
ãäå βi,k;j,l =
i∑

r=i−k

j∑
s=j−l

crsΩ
(1,i)
k,r Ω

(2,j)
l,s .

Ïðèìåð 1. Ïóñòü

f(x, y) =
∑
i,j

ci,jBi,j(x, y),

ãäå xi = i
√
π äëÿ i = 0, 1, ... è yj = (j − 1)

√
π äëÿ j = 0, 1, ...

Äàëåå ïîëîæèì
D = {(0, 0) , (1, 0) , (0, 1)},
N = {(0, 0) , (1, 0) , (0, 1) , (1, 1)},
E = {(2, 1) , (1, 2) , (0, 0) , (1, 0) , (0, 1) , (1, 1)}.
Òîãäà

q (x, y) =

∣∣∣∣∣∣∣
1 x y +

√
π

c21 c11 + 2c21

√
π c20 + c21

√
π

c12 c02 + c12

√
π c11 + 2c12

√
π

∣∣∣∣∣∣∣
è

p (x, y) =

∣∣∣∣∣∣∣∣∣
c10x+ c01(y +

√
π)+

+c00 + c11x (y +
√
π)

(c00 + c10
√
π)x+ (c01+

+c11
√
π)x (y +

√
π))

(c00 + c01
√
π) (y +

√
π) +

+(c10 + c11
√
π)x (y +

√
π)

c21 c11 + 2c21
√
π c20 + c21

√
π

c12 c02 + c12
√
π c11 + 2c12

√
π

∣∣∣∣∣∣∣∣∣ .
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Ðàññìîòðèì ìíîæåñòâî SV [1,∞) ñëàáî ìåíÿþùèõñÿ ôóíêöèé íà
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íà [1,∞) ôóíêöèé b(t), äëÿ êîòîðûõ b(t) = (1+log t)α èëè (log 2t)εb(t) ↑
è (log 2t)−εb(t) ↓ íà [1,∞) äëÿ ëþáîãî ÷èñëà ε > 0, îáîçíà÷èì SV L[1,∞].
Íåòðóäíî óáåäèòüñÿ , ÷òî SV L[1,∞) ⊂ SV [1,∞).

Ïðèâåäåì îïðåäåëåíèå ïðîñòðàíñòâà Ëîðåíöà �Êàðàìàòû.
Ïóñòü x = (x1, . . . , xm), [0, 2π]m = Tm, m ∈ N � ìíîæåñòâî íàòóðàëü-

íûõ ÷èñåë.
Ïóñòü p ∈ (1,+∞), τ ∈ [1,+∞) è b ∈ SV [1,∞). Ïðîñòðàíñòâîì Ëî-

ðåíöà �Êàðàìàòû Lp,τ,b(Tm) íàçûâàåòñÿ ìíîæåñòâî èçìåðèìûõ íà Tm =
[0, 2π]m , èìåþùèõ ïåðèîä 2π ïî êàæäîé ïåðåìåííîé xj, j = 1, . . . ,m
ôóíêöèé f(x), äëÿ êîòîðûõ

‖f‖p,τ,b =

(� 1

0

f ∗
τ

(t)(t
1
pb(1/t))τ

dt

t

) 1
τ

< +∞,

ãäå f ∗(t) -íåâîçðàñòàþùàÿ íà (0, 1] ïåðåñòàíîâêà ôóíêöèè |f(2πx)|, x ∈
Im = [0, 1]m, (ñì. [1], [2]).

Â ÷àñòíîñòè , åñëè b(t) = 1, òî Lp,τ,b(Tm) -ïðîñòðàíñòâî Ëîðåíöà
Lp,τ(Tm). Èçâåñòíî, ÷òî åñëè τ = p, òî Lp,τ(Tm) = Lp(Tm) � ïðîñòðàíñòâî
Ëåáåãà.

En(f)p,τ,b = infT∈F�n
‖f − T‖p,τ,b�íàèëó÷øåå ïðèáëèæåíèå ôóíêöèè

f ∈ Lp,τ,b(Tm) ìíîæåñòâîì F�n, òðèãîíîìåòðè÷åñêèõ ïîëèíîìîâ ïîðÿäêà
íå âûøå n− 1 ïî êàæäîé ïåðåìåííîé .

Èçâåñòíî, ÷òî äëÿ ïðîñòðàíñòâ Ëîðåíöà ñïðàâåäëèâû âêëþ÷åíèÿ
Lq,τ1(Tm) ⊂ Lp,τ2(Tm) â ñëó÷àå 1 < p < q < ∞, 1 < τ1, τ2 < ∞ è
Lp,τ1(Tm) ⊂ Lp,τ2(Tm) , åñëè 1 < τ1 < τ2 <∞.

Â îäíîìåðíîì ñëó÷àå äîñòàòî÷íîå óñëîâèå ïðèíàäëåæíîñòè ôóíêöèè
f ∈ Lp(T1) â ïðîñòðàíñòâî Lq(T1) ïðè 1 ≤ p < q < ∞ â òåðìèíàõ íàè-
ëó÷øåãî ïðèáëèæåíèÿ è ìîäóëÿ íåïðåðûâíîñòè óñòàíîâèë Ï. Ë. Óëüÿ-
íîâ [3]. Â äàëüíåéøåì ýòó òåìàòèêó ïðîäîëæèëè Â. À. Àíäðèåíêî [4],
Ý. À. Ñòîðîæåíêî [5], Â. È. Êîëÿäà [6], Í. Òåìèðãàëèåâ [7, 8], Ì.Ê. Ïîòà-
ïîâ, Ì. Ô. Òèìàí, Ï. Îñâàëüä, Ë. Ëåéíäëåð, Ñ. Â. Ëàïèí, Á. Â. Ñèìîíîâ
è äð. (cì. áèáëèîãðàôèþ â [9]) .

Í. Òåìèðãàëèåâûì [8] äëÿ ôóíêöèè îäíîé ïåðåìåííîé óñòàíîâëåíî äî-
ñòàòî÷íîå óñëîâèå ïðèíàäëåæíîñòè ôóíêöèè f ∈ Lp[0, 1] â ïðîñòðàíñòâî
Ëîðåíöà Lp,τ [0, 1] â òåðìèíàõ ìîäóëÿ íåïðåðûâíîñòè ïðè 1 ≤ τ < p <∞
è äîêàçàíà íåóëó÷øàåìîñòü ýòîãî óñëîâèÿ. Â òåðìèíàõ íàèëó÷øåãî ïðè-
áëèæåíèÿ ôóíêöèè ýòà çàäà÷à èññëåäîâàíà Ë. À. Øåðñòíåâîé [10]. Ýòè
âîïðîñû äëÿ ôóíêöèè ìíîãèõ ïåðåìåííûõ â ïðîñòðàíñòâå Ëîðåíöà èñ-
ñëåäîâàíû â [11, 12].

Â äîêëàäå áóäóò ïðåäñòàâëåíû íåêîòîðûå ðåçóëüòàòû ïî ýòîé òåìå â
ïðîñòðàíñòâå Ëîðåíöà - Êàðàìàòû. Äëÿ ýòîãî ïðîñòðàíñòâà èçâåñòíà
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Òåîðåìà ([2, òåîðåìà 3.2]). Ïóñòü 0 < p < ∞, 0 < τ1, τ2 < ∞ è
b1, b2 ∈ SV [1,∞). Åñëè 0 < τ1 ≤ τ2 < +∞, è

sup
0<t<1

b2(
1
t )

b1(
1
t )
< +∞, (1)

òî Lp,τ1,b1(Tm) ⊂ Lp,τ2,b2(Tm).

Ðàññìîòðèì m-êðàòíûé òðèãîíîìåòðè÷åñêèé ïîëèíîì

Tn(x) = Tn1,...,nm(x) =

n1∑
k1=−n1

. . .

nm∑
km=−nm

ake
i〈k,x〉,

ãäå 〈k̄, x̄〉 =
∑m

j=1 kjxj, nj ∈ N, j = 1, . . . ,m. Îñíîâíûìè ðåçóëüòàòàìè
ÿâëÿþòñÿ ñëåäóþùèå óòâåðæäåíèÿ.

Òåîðåìà 1.Ïóñòü 1 < p <∞, 1 ≤ τ1 < τ2 < +∞, b1, b2 ∈ SV [1,+∞)
è âûïîëíÿåòñÿ óñëîâèå (1). Òîãäà äëÿ ïîëèíîìà Tn âåðíî íåðàâåíñòâî

‖Tn‖p,τ1,b1 ≤ C
[� 1

2−m
m∏
j=1

n−1
j

(
b1(1/t)

b2(1/t)

) τ1τ2
τ2−τ1 dt

t

] τ2−τ1
τ1τ2 ‖Tn‖p,τ2,b2.

Ñëåäñòâèå. Ïóñòü 1 < p < ∞, 1 ≤ τ1 < τ2 < +∞, ôóíêöèè b1, b2

óäîâëåòâîðÿþò óñëîâèÿì òåîðåìû 1 è b1
b2
-ëîãàðèôì ñî ñòåïåíüþ èëè

b1
b2
∈ SV L[1,∞). Òîãäà äëÿ ïîëèíîìà Tn èìååò ìåñòî íåðàâåíñòâî

∥∥∥Tn∥∥∥
p,τ1,b1

≤ C

b1(
m∏
j=1

nj)

b2(
m∏
j=1

nj)

(
log

m∏
j=1

(nj + 1)

) 1
τ1
− 1
τ2 ∥∥∥Tn∥∥∥

p,τ2,b2
.

Â ñëó÷àå n1 = . . . = nm ýòà îöåíêà òî÷íà ïî ïîðÿäêó.

Òåîðåìà 2. Ïóñòü 1 < p < ∞, 1 ≤ τ1 < τ2 < ∞, ôóíêöèè b1, b2

óäîâëåòâîðÿþò óñëîâèÿì ñëåäñòâèÿ. Åñëè f ∈ Lp,τ2,b2(Tm) è

∞∑
n=1

(
b1(n

m)

b2(nm)

)τ1 1

n (log (n+ 1))
τ1
τ2

Eτ1
n (f)p,τ2,b2 < +∞, (2)

òî f ∈ Lp,τ1,b1(Tm) è

En(f)p,τ1,b1 ≤ C
{b1(n

m)

b2(nm)

(
log (n+ 1)

) 1
τ1
− 1
τ2
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+

[ ∞∑
k=n+1

(
b1(k

m)

b2(km)

)τ1 1

k
(

log (k + 1)
) τ1
τ2

Eτ1
k (f)p,τ2,b2

] 1
τ1}

.

Äîêàçàíà íåóëó÷øàåìîñòü óñëîâèÿ (2) íà êëàññå

Eλ
p,τ,b = {f ∈ Lp,τ,b(Tm) : En(f)p,τ,b ≤ λn, n = 1, 2, ...},

ãäå λ = {λn} � ïîñëåäîâàòåëüíîñòü ÷èñåë λn ↓ 0, ïðè n→ +∞.
Îòìåòèì, ÷òî â ñëó÷àå b1(t) = b2(t) = 1, t ∈ [1,∞), òåîðåìà 2 äîêàçàíà

â [13] è ñëåäñòâèå ñîâïàäàåò ñ ëåììîé 10 â [10] (ïðè µ = 0).
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