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Weakly convex sets are often considered in literature under di�erent
names � sets with positive reach in Rn ([1]), proximally smooth sets ([2]),
prox-regular sets ([3], [4]). The term "weakly convex sets"was introduced by
Vial [5]. The motivation for studying weakly convex sets is that the class of
weakly convex sets is much wider than the class of convex sets, but shares
many useful properties with the latter. The weakly convex sets may be used,
for example, in di�erential inclusions (see, e.g. [6]), in the gradient projection
method ([7]), in di�erential games ([8]), set valued mappings theory ([9]).

We consider weakly convex sets with respect to (w.r.t.) a quasiball in a
Banach space. A quasiball is a convex closed (may be unbounded) set that
contains a neighbourhood of zero. Such an approach allows us to apply the
methods of proximal analysis to the epigraphs of functions and to obtain
the conditions of well-posedness for optimization problems of the in�mal
convolution type (see [10], [11]).

A quasiball in a Banach space E is a convex closed set M ⊂ E
such that 0 ∈ int M and M 6= E. The Minkowski functional µM(x) =
inf
{
t > 0

∣∣ x ∈ tM} of the quasiball is the asymmetric seminorm. The M -
distance from a set C to a set A is %M(C,A) = inf

c∈C, a∈A
µM(c − a). The

M -projection of x onto A is the set PM(x,A) = A
⋂

(x − %M(x,A)M).
The Minkowski sum of sets A ⊂ E and B ⊂ E is A + B ={
a+ b

∣∣ a ∈ A, b ∈ B} . The ball with center a and radius r is Br(a) =
{x ∈ E : ‖x − a‖ ≤ r}. The set C ⊂ E is called strongly convex w.r.t. a
quasiball M ⊂ E if C is convex, closed and there exists a set C1 ⊂ E such
that C + C1 = M . A set A ⊂ E is called weakly convex with respect to the
quasiball M ⊂ E if a ∈ PM(a+ z, A), ∀a ∈ A, ∀z ∈ N 1

M(a,A), where
N 1
M(a,A) = {z ∈ ∂M | ∃t > 0 : a ∈ PM(a + tz, A)}. A set M ⊂ E is

called parabolic, if for any vector b ∈ E the set
(
b+ 1

2M
)
\M is bounded.

A set M ⊂ E is called boundedly uniformly convex, if it is convex and
limt→+0 δM(t, R) = 0 for any R > 0, where

δM(t, R) = sup
{
δ ∈

[
0, t2
]
|Bδ

(
a+b

2

)
⊂M ∀a, b ∈M ∩BR(0) :

‖a− b‖ ≥ t
}
, t ≥ 0.
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The problem minx∈E f(x) is called well posed, if every sequence {xk} ⊂
E such that limk→∞ f(xk) = infx∈E f(x) converges to the solution of this
problem.

Theorem 1 [10]. Let the quasiball M in a Banach space E be parabolic
and boundedly uniformly convex. Let the set A ⊂ E be closed and weakly
convex w.r.t. the quasiball M . Let the set C ⊂ E be strongly convex w.r.t.
the quasiball −rM , where 0 < r < 1. Let 0 < %M(C,A) < 1 − r. Then the
problem mina∈A, c∈C µM(c− a) is well posed.

A set A is called M -quasibounded, if for any point x ∈ E \ A we have
%M(x,A) > 0 and for any R > 0 the inequality

sup
a∈∂A∩BR(0)

sup
z∈N1

M (a,A)

‖z‖ < +∞

holds.
Theorem 2 [10]. Let the quasiball M in a Banach space E be parabolic

and boundedly uniformly convex. Let the set A ⊂ E be M -quasibounded and
weakly convex w.r.t. M . Let the set C ⊂ E be strongly convex w.r.t. the
quasiball −rM , where r ∈ (0, 1) and int C 6= ∅. Let %M(C,A) < 1 − r,
A
⋂

int C = ∅. Then the problem mina∈A, c∈C µM(c− a) is well posed.

The quasiball M ⊂ E is called boundedly uniformly smooth, if

limt→+0
βM (t,R)

t = 0 ∀R > σM , where σM is such that BσM (0) ⊂ M
and for any t ≥ 0 and R > σM

βM(t, R) = sup

{
µM(x+ ty) + µM(x− ty)

2
− 1 : x ∈ ∂M ∩BR, y ∈ B1

}
.

Theorem 3 [12]. Let E be a Banach space and the quasiball M ⊂ E be
parabolic and boundedly uniformly convex. Let 0 < r < R, the sets A,C ⊂ E
be closed, A be weakly convex with respect to the set RM , C be strongly convex
with respect to the set (−rM), A + R int M 6= E. Let at least one of the
following statements hold

1) %M(C,A) > 0 or
2) int C 6= ∅, A∩ int C = ∅ and the quasiball M is boundedly uniformly

smooth, the set A is M -quasibounded.
Then there exist a, c ∈ E such that int C ⊂ c− int rM ⊂ a− int RM ⊂

E \ A.
The Fr�echet normal cone to the set A at x ∈ A is NF (x,A) = {ξ ∈

E∗| ∀γ > 0 ∃δ > 0 : 〈ξ, a − x〉 ≤ γ ‖a − x‖, ∀a ∈ Bδ(x)
⋂
A}. The

support function of the set M ⊂ E is s(p,M) = sup
x∈M
〈p, x〉, p ∈ E∗.

183



Given a functional p ∈ E∗, if p ∈ b(M)\{0} we de�ne J∗M(p) = {x ∈ E :
〈p, x〉 = (p,M)µM(x), s(p,M) = µM(x)}, otherwise we put J∗M(p) = {0}.

The proximal M -normal cone to the set A at a point a ∈ ∂A is
NP
M(a,A) = {p ∈ b(M)| ∃z ∈ J∗M(p), ∃t > 0 : a ∈ PM(a+ tz, A)}.
The Mordukhovich limiting cone is

NL
M(x,A) = w∗−seq lim sup

y→x
NP
M(y, A) =

= {w∗ − lim
n→∞

x∗n : x∗n ∈ NP
M(xn, A), xn ∈ A, xn → x, n→∞},

where w∗ − lim means the limit with respect to weak* topology.
Theorem 4 [13]. Let E be a re�exive Banach space. Let the quasiball M

be boundedly uniformly smooth, boundedly uniformly convex and parabolic.
Let the set A ⊂ E be M -quasibounded and weakly convex w.r.t. M . Then
NF (x,A) = NP

M(x,A) = NL
M(x,A), ∀x ∈ A.

The results were obtained under the supervision of professor G.E. Ivanov.
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Îäíèì èç ìåõàíèçìîâ ðàçðóøåíèÿ ìåòåîðíîãî òåëà â àòìîñôåðå ÿâëÿ-
åòñÿ åãî ðàñïàä íà îòäåëüíûå òåëà ìåíüøåãî ðàçìåðà � ôðàãìåíòû èëè
îñêîëêè. Äàííûå îñêîëêè çàòåì ïðîäîëæàþò ñâîå äâèæåíèå êàê ãðóï-
ïà òåë. Ïðè ýòîì ÷àñòü îñêîëêîâ ìîæåò îêàçàòüñÿ ðàñïîëîæåíà ïîçàäè
ëèäèðóþùèõ òåë â îáëàñòè ïîíèæåííîãî äàâëåíèÿ. Òàêèå îñêîëêè áó-
äóò èìåòü ìåíüøåå àýðîäèíàìè÷åñêîå ñîïðîòèâëåíèå, à çíà÷èò ìåäëåí-
íåå òîðìîçèòüñÿ. Â äèíàìèêå ýòî ïðèâîäèò ê ýôôåêòó êîëëèìàöèè [1] �
îòñòàþùèå òåëà íà÷èíàþò âîâëåêàòüñÿ â ñëåä ëèäèðóþùèõ, ÷òî â ñâîþ
î÷åðåäü ìîæåò ïðèâîäèòü ê ñîóäàðåíèþ òåë.

Â ðàáîòå [2] ïðåäñòàâëåí ìåòîä ìîäåëèðîâàíèÿ íà ñèñòåìå ñåòîê, ïîç-
âîëÿþùèé ðàñ÷èòûâàòü îáòåêàíèå ðàçëè÷íûõ òåë â äîñòàòî÷íî ïðîèç-
âîëüíûõ êîíôèãóðàöèÿõ. Â [3] ïðåäñòàâëåííà àäàïòàöèÿ ýòîãî ìåòîäà
äëÿ ðåøåíèÿ ñîïðÿæåííîé çàäà÷è, êîãäà àýðîäèíàìè÷åñêàÿ è áàëëèñòè-
÷åñêàÿ çàäà÷è ðåøàþòñÿ ïàðàëëåëüíî. Ïîëàãàåòñÿ, ÷òî òåëà äâèãàþòñÿ
êàê ãðóïïà âäîëü çàäàííîãî íàïðàâëåíèÿ ñ íåêîòîðîé ïðåîáëàäàþùåé
ñêîðîñòüþ. Äëÿ ýòîãî çíà÷åíèÿ ñêîðîñòè ðåøàåòñÿ çàäà÷à îáòåêàíèÿ òåë
ìåòîäîì óñòàíîâëåíèÿ. Èç ïîëó÷åííîãî ðàñïðåäåëåíèÿ äàâëåíèÿ íàõî-
äÿòñÿ àýðîäèíàìè÷åñêèå ñèëû, äåéñòâóþùèå íà êàæäîå îòäåëüíîå òåëî
â êîíôèãóðàöèè, è çàòåì ïðîèñõîäèò ïåðåõîä ê ðåøåíèþ áàëëèñòè÷å-
ñêîé çàäà÷è � òåëà ñäâèãàþòñÿ èñõîäÿ èç äåéñòâóþùèõ íà íèõ ñèë è
âîçìîæíîãî íåáîëüøîãî îòêëîíåíèÿ èõ ñîáñòâåííûõ ñêîðîñòåé îò ñêîðî-
ñòè ïðåîáëàäàþùåãî äâèæåíèÿ.

Ìåòîä [3] îêàçàëîñü âîçìîæíî äîïîëíèòü àëãîðèòìîì äëÿ ìîäåëèðî-
âàíèÿ ñîóäàðåíèé ìåæäó òåëàìè. Åñëè èìåþòñÿ äâà êðóãîâûõ öèëèíäðà
ñ öåíòðàìè (x1, y1), (x2, y2) è ðàäèóñàìè R1, R2, òî ñîóäàðåíèå ìåæäó
íèìè áóäåò ïðîèñõîäèò ïðè√

(x1 − x2)2 + (y1 − y2)2 < R1 +R2 + C,

ãäå êîíñòàíòà C îïðåäåëÿåòñÿ èñõîäÿ èç ðàçìåðà ñåòîê [2], ïîñòðîåííûõ
äëÿ ìîäåëèðîâàíèÿ òå÷åíèÿ âáëèçè òåë, à òàêæå ìàêñèìàëüíîãî ðàñ÷åò-
íîãî øàãà ïî âðåìåíè ∆t.
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