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We study the asymptotic behavior of sharp Nikolskii constant

C(n, d, p, q) := sup
f∈Πd

n, ‖f‖Lp(Sd)=1

‖f‖Lq(Sd)

for 0 < p < q ≤ ∞ as n → ∞, where Πd
n denotes the space of all spherical

polynomials f of degree at most n on the unit sphere Sd ⊂ Rd+1.

1. We prove that for 0 < p <∞ and q =∞,

lim
n→∞

C(n, d, p,∞)

nd/p
= L(d, p,∞),

and for 0 < p < q <∞,

lim inf
n→∞

C(n, d, p, q)

nd (1/p−1/q)
≥ L(d, p, q),

where the constant L(d, p, q) is de�ned for 0 < p < q ≤ ∞ by

L(d, p, q) := sup
f∈Edp , ‖f‖Lp(Rd)=1

‖f‖Lq(Rd),

with Edp denoting the set of all entire functions f ∈ Lp(Rd) of spherical
exponential type at most 1.

These results extend the recent results of Levin and Lubinsky for
trigonometric polynomials on the unit circle.

1F. D. was supported by NSERC Canada under the grant RGPIN 04702 Dai. D. G. was supported by
the RFBR (no. 16-01-00308). S. T. was partially supported by MTM 2014-59174-P and 2014 SGR 289.
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2. We �nd the following sharp constant in the Nikolskii inequality for
nonnegative functions

sup
f∈Ed1 , f≥0

‖f‖L∞(Rd)

‖f‖L1(Rd)
=

1

2d−1|Sd|Γ(d+ 1)
.

We estimate the normalized Nikolskii constant

Ld :=
|Sd|Γ(d+ 1)

2
L(d, 1,∞).

It was known that e−d ≤ Ld ≤ 1.

3. We prove the following lower and upper estimates:

2−d ≤ Ld ≤ 1F2

(d
2

;
d

2
+ 1,

d

2
+ 1;−β

2
d

4

)
,

where 1F2 and βd denote the hypergeometric function, and the smallest
positive zero of the Bessel function Jd/2, respectively. In particular, this
implies that the constant Ld decays exponentially fast as d→∞:

2−d ≤ Ld ≤ (
√

2/e)d(1+O(d−2/3)),

where
√

2/e = 0.85776 · · · .
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Ïóñòü âñå ïîëþñû zk íàèïðîñòåéøåé äðîáè

ρn(x) =
n∑
k=1

1

x− zk

ëåæàò â îñòðîì óãëå ñ áèññåêòðèñîé íà îòðèöàòåëüíîé ïîëóîñè R−:

zk = rke
iϕk, ϕk ∈ (π − α, π + α), α ∈ (0, π/2). (1)

1Ðàáîòà Â. È. Äàí÷åíêî âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíîáðíàóêè Ðîññèè (çàäàíèå
� 1.574.2016/1.4). Ðàáîòà Ï. Â. ×óíàåâà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ â ðàìêàõ
íàó÷íîãî ïðîåêòà � 16-31-00252 ìîë_à.
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