Uk−1(t)}k∈N
îïåðàòîð-ôóíêöèé çàäàåòñÿ ðåêóððåíòíî

Uk(t) =

t�

0

V (s)Uk−1(s)ds, U0(t) = I,

ïðè÷åì V (t) = e−AtBeAt.
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Çàìåòèì, ÷òî V (0) = B, áîëåå òîãî, îïåðàòîðû V (t) è A îáðàçóþò
ïàðó Ëàêñà [3], ò. å. óäîâëåòâîðÿþò óðàâíåíèþ

V ′(t) =
[
V (t), A

]
.

Ïî ñëåäñòâèþ èç ôîðìóëû Áåéêåðà �Êåìïáåëëà �Õàóñäîðôà [4] îïåðà-
òîð-ôóíêöèÿ V (t) ïðåäñòàâèìà îïåðàòîðíî-ôóíêöèîíàëüíûì ðÿäîì

V (t) = B + [B,A]
t

1!
+
[
[B,A] , A

]t2
2!

+
[[

[B,A] , A
]
, A
]t3
3!

+ . . . ,

ñõîäÿùèìñÿ â L(E) ðàâíîìåðíî íà ëþáîì êîìïàêòå. Ïðè k ∈ N èìåþò
ìåñòî äèôôåðåíöèàëüíûå ñîîòíîøåíèÿ è àñèìïòîòè÷åñêèå ôîðìóëû

U ′k(t)−
[
Uk(t), A

]
= Uk−1B, Uk−1(t) ∼

tk−1

(k − 1)!
Bk−1, t→ 0.

Çäåñü
[
B,A

]
= BA−AB îáîçíà÷åí êîììóòàòîð îïåðàòîðîâ B è A. Åñëè

èõ ñóïåðïîçèöèÿ êîììóòàòèâíà, ò. å.
[
B,A

]
= O, òî, êàê ïîêàçàíî â [5]

Uk−1(t) =
tk−1

(k − 1)!
Bk−1.

Â óñëîâèÿõ òåîðåìû 1 íà÷àëüíàÿ çàäà÷à (1), (2) èìååò åäèíñòâåííîå
îáîáùåííîå ðåøåíèå âèäà

ũ(t) = ϕ(t)
(
θ(t+ h)− θ(t)

)
+

+∞∑
k=0

[
eA(t−kh)Uk(t− kh)ϕ(0)θ(t− kh)+

+

t�

(k+1)h

eA(t−s)Uk(t− s)Bϕ(s− (k + 1)h)ds
(
θ(t− kh)− θ(t− (k + 1)h)

)
+

+

0�

−h

eA(t−(k+1)h−s)Uk(t− (k + 1)h− s)Bϕ(s)ds θ(t− kh)+

+

t−kh�

0

eA(t−kh−s)Uk(t− kh− s)f(s)ds θ(t− kh)

]
,

êîòîðîå ÿâëÿåòñÿ ðåãóëÿðíûì ðàñïðåäåëåíèåì è ïîðîæäåíî ôóíêöèåé
u = u(t), çàäàííîé êóñî÷íî íà ïîëóèíòåðâàëàõ [(k−1)h, kh), k ∈ {0}∪N.
Ýòà ôóíêöèÿ ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì íà÷àëüíîé çàäà÷è (1),

222



(2) ïðè f(t) ∈ C([0, +∞); E). Ïóñòü f(t) ∈ Cn−1((0, +∞); E), òîãäà â
òî÷êàõ t = kh, ãäå k = 0, . . . , n − 1, ðåøåíèå èìååò k ïîðÿäêîì ñèëüíîé
äèôôåðåíöèðóåìîñòè, à â äðóãèõ òî÷êàõ èíòåðâàëà (0; +∞) îí ðàâåí n.
Ýòè ôàêòû ñîãëàñóþòñÿ ñ èçâåñòíûìè ñâåäåíèÿìè [6, ñ. 20] î ñêàëÿðíûõ
(E = R) óðàâíåíèÿõ ñ îòêëîíÿþùèìñÿ àðãóìåíòîì.

Ïðåäëàãàåìûé ïîäõîä ïðèìåíèì ê èññëåäîâàíèþ áîëåå îáùåé çàäà÷è
ñ íà÷àëüíûìè óñëîâèÿìè u(t) = ϕ(t), −h ≤ t < 0, u(0) = u0.
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Ââåäåíèå

Ðàññìîòðèì íåñòàíäàðòíîå ñêàëÿðíîå ïðîèçâåäåíèå

〈f, g〉 =

� 1

−1

f(x)g(x)w(x) dx+ A1f(1)g(1) +B1f(−1)g(−1)+

+A2f
′(1)g′(1) +B2f

′(−1)g′(−1), (1)
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