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Ïóñòü z = (z1, . . . , zn)
T ∈ Rn, n ∈ N, è îáîçíà÷èì ∆k îïåðàòîð âçÿòèÿ

êîíå÷íîé ðàçíîñòè ïîðÿäêà k, k ∈ N ∪ {0}, îïðåäåëåííûé ÷åðåç ðåêóð-
ðåíòíûå ñîîòíîøåíèÿ

∆kzi = ∆k−1zi+1 −∆k−1zi, ∆0zi = zi, 1 ≤ i ≤ n− k.

Âåêòîð z = (z1, . . . , zn)
T ∈ Rn íàçûâàåòñÿ k-ìîíîòîííûì, åñëè ∆kzi ≥ 0

äëÿ âñåõ 1 ≤ i ≤ n − k. Òàê, âåêòîð z = (z1, . . . , zn)
T ∈ Rn áóäåò 1-

ìîíîòîííûì (èëè ïðîñòî ìîíîòîííûì), åñëè zi+1−zi ≥ 0, i = 1, . . . , n−1,
è 2-ìîíîòîííûå âåêòîðà ÿâëÿþòñÿ âûïóêëûìè.

Îáîçíà÷èì ∆n
k ìíîæåñòâî âñåõ âåêòîðîâ èç Rn, êîòîðûå ÿâëÿþòñÿ

k-ìîíîòîííûìè. Çàäà÷à ïîñòðîåíèÿ k-ìîíîòîííîé ðåãðåññèè ñîñòîèò â
íàõîæäåíèè âåêòîðà z ∈ Rn ñ íàèìåíüøåé îøèáêîé ïðèáëèæåíèÿ ê çà-
äàííîìó âåêòîðó y ∈ Rn (íå îáÿçàòåëüíî ÿâëÿþùèìñÿ k-ìîíîòîííûì),
ïðè óñëîâèè k-ìîíîòîííîñòè âåêòîðà z:

(z − y)T (z − y) =
n∑
i=1

(zi − yi)2 → min
z∈∆n

k

. (1)

Îáçîð ðåçóëüòàòîâ ïî çàäà÷å ïîñòðîåíèÿ ìîíîòîííîé ðåãðåññèè ìîæ-
íî íàéòè â êíèãå Ò. Ðîáåðòñîíà, Ô. Ðàéòà è Ð. Äåêñòðû [1], à òàêæå
â ñòàòüå [2]. Â ñòàòüå ïðåäëàãàåòñÿ ìåòîä äëÿ íàõîæäåíèÿ ðåøåíèÿ çà-
äà÷è ïîñòðîåíèÿ k-ìîíîòîííîé ðåãðåññèè. Ñëåäóÿ ðàáîòàì [3] è [4], ìû

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò � 18-37-00060).
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ðàññìîòðèì àëãîðèòì, êîòîðûé îñíîâàí íà ìåòîäå Ôðàíêà �Âóëüôà. Ìû
ïîêàçûâàåì, ÷òî àëãîðèòì äîëæåí âûïîëíèòü O(n2k) èòåðàöèé äëÿ òîãî,
÷òîáû íàéòè ðåøåíèå ñ òî÷íîñòüþ O(n−1/2).

Ïåðåéäåì îò òî÷åê zi ê ñêà÷êàì xi = ∆k−1zi+1−∆k−1zi, i = 1, . . . , n−k.
Â ðàáîòå [5] ïîêàçàíî, ÷òî z ∈ ∆k

n òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò
x = (x1, . . . , xn)

T ∈ Rn òàêîé, ÷òî zi, 1 ≤ i ≤ n− k, ìîæåò áûòü çàïèñàí
â âèäå

zi =
i∑

j1=1

j1∑
j2=1

. . .

jk−2∑
jk−1=1

jk−1∑
jk=1

xjk, (2)

ãäå xj ≥ 0 äëÿ âñåõ k+ 1 ≤ j ≤ n. Òîãäà çàäà÷à (1) ìîæåò áûòü çàïèñàíà
â âèäå

E(x) :=
n∑
i=1

 i∑
j1=1

j1∑
j2=1

. . .

jk−2∑
jk−1=1

jk−1∑
jk=1

xjk − yi

2

→ min
x∈S

, (3)

ãäå S îçíà÷àåò ìíîæåñòâî âñåõ x = (x1, x2, . . . , xn) ∈ Rn òàêèõ, ÷òî
x1, . . . , xk ∈ R, (xk+1, . . . , xn) ∈ Rn−k

+ è

n∑
j=k+1

xj ≤ max ∆k−1yi −min ∆k−1yi.

Îáîçíà÷èì ∇E(x) =
(
∂E
∂x1
, ∂E∂x2

, . . . , ∂E∂xn

)T
ãðàäèåíò ôóíêöèè E â òî÷-

êå x. Êàê ïîêàçàíî â ñòàòüå [5], åñëè z ∈ ∆n
k , òî íàéäåòñÿ âåêòîð x =

= (x1, . . . , xn)
T , xj ≥ 0 äëÿ j = k + 1, . . . , n, òàêîé, ÷òî zi =

i∑
j=1

cik(j)xj,

1 ≤ i ≤ n, ãäå cik(j) îïðåäåëåíû ñëåäóþùèì îáðàçîì

cik(j) :=


(
i−1
j−1

)
, åñëè 1 ≤ i ≤ k − 1,(

k−1
j−1

)
, åñëè k ≤ i ≤ n è 1 ≤ j ≤ k − 1,(

i+k−j−1
k−1

)
, åñëè k ≤ i ≤ n è k ≤ j ≤ i.

Òîãäà

∂E

∂xs
= 2

n∑
i=s

cik(s)

(
i∑

j=1

cik(j)xj − yi

)
. (4)

Âîçìîæíî, ìåòîä Ôðàíêà �Âóëüôà [6], êîòîðûé òàêæå èçâåñòåí êàê
ìåòîä óñëîâíîãî ãðàäèåíòà [7], ÿâëÿåòñÿ îäíèì èç íàèáîëåå èçâåñòíûõ àë-
ãîðèòìîâ äëÿ íàõîæäåíèÿ îïòèìàëüíûõ ðåøåíèé çàäà÷ óñëîâíîé âûïóê-
ëîé îïòèìèçàöèè. Ìû ïðåäëàãàåì ñëåäóþùèé àëãîðèòì òèïà àëãîðèòìà
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Ôðàíêà �Âóëüôà (àëãîðèòì 1) äëÿ íàõîæäåíèÿ ïðèáëèæåííîãî ðåøåíèÿ
çàäà÷è (3). Ñêîðîñòü ñõîäèìîñòè àëãîðèòìà 1 íàõîäèòñÿ â òåîðåìå 1.

Îáîçíà÷èì regm(ξ) ïîëèíîìèàëüíóþ ðåãðåññèþ ïîðÿäêà m äëÿ ξ =
= (ξs1

, . . . , ξs2
) â òî÷êàõ s1, . . . , s2, è we áóäåì ïèñàòü

z = regm(ξ), (5)

ãäå z = (zs1
, . . . , zs2

) åñòü çíà÷åíèÿ, ïðåäñêàçàííûå ýòîé ðåãðåññèåé â òåõ
æå òî÷êàõ s1, . . . , s2.

Algorithm 1: Àëãîðèòì òèïà àëãîðèòìà Ôðàíêà �

Âóëüôà

· Ïóñòü N åñòü ÷èñëî èòåðàöèé è ïóñòü y = (y1, . . . , yn)
T åñòü

âõîäíîé âåêòîð;
begin
· Íàéòè z0 = regk−1(y) è ïóñòü x0 = (x0

1, . . . , x
0
n)
T åñòü

íà÷àëüíàÿ òî÷êà, íàéäåííàÿ ñ èñïîëüçîâàíèåì (2) èç z0;
· Ïóñòü t = 0;
· while t < N do
· Âû÷èñëèòü ãðàäèåíò ∇E(xt) â òåêóùåé òî÷êå xt,
èñïîëüçóÿ (4);

· Ïóñòü x̃t åñòü ðåøåíèå çàäà÷è 〈∇E(xt)T , x〉 → min
x∈S

;

· Íàéòè xt+1 = xt + αt(x̃
t − xt), αt = 2

t+2 , t := t+ 1;

· Âîññòàíîâèòü k-ìîíîòîííóþ ïîñëåäîâàòåëüíîñòü
z = (z1, . . . , zn) èç x

N ;
end

Òåîðåìà. Ïóñòü {xt} íàéäåíû â ñîîòâåòñòâèè ñ àëãîðèòìîì 1.
Íàéäåòñÿ ïîëîæèòåëüíîå ÷èñëî c(k, y), íå çàâèñÿùåå îò n, òàêîå, ÷òî
äëÿ âñåõ t ≥ 2

E(xt)− E∗ ≤ c(k, y)n2k− 1
2

t+ 2
, (6)

ãäå E∗ åñòü îïòèìàëüíîå ðåøåíèå (3).
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We study the asymptotic behavior of sharp Nikolskii constant

C(n, d, p, q) := sup
f∈Πd

n, ‖f‖Lp(Sd)=1

‖f‖Lq(Sd)

for 0 < p < q ≤ ∞ as n → ∞, where Πd
n denotes the space of all spherical

polynomials f of degree at most n on the unit sphere Sd ⊂ Rd+1.

1. We prove that for 0 < p <∞ and q =∞,

lim
n→∞

C(n, d, p,∞)

nd/p
= L(d, p,∞),

and for 0 < p < q <∞,

lim inf
n→∞

C(n, d, p, q)

nd (1/p−1/q)
≥ L(d, p, q),

where the constant L(d, p, q) is de�ned for 0 < p < q ≤ ∞ by

L(d, p, q) := sup
f∈Edp , ‖f‖Lp(Rd)=1

‖f‖Lq(Rd),

with Edp denoting the set of all entire functions f ∈ Lp(Rd) of spherical
exponential type at most 1.

These results extend the recent results of Levin and Lubinsky for
trigonometric polynomials on the unit circle.

1F. D. was supported by NSERC Canada under the grant RGPIN 04702 Dai. D. G. was supported by
the RFBR (no. 16-01-00308). S. T. was partially supported by MTM 2014-59174-P and 2014 SGR 289.
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