
Ñ÷èòàåì äàëåå, ÷òî M = {y ∈ Rp : 〈Ai, y〉+ bi ≤ 0, i = 1,m} 6= ∅.
Îáîçíà÷èì ÷åðåç

Ωi = {y ∈ Rp : 〈Ai, y〉+ bi ≥ 0}, ϕi(x) = min
y∈Ωi

f(y − x),

Qi(x) = {z ∈ Ωi : ϕi(x) = f(z−x)}, I(x) = {i ∈ [1 : m] : ϕ(x) = ϕi(x)},

K(A) = {v = αA : α ≥ 0}, ϕ′(x, g) = lim
α↓0

α−1(ϕ(x+ αg)− ϕ(x)).

Òåîðåìà 2. Åñëè ìíîæåñòâî Ω çàäàíî â ôîðìå (3), òî ôóíê-
öèÿ ϕ(x) íåïðåðûâíà è äèôôåðåíöèðóåìà ïî ëþáîìó íàïðàâëåíèþ g ∈ Rp

â ëþáîé òî÷êå x ∈ Rp, ïðè÷åì

ϕ′(x, g) =

0, åñëè x /∈M,

min
i∈I(x)

max
v∈∂ϕi(x)

〈v, g〉, åñëè x ∈M, (4)

ãäå ∂ϕi(x) = −{∂f(z − x) ∩K(Ai)}, z � ëþáàÿ òî÷êà èç Qi(x).

Çàìå÷àíèå. Ìíîæåñòâî {∂ϕi(x) : i ∈ I(x)}, êàê ñëåäóåò èç ôîð-
ìóëû (4), ÿâëÿåòñÿ âåðõíèì ýêçîñòåðîì ôóíêöèè ϕ(x) â òî÷êå x ∈ M
(ñì. [3]).
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Îñíîâíàÿ öåëü äàííîé ðàáîòû � ïðåäëîæèòü ïîäõîä ê ïîñòðîåíèþ
äâóìåðíûõ ìíîãîòî÷å÷íûõ àïïðîêñèìàöèé Íüþòîíà �Ïàäå, ïîçâîëÿþ-
ùèé èñïîëüçîâàòü åãî â ñèìâîëüíûõ âû÷èñëåíèÿõ.

Â îäíîìåðíîì ñëó÷àå ýòîò ïîäõîä (õîòÿ è áåç ÿâíîãî óêàçàíèÿ åãî
âîçìîæíîñòåé äëÿ ñèìâîëüíûõ âû÷èñëåíèé) áûë ïðåäëîæåí â [1]. Îä-
íîé èç îñíîâ ýòîãî ïîäõîäà ÿâëÿåòñÿ ñëåäóþùàÿ íåñëîæíî äîêàçûâàåìàÿ
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ëåììà, ïîçâîëÿþùàÿ ïåðåñ÷èòûâàòü â ÿâíîì âèäå ïî íóëÿì ìíîãî÷ëåíà
êîýôôèöèåíòû åãî ðàçëîæåíèÿ ïî áàçèñó Íüþòîíà (îáû÷íî ýòî äåëàåòñÿ
ðåêóððåíòíî ñ ïîìîùüþ êîíå÷íûõ ðàçíîñòåé, ÷òî òðóäíî ðåàëèçóåìî â
ñèìâîëüíûõ âû÷èñëåíèÿõ èç-çà íåîáõîäèìîñòè ó÷èòûâàòü ñëó÷àè ñîâïà-
äàþùèõ óçëîâ).

Ëåììà 1. Ïóñòü {βk} � êîìïëåêñíûå ÷èñëà (íå îáÿçàòåëüíî ðàç-
ëè÷íûå). Åñëè

Bk (z) =
k−1∏
j=0

(z − βj) , k = 1, 2, 3, · · · ; B0 (z) = 1

è
Pn (z) = (z − β′1) (z − β′2) . . . (z − β′n) ,

òî

Pn (z) =
n∑
k=0

ck,nBk (z) ,

ãäå

ck,n =
k+1∑
i1=1

k+1∑
i2=i1

· · ·
k+1∑

in−k=in−k−1

n−k∏
j=1

(
βij − β′ij+j−1

)
,

k = 1, 2, . . . , n− 1, cn,n = 1.

Äëÿ ôóíêöèé äâóõ ïåðåìåííûõ ââåäåì îáîçíà÷åíèå

Bkl (x, y) =
k−1∏
r=0

(x− xr)
l−1∏
s=0

(y − ys) .

Òîãäà ñïðàâåäëèâà
Ëåììà 1.

Bkl (x, y)Bij (x, y) =
k+i∑

r=max(k,i)

l+j∑
s=max(l,j)

Ω
(1,r)
k,i Ω

(2,s)
l,j Brs (x, y) , (1)

ãäå

Ω
(1,r)
k,i =

r∑
j1=max(k,i)

r∑
j2=j1

· · ·
r∑

jk+i−r=jk+i−r−1

k+i−r∏
m=1

(
xjm − xjm+m−max(k,i)−1

)
,

r < k + i,
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Ω
(1,r)
k,i = 1, r = k + i

è

Ω
(2,s)
l,j =

s∑
j1=max(l,j)

s∑
j2=j1

· · ·
s∑

jl+j−s=jl+j−s−1

l+j−s∏
m=1

(
yjm − yjm+m−max(l,j)−1

)
,

s < l + j,

Ω
(2,s)
l,j = 1, s = l + j.

Äàëåå ìû áóäåì èñïîëüçîâàòü êîíñòðóêöèþ èç ðàáîòû [2]. Ïðåäïîëî-
æèì, ÷òî çàäàí ôîðìàëüíûé äâîéíîé ðÿä Íüþòîíà

f (x, y) =
∑

(i,j)∈N2

cijBij (x, y)

è òðè ìíîæåñòâà N,D,E ïàð íàòóðàëüíûõ ÷èñåë. Òîãäà [N/D]E àïïðîê-
ñèìàöèÿ Íüþòîíà �Ïàäå ðÿäà f (x, y) îïðåäåëÿåòñÿ êàê ïàðà ìíîãî÷ëå-
íîâ

p (x, y) =
∑

(i,j)∈N

aijBij (x, y) , (2)

q (x, y) =
∑

(i,j)∈D

bijBij (x, y) , (3)

äëÿ êîòîðûõ ñîîòâåòñòâóþùèå êîýôôèöèåíòû Íüþòîíà ó ðàçíîñòè
(f · q − p) ðàâíû íóëþ:

(f · q − p)i,j = 0 äëÿ (i, j) èç E. (4)

Îñíîâíîé ðåçóëüòàò � ïðåäñòàâëåíèå íåòðèâèàëüíîãî ðåøåíèÿ (â ñëó-
÷àå, åñëè îíî ñóùåñòâóåò):

q (x, y) =

∣∣∣∣∣∣∣∣∣
Bi0j0 (x, y) · · · Bimjm (x, y)

βk1,i0;l1,j0 · · · βk1,im;l1,jm
...

...
...

βkm,i0;lm,j0 · · · βkm,im;lm,jm

∣∣∣∣∣∣∣∣∣ ,

p (x, y) =

∣∣∣∣∣∣∣∣∣∣∣

∑
(i,j)∈N

βi,i0;j,j0Bij (x, y) · · ·
∑

(i,j)∈N
βi,im;j,jmBij (x, y)

βk1,i0;l1,j0 · · · βk1,im;l1,jm
...

...
...

βkm,i0;lm,j0 · · · βkm,im;lm,jm

∣∣∣∣∣∣∣∣∣∣∣
,
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ãäå βi,k;j,l =
i∑

r=i−k

j∑
s=j−l

crsΩ
(1,i)
k,r Ω

(2,j)
l,s .

Ïðèìåð 1. Ïóñòü

f(x, y) =
∑
i,j

ci,jBi,j(x, y),

ãäå xi = i
√
π äëÿ i = 0, 1, ... è yj = (j − 1)

√
π äëÿ j = 0, 1, ...

Äàëåå ïîëîæèì
D = {(0, 0) , (1, 0) , (0, 1)},
N = {(0, 0) , (1, 0) , (0, 1) , (1, 1)},
E = {(2, 1) , (1, 2) , (0, 0) , (1, 0) , (0, 1) , (1, 1)}.
Òîãäà

q (x, y) =

∣∣∣∣∣∣∣
1 x y +

√
π

c21 c11 + 2c21

√
π c20 + c21

√
π

c12 c02 + c12

√
π c11 + 2c12

√
π

∣∣∣∣∣∣∣
è

p (x, y) =

∣∣∣∣∣∣∣∣∣
c10x+ c01(y +

√
π)+

+c00 + c11x (y +
√
π)

(c00 + c10
√
π)x+ (c01+

+c11
√
π)x (y +

√
π))

(c00 + c01
√
π) (y +

√
π) +

+(c10 + c11
√
π)x (y +

√
π)

c21 c11 + 2c21
√
π c20 + c21

√
π

c12 c02 + c12
√
π c11 + 2c12

√
π

∣∣∣∣∣∣∣∣∣ .
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Ðàññìîòðèì ìíîæåñòâî SV [1,∞) ñëàáî ìåíÿþùèõñÿ ôóíêöèé íà
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