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Weakly convex sets are often considered in literature under different
names — sets with positive reach in R" (]|1]), proximally smooth sets (]2]),
prox-regular sets ([3], [4]). The term "weakly convex sets"was introduced by
Vial [5]. The motivation for studying weakly convex sets is that the class of
weakly convex sets is much wider than the class of convex sets, but shares
many useful properties with the latter. The weakly convex sets may be used,
for example, in differential inclusions (see, e.g. [6]), in the gradient projection
method ([7]), in differential games ([8]), set valued mappings theory (]9]).

We consider weakly convex sets with respect to (w.r.t.) a quasiball in a
Banach space. A quasiball is a convex closed (may be unbounded) set that
contains a neighbourhood of zero. Such an approach allows us to apply the
methods of proximal analysis to the epigraphs of functions and to obtain
the conditions of well-posedness for optimization problems of the infimal
convolution type (see [10], [11]).

A quasiball in a Banach space E is a convex closed set M C FE
such that 0 € int M and M # E. The Minkowski functional py(z) =
inf {t > 0‘ x € tM} of the quasiball is the asymmetric seminorm. The M -
distance from a set C to a set A is oy (C,A) = inf  pupy(c — a). The

ceC, acA

M -projection of x onto A is the set Py(z,A) = Az — om(x, A)M).
The Minkowski sum of sets A C E and B C FE is A+ B =
{a+1b ‘ a € A, be B}. The ball with center a and radius r is B,(a) =
{z € E:|lxr —al <r} Theset C C FE is called strongly conver w.r.t. a
quasiball M C E it C' is convex, closed and there exists a set C; C E such
that C'+Cy = M. A set A C E is called weakly convex with respect to the
quasiball M C E if a € Py(a+ z, A), Va € A, Vz e Ni(a, A), where
Nif(a,A) ={z € OM| 3t >0: a € Pyla+tz,A)}. Aset M C E is
called parabolic, if for any vector b € E the set (b + %M) \ M is bounded.
A set M C FE is called boundedly uniformly convex, if it is convex and
lim; 0 0pr(t, R) = 0 for any R > 0, where

Su(t, ) = sup{6 € [0,4]] By (452) € M ¥a, b MO Bp(0)
la —b]| > t}, t > 0.
!The work was supported by the Russian Foundation for Basic Research, grant 16-01-00259.
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The problem min,ep f(z) is called well posed, if every sequence {x} C
E such that limy_ .o f(zr) = inf,ep f(z) converges to the solution of this
problem.

Theorem 1 [10]. Let the quasiball M in a Banach space E be parabolic
and boundedly uniformly convex. Let the set A C E be closed and weakly
convexr w.r.t. the quasiball M. Let the set C' C E be strongly convex w.r.t.
the quasiball —rM , where 0 < r < 1. Let 0 < op(C, A) < 1 —1r. Then the
problem mingea, cec piar(c — a) is well posed.

A set A is called M-quasibounded, if for any point x € E \ A we have
oy (x, A) > 0 and for any R > 0 the inequality

sup sup ||z]] < +o0
a€OANBR(0) zeN} (a,A)

holds.

Theorem 2 [10]. Let the quasiball M in a Banach space E be parabolic
and boundedly uniformly convex. Let the set A C E be M -quasibounded and
weakly convex w.r.t. M. Let the set C C E be strongly conver w.r.t. the
quasiball —rM, where r € (0,1) and int C' # (). Let oy (C,A) < 1 —r,
AN int C = 0. Then the problem mingea, ccc prr(c — a) is well posed.

The quasiball M C FE is called boundedly uniformly smooth, if

limt_>+ow =0 VR > oy, where oy is such that B,,,(0) C M

and for any ¢t > 0 and R > o)

pa (T + ty) + py(x — ty)
2

BM(t,R):sup{ —1: 2€0MN*Bp, ye%l}.

Theorem 3 [12]. Let E be a Banach space and the quasiball M C E be
parabolic and boundedly uniformly convex. Let 0 < r < R, the sets A,C C
be closed, A be weakly convex with respect to the set RM , C be strongly convex
with respect to the set (—rM), A+ Rint M # E. Let at least one of the
following statements hold

1) o (C,A) >0 or

2)int C £ 0, Anint C = 0 and the quasiball M is boundedly uniformly
smooth, the set A i1s M -quasibounded.

Then there exist a,c € E such thatint C C ¢—int rM C a—int RM C
E\ A.

The Fréchet normal cone to the set A at x € A is NF'(x, A) = {€ €
EYf Vy>0 30>0:({a—xz) <7vla—=z|, VaeBsx)A}. The
support function of the set M C E is s(p, M) = sup(p,x), p€ E*.

zeM
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Given a functional p € E*, if p € b(M )\ {0} we define J},(p) = {z € E:
(p,z) = (p, M)par(x), s(p, M) = par(x)}, otherwise we put Jy,(p) = {0}.

The proximal M-normal cone to the set A at a point a € 0A is
Ni(a,A) ={p e b(M)|3z € Ji(p), 3t >0: a e Pyla+tz,A)}.

The Mordukhovich limiting cone is

N (., 4) = =1 i sup Ny (1, 4) =
Yy—T
_ {w* . hm x;i; . x:‘l c Nﬁ(xm/l),xn € A,xn — T, n — 00}7

n—oo

where “~ — lim means the limit with respect to weak* topology.

Theorem 4 [13]. Let E be a reflexive Banach space. Let the quasiball M
be boundedly uniformly smooth, boundedly uniformly conver and parabolic.
Let the set A C E be M-quasibounded and weakly convex w.r.t. M. Then
NE(x, A) = NI (z,A) = NE (2, A), Vxe A

The results were obtained under the supervision of professor G.E. Ivanov.
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QOOEKT KOJIJIMMALIAN 1TPU ITOJIETE JABYX TEJI
APYT 3A IPYI'OM
B. T. Jlykamenko, ®. A. MakcumosB (Mocksa, Poccus)
lukashenko-vt@yandex.ru, f a maximov@mail.ru

OHEM U3 MEXaHU3MOB Pa3pyLICHIs METEOPHOrO Tejia B aTMocdepe sSBJIs-
eTCs ero paca)l Ha OTJE/IbHBIC TE1a MEHbIIEr0 pasMepa — (pparMeHTbl 1in
OCKOJIKH. JlaHHBIE OCKOJIKH 3aTeM IPOJIOJIXKAIOT CBOE JBUXKEHME KaK TpPYII-
a resi. [Ipu 3ToM 4acTh OCKOJIKOB MOXKET OKa3aThCsl PACIIOJIOXKEHA, 1103411
JUIUPYIONUX TeJl B 00JaCTU IMOHMXKEHHOro JaBjeHus. Takue ockojgku Oy-
JIyT UMETH MEHBIIIEe a3POIMHAMUYCCKOE COIPOTUBJICHUE, 8 3HAYUT MEJICH-
Hee TOPMOBUThCs. B uHaMuKe 9T0 TpUBOIUT K 3derTy Kommanuu [1] —
OTCTAOIINE TeJIa HAUMHAIOT BOBJIEKATHCS B CJIEJ JIMJAUPYIOMIKUX, YTO B CBOIO
ouepe/ib MOXKET IPUBOJUTL K COYAAPEHUIO TEJI.

B pabore [2] npescraBien MeTo MOJCTMPOBAHUST HA CUCTEME CETOK, MO3-
BOJIAIONIMI PACUNTBIBATL OOTEKAHUE PA3JIMYHBIX TEJ B JOCTATOYHO ITPOU3-
BOJIbHBIX KOHDUryparnusx. B [3] mpejcraBienna agamnrtamnus 9TOr0 METO/IA
JIUIST DEIICHUsT CONPSI?KEHHOM 3218491, KOTJIa adPOJMHAMUICCKAA ¥ OAJITUCTH-
yeckasl 3a/laud periaioTcs napaJuiesbio. [lojaraercs, 4ro Tesa JBUraioTcst
KakK TPYIIa BJIOJb 3aJaHHOIO HAIPABJICHHS ¢ HEKOTOPOW HIpeobJagaloriei
ckopocTbio. Jljist 3T0ro 3HaueHnsi CKOPOCTH PelaeTcsl 3a4ada 00TeKanust TeJl
METOJIOM yCTaHOBJIeHUsI. VI3 moyueHHOro pacrpejesieHusl JTaBJIeHus HaXo-
JSITCs a9POAMHAMUYUECKNE CUJIbI, JACHCTBYIOIINE Ha KarKJ0e OT/IEJbLHOE TeJI0
B KOH(UTYpAIUU, U 3aTeM MPOUCXOJUT IEPEXOJ K PEIICHUI0 OAJIUCTHYE-
CKOI 3aJlaunM — TeJia CABUTAIOTCA MCXOJS M3 JICHCTBYIOIMMX HA HUX CHJ 1
BO3MOXKHOI'O HEOOJILIIONO OTKJIOHEHUsI UX CODCTBEHHDBIX CKOPOCTEH 0T CKOPO-
CTH MpeodIaaloNero IBUKEHMS,

Meroy, [3] okazasioch BOSMOXKHO JIONOJHUTH aJIlOPUTMOM JIJIsi MOJIEJIUPO-
BaHWs COyIapeHnii Mexk 1y TesaMu. ECIn nMeoTes 1Ba KPYroBbIX HMUJIAHIPA,
¢ nearpamu (x1,%1), (T2,y2) u pagmycamu Ry, Ry, TO coyjgapeHue Mex iy
HUMHU OyJIeT IPOUCXOJUAT IPH

\/($1 — 292+ (y1 — )’ < R+ Ry + C,

rie korcTanTa C OmpesiessieTcss UCXo/isd U3 pa3Mepa CeTok [2|, mocrpoenHbx
JUIsL MOJICJIMPOBAHUS TeUCHNUs BOJIM3K TeJI, a TaKyKe MaKCHUMAaJbLHOIO pacyer-
HOTO I1ara 1o Bpemenu At.
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