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1. Introduction

Let C be the complex plane, D be the unit disk on C, H(D) be the set of all
functions, holomorphic in D, M (D) be the set of all functions, meromorphic
in D. For any a > 0 we define the class S3° as:

sei={remwyron < g9}

where C'y > 0 is a positive constant, values of which depend on the function
f, r€[0,1), T(r, f) is the Nevanlinna characteristic of the function f (see

[7]):

T

or [ W Fre)ido + NG ),

—T

T(Tv f) =
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N(r,fy=[ wdt, 0 <r <1, n(t,o00) is the number of poles in the

0
disk |z| < ¢, 0 < ¢ < 1; n(0,00) is the multiplicity of the pole at the point
2 =0, a™ = max(a,0), a € R. We also denote

S, =S (H(D).

It worth mentioned that classes S3° first was emerged in the famous
works of Rolf Nevanlinna (see [7]). He tried to disseminate the results of
J. Hadamard and E. Borel (see [4]) to the case of meromorphic functions in
a disk. He proved that if {ax}, {br} are the set of zeros and poles of certain
function from the class S3°, then the series converges:

+o00 too
D (1= ap))* T < 4oo, Y (1 — [be])* T < +o0,
k=1 k=1

for an arbitrary € > 0. Attempts to obtain a complete description of these sets
have also been made by famous Japanese mathematician M. Tsuji (see [16,
17]). This problem was finally solved by F. A. Shamoyan and E. N. Shubabko
(see [12]). Namely the following result was provided:
In order to a = {ar}3°,b = {b;}3° C D are the set of zero and poles certain
function f € S2°, it is necessary and sufficient, that

C1
n(r,a) = card{ay, : |ag| <r} < 7(1 IS
C2
n(T, b) = Ca’/‘d{bk . |bk| < T} S m,

0<r<1, c,c0>0.
They also constructed factorization theory of the class S5°.
It is well known that if f € S5° , then

a,a’

M(r, f) = max|f(z)| < exp{(lf%} (1.1)

|z|<r

for all & >0, ¢y > 0 (see [7]).

State the problem of multiple interpolation for the class S5°,. Let {ax }5°
and {7;}7° be the arbitrary sequences of complex numbers from D; put p;
be the multiplicity of the number «; in the {ay}5°, s; > 1 be the multiplicity
of the number «; on the interval {ak}{. Obviously, 1 < s; < p; < +00. We
need to find the criteria for {ay}$° and {7%}5°, providing the existence of a
function f € S2°, such that

f(sk_l)(ozk) =Y, k=1,2,...

Let us note that interpolation theory has become intensively developed
since Carleson’s fundamental work (1958) on interpolation in the class of
bounded analytic functions (see [1]). The term of free interpolation was first
introduced in [18] by Vinogradov and Havin (1974). The interpolation prob-
lem in subclasses of the bounded type functions N was investigated there. The
same problem in the Nevanlinna and Smirnov classes was solved in [6, 5] by
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Naftalevic (1956) and Hartmann at al. (2004). These questions in the Hardy
and Bergman spaces was studied in works of Shapiro and Shields (1961), Seip
(2004) (see [14, 8]). Multiple interpolation problem in Hardy classes H? was
solved in the works of M. Djrbashian and Ayrapetian (see [3]).

The paper is organized as follows: in the next section we present the
formulation of main result of the article and prove some auxiliary results, in
the second section we present the proof of main result.

2. Formulation of main result and proof of auxiliary results

To formulate and proof the results of the work we introduce some more
notations and definitions.

For any 8 > —1 we denote mg(z,ar) as M. M. Djrbashian’s infinite
product with zeros at points of the sequence {ay}/>5 (see [2]):

+oo P
ms(z o) = [ [ <1 —~ —) exp(—Ups(z, ay,)), (2.1)

Q
k=1 k

1 =« i0
2(8+1 (1-p*) Inl - 2|
Us(z,ar) = %// ( E—dfpdp.
0 —m

where

1= zpe 0)p+2

We denote mg (2, ax) as infinite product 7g(z, ax) without n-th factor.
As stated in [2], the infinite product mg(z, ay) is absolutely and uni-
formly convergent in the unit disk D if and only if the series converges:

—+o0

Z(l — | ])PH? < 4o0.
k=1

If 8+ 1 =p € Z4 then product (2.1) takes a form (see [2]):

oo _ p+1 2\ J
B ag(ag — 2) 1 /1 — |l
W”(z’a’“)_g 1—ane eXp;j(l—akz '

Definition 2.1. The angle with vertex e%?, contained in D, having opening 7,
0 < 0 < 1, and bisector 7e??, 0 < r < 1, is said to be the Stolz angle I's ().

The sequence {zj}j:‘xf C D under following conditions

c

’I’L(’f‘) = CCLT‘d{Zk : |Zk| < ’f’} S m, (22)
—Cp
[T, (20, 25)| 2 exp W, co >0, (2.3)
sup{pi} = n,
k>1

we associate with the class A.
The main result of this article is the proof of the following theorems:
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Theorem 2.2. Let {ay} C | I's(0s) for certain d, 0 < § < a+_1

s=1

If {a}5° € A, then for any sequence {71, }5° under the condition

ol < e < k=1,2,...,c0 >0, (2.4)

1 — Jag )+t
it is possible to construct the function f € S5°, that solve the multiple inter-
polation problem

£ () =k =1,2,. .., (2.5)
for all s, > 1.
Conversely, if the multiple interpolation problem (2.5) is solvable for all
s > 1 and {7V, }{°, satisfying the condition (2.4), then interpolation nodes
{ak}5° belong to the class A.

Theorem 2.3. Let {z1} C |J T's5(0s) for certain 6, 0 < ¢ < O%H If {z}5° €
s=1

5, then a necessary and sufficient condition for the existence of function
F e S3° with the following principal parts
Ak n Afn—1 ak,1

H(z, 2, ax) = G G G

Jk=1,2,... (2.6)

is that

c i =T,n, (2.7)

kil < P T e ¢

where ¢ # c(i).

The proofs of the theorems are based on the following statements.
Theorem A.(see [13]) Let {ay, }/ 25 be the arbitrary sequence of complex
numbers from D, which is contained in a finite union of Stolz angles, i.e.

{ar} C LnJ Ls(0s),

with certain 0 < 6 < a%rl

The following statements are equivalent:
1. {ak}‘k‘ﬁ? is interpolating sequence in S, o > 0,

2.
c

n(r) = card{ay : lag| <r} < m’

for some ¢ > 0;

3.

(s )| > exp
= P o, att

for some M >0 and all § > o — 1.

Here and in the sequel, unless otherwise noted, we denote by ¢, cq, ...,
cn(a, B,...) some arbitrary positive constants depending on «, 3, ..., whose
specific values are immaterial.



Multiple interpolation and principal parts for Nevanlinna type spaces 5

Lemma 2.4. (see [9]) If members of the sequence {ay}}25 are contained in a
n

finite union of Stolz angles, i.e. {ay} C U1 T5(0s) for certain §, 0 < § < a+-17

S=
n
then for any function gay1(z) = [] exp W, z € D, the following
s=1

estimate 1s valid

ca
o > ——,k=1,2, .., 2.8
|9a+1(ar)| = c1exp (1 — Jag|)oT (2.8)

where c1, co are some positive constants.
We denote

—p

Kp(an) = {Z cD: |Z—Oén| < eXPW

},|0zn|<1,p>0.

Lemma 2.5. (see [9]) Suppose {a} C |J T'5(6s) with certain é,0 < § < a+r17'
s=1
then the following estimate is valid:

% t=c k=12,...
telll(lp(};k) 9a+1(B)] < € gaqq(an)l; )2,
Lemma 2.6. For any z € K,(ay,) the following estimate is valid:

1 3
3lmi(an)l < |my(2)] < Slmy(an)l,

The proof of Lemma 2.6 is trivial.

where

Lemma 2.7. If the sequence {a;} C D satisfy the condition (2.2), then for
any z € D and p > a the following estimate is valid:

f(l—laj|2>pﬂ< c
et 11— ajz| — (1 —r)etl’
Really, if p > «, then from (2.2) it follows that

+oo

> = laul)*! < +oc. (2.9)
k=1

The required estimate is established in the same way as in the work [11].
Lemma 2.8. Suppose {ay} C E; then there exists p > 0, p = p(co), such that
for any z € Ky(an), n=1,2,..., the following estimate is valid

—-C

|7p.n (2, k)| = exp A= a1
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Proof. Fix a number n € N. Estimate the product mp,(z,a) in the disk
K,(ay). We have

“+oo
Inmp,,(z,a) = Z InA;(z, o) =
j=1,j#n
+oo P s
1—Jay? 1/1—|aj)?

= In(1 - —220 f S 2 B
Zln< 1—a;z +Zs 1—-a;z ’
Jj=1 s=1
i#n

where a principal branch of the logarithmic function is taken.

+oo
We split the sum ¥ = 3 In A;(z, a;) into two parts:
j=1
j#n
Y= Zl + 22)

where

21 = Z hlAj(Z,O[j),

Im;(2)|<3
ZQ = Z hlAj(Z,O[j).
lm;(2)|>5
It is clear that
+oo  +oo 1 +oo “+o0 1
Si=)0 D cOmy(e)” =Y (my() ( 2 ;(m(z))s""l)-
j=1s=p+1 7j=1 s=p+1
J#n J#n
Therefore,we have
Sl = Y. WmA(ze) <
lm;(2)|<5
+o00 1
< D ImaPtt Yo glmj(Z)|S_p_1S
Im;(2)|<3 s=p+1
+o00o 1
< D ImPT Y <
Im;(2)|<3 k=0

_ |2\p+1
<9 Z (1 —la;l%) .

1 — ojzpt?
lm; (2)|<3

Using Lemma 2.7, we get
C1

Yl < —m——.
| 1|— (].—T')O‘Jrl

Now we estimate the sum Y. First we remark that if [m;(z)| > 1, then
Im; ()| > 1 in the disk K,(ay) for sufficiently large p. We obtain a lower
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bound for In ‘ Aj(an,05) |°

Aj (Z, aj)
Aj(an, o)

ln‘

| |z — ] I 1—6_jan
|an—aj| l—ajz

|+
|a.7|2 1 - |a.7|
-R -R
+ Z ( 1—-a;z Z 1-2a,
Choose p sufficiently large to satisfy the following inequality

1o <3
2~ -2

Z— zZ—an

:}H

Qp — Oy Qp — Qj

Taking into account Lemma 2.6, we obtain:

A_ .
J(zaaﬂ) > —In2+ |mj(z)|P+1><

In|————2| >
‘Aj(an,aj)

"1 . 1 "1 . 1
" lZ SR ) e — 2 SR o))" |
Since |Rw| < |w|, w € C, we have:

A .
1n‘w >_—ln2— |mj(z)|”+1><
Aj(om, aj)
p p
1 1 1 1
i S e

Since |m;(z)| > % and |m;(a,)| > % in the disk K,(a,), then the last

inequality is equivalent to

Aj(Z,Oéj)

P
1
> —In2— |m;(z)P"! E . gptl=s >
Aj(an;aj) = n |mﬂ(z)| X s -

In ‘
s=1

P
—1n2 = 2P2|m. (2)|PH1 x
n Imy (P X Y

whence we conclude:

Aj(z,ay) In2
In ‘# > —|my(2) [P <7 2P 4) >
Aj(om, aj) ! m; (2) [P+
> —|m;(z)Pt - (20T In2 4+ 2P12 — 4)
ie.
Ai(z,a4)
In|—12 707 | > . p+1'
ML lomay)| ca(p)|m; ()]

Now by (2.3), we obtain
L—Jay 2"
1-— ajZ

Co

In|4;(z, )| > —02(]9)‘ T Jan )P
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Integrating the estimates for the sum ¥; and s, we obtain:

21D|A z,a;5)] > Az + Y |4z >
J#n \mj(z)\S% Im;(2)|>3

S €1 _ c2(p) _ o
T A =lanhert @ =fag)ert (1= fag )t

Finally, we conclude:

—+o0
-C
In|mpn(z,an)| = > |InAj(z,a5)| > ———77.
’ ; IO = T o)t
j#n

O

To formulate and proof further results, we introduce some more nota-

tions.

1
1—|ag)? P+pPr+

First we remark that the function mp 1 (2) - ( e, is analytic

in D and is non-zero in the certain neighborhood of the point z = oy, for all
p > «. For any k € N we consider the function
-1

2\ Pr+1
Tk(z) = {Wp,k(z) ’ (%) 'ga+1(z)} s

where go4+1(2) = H exp W and C is sufficient large number. It

can be argued that in the sufficient small e-neighborhood of the point ay, the
following expansion is valid:

z) = Zal,(ozk)(z —ag)’, |z — ag| < e,

1 v 1— | |? p+pr+1 -1
where a, () = ;7= | Tpr(2) - (Tm) “Jat+1(2)

Lemma 2.9. If {a}5° € A, then for the coefficients of expansion a, (o) the
following estimates are valid

|CLV(Oék)| Sa(u), OS Vgpkv k: 1527"'7

2=

where a(v) depends on the v.

The proof of the Lemma 2.9 is conducted in a standard way with using
Lemma 2.8 (see [10]).
Consider the polynomials

Pk —Sk

qx(2z) = Z ay(ap)(z —ag)’ k=1,2,...

v=0
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Now we define the system of analytic functions in D:

(2 —ap)™lqn(z)

Q = 2.10
) = T ) (210
It obvious that
+1 Pr—sk
5 mpp(2) (L= a7
Q = (o P, . . v _ v+Sg ,
k(%) = ga+1(2) (s — 1)1 ( o Z ay(ak)(z — ak)

v=0
k=1,2,..., where p > a.

We note that the method of constructing such system of functions was
first proposed by M. Djrbashian in [3].

Lemma 2.10. Functions of the system (2.10) have the following interpolating
properties:

~ 1, r=s,—1;
Q(T) — ’ !
e (o) {O,T;«ésk—l,0<r<pk—1.

3. Proof of main result
Proof. of Theorem 2.2.
Let interpolation nodes satisty the following condition: {a} € |J T's(6s)
s=1

with certain 0 < § < o%rl and {a}3° € A. For any {7;}5° under condition
(2.4) we construct the interpolation function f(z) as follows:

f(2) = gasi (2 ZQk (e = 9ari(2) - ¢(2), 2 € D,

ga+1 (677

where

C
ga+l Hexp W,Z e D. (31)

Using Lemma 2.9, we get: f+ =D (ap) =y, k=1,2,...
Now we prove that the function f(z) belongs to the class S5°,. We
obtain an upper estimate on go( ). Since the interpolation nodes satisfy the

following condition: {ay} C U I5(0s), and the elements of the sequence

{7 }7°° satisfy the condition (2 4) then splitting the sum ¢(z) on n parts
and applying to each of them Lemma 2.4, we obtain:

D

s=1 (69733 €F5(08)

<COZ Z exp%-@k@ﬂ.

s= 1ozk€F5 05)

V&

g | 12k (2)] <
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Choosing a positive constant C' such that § — C' < 0, we obtain the following

estimate:
6—C
<1

exp (1 — |O[k|)a+1 = 4

forallk=1,2,...
So, we have:

+oo
2l e ()
k=1

We obtain an upper estimate of the function Q(z) for all k = 1,2, ... Recall

e 5 ()] (L= a2 )7
()] =l (I (D)
Pk —Sk
X Z ay (o) (z — oy )V TSR
v=0
Note that
1— |Oék|2 p+pr+1 . _ (1 _ |ak|2)p+m+1
(o) B < o =
_ A o) - (3 — Jag)Pe (1= JaH)PH!
|1 — Qg z|ptpet2—sk—v |1 =gzt
But
(1 —JagH)PHt (1 = Jou[*)PH!
1 —agzpt2 = (1 |[z])p2
Therefore

moa(2)l (L= Jow|?)P
|<Coz|Qk |<coZ|ga+1 | _1)!' (1—|z])pF2 -

Taking into account a Well—known estimate of M. M. Djrbashian’s infi-
nite product (see [9]):

+ (1= |ij| i
In™ |y i (2, )] < sz <|1—7an|> )
Jj=1
we get:

1—|a +1
[0(2)] < colgas (2)] - exp c,,Z( |j|) S

|1 —ajz|

1 X1
X 1 — |ag )P,
(1— |22 ; (sk—l)!( o)

From (2.2) it follows that (2.9) is valid and therefore

< (L= oyl \P ‘s
[9(2)] < colgasn(2)] - exp{ e ( Ttk NSRS

Jj=1
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So the function f satisfies the following estimate:

L — oy i 3
< o .
)] < olgan (2) - exp CPZ < 1_ajz|> (0= [P

Using this estimate, we prove that the function f belongs to the class Sg°,,
that is

s

1 ; c
T(r,f) == [ In"|f(re”)|dd < ——
) =5 [t <
where o > 0, C' > 0.
We have:
+oo 7 1— |ay| p+1 n ,
T(r, f) < const - Z/ <|1T7“j69|) do + 2 / In* [gat1(re’®)|do+
=15 J -7
c
We estimate each term in this sum separately. As stated in [12] (see also
[11]),
1—|ay] P c
< — 2
Z/<|1—a7“619|) da_(l—r)a’ (82)
for all p > a.

Further, from (3.1) we have:

/ 0" [goss (re™)

—T

Applying elementary estimates, we obtain:

s

We conclude from (3.2), (3.3) that the function f belongs to the class S3°,

The converse statement follows directly from the result of Shamoyan
and Rodikova (2014) (see [13]).

(3.3)

O

Proof. of Theorem 2.3.
Necessity. Suppose that there exists a function F' € S° with the principal
parts of the form (2.6), that is

F(z) = H(z, 2k, ax) + ¥ (2),

where the function 1 is holomorphic in some neighborhood of zx, k = 1,2,.
For a given fixed n € N we multiply this equality by the product of ), (z zj)

F(z) -7y (2, 2;) = H(2, 2, ax) - 7, (2, 25) + ¥(2) - 7y (2, 25).-
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It is obvious that the singular points of the function F' are the members of
the sequence {24}, so F'- 7, € H(D). Since F' € S5° and 7, € S5° for all
p > a, we have F'- 7y € S5°. Thus
17 , .
T(r,Fmp) = o /1n+ |F(re®) -y (re'?, z;)|dd < %
where a > 0, p > «, C > 0.
We denote @, = F' - m,. We find the value of the function ® in the
points of the sequence {z}:
Dy (zr) = lim @, (2) = lim F(z) - m)(2,2;) =

Z—Z Z—rZ

= lm <(z ikgk)” i (2 Cik;:)i—l e (za_kék)>.Wg(z’zj)+¢(z)'7rg(zﬂzj) =
Ak - To(2, 25
-t TR ),
Whence,
= )
T (ak)
Since ®,, € S°, we have:
c

| D, (2)| < exp kE=1,2,.. (3.4)

(1= lzx])>+t
As stated in [13] (see Theorem A), if {2;,}5° € A, then the following estimate
is valid:

-M

"z, 25)| > _—, 3.5
|7T p(zk Z])| Z exXp (1 _ |zk|)a+1 ( )
forall k=1,2,...
Taking into account the estimate (3.4), (3.5), we obtain:
lak.n| < exp co(n) i=1,n. (3.6)

(1= |zx)o+t

We prove the similar estimates on the coefficients ay; for all i < n.
Represent the function F' as

We have
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Multiply this equality by the product of 77 (z, z;):

@i2) = F () () = 3 ey (23) =
=1
1#i
= R ) + U T )

Obviously, ®; € S5°,.
For a fixed i € N we denote ¥,(z) = —2E) e D:

NG

) = F(s) (2, 2j) B "L agy -Wg(z,zj)
\I/z( )_ F( ) (Z— zk)n—i ; (Z— Zk)l (Z — Zk)”. (37)

It is clear that W; € nga. Find the value of the function ¥; in the points of
the sequence {zj}:

Wiaw) = lim Wilz) = Jim e 2) () =
= Qk,q -WIZ(Zk).
Whence,
\I/i z
ki = ,n( )
75 (2k)
Since V; € ng’a, we have
c
Uiz <exp——0 k=1,2,..,
| ( k)| p (1 . |Zk|)a+1
where ¢ # c(i), as can be seen from the representation (3.7).
Applying estimate (3.5), we obtain:
c1(n) )
api| <exp ——mF——, 1 < n. 3.8
| k, | p (1 . |Zk|)a+1 ( )

Sufficiency. The proof is by induction on ¢. For ¢ = 1 we denote
Ck1 = Ak 'WIZ(Zk,Zj), k=12, ..
By the induction hypothesis,

C
lak,1| < exp ( (3.9)

1= [zp])ott
Further, as stated in [10], the class S2° is invariant under the differenti-
ation operator, so 7', € S5°, for all p > «a, that means the following estimate

is valid:
C1

(1= |zg))ort
Integrating the estimates (3.9), (3.10), we obtain:
C2
(1 — |zg[)ot”

7", (2, 25)| < exp (3.10)

lex,1] < exp kE=1,2,..
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By Theorem A there exists a function ® € S3°,, such that ®(zx) = cx 1, k =
1,2, ...

Let F(z) = % Obviously, F' € S3°. Function F has simple
poles in the points of the sequence {zx};>5. Therefore the function F' can be
expressed as

a;c,l
(z — z1)
where v is holomorphic function in certain neighborhood of the point z,
k=1,2,...

Find the coefficients a;, ;:

F(z) = +9(2),

P(2)
/ .
ap 1= lim (F(2) —9¢(2)(z — zx) = ————.
o = Jim () =0z =) =
But ®(zx) = ck,1, S0 a;M = aj,1. It means that for ¢ = 1 the function F is
required.
Now we assume the validity of the theorem in case i = n — 1. It means
that there exists a function F}, such that

a%,nq a%,l
(z—2p)" 1777 (2 —z)
where 1) is holomorphic function in certain neighborhood of the point z = z,

and a Laurent coefficients satisfy (2.7).
We prove the statement of the theorem for i = n. Let

Fi(z) = +9(2),

Chon = g - (28, 25), k= 1,2, ... (3.11)

By hypothesis, we have:

2

< _—
|a/€7n| = exp (1 _ |Zk|)a+1

As stated in Theorem A, there exists a function ® € S3°,, such that ®(z;) =
Clk,n, k= 1, 2,
Let F(z) = &) Since

W;(Z,Zj)

1
T F) < T+ 7 (12 ).
P
then taking into account that function ® belongs to the class S3°, and the
Nevanlinna equality of the balance, we conclude that F' € S°.
Function F' has poles of order n in the points of the sequence {zk}g;“;
Therefore the function F' can be expressed as
(I)(Z) a;mn a;mnfl a‘;c,l

F(z) = = + o y(e),

m(z)  (z—z)™ (2 —2)" ! (z — z1)




Multiple interpolation and principal parts for Nevanlinna type spaces 15

where 1) is holomorphic function around the point z;. Find the coefficients
i
Ay k=1,2,...

a,, = lim F(z)(z — 2z)" = lim (z—zi)" - ®(2)  D(z)

’ Z—s2) Zz—s2z) 7Tg (Z, Zj) B 7T;:,n (Zk) '

Using that ®(zx) = ck.n, k = 1,2, ... and based on (22) we conclude: aﬁc’n =
akn sk = 1,2,... We write the expansion of the function ® in the Taylor
series at the point z =z , k=1,2,..

*9

R0 (2) - (2 — 2 )

B(2) = D(zi) + )

i
j=1 I
On the other hand,
a, 1
D(z) = mwg(z, zj)+ ...+ mwg(z, zj) + (2)my (2, 25)-

Thus, using the latest representation for ®, we have

Un (o) - (2 —2) | B(z) - (= — =)
(I’(Zk)—mﬂ'p(zazj)‘f' 1 + 21 +...=
_ MW"(Z,Z) ot Aﬂ”(z,z') + 9(2)my (2, 25)-
(z—z)n-t P (z—z) P77 v

Divide both sides of this equality by the expression (z — zj):

/ n 1 P’ P . _
a;mfl n a;c71 ¢(Z)7r;?(27 zj) '

Limiting z — z , we get:

P’ (z1)
1 = a;c,n—l : Trl;::(zk)'

EEr ek G Dy pamp

In a similar way we find that

o(n—i) (Zk)
(n—a)! "’

Since the class SS° is invariant under the differentiation operator, we obtain

ay i -w'Z(zk) = i <n.

/ c .
| < —— i=12,...,n—1
|aj, ;| < exp A= TeDo i n
But .
0 .
;| <exp ——7—,1=1,2,...,n—1,
| Z| p (1 _ |Zk|)a+1
hence

C1

li .
|k, — ay, ;| < exp A=) 1=
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By the induction hypothesis, there exists a function F}, expressed in the form

ay ay
FZ=$+...+7’1+ 2),
1( ) (Z—Zk)n_l (Z—Zk) 1bl( )
where ag7i = ap; — a;m., i =1,2,...,n — 1, ¥1(2) is analytic function in
some neighborhood of the point z = 2, k = 1,2, ... Consider the function

F+ Fy € S°. Based on the above, we may conclude that the function F'+ Fy
has the following principal parts:

Af.n Ak 1
N

_Gkn k=1,2,...
(z — zp)" (z — 2zk)

H(Za 2l ak) =
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