
2. We �nd the following sharp constant in the Nikolskii inequality for
nonnegative functions

sup
f∈Ed1 , f≥0

‖f‖L∞(Rd)

‖f‖L1(Rd)
=

1

2d−1|Sd|Γ(d+ 1)
.

We estimate the normalized Nikolskii constant

Ld :=
|Sd|Γ(d+ 1)

2
L(d, 1,∞).

It was known that e−d ≤ Ld ≤ 1.

3. We prove the following lower and upper estimates:

2−d ≤ Ld ≤ 1F2

(d
2

;
d

2
+ 1,

d

2
+ 1;−β

2
d

4

)
,

where 1F2 and βd denote the hypergeometric function, and the smallest
positive zero of the Bessel function Jd/2, respectively. In particular, this
implies that the constant Ld decays exponentially fast as d→∞:

2−d ≤ Ld ≤ (
√

2/e)d(1+O(d−2/3)),

where
√

2/e = 0.85776 · · · .

ÓÄÊ 517.53
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Ïóñòü âñå ïîëþñû zk íàèïðîñòåéøåé äðîáè

ρn(x) =
n∑
k=1

1

x− zk

ëåæàò â îñòðîì óãëå ñ áèññåêòðèñîé íà îòðèöàòåëüíîé ïîëóîñè R−:

zk = rke
iϕk, ϕk ∈ (π − α, π + α), α ∈ (0, π/2). (1)

1Ðàáîòà Â. È. Äàí÷åíêî âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíîáðíàóêè Ðîññèè (çàäàíèå
� 1.574.2016/1.4). Ðàáîòà Ï. Â. ×óíàåâà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ â ðàìêàõ
íàó÷íîãî ïðîåêòà � 16-31-00252 ìîë_à.
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Â ðàáîòå [1] ñ èñïîëüçîâàíèåì íîâûõ ïàðàìåòðè÷åñêèõ êâàäðàòóðíûõ
ôîðìóë äëÿ ðàöèîíàëüíûõ ôóíêöèé ïîëó÷åíî ñëåäóþùåå íåðàâåíñòâî:

S2m−1/2 6

√
n

cos2m α

2m

π
‖ρn‖2m

L2m(R+; 1√
x

), S :=
n∑
k=1

1

rk
, m ∈ N. (2)

Ïðèìåíèì åãî äëÿ îöåíêè âåëè÷èíû

d(ρn) := min
k=1,...,n

dist(zk,R+)

ïðè îïðåäåëåííîé íîðìèðîâêå Lp-íîðìû íàèïðîñòåéøåé äðîáè ρn (ýòî
îäèí èç âàðèàíòîâ çàäà÷è Ãîðèíà äëÿ ïîëóîñè). Çàìåòèì ñíà÷àëà, ÷òî
ïðè 2(m− 1) < p 6 2m èìååì

‖ρn‖2m
L2m(R+; 1√

x
) =

�
R+

|ρn(x)|2m−p |ρn(x)|p√
x

dx 6 ‖ρn‖2m−p
L∞(R+)‖ρn‖

p

Lp(R+; 1√
x

)
.

Èç (1), î÷åâèäíî, ñëåäóåò, ÷òî ‖ρn‖2m−p
L∞(R+) 6 S2m−p. Îòñþäà è èç (2) íà-

õîäèì

S2m−1/2 6

√
n

cos2m α

2m

π
S2m−p‖ρn‖pLp(R+; 1√

x
)
, 2(m− 1) < p 6 2m,

òàê ÷òî

Sp−1/2 6

√
n

cosp+2 α

p+ 2

π
‖ρn‖pLp(R+; 1√

x
)
, p > 0.

Ñ ó÷åòîì S 6 d−1(ρn) îòñþäà ïîëó÷àåòñÿ

Òåîðåìà. Ïðè íîðìèðîâêå ‖ρn‖Lp(R+; 1√
x

) 6 1, p > 1/2, ñïðàâåäëèâî
íåðàâåíñòâî

d(ρn) > S−1 >

(
π cosp+2 α

p+ 2

)1/(p−1/2)
1

n1/(2p−1)
.

Â ÷àñòíîñòè, åñëè âñå zk ∈ R− (ò.å. α = 0), òî

d(ρn) >

(
π

p+ 2

)1/(p−1/2)
1

n1/(2p−1)
>

4

5n1/(2p−1)
.

Ýòó òåîðåìó èíòåðåñíî ñðàâíèòü ñî ñëåäóþùèìè ðåçóëüòàòàìè (áåç
êàêèõ-ëèáî óñëîâèé íà ïîëþñû). Ïðè 1 < p < 2 ïîëþñû ρn, ðàñïîëîæåí-
íûå íà ïîëóîñè R− (åñëè òàêèå èìåþòñÿ), ïðè íîðìèðîâêå ‖ρn‖Lp(R+) 6 1
îòäåëåíû îò íóëÿ íåêîòîðîé âåëè÷èíîé A(p) > 0 (ñì. [2, Òåîðåìà 6]).
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Â [2] òàêæå âûñêàçàíà ãèïîòåçà, ÷òî ïðè p > 2 òàêèå ïîëþñû ìîãóò
ñêîëü óãîäíî áëèçêî ïîäñòóïàòü ê íóëþ.

Ïðè íîðìèðîâêå ‖ρn‖L2(R+) 6 1 è äîñòàòî÷íî áîëüøèõ n ïîëþñû ρn
îòäåëåíû îò âñåé ïîëóîñè R+ âåëè÷èíîé ïîðÿäêà 1/ lnn (ñì. [3, Ñëåä-
ñòâèå 3.1]).
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Îáîçíà÷èì ÷åðåç Lqα = Lq((0,∞), x2α+1) ïðè 1 ≤ q < ∞ è α > −1
ïðîñòðàíñòâî êîìïëåêñíîçíà÷íûõ èçìåðèìûõ íà (0,∞) ôóíêöèé f ñ êî-
íå÷íîé íîðìîé

‖f‖Lqα =

(� ∞
0

|f(x)|q x2α+1dx

)1/q

.

Ïóñòü E(σ, q, α) åñòü ìíîæåñòâî ÷åòíûõ öåëûõ ôóíêöèé ýêñïîíåíöèàëü-
íîãî òèïà (íå âûøå) σ > 0, ñóæåíèå êîòîðûõ íà ïîëóîñü [0,∞) ïðèíàä-
ëåæèò ïðîñòðàíñòâó Lqα.

Â äîêëàäå áóäåò îáñóæäàòüñÿ òî÷íîå íåðàâåíñòâî

‖f‖C ≤M ‖f‖Lqα, f ∈ E(σ, q, α), (1)

ìåæäó ðàâíîìåðíîé íîðìîé è Lqα-íîðìîé ôóíêöèé êëàññà E(σ, q, α) ïðè
1 ≤ q < ∞ è α > −1/2. Áóäåò îõàðàêòåðèçîâàíà ýêñòðåìàëüíàÿ ôóíê-
öèÿ, íà êîòîðîé ýòî íåðàâåíñòâî îáðàùàåòñÿ â ðàâåíñòâî. Â ÷àñòíî-
ñòè, áóäåò äîêàçàíî, ÷òî ýêñòðåìàëüíàÿ ôóíêöèÿ, äîñòèãàåò ðàâíîìåð-
íîé íîðìû òîëüêî â êîíöåâîé òî÷êå x = 0 ïîëóîñè. Äëÿ îáîñíîâàíèÿ
ðåçóëüòàòîâ ïðèìåíÿåòñÿ îïåðàòîð îáîáùåííîãî ñäâèãà Áåññåëÿ.

1Èññëåäîâàíèÿ âûïîëíåíû ïðè ïîääåðæêå Ïðîãðàììû ïîâûøåíèÿ êîíêóðåíòîñïîñîáíîñòè
ÓðÔÓ (ïîñòàíîâëåíèå � 211 Ïðàâèòåëüñòâà ÐÔ, êîíòðàêò � 02.A03.21.0006).
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