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Let Γ be a simple Jordan curve on the complex plane C. The original
de�nition of the Cauchy singular integral over this curve is

SΓf(t) := lim
ε→0

1

πi

�

Γ\{|τ−t|≤ε}

f(τ)dτ

τ − t
, t ∈ Γ. (1)

This integral operator has a lot of applications. In particular, it is of
importance for theory of boundary value problems for analytic functions, for
aero and hydrodynamics, and for theory of elasticity, see [1�3]. There exists
a great body of publications on this subject. Here we restrict our references
by the classical monograph [4] and recent survey [5].

It is well known [1�3], that SΓf exists if the curve Γ is smooth or piecewise-
smooth, and the density f satis�es the H�older condition with an exponent
ν ∈ (0; 1]. We denote the class of all that functions Hν(Γ).

If f ∈ Hν(Γ) and Γ is smooth, then the function SΓf(t) is continuous
and satis�es the H�older condition with the same exponent ν for ν < 1, and
with arbitrarily close to unit exponent for ν = 1. But this result is not valid
at the corners of a piecewise-smooth curve. For example, if Γ is boundary
of a square with counterclockwise circuit and f ≡ 1, then the function SΓf
equals 1 at all points of Γ excluding the vertices, where it is equal to 3/2.

In this connection there arises another de�nition of the Cauchy singular
integral:

S*
Γf(t) := f(t) +

1

πi

�

Γ

f(τ)− f(t)

τ − t
dτ, t ∈ Γ, (2)

where the integral is understood as improper. At the points of smoothness
of the curve the functions SΓf(t) and S*

Γf(t) coincide, but at the corners the
second one keeps continuity. For instancee, S*

Γ1(t) = 1 at all points of the
boundary of the square, including its vertices.

The formula (2) keeps validity for certain non-smooth recti�able curves.
For instance, the integral (2) converges if f ∈ Hν(Γ) for ν > 0, and recti�able
curve Γ is AD-regular, i.e. the sum of lengths of its arcs covered by any disc
of radius r does not exceed Cr, where positive constant C does not depend
on the center of the disk and on r.
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There exists one more approach to the de�nition of the singular integral.
Let us consider the jump problem, i.e., the problem on reconstruction of
analytic in C \ Γ function Φ(z) such that it vanishes at the point at in�nity,
and has at every point t ∈ Γ continuous limit values Φ±(t) from domains D±

satisfying relation
Φ+(t)− Φ−(t) = f(t), (3)

where f ia a given function de�ned on Γ. If curve Γ is smooth and f ∈ Hν(Γ),
then a unique solution of this problem (see [1�3]) is the Cauchy type integral

Φ(z) =
1

2πi

�

Γ

f(t) dt

t− z
, (4)

and Φ±(t) = 1
2(±f(t)+SΓf(t)). For piecewise-smooth curves the last formula

keeps its validity at the angular points if we replace there SΓf(t) by S*
Γf(t).

A solution of the jump problem is unique for any recti�able curve. This
fact follows from the following Painleve theorem (see [6]): if a function is
continuous in domain D and analytic in D \Γ, where a curve Γ is recti�able,
then this function is analytic in D, too. Therefore, we are able to de�ne an
analog of the singular integral for non-smooth recti�able curve as sum

SΓ f(t) = Φ+(t) + Φ−(t), t ∈ Γ, (5)

where Φ is a unique solution of the jump problem (3), if it exists.
This de�nition is expandable on non-recti�able curves of the following

class. Let a curve Γ contain a �nite set of points E such that for any its
neighborhood N(E) the di�erence Γ \N(E) is the union of a �nite number
of recti�able arcs. We call that curve Ec-recti�able. For example, the arc

{z = x+ iy : −1 ≤ x ≤ +1, y = x sinx−p}

is 0c-recti�able, but it is not recti�able for p ≥ 1. Clearly, the Painleve
theorem is valid for Ec-recti�able curves, what enables us to apply the last
de�nition of the Cauchy integral to that curves.

All three de�nitions lead to the same result at the points of smoothness
of the curve. Here we study the singular integral (5) for non-smooth and
non-recti�able curves Γ.

Let us describe our class of curves. Let Γ′ and Γ be simple closed curves
bounding �nite domains D′ and D relatively. The set D′4D consists of a
�nite or in�nite set of mutually disjoint domains ∆j, j = ±1,±2, . . . . Each
of these domains has signature sj equaling +1 for ∆j ⊂ D′, and −1 for
∆j ⊂ D. We say that the curve Γ is a perturbation of Γ′ of type A(t0) if
(1) all boundaries γj of domains ∆j are simple piecewise-smooth curves;
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(2) the family of domains ∆j is in�nite and has a unique condensation
point t0.

Theorem 1. Let a tc0-recti�able curve Γ be a perturbation of type A(t0)
of a smooth curve Γ′, and f ∈ Hν(Γ). Then singular integral SΓ f exists at
all points of the curve including the condensation points t0 if the series

+∞∑
j=1

�

∆j

dx dy

distq(x+ iy; Γ)
,

−∞∑
j=−1

�

∆j

dx dy

distq(x+ iy; Γ)
(6)

converge for certain q > 2(1− ν).
Note that the integral

�

∆j

dx dy

distq(x+ iy; Γ)

diverges for q ≥ 1 if the set Γ ∩ γj contains a continuum. Therefore, the
assumptions of Theorem imply the inequality ν > 1/2.
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