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I'1aBa 8

JluHelinble NpocTpaHCTBA

8.1 IlonsgTue JMHETHOrO IMIPOCTPAHCTBA

Onpegenenne 8.1.1. [Iycrs k u V' — aBa n1pon3BOJIBHBIX MHOXKECTBA. [ 0BO-
pSAT, 9TO Ha MHOXKeCTBe V' onpejeseHa BHENIHsS ajareOpandeckast Omepaliust
CO MHOXKECTBOM MYJIBTHUILINKATOPOB k, €CJIM 3a/JaH0 OTOOparkeHHe JieKapTo-
Boro npoussegenus k X V. — V. [Ipu sToMm orobpazkeHun, odpas yrnopsio-
JeHHblii mapbl (v, a), riae « € k, a € V HasbiBaeTcs MpOU3BEJCHUEM ( HA @

1 0003HAYACTCI Qd.

Samevanue 8.1.1. Anrebpandeckue omepalnn, n3ydaemMbie paHee Ha, MHOMXKe-
crBe V', Ha3bIBAIOTCS BHYTPEHHUMHE aJiredpandecKuMu onepalusamu. B kade-
CTBe MHOXKeCTBa k dalie Bcero OyJieT BBICTYIATh M0Je, KOTOpoe OyeM Ha3bl-

BaTh OCHOBHBIM. DJIEMEHTHI 1Ot k Oyjaem obo3HavdaTh a, 3,7, a1, o, . . .

Omnpenenenne 8.1.2. JluneiiHbiM (BEKTOPHBIM) POCTPAHCTBOM HaJl MOJIEM
k mazpIiBaeTcst MHOXKECTBO V', pacCMOTPEHHOE BMECTE C ONPEJICJIeHHON Ha HEM
BHYTPEHHEll aJireOpandecKoil onepaliueil cjoxKeHnsl U BHEIHel ajrebpaunde-
CKOIl omepaleil yMHOXKeHUs Ha CKaJsIpbl HOJs K, YIOBIETBOPSIEMBIMHU CJie-

JYIOIIAM CEMH aKCHOMAM.
1.a+b=b+a;

2.a+ (b+c)=(a+b)+c
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3. Va,beV) FxeV) b+x=a;
4. a(a+b) = aa + ab;
5. (a4 B)a = aa + Ba;
6. (af)a = a(pa) = f(aa);
7.1-a=a,

e a,b,c,x €V oa, 6,1 € k.

Samevarnue 8.1.2. Muoxecrso V' 4acTo Ha3bIBAOT 0A3UCHBIM MHOXKECTBOM
JIMHEHOrO npocrpancrsa. Ero sjmementol Oyjem obosnadars a, b, ¢, ay, as, . . .

" Ha3blBaThb BEKTOPaMU.

Coolicmen Junednbis npocmpaHcms
1. YVaeV) (30€V) a+0=ugq;
2. VaeV) (3 (—a)eV) a+(—a)=0;
3. Va,beV) (F(a=b)eV) a—b=a+(-b);
4, ca =0 a=0wnmm a = 0;
5. a(—a) = (—a)a = —aaq;
6. ala —b) = aa — ab;
7. (a — B)a = aa — Pa.

Joxasameavcmeo. Akcumombl 1-3 JTMHEAHOrO MPOCTPAHCTBA YKA3bIBAIOT HA
10, uto (V,4) 0bpasyer aJyIMTUBHYIO IPYIILY, MO3TOMY CIPABEJJIUBLI CBOi-
crBa 1)-3).

4) Heobxodumocme.
Nmeem aa = (a + 0)a = aa + 0a = 0a = aa — aa = 0. Toayuaem, uro

Oa = 0.



8 I'masa 8. JIunetinble mpocTpaHcTBa
Nmeem aa = a(a +0) = aa + a0 = a0 = aa — aa = 0. Toaywaem, aro
a0 = 0.
Hocmamoumnocms.
[Iycrs aa = 0. Eciu a = 0, To Bee gokazano. Ecin o # 0 To Oyner cyiie-
creosarh @ 1 € k. Tormaa=1-a= (o 'a)a=a Haa) =a™1-0=0.

5) Pacmorpum aa + a(—a) = a(a+ (—a)) =a-0=0= a(—a) = —aa.
Hanee, aa + (—a)a = (a+ (—a))a=0-a=0= (—a)a = —aa.

6) Nmeem, a(a —b) = a(a + (—b)) = aa + a(—b) = aa — ab.

7) Hogcunraem (o — B)a = (a+ (=f))a = aa+ (—f)a = aa — fa. O

[IpuMmepb! TMHEHHBIX TPOCTPAHCTB:

1. V = {0} — nysesoe jimneiiHoe MpoCcTPaHCTBO (TPUBHAJILHOE).

2. V=k"={(a1,...,a,)|a; € k} — xoopuHATHOE JINHEHHOE TPOCTPAH-

CTBO HaJl 110J1eM k.
3. V.= M(m xn,k) — marpuipl pasMepHOCTH M X 1 ¢ 3JileMeHTamMu u3 k.

4. V = L — MHOXeCTBO pelieHuil 0JIHOPOJIHON CUCTEMbI JIMHEHHBIX YPaB-

HEHUN.

5. V = k[x] — MHOXeCTBO MHOTOUJIEHOB OT OJIHOTO HEU3BECTHOTO ¢ KO-

durmentamu u3 k.

6. V={f(z) € k[z] |deg f < n}.

8.2 Koneunomepuble 1 6eckOHeYHOMEPHBIE JNHEIHBIE

IIpOCTPaHCcTBa. ba3uc JuHeiiHOro mpocTpaHCTBa

JIerko 3aMeTuTh, YTO OCHOBHBIE MOHSATHUsI W (PAKTHI, ONPEIeJeHHbIE B KOOP-
JIMHATHOM JIMHEHHOM IIPOCTPAHCTBE IIEPEHOCIATCs Ha adCTpaKTHBIE JTUHEHHbIE

npocTpancTBa. CBsS3aHO 3TO ¢ TEM, UTO 9TH HOHATHUS U (PAKTHI KCIIOJIH30BaJIK
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TOJILKO CBOWCTBa oleparyii HaJ BEeKTOpaMu, HO HE MCIOJb30BAJINA MTPUPOIY
caMuX BEKTOPOB. A Kak BUJIHO U3 onpejeerus 8.1.2, onepaiun B aDCTpaKT-
HOM JIMHEIHOM [IPOCTPAHCTBE 00J1aJIal0T TEMHU YKe CAMbIMU CBORCTBAMU, YTO U
oriepalliii B KOOPJIMHATHOM JiInHEHHOM TipocTpaHncTse. [loaromy, B abcrpakT-
HBIX JIMTHEHHBIX MPOCTPAHCTBAX MOXXHO TOBOPHUTH O JIMHEHHOW KOMOWHAINN
BEKTOPOB, O JINHEHHO 3aBUCUMbBIX U JIMHEINHO He 3aBUCUMDIX CUCTEMaX BEKTO-
POB, O KPUTEPUHU ¥ CBOMCTBAX JIMHEHHOM 3aBUCUMOCTH, 0O OCHOBHOI TeopeMme
O JIMHEHHON 3aBUCUMOCTH, O JIMHEHHOM BBIPAXKEHUU OTHOA CUCTEMbI BEKTO-
pPOB 4epes JIpyryto, 00 9KBUBAJEHTHBLIX CUCTEMaX BEKTOPOB, 0 Oa3uce u paHre
cucreMbl BeKTOpoB. Ho ecthb u oryinums.

[Ipumep: V' = k[z]. PaccMmorpum ciiejyionyio cucreMy BEKTOPOB:

2

Lx,z%,...,2" € V. Dra cucreMa BEKTOPOB ABJISIETCA JIMHEHHO HE 3aBUCH-

Moit. [leiicTBuTebHO,

ao-1—|—a1x—|—oz2x2—|—...+oznx”:0<:>cu0:a1:agz...:an:0,

2, oo, X dBJIsIeTCs JIMHERHO He 3aBUCUMOM CUCTe-

a 3TO U O3Ha4aeT, uTo 1, T, T
MOit BeKTOpOB. COBEPIIEHHO sICHO, YTO 7 MOXKHO OpaTh JIIOOLIM U KaK yI'OJHO
oosibitiuM. [loaToMy B npoctpancTse V' cyliecTByIOT JUHEHHO HE 3aBUCHMbIE

CUCTEMBI BEKTOPOB C KaKUM YT'OAHO OOJILIITUM YUCJIOM ITUX BEKTOPOB.

Onpenenenne 8.2.1. JluneitHoe npocTpaHcTBO V' Ha3bIBACTCS KOHETHOMED-
HBIM, €CJIM CYIIECTBYeT HATypaabHOe Yucjao N Takoe, 9To 9UCJIO JIMHEHHO He
3aBUCUMbIX BEKTOPOB B JII0OOOH cucreme npocrpancTsa V' He npeBocxojut N.
B nporuBHOM ciydae, JIMHEiTHOE TPOCTPAHCTBO V' Ha3bIBaeTCsi OECKOHEYHO-

MEPHbBIM.
[Ipumep:
1. V = k™ — KoHeunomepHoe JIMHEHHOE TTPOCTPAHCTBO.

2. V = k[z] — 6eckoneunomepnoe JIMHEHHOE TIPOCTPAHCTBO.
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B KoHEYHOMEPHBIX JUHEHHBIX MPOCTPAHCTBAX MOXKHO FOBOPUTHL O Dasuce
KaK KOHEYHO, TaK 1 OECKOHEUHON CUCTeMbl BEKTOPOB. B dyacTHOCTH, MOXKHO

rOBOPUTH O Da3uce BCero KOHeYHOMEPHOI'O JIMHEHHOrO mpocTpancTBa V.

Onpenenenne 8.2.2. Bazucom HEHYJIEBOI'O KOHEYHOMEPHOI'O IIPOCTPAHCTBA
V' HasbiBaeTCs yropsiiodeHHast JUHEHHO He 3aBUCUMAast MTOJICUCTEMa, BEKTOPOB
B = {e1,es,...,e,}, yioBaerBopsist JIOOOMY U3 CJIEYIONMX PABHOCKIbHBIX

YCJIOBUIL:
1. mroboit BekTOp @ € V' JIMHEIHO BbIpaXkaeTcsi yepes3 mnojcucremy B
2. V a € V nojcucrema (B, a) aBasgeTcs JMHEAHO 3aBUCUMOI;

3. B IIPOCTpPaHCTBE V ne CyliecTByeT JUHENHO He 3aBUCUMbBIX [IoJICuCTEM C

YUCJIOM BEKTOPOB DOJIBIINM, YeM B B.

Onpenenenne 8.2.3. PazmepHOCTbIO HYJIEBOI'O JIMHEHHOI'O IIPOCTPAHCTBA,
cunraercs dncio 0. PazmepHOCTbIO HEHYJIEBOI'O KOHEYHOMEPHOI'O JIMHEHHOIO
npocrpancTsa V' Ha3bIBaeTCs YUCJIO BEKTOPOB B JIFOOOM Hazuce 3TOro mnpo-
CTPAHCTBA WJIK MAKCUMAJIbLHOE YNCJIO JIUHEHHO He 3aBUCUMbIX BEKTOPOB 9TOI0

pocTpaHncTsa V.

PasMmepHOCTh KOHEYHOMEPHOI'O JIMHEHHOIo mnpocrpaHcrsa V' Oyiaem 060-
sHadaTh dim V uau rang V.

IIpumep:

—_

. dim {0} = 0;
2. dim k" = n;
3. dim M(m X n, k) = mn,;

4. dim L =n —r;

ot

. dim{f(x) € k[z]|deg f(x) < n}=n-+1
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[Iycts V' — KoHEIHOMEpHOE JIMHEHHOE MPOCTPAHCTBA B €1, €9, . . . , €, — €T0

6azuc. Toryia J11000# BekTOp @ € V' MOXKHO BbIPa3uTh 4pe3 3TOT Oa3uc

a = €] + ages + ...+ e, (8.1)

Tak kKak Oa3uc sABJs€TCS JUHEHHO HE 3aBUCUMOII CHCTEMO#I BEKTOPOB, TO
970 Bbipaxkenue (8.1) /st BeKTOpa a euHCTBeHHO. Takum 00pasoM, Kaxk-
JIOMy BeKTOpy a € V craBUTCA B COOTBETCTBUE VIIOPSJIOUCHHAs] CHCTEMa,

(1, gy . .., Q) OTHOCKTENILHO Da3uca €1, €, . .., €.

Omnpenenenne 8.2.4. Koopaunaramn (KommonenTamu) Bekropa a € V' or-
HOCHUTEJILHO 3aJIaHHOr0 Oasuca €1, €o, . . ., €, JUHEeHHOTo IpocTpancTBa V' Ha-
3LIBACTCS YIIOPSIAOUEHHAsT COBOKYITHOCTDH KO(DMUIMEHTOB JIMHEHHOIO BhIPa-

YKEHUsI BEKTOPA @ 4epe3 3TOT Ha3HuC.
[Tumyr, Bekrop a = (g, g, ..., Q).

Onpenenenne 8.2.5. Koop/uHaTHBIM CTOJIOIIOM BEKTOPa G OTHOCHTEJHHO
3aJIaHHOrO Oasmca ei, €, ..., €, Ha3bIBAETCs CTOJOEI, COCTABJICHHDLIN U3 KO-

OpJMHaT BEKTOPpa a4 OTHOCUTEJILHO 3TOI'O basuca.

(03]
g (0%
O0603HaUYUM G =

O

Onpenenenne 8.2.6. ComnocrapjeHue BeKTOpy a € V' ero KoopaumHaTHO-
r'o CTOJIOIA OTHOCUTEIBLHO 33JJaHHOTO 0a3uca MPOCTPAHCTBA V' Ha3bIBAETCS
CTAHIAPTHBIM OTOOPaXKEHUEM JIMHEHHOIO POCTPAHCTBa V' pa3MepHOCTH N B

KOOP/IMHATHOE JIMHETHOe TTpocTpaHcTBO k.

fcHo, uTo KaxJplit 6a3uc eq,eo, ..., e, OIpeJe/iseT CBOe CTaHIapTHOEe

orobpaxkenue V. — k™.
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IIpenmoxxenne 8.2.1. Koopdunammnwviti cmoabey, cymmo, 08Yx 6eKmMopos pa-
GEN CYMME KOOPIUHAMMHLLT CMOAOU06 CAA2aeMbLT 6eKMOoP06. Koopdunammvi
cmoabey, npouseedenus 6eKmMopa na CKAAAP, Paser KoopAUHAMHOMY CMOND-
UY 2M020 BEKMOPA, YMHONCEHHOMY HA IMOM CKAAAD.

910 npejioxenue 8.2.1 oznavaer, uto a + b = a + b u ada = aa.

T

Hajgum npyryio dopmy samucu (8.1). fcno, uro a' = (o, a9, ..., qp) —

MaTpuia pasmepraoct 1 X n. BosbMmem 6aszuchblii crosber npocrpancrsa V'

€1
- €2
e = — Marpuria pasmepaocta n X 1. Tormga
€n
T~ _ _
a e = ie1 + qer + ...+ ape, = a.

Taknm obpasom, a = a’ € — marpuuHas sanuch pasencrsa (8.1).

8.3 MWM3omopdusm JUHEITHBIX MPOCTPAHCTB

[Iycrs V n V! — aBa smHeiHbIX npocTpancTBa HAJ| OJHUM M TE€M K€ OCHOB-

HBIM I10J1eM K.

Onpenenenne 8.3.1. MzomopdusamMomM JTUHEHHOTO TpOCTpaHCTBa V' Ha JIH-
Heiinoe mpocTpancTso V' Ha OIHUM U TeM K€ OCHOBHBLIM 0JIeM k Ha3LIBACT-

¢ Bestkad oueknust 2V — V' yiosaersopsiomas yejaoBusiM JTMHEHHOCTH:
1. Va,beV) f(a+b)= fla)+ f(b);
2. Vaek, aceV) flaa)=af(a).

YesoBre 1 o3nagaer, 910 oTOOparkeHue [ sBJsieTcst ©30MOPQMU3IMOM a1

jqurusHoil rpytibl (V, +) B ajyurusayto rpyuny (V') 4).

Onpenenenne 8.3.2. Jluneitnoe npocrpancTtBo V' HasbiBaeTcss U30MOpPQ-
HbIM JinHefinomy npocrpanctey V' (V= V') eciu cymecrByer XoTst Obl

oqun nsomopdusm f V. — V7,
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IIpenmoxxenne 8.3.1. Ommuowenue u3oMophu3ma AGAAECMCA OMHOUEHUEM
IKBUBANECHMHOCTNY MG KAACCE NUNHETHDLT NPOCMPAHCME Had 00HUM U MeM

2HCE OCHOBHBIM Nosem k.

Oto npejioxkenne 8.3.1 o3HaUaeT, UTO JJisi OTHOIIEHHUS H30MOP(MHOCTU

CITPABEJIJIUBBI CJICYIONINE YTBEPK ICHUS
1. V=V, 10 ecTh BBIOJIHACTCS CBOUCTBO PedJICKCUBHOCTH;
2. ecim V=V 10 V' =V (cuMMeTpuIHOCTD );

3.ecmu V' =2V u V' =2V 10 V"=V (TpaH3uTuBHOCTS).

TEOPEMA 8.3.1 (o cBoiicrBax n30MOP(hHBIX JIMHEHHBIX [IPOCTPAHCTB).

Cnpasedauswl, caedyrousue Yymeeprcoenus:

1. npu uzomopdpuame AUHETHO 3a46UCUMOT CUCTNEMDL BEKIMOPOE NEPELOOAM,
68 AUHETHO 3aB8UCUMDLE, G NUHETHO HE 3ABUCUMDLE CUCTIEMBL BEKMOPOS

nepea:o&;zm 8 AUHEUHO He 3a6UCUMDLE,;

2. uzomopirvie AumetHLIE NPOCMPAHCMEA 00HOBPEMEHHO AUDO KOHEUHO-

MmepHble, AUO0 OECKOHEUHOMEDHDLE;

3. npu uzomoppuame basuc cucmemv. 6EKMOPO8 neperodum 6 basuc, pane

CUCMEMDBL BEKTMOPOB NPU U30M0p¢U3M€ HE USMEHACINCA.

Joxazameavcmso. 1) Ilyers f 1V — V' asagerca uzomopduszmom. Bosb-

MeM JIMHEHHO 3aBUCHUMYIO CUCTEMY BEKTODPOB a1, a2, .. .,0s 13 V. DTO 03HA-
4aeT, 4TO CYLIECTBYIOT CKaJIsAPbl (1, 2, . .., (s HE BCE PABHbIC HYJIIO TaKue,
910 apap + asas + ... + agas = 0. Ilepeitiem k obpazam 5TUX BEKTO-

poB f(ara; + asas + ... + asas) = f(0). Tak kax f — usomopdusm, 1o
arf(a1) + asf(az) + ...+ asf(as) = 0, 3uech ne Bee o = 0. [ocenee co-
OTHOIIEHKE yKAa3bIBAeT Ha TO, 4T0 BeKTOpbl f(a1), f(asz), ..., f(as) apiasgiorcs

JIMHEHO 3aBUCUMBIMHU B V/.
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[Iycts ay, ao, . .., as IMHEHHO He 3aBUCHMAas cucTeMa BeKTopoB u3 V. Hamo
nokazarb, 1ro f(ar), f(ag),. .., f(as) Takxke siBjsieTcs JUHEHHO HE 3aBUCH-
moit. Jlonycrum nporushoe, To ecthb cucrema f(ay), f(az),. .., f(as) sBis-
eTcs amHeiHO 3aBucuMoit. Tora pacemoTpuM orobpaskenue fL: V! — V|

KOTOpOE TakKe siBjisieTcst ndomopdusmom. [lpu 31om orobpaskeHun JuHei-

HO 3aBUCUMbIe BeKTOPDI f(a1), f(as),. .., f(as) nepeijayT B nuneiino 3aBucu-
MBIE BEKTODBI (1, A, - . ., ds, & ITO MPOTUBOPEUUT JUHEHAHON HE3aBUCUMOCTH
ai,ag,...,0as.

2) Iycrs f @V — V' u V sgsnsiercss KOHEUHOMEPHBIM JINHEHHBIM [TPO-
CTPAHCTBOM. JTO O3HAYAET, UTO CYIIECTBYeT HaTypaJbHoe ducjao N Takoe,
YTO YKUCJIO BEKTOPOB B JIIOOOM JIMHEHHO He 3aBUCUMOI CUCTEMbI U3 IPOCTPaH-
crBa V' He npepocxoaut 3roro dncia N. Tak Kak 1pu nzomopdusmMe ToJIbKO
JIMHETHO He 3aBUCHUMAasl CHUCTEeMa BEKTOPOB IEPEXOJUT B JIMHEHHO HE 3aBU-
CAMYIO, TO B TIpocTpaHcTie V' 4mesio BeKTOpOB B J11000# JIMHEHHO HE 3aBU-
CUMO#l cucTemMe Takke OynaerT OorpaHuvdeHo 3TUM ducjoM [N, cJie0BaATE]IbHO

npocrpancTso V' Oyjner KoHeYHOMEpPHBIM.

[Iycrs V' siBiisiercst beckoHeaHOMEPHBIM JIMHEHHBIM TIpocTpancTBoM. Hato

/
JI0Ka3aTh, 4To U V' B 3TOM ciiydae TakxKe Oyjer OeckoHedHOMepHBbIM. [lo-
IIyCTUM TIPOTUBHOE, TO €CTh V' gBIAeTCsaA KOHEYHOMEPHBIM JIMHEGHHBIM MPO-
crpancTBoM. Torma paceMmorpuM m3oMopdusM f1 @ V! — V. Ilpu sTom
uzomopdusMe u3 Konednomepuocru V' Oyjer ciejoBarbh KOHEYHOMEPHOCTD

V', a 510 NpOTHUBOPEUUT YCJIOBUIO.

3) I[lycrs A — cucrema BekTopos u3 V', B — 6a3uc cucreMbl BeKTOPOB A 1
f:V = V' —uzomopdusm. Torya, rak kak B C A, ro f(B) C f(A). Hadee,
A qmueitno Boipaxkaercst uepes B, rorna f(A) Oyner quneitHo BhIpasKaThCst
aepes f(B). Hakonern, tak kak B — JinHeilHO HE3aBUCHMAsI CUCTEMA BEKTO-
poB, f(B) Takxke spjsercs juHeiino HesapucuMoi. Takum obpasom, f(B)
apaisiercst bazucom f(A), To ecrb 6asuc B cucrembl BeKTopoB A nepexoaur B

6asuc f(B) cucrembl Bektopos f(A). Tak kak f siByisiercst Guekimeii, To 4uc-
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710 BeKTOpoB B B pasno unciy Bektopos f(B), to ectb 1(A) =r(f(A)). O

Caedemeue 8.3.1.1. 3omopd Hble KOHEUHOMEPHBIE JIMHEHHBIE IIPOCTPAHCTBA,

NMEIT OJJMHAKOBYIO Pa3MEPHOCTD.

Jlokazameavcmeo. Heiicrsurensno, f @ V. — V' — usomopdusm n V n
V! aBnasioress KOHeYHOMEPHBIMU JIMHEHHBIMI TIpOCcTpancTBamu. Torna 6asuc
e1, €, . .., e, npocrpancTa V nepexonut B 6asuc f(e1), f(eq),. .., f(e,) npo-

crpancrsa V', to ectb dim V =n = dim V. O

TEOPEMA 8.3.2. Jlboe koneunomeproe aumnetinoe npocmparncmeo V.
PABMEPHOCTNU T U3OMOPPHO KOOPIUHAMHOMY AuHEtTHOMY npocmparcmey k™
U NPU IMOM U3OMOPPHUIM AOCTNULAEMCA € NOMOUDBIO CINAHIAPMHO20 0100~

paotcenun f:V — k" omnocumenvno arwbozo basuca npocmpancmea V.

€1
. ~ €2
oxazamenavcmeo. Ilycts dim V =nu e = — Gazuc V. Paccmor-

€n
T

puMm crangapraoe orobpaxenue [ : V — k". W3BecrHo, uTo ecim a = " €,
to f(a) = a. [Tokaxkem, 4ro 310 oTOOpaskenue f ABIIETCA U30MOPGMUIMOM.

Bo-nepsbix, f sapisercs unbeknueit. Jeiicrsurensno, eciu f(a) = f(b),
T00=b=a=0.

Bo-Bropoix, f gBiserca ciopbeknmeil. B camom jene, BozbMeM J1r000it
cronber @ € k™ u moctpoum Bextop a = a’ €. Torna f(a) = a.

Ocraercs mokasarh, 4TO oToOpaskenue [ coXpaHsgeT onepanun. PaccMor-
pum f(a+b) =a+b=a+b= f(a)+ f(b). flaa) = aa = ad = af(a).
Takum obpazom f : V. — k™ saBisiercs n30oMOPPU3MOM, CJIEJIOBATEIHLHO

V=" u

Caedcmeue 8.3.2.1. KonedHoMmepHbIe JIMHEHHBIE [TPOCTPAHCTBA OJUMHAKOBOM

pPasMepHOCTU U30MOPQHbI.
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Jlokxazamenvcmeo. JeihcTBUTEILHO, MyCTh pa3dMepHOCTh dim V. = n u
dim V' = n . Torga no reopeme 832 V = k" u V' =2 k" cnepoBaresn-
no V=2V O

Caedemeue 8.3.2.2. PaHr cucreMbl BEKTOPOB KOHEUYHOMEPHOI'O JIMHEHHOI'O
IIpoCcTpaHcTBa V' paBeH paHI'y CUCTEMbI KOOPJMHATHBLIX CTOJIOIIOB BEKTOPOB

9TOIl CHCTEMBbI OTHOCHTEJILHO J1I000ro Oasuca mpocrpancTsa V.

Hoxasameavcmeo. Ilycrtsb ay, ao, . .., as — cucrema Bekropos u3 V. Paccmor-
pum f V. — k" — crangapTHbIii n3oMopdu3M, TOTIA CUCTEMa BEKTO-
POB a1, a9, . ..,0s MEPEXOIUT B di,d3,. .., ds. HO IO yTBEpPXKJIEHUIO 3 TEO-
pembl 8.3.1 r(ay, as, . .., as) = r(di, da, ..., ds). O

8.4 Ilepexom ot omHoro 6as3mca K apyromy. Matpuia

nmepexoaa

[Tycrs V' — KoHewHOMEpHOE JTMHEHHOe mpocTpancTBo Ha k, dim V = n u

MyCTh
€1 / U
~ €2 ~ U9
e = n U =
en \ Uy,

— Ba basuca npocrparcTBa V. Boipasum BeKTOPHI Dasuca U depe3 BEKTOPhHI

basznca €:
U = 11€1 + 1€ + ...+ Ap1€n,

U9 = (V12€1 + (92€2 + ... + Qp2ey; (8 2)

Up = A1p€l1 + Q9o + ... + Apn€n-

Ompenenenne 8.4.1. Marpuneil nepexoja or 6a3uca € K 6a3ucy U Ha3bIBa-

eTcss MaTpuiia, TPAHCIOHMPOBAaHHAsS K MATpPHUIlE, COCTABIEHHON 13 Koaphdu-
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[IUEHTOB JINHEHHOrO BBIpayKeHUsI BEKTOPOB Oasuca U depe3 BeKTOPLI Hasuca,

~

€.

Omnpenenenne 8.4.1 o3HadaeT, 9TO MaTPUILA IIEPEXOJIA,
T

/ 11 Q21 ... Opi ann a2 ... Qqp
Q . a1 Q92 ... (Op2 o Q921 Q92 ... (9p
\ A1p Q2n ... Qpp Qp1 Qp2 ... Qpp

[lepBbIM CTOJIOIIOM MATPHUIIBI SABJISETCS KOOPJAMHATHBIA CTOJIOEI] BEKTOPa, U1.

BTopbIM — KOOPAUHATHBIN CTOJIOEI BEKTOPA Ug, W T.JI.

Ompenenenue 8.4.2. Marpuneit nepexosa or 6asuca € K 6a3ucy U Ha3bl-
BaeTcs Marpuna (), croablaMm KOTOPOil ABJISIOTCA KOOPMHATHBLIC CTOJIOIbI

BEKTOPOB Oas3mca U OTHOCHTEIHLHO Dasuca €, TO eCTh
Q = (e, Ualz, - -, Unle) -

Ompenenenne 8.4.3. Marpurieii nepexojia oT basuca € K 6a3ucy U Ha3LIBa-
ercst marpuna @, onpejensieMast paeHcTBoM U = Q€ — MarpuuHas 3a1UCh

cucremsl (8.2).

TEOPEMA 8.4.1 (o wmarpuie muepexoia). Cnpasedausv, caedyrousue

ymeeprcdenu

1. Mampuua nepexoda om 001020 ba3uca  OpYzomy ABAACMCA HE 0CO-
bennoti. Obpammno, 110010 e 0coDEHHYI0 MAMPULY MOACHO PACCMAM-
PUBAMD KAK MAMPURY neperoda om 3a0ann020 6a3UCE K HEKOMOPOMY

dpyeomy basucy.

2. Mampuuwn nepexoda om basuca € x basucy u u om bazuca u K 6a3ucy €

ABNAANOMCA 63AUMHO 06pamnbmu.

Hoxasamenvcmeo. 1) Ilycrs (Q — mrobast He ocobeHHast MATPUIA U € — 3a-

JNaHHbIi Oazuc npocrpancTBa V. IlocTpouM BEKTOpBI Ui, Ug, . . . , Uy TAKUM



18 Inasa 8. JIuneiinpie npocrpancrsa

0bpa3oM, 4TOOBLI UX KOOPJAMHATHLIE CTOJIOILI OTHOCUTEILHO Oa31ca € COBIIa-
Jlaj co crobnamu Marpuiibl (.

Tak kak |@Q| # 0, 10 cTONOIBI MATPUIBI () SABIAIOTCS JIMHEHHO HE3aBU-
CUMBIMU, TI09TOMY U BEKTOPBI Ug, U9, . . . , Uy OYILYT JMHEHHO HE3ABUCUMBIMHU.
B cuimy sToro, BeKTOPHI Uj, Us, . .., U, MOXKHO B3sITh B KadecTBe Oaszuca U
pocTpaHcTBa V.

ITo nocrpoenuio 6yneMm nMers 4 = QT€, To ectb MaTpuia @ sBiISETCH
MaTpUIEil mepexosa OT 3aJaHHoro 6asuca € K BHOBbL IOCTPOCHHOMY Oas3ucy
u.

2) ITycrs € u u — jBa 6asuca npocrpanctsa V. [Tycrs Q) — marpuiia nepexojia
or € K u, R — marpuiia nepexojia or u K €. Torja o onpejenenuio 8.4.3 oyaem
nvers 4 = QTe, € = RTu. Orciona, € = RT(QTe) = (RTQT)e = (QR)Te.

DTO paBEHCTBO yKa3bIBACT HA TO, UYTO MaTpuia ()R sBisercs Marpurei
nepexoya or € K e. Ho 9Toii marpurieii sipisiercst MaTpuiia F, cae10BaTebHo

QR = E. D70 cooTHOIIEHNE yKa3bIBaeT Ha TO, 4T0 () 1 R — He ocobeHHbIe

B3aMMHO 0OpaTHBIe MATPHIIB], TO ecTb @ = R~1. [l

TEOPEMA 8.4.2. Koopdunammnwiti cmoabey, 8exmopa 0mmocumendvho Ho-
6020 ba3uca paser K0OPIUHATIHOMY CMOADYY IM020 BEKMOPA OMHOCUMENDHO
CMapozo 6a3Uca, YMHONCEHHOMY CAEBA HA MAMPULY Nepexoda om 106020 ba-
3Uca K Cmapomy, mo ecmo

alzg = R - alg,
2de R — mampuua nepexoda om basuca u % basucy €.

Joxazameavcmeo. Ilycrs € — crapoiii 6azuc, & — HOBLIA 6asuc, B — Mar-
pHIla Iepexoja oT U K €, To ectb € = R'u. C ofHO# CTOPOHDI, BEKTOD

a = a'lz - u. C ApyToit CTOPOHBI, BEKTOP
a=a'lz-e=a'lz- (R"a) = (a'lz- R")u = (R-alz)"w.

Tak Kax BbIparkeHHe BEKTOpa @ depe3 DA3UC U SIBJISETCS eJUHCTBEHHBIM,

10 &’ | = (R-a|z)T. Tpancnonupys 5Tu MaTpHILL, TOTyInM d|z = R-als. [
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8.5 JIuHeiiHble NOAIIPOCTPAHCTBA

IIycts V' — nuHeiiHoe npocTpaHCTBO HaJ HoJeM k.

Onpenenenne 8.5.1. [logmuoxkecrBo L 6a3ucHoro MuoxkKectsa V' Ha3bIBa-
€TCsl YCTOMUNBBIM IIOJIMHOYKECTBOM, €CJIM OHO YCTORUMBO OTHOCUTEJILHO BHYT-

PEHHETO CJIOYKEHUST U BHEITHEr0 YMHOXKEHHsI, TO €CTh
1. Va,be L) a+beL;
2. YVa€k,ael) aacl.

Caedecmeue. YeToianBoe MoJMHOXKECTBO L, pacCMOTPEHHOE BMECTE ¢ WH/LY-

[MPOBAHHBIMU HA HEM OIepallsiMu, 00pa3yeT JIMHEHHOe TPOCTPAHCTBO.

Hoxaszameavecmeo. L C 'V u L — ycroituuBoe 1OJAMHOXKECTBO, Torja Ha L
MOXKHO PaCCMOTPETh MHJYIUPOBAHHBIC ONEPAIMUA BHYTPEHHErO CJAOXKEHUS 1
pHerHero ymuoxkenusi. [lokaxewm, aro (V a,b€ L) a —b € L. Jleiicru-
reapno, —b = —(1-b) = (=1)b € L, rorna a — b = a + (=b) € L. Takum
obpaszom, (L, +) obpasyer ajyurusHyio noarpyiiy rpyiimbt (V) +). [Tosromy
IEPBBIE TPU AKCHOMBI JIMHEHHOrO IIPOCTPAHCTBA, BBIIOJIHSIIOTCA B L, OCTaJIb-
HBIE YeTBhIpe aKCHOMBI, OTHOCAIINECA K BHEIIHEMY YMHOMKCHHIO, BBITOIHAICEH
B mpocTpancTse V', OyIyT BBIMOTHATLCA U Ha YCTONUMBOM IIOIMHOXKECTBE L.

DTUM YCTAHOBJIEHO, 4TO L SIBJISIETCS JIMHEHHBIM TPOCTPAHCTBOM. [

Onpenenenne 8.5.2. JIMHEHHBIM MOAIIPOCTPAHCTBOM IPOCTPAHCTBA V' Ha-
3LIBAECTCs BCSIKOE €r0 YyCTOWUMBOE HOJMHOXKECTBO L, pacCMOTPEHHOE BMECTe

C MHAYIIMPOBAHHBIMHA Ha HEM OII€PAllUAMMU.

IIpennoxxenne 8.5.1. Ilepeceuenue cemeticmsea  AUHETHBLT — NOINPO-
CMPAHcme AUHElH020 npocmpancmea V. cHosa ABAAEMCA NOINPOCTPAH-

cmeom npocmparcmea V.
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Jokazameavcmeo. B camom gene, iyers {L;} — ceMeicTBO JTMHEAHBIX MOJI-

1pocTpancTs npocrpancrsa V. Paccmorpum MHuOX)KecTBO
L:ﬂh.
(i)

Hano nokasarn, yto L — ycTORYMBOE IOJIMHOXKECTBO B IIpocTpancTse V.
[lycrs a,b € L = (Vi) a,b € L;. Tak kak L; — JuHeiiHoe MOAIPO-

crpancrso, 10 (Vi) a+b € L; = a+b € ()L; = L. Cienosarennho, L
(i)

YCTORYINBO OTHOCUTEILHO BHYTPEHHET'O CJIOXKEHUSI.
Anagiornuno nokasbisaercs, uro (V o € k,a € L) «a € L.

CnenoBarebHo, L — TIOAIPOCTPAHCTBO MPOCTpaHCTBa V. ]

[Tycrs Tenieps A — nopMuOXKeCTBO JinHeiiHOTO pocrpancTBa V. Pacemor-
pUM Bce JinHelHbIe nojpocrpancrsa L npocrpancrsa V', cojepKaline MHO-
x)ectBo A. Takue oAmpocTpancTBa CyIIECTBYIOT, HAITPUMED, BCE MHOXKECTBO
V. Yerpouwm nepecedenue BCex STUX MOANPOCTPAHCTB L, TO ecTh

() L =L(A).
LoA
IMpengoxkenue 8.5.2. Mnoowcecmseo L(A) — naumenvwee auneiinoe nod-

npocmpancmeo npocmparncmea V', codepoicausee mroscecmeo A.

Joxasamesvcmeo. Heiicrsuresibuo, ror ¢gakr, 4o L(A) siBisiercst nojinpo-
CTPAHCTBOM IpocTpancTBa V' cienyer m3 npejioxkenns 8.5.1. Hagee, mHO-
KeCcTBO A cofiep»KuTest BO Beex L KOTOphbie MBI TepeceKaeM, ClIef0BaTeahHO
A C L(A).

Hakoner, BozbMeM m000€ JTHHEHOE HOANPOCTpaHcTBo L', Takoe, 4TO
A C L'. Torga oHO HAXOIUTCA CPEIN NEPECeKACMBIX INOJINPOCTPAHCTB L,

ciaenosarensio L(A) C L. O

Omnpenenenne 8.5.3. JIuneiinoit obosoukoii MHOXKecTBa, A mpocTpancTBa
V' HasblBaercsa HauMeHblIee JrHeiHoe nojnpocrpancTso L(A) npocrpancrsa

V', comepxkKariee MHOKECTBO A.
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Yacro roBopsrt, 9To MoAnpocTpancTBo L(A) MOpoKIeHO MHOXKECTBOM A

WJIM HATAHYTO Ha MHO2KECTBO A

ITpenmoxenune 8.5.3 (crpoenne L(A)). Jluneiinas oboroura L(A) cocmo-
UM U3 MHOHCECMBA NUHETHHIT KOMOUHAUUT KOHEUHOLT NOOMHONCECTNE MHO-

orcecmea A ¢ wospduruenmamu us ochosHo20 noas k, mo ecmo

L(A) = Zaaa g € k u noumu ece oy = 0

acA

Joxazameavemeo. B camom jiesie, BBejiem obosnavenue: L' = ¢ > «aua
acA
Heobxosmmo nokazarh, uro L(A) = L.

C opmoit croponnl, Tak kak A C L(A), ro L(A) copepxur Jjitodyto Jjiu-
HEHHYI0 KOMOMHAIIUIO KOHETHOIO MOJAMHOMKECTBA, MHOXKECTBA BEKTOPOB A, TO
ecrb L' C L(A).

C npyroii cTOpoHBI, sAcHO, 9TO L' — yCTORYIMBOE OIMHOKECTBO MIPOCTPAH-
crea V, caeposareinbno, L' — jmneiinoe nojuipocrpancTso npocrpaicrsa V.
Kpowme Toro, muoxkectBo A C L' (rak kak a =1-a+0-a;+0-ag+...).
Torga o npegioxennio 8.5.2 L(A) C L.

B wrore nosyuaem, aro L(A) = L. O

Caedemeue. Ecin A = {aq, as, ..., as}, 1€ BEKTODLI A1, A, - . . , Gg SIBJISTIOTCS

auHeitno nesapucuMbiMu, To L(A) — koneunomepno, dim L(A) = s u

L(A) = Zaiai\ a; €k
1=1

Jokaszamenvcmeo. Jeiicrsuresnbho, Tor dgakr, uro L(A) nmeer ykazanublii
BUJI, cjejpyer u3 npejuiokenusi 8.5.3. Torja BeKTOpbI a1, A3, . .., 0s MOXKXHO

B3sTh B Kadectse basuca L(A), ciepoarenvho, dim L(A) = s. O

Caedemeue. Ecnu nmueiinoe npoctpaHcTBO V' KOHEUHOMEpHOE, TO JIF0O0e ero

JINHEHOE MOJIIPOCTPAHCTBO L TaK:Ke sABJIsieTCs KOHeIHOMepHbIM 1 dim L <

<dimV.EcmdimL=dmV,oL=V.
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Jloxazamenvcmeo. B camom nene, nyctb dim V = n u ey, é9,...,€, — Oa-
suc V. Tak kak L — 1ojipocTpaHCcTBO JUHEHHOIO IPOCTPAHCTBA V', TO OHO
JIOJIZKHO ObITh KOHEYHOMEPHBIM. B 1n1poTuBHOM ciiyuae, u3 6eCKOHEeTHOMEPHO-
CTU TpoCTpaHCcTBa L BhITeKaJ0 Obl DECKOHETHOMEPHOCTH MPOCTPaHCTBA V.
Ilycts aq, as, ..., as — 6a3uc L, To ecth dim L = s. Tak Kak ay, as, . ..,
JINHEHHO BBIPaXKaloTCsl uepe3 0asuc ey, €, . . . , €, IpocTpancTsa V', TO 110 Oc-
HOBHOI TeopeMe O JIMHEHHO! 3aBUCUMOCTH § < N, TO ecThb dim L < dim V.
Ecnu dim L = dim V', To ecTb S = n, TO BEKTOPHI @1, A3, - - . , Gy, MOXKHO
B34Th B KauecTse baszuca npocrpancrsa V. B cuiy npejyioxkenust 8.5.3 Oyjiem

nMeTb

L = zn: a;a; =V.
1=1
L]

Onpepenenne 8.5.4. Cymmoii cemeiicTa JmHeiHbIX nognpocrpancTs { L; }
npocTpancTBa V' Ha3bIBaeTCA JnHelHasg O0O0JOYKa MHOMXKECTBA, paBHAs
TEOPETUKO-MHOKECTBEHHOMY O0'beJIMHEHNIO Oa3UCHBIX MHOMKECTB 3TUX JId-

HEHHBIX MOAIIPOCTPAHCTB, TO €CTh

Z Li=1 U L
(i) (i)

Onpepesienne 8.5.5. Cymmoii cemelicTra jinneiinbix nojnpocrpancts { L; }
IPOCTPAHCTBA V' HA3BIBACTCA HAMMEHBIEE JIMHEHHOE MOJITPOCTPAHCTEO MPO-

cTpaHCcTBa V/, cojieprKaliiee BCe IOJIIPOCTPAHCTBA JAHHOIO ceMeiicTBa.

IIpensoxxenune 8.5.4 (crpoenue cymwmbl). Cymma Ly + Lo deyr au-
HetnuT NoINPOCMPancme cosnadaem co MHONCECMEOM 6EKMOpPos 6udd

{a1 + CL2| a € Ll,CLQ c LQ}

Hoxkasamenavcmeo. JleiicrBuTenbho, o onpeaesennio 8.5.4 umeem Ly + Lo =
= L(Ly U Ls). Beesiem obosnauenune L' = {ay + as| a; € L;, i =1,2}. Hajo

nokasaTb, uto L1 + Lo = L.
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C oz1HOIt CTOPOHLI, SICHO, 4TO L' — yCTORYNBOE MOIMHOXKECTBO IIPOCTPAH-
crea V', nosromy L' — nupeitnoe nojupocrpancTso npocrpacrsa V.

Hanee, Ly C L. deiticrBurensno, (V ay € Ly) a3 = a1 + 0, rae 0 € L.
Anasnornuno, Ly C L' umeem (V as € Lo)  as = 0+ag, tyie 0 € Ly. Orcropa,
LiU Ly C L' cneprosarensio L(Ly U Ly) C L', 1o ectv Ly + Ly C L.

C apyroit ¢TOPOHBI, BO3LMEM IMPOM3BOJLHLI BekTop a € L'. Ero moxno
IIPEJICTABUTDL B BUJIE @ = a1 + Ao, T/e a1 € Ly, as € Lo. BexkTopnl a1, a9 €
€ L1 U Lo, ciieioBarenibio a = a1 + as € L(Ly U Ly) = Ly + Lo, TO ecTh
a € L1+ Ly. Umeem L' C Ly + Lo.

Takum 00pa3oM, U3 JABYX BKJIOUeHuit noaydaem, uro Ly + Lo = L. [

Samevanue 8.5.1. MoKHO TTOKa3aTh, YTO B OOIIEM cirydae

ZLZ-: Zai| a; € L; mw moutu Bce a; = 0
(i) (7)
Onpenenenne 8.5.6. Cymma JuHeiiHbIX noupocTpancTs L1 + Lo Ha3bIBa-

ercst ipsaMoii, eciiu Ly N Ly = {0}.
[Tpsimast cymma obosuavaercs Ly @ Lo.

Jlemma 8.5.1. JIoOyio jinHEiiHO HE3aBUCUMYIO CUCTEMY BEKTOPOB KOHEY-
HOMEPHOI'O JINHEHHOrO npocTpancTBa V' MOXKHO JIONOJHUTE J10 Oasuca 1mpo-

crpancTBa V.

oxazameavcmeo. Ilycrs aq, a9, ...,as — JHHEHHO HE3ABUCHMAs CHCTEMA
BEKTOpPOB u3 V 1 eq,eo,...,6, — 0asuc upocrpancrsa V, dim V = n. Pac-
CMOTPHUM CJIEJIYIONIYIO0 CUCTEMY BEKTOPOB

1,09, . ..,05, €1,€2,...,6E,. (8.3)

U3 s10ii cucrembl BeKTOPOB (8.3) HAUHEM yJIAJSITH BEKTOPBI, KOTOPbIE JIH-
HEMHO BbiparkatoTcst 4depes npejbiiyiiue. [lepsbie s BEKTOPOB ocTaloTCs Ha

MECTE, TaK KaK OHHN JIMHEMHO He3aBUCUMBbIE. HOJIy‘H/IM

A1, 2, .oy Gy €y iy v vy Ejy - (8.4)
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Cucrema BekTOpoB (8.4) GyseT JuHEHO HE3aBUCUMOIl, TAK KAK HU OJIUH BEK-
TOP HE BBIPAXKAETCST Y€Pe3 OCTAJIbHBIE BEKTOPHI.

Hauiee, so6oit BekTop a € V', jmHeiiHO Bbipaxasich yepes cucremy (8.3),
OyJier JIMHEHO BhIpayKaThest U depes cucremy (8.4), Tak Kak yjiaJeHHbIe BeK-
TOpbI 13 cucreMbl (8.3), JMHeiiHO BhipaxkatoTcst yepes cucremy (8.4). Takuwm
obpa3oMm, cucremMa BeKTOpoB (8.4) Gyser cocraBisaTh H6a3uc mpocrpanctsa V.
DTOT HA3UC MOJIYyUEH U3 CUCTEMBI A1, A3, . - . , (g JOOABJICHUEM HEKOTOPBIX BEK-

TOpoB. kK =n — s. [

TEOPEMA 8.5.1 (0 pasmMepHOCTH CyMMblI JIBYX JIMHEHHBIX MOJIPO-
cTpaHcTB). Pasmepnocmo cymmor 06yx aunetinuix noonpocmpancms kome-
HOMEPHO20 NUHETH020 NPOCMPancmea V. pasha cymme pasmeprocmets 3mux

AURETHBT nodnpocmpancme 6e3 pasmMeprocny UT NEPecereHus, mo ecmsb
dim (L1 + Lz) =dim Ly + dim Ly — dim (Ll N LQ)

Hoxasameavemeso. Ilycrs Ly u Lo — jaBa JIMHEHHBIX MOAIIPOCTPAHCTBA 11PO-

crparctBa V. Oboznauenne gepes L = L1 N L. Ilycts cucrema BeKTOPOB
€1,€,...,€ (8.5)

— 6asuc L. Ecoim L = {0}, 1o 7 = 0 u 6a3ucom Oyjer 1ycroe MHOKECTBO.

ITo semme 0aszuc L MOXKHO JOHOIHUTE 10 Dasuca L
€1,€2, .-, Epy Upy1, .- -5 Ug, (86>

rie (8.6) — 6azuc Ly, dim Ly = s. Anasoruano, mo jemme 6a3uc L MOXKHO

JIOTIOJIHUTD J10 Oasuca Lo

€1,€2,. .., €, Upg1, ..., Ut (87)

re (8.7) — Gasuc Lo, dim Ly = t.

PaccmoTpum cietyioniyio cucTeMy BEKTOPOB

€1,€9y vy Cry Uity v Us, Upgy - .-, Ut (8.8)



8.5. Jluneitnbie 1ojpocTpaHcTBa 25

[Tokaxkem uro cucrema (8.8) saBasercsa 6asucom Ly + Lo. eiicTBUTENbHO,
BO3bMEM IIPOU3BOJILHBINA BeKTOp & € L1 + Lo. Torma © = a + b, riae a €
€ Ly, b € Ly. Paznaras Bekrop a 1o 6a3ucy (8.6), Bexrop b o 6asucy (8.7)
Y CKJIAIBIBAst TTOJIy UEHHBIE BHIPAYKEHUST, MbI TTIOJIy UMM, YTO BEKTOP T JIMHEHHO
BhIpayKaeTcs depes cucremy (8.8).

Ocraercst MOKa3aTh, 9TO CUCTEMa BEKTOPOB (8.8) sABjsercs JuHeHO He3a-

BUCHMO#1. PaccMoTpuM JimHEHY10 KOMOWMHAIUIO
arer + ...+ aper + Brprtpsg + o+ Bstts + Yrp1Vps1 + .-+ v = 0. (8.9)
Hy»xmo mokasaTnb, 4T0 Bce CKaJsapbl oy, O,y = 0. Paccmorpum BexkTop
T =a1e]+ ...+ + Brprtiyr1 + ... + Bsus. (8.10)
I3 pasencrsa (8.9) BUIHO, 9TO BEKTOD
T = =Y 1Ups1 — - - . — ViU (8.11)

Pasencrso (8.10) yka3niBaeT na TO, 94TO BEeKTOp © € L1, a pasenctso (8.11
Y 9
YKa3bIBa€T Ha TO, YTO BEeKTOp T € Lo, ciejpoBarenbHo © € Ly N Ly = L.

CuteoBaTeIbHO, BEKTOP & MOXKHO BBIPA3uTh depe3 basuc L.
!/ !/
r=ajer+...+ae. (8.12)

Cpasuum (8.10) u (8.12). Bripaxkenune Bekropa x 1yepes 6azuc (8.6) j0/KHO

OLITH €MHCTBEHHBIM, TOTJIA
=0, .. =0p, 31 =0,...,08,=0.
Torga paserncrBo (8.9) npuHUMaeT By
arer + ...+ aper + YU + ..+ o = 0. (8.13)

Tak kak Oasuc (8.7) sBJgeTCSA JIMHEHHO HE3ABUCHMOfI CHCTEMOi BEKTOPOB,
TO U3 paBeHcrsa (8.13) ciejyer, UTO BCe CKANSAPBL O = ... = Qp = Ypp1 =
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Busno, uto cucreMa BeKTOpOB (8.8) sABJsieTcst JIMHEHHO HE3aBUCHMON,
cJieJloBaTesibHO, cucreMa BekTopos (8.8) spisiercs 6asucom Ly + Lo. Torja
dim (L1 + Lg) — uuciy BekTopoB B 6azuce (8.8) = r+(s—7r)+(t—1r) = s+
+t—r =dim Ly+dim Ly—dim L = dim Ly+dim Ly —dim (L;NLy). O

Caedcmeue 8.5.1.1. PazmepHOCTb HpsIMOil CyMMBI paBHA CyMMe pa3MepHO-

CTel caaraeMbIX.

oxazamensvcmeo. HeiictBurennho, eciv Ly + Lo — mpsiMasi cymma, TO 110
onpegenenuto L1 N Ly = {0}, dim {0} = 0. [onyuaewm, aro dim (L1 @ L) =



I'taBa 9

JluHeliHble onlepaTophbl B JIMHEITHOM

IIPOCTPAHCTBE

9.1 IIpocrpaHcTBO 1 ajiredpa JIMHEHHBIX OIIEpPaTOPOB

[Iycrs V u V' — aBa smHeiiHbIX npocTpaHcTBa HaJl OJHUM M TEM K€ OCHOB-

HbIM T10J1eM K.

Onpepenenne 9.1.1. JIuHeHBIM OIEPATOPOM U3 MPOCTpaHCTBA V' B MpO-
crpancTso V' HaJl OJIHUM 1 TeM »Ke 1oJeM k Ha3bIBAETCsl BCAKOe 0TOOPasKeHue

f:V — V' yrosiaersopsoniee AByM YCIOBUSIM:
1. Va,beV) f(a+b)= f(a)+ f(b);
2. Va€kaeV) flaa)=af(a)

BuiHo, 94T0 MOHSATHE «JIMHEHHBINA omepaTopy ABJISeTCst 0O00IIEHNEM TTOHSI-
st «usomopdusmMy. B ciyuae mzomopdusma, TpeboBasoch 4Todnl f ObLIO
owekiueit. Yeqaosue 1) osnavaer, aro f spisercs romomopdusmom (V,+)
na (V',+). Yemosue 1) HasbiBaeTCsi yCJIOBHEM aJIITUTHBHOCTH, a yCJIOBUE 2)

Ha3bIBa€TCAd yCJOBUEM OJHOPOIHOCTH.

Onpenenenne 9.1.2. JIluneliHbIM OllepaTOpoOM M3 IIPOCTPaHCTBa V' B 1Ipo-

CTpaHCTBO V/ HaJl OJHUM U T€M 2K€ OCHOBHBIM IIOJIEM k Ha3BIBACTCST BCSIKOE

27
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orobpaxkenue [ : V — V' ynosiersopsioliee yCIOBUIO JTUHEHHOCTH:

Va,Bek abeV) flaa+ Bb)=af(a)+Bf(b).

O6o3uauum gepes L(V, V') MHO)KeCTBO BCeX JIMHEHHBIX OLEPATOPOB U3
npocrpancTsa V' B npocrpancrso V. Ha aToM MHOXKecTBe pacCMOTpUM JiBe

aﬂre6paﬂquKHe OII€palluy:. BHYTPEHHEE CJIO2KEHMUE M BHEIIHEE YMHOXKEHUE.

Onpenenenune 9.1.3. [lycrs f,g € L(V, V') n a € k. Tlonaraior, uro (f +
9)(a) = f(a) + g(a) n (af)(a) = af(a).

Omnpegenenne 9.1.3 KOppEKTHO B TOM CMbICIe, 9TO f + g n «f ABISIOTCSA
JITHEHHBIMU OIIEepaTOPaMHU.

Heiicteurensio, (V o, S €k, a,b € V) (f+g)(aa+pb) = f(aa+5b)+
+ glaa+Bb) = af(a)+ B(5) +agla) + Bg(b) = a(f(a) +g(a)) + B(F(b) +
+g(b) = a(f + g)(a) + B(f + ¢)(b). Caenosaresnro f + g € L(V,V’).

Eme npomie jiokassisaercs, uro af € L(V, V).

TEOPEMA 9.1.1. Mnoowcecmeso L(V, V'), pacemompennoe emecme ¢ onpe-
denernumu 1a Hem enympennets areebpauveckoti onepayueti cA0NHCENUA U
enewnets areebpauneckoti onepayueti ymmoscenus, obpasyem aunetinoe npo-

cmpancmeo 1ad nosem k.

Joxasamenvcmso. Ilycrs f,g,h € L(V, V'), a, 8,1 € k. lns nokasareinb-
CTBA TEOPEMBI JJOCTATOTHO IIOKA3ATh, YTO BLIIOJHAIOTCA 7 aKCHOM JUHEIHOTO

IMpOCTpaHCTBa, a UMEHHO
L. f+g=9+1;
2. f+(g+h)=(f+g) +hk
3. (Vfig)(3h) g+h=F
4 a(f +g)=af +ag

b. (a+B)f=af+p5f;
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6. (aB)f = a(Bf) = Blaf);
7.1-f=f.

[IpoBepum HEKOTOpHIE U3 HUX.

1) Nmeenm (VY a € V) (f+g)(a) = fla)+g(a) = g(a)+f(a) = (g+)(a).
CaegoBarensho, [+ g =g+ f.

3) Uneewm f,g € L(V,V’). Pacemorpum orobpaxenue h : V. — V' onpe-
nenennoe caeyomum obpasom (VY a € V) h(a) = f(a) — g(a). Jlerko no-
Ka3aTh, YTO 9TO OTOOPAYKEHHE YJIOBJIETBOPSIET YCJIOBUIO JINHEHHOCTH, CJIE/10-
sarenvio, h € L(V,V'). Tlogcuuraem (V a € V) (g+h)(a) = g(a)+h(a) =
=g(a) + (f(a) — g(a)) = f(a). CnenoBaresnvho, g+ h = f. []

[Iycrs V, V', V" — 1pu smneitnpix npocrpancrsa HaJl 1nojgeMm kK, LyCThb
fe LV, V), ¢ € L(V',V"). Torga moxkem paccMaTpuBaTh KOMIIO3HUIUIO
JMHEHBIX orepaTopos @ o f : V — V" koropas onpeaensiercst cieryonmm

obpazom (¢ o f)(a) = ¢(f(a)). Dry komnosunuio ¢ o f Gyjaem obo3HAUATE
pf.

[Tokaxkem, uro @ f ecrb quHeiHbI oneparop u3 npocrpancrsa V B V.

Heticrsurensuo, ¢ f(aa + fb) = o(f(aa + b)) = (af(a) + B (b)) =
= ap(f(a)) + Be(f(b)) = alef)(a) + Blef)(b). Creosarensro, ¢ f €
e L(V,V").

TEOPEMA 9.1.2. Ilyemov f,g € L(V,V'"), o, € L(V' V"), h €

L(V", V"), a € k. Tozda cnpasedausnl, caedyiousue coommouenii:
1.o(f+9) =of +¢y;
2. (p+)f=of +9¢f;
3. hpf) = (ho)f;
4. alef) = (ap)f = plaf).
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[lyers f,g,0,90,h € L(V,V), T0 ecTh 370 JInHEHHbIE ONEPATOPHI U3 JIH-

HeftHoro npocrpancrsa V' B cedsi.

Onpenenenne 9.1.4. Jluneitnolii oneparop u3 V' B V' Ha3bIBaeTCs 9HIOMOP-

duzmom.

Ha muoxecrse L(V, V') MOKHO paccMaTpuBaTh TPETHIO ajredpaniecKyro
onepanuio — BHyTpennee ymuoxkenue. Eciu f,p € L(V, V), To nonarator
of = pof V=V, of € L(V,V). Jlna 3roit onepaiun yMHOKEHUS

OTIEPATOPOB CIPABEJINBBI cOOTHOIIEHUsT 1)— 4) Teopembr 9.1.2.

TEOPEMA 9.1.3. Muoowcecrneo L(V, V'), paccmompernoe emecme ¢ onpe-
DENCHHVLMU HA HEM MPEMA AA2EOPAUYECKUMU ONEPAUUAMU. SHYMPEHHUMU
CAONCEHUEM U YMHOHCEHUEM U BHEWHUM YMHONMCEHUEM, 00pasyem arzebpy

nad nosem k.

Teopema 9.1.3 o3nauaer, uro onepanuu B muoxecrse L(V, V') yiosierso-
pstor caenytomum 10 akcuomam:

1)-7) — aKCHOMBI JIMHEHHOIO IPOCTPAHCTBA;

8) flg+h)=fg+fh, (f +9)h= fh+gh;

9) flgh) = (fg)h;

10) a(fg) = (af)g = f(ag).

Kak n Beskast anrebpa, agrebpa JTMHEHHBIX OMEPAaTOPOB €CTh COeJIMHEHNE
JBYX aJredpanieckKux CTPYKTYP: CTPYKTYDbI JIMHEHHOIO MPOCTPAHCTBA (aK-
cuoMbl 1)-7)) u cTpyKTypbl Kosbiia (akcunombl 1)-3) 1 8)-9)). 9Tu crpyKTyphI
CBSI3aHDBI MEXKJTy co0oit cBoiictBoM 10).

B nasbmeitiem, muoxkecrso L(V, V') 6yunem obosnauars L(V).
[Ipumepswr:

1) Hyusieoit sinneitabiii oneparop usz L(V'). Ou obosunauaercs Oy . Onpejie-

asiercst caeyrormum obpasom: (V .a € V) Oy (a) = 0. fcno, uro

VfeLllV)) f+0v=7F
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2) ToxmecrBennblit ymnedinbiit omeparop u3z L(V'). O6osnauaercs 1y.

Ounpejensiercs cieyromum obpasom: (Va € V) 1ly(a) = a. dcuo, uro

VfeLV)) lv-f=f-1ly=Ff

D10 o3Hauaer, uro B ajarebpe L(V') ecth enunuia.

9.2 Marpuna JuHeiiHOTO ollepaTopa B KOHEYHOMEPHOM

JIMTHEMTHOM NIPOCTPAHCTBE

31ech MbI 1oJIyuuM 0003penue Beex JmHeiinbix oneparopon anaredpor L(V),

e dim V =n.

TEOPEMA 9.2.1. IIycmv eq,es,...,e, — ba3uc Aunetinoz20 npocmpan-

cmea V. Ilyemv V' — dpyeoe aunetinoe npocmpancmeo nad nosem k u

/

/
n — NPOU3BOADHAA CUCTIEMA BEKINOPOEG U3 V', Toeda cywecmey-

ay,ay, ... a
em eduncmeennviti sunetinot onepamop f € L(V, V'), nepesodauut basuc
npocmpancmea V6 sadannyto cucmemy eexmopos npocmpancmea V', mo
ecmn

V1<i<n) f(e) =a.

Joxazameavcmeo. 1) Eduncmeennocmo.

[Tycrs cymecrsyer yuneiinbiit oneparop f € L(V, V') rakoit, uro (V 1 <
<i<n) f(e) = a,. Jlwoboii BekTop @ € V MOXKHO MPEJCTaBUTH B BUJIE
a

n
= > wye;. Torna
i—=1

fla)=f Y e | =D aif(e) = ).
=1 =1 =1

Honycrum, uro cymecrsyer apyroii suneiinoiii oneparop fi € L(V, V'), yuo-

piiersopstouii yeaosuio (V1 <i<n) fi(e;) = a,. Torga

fila) = fi Z%’@i = Z%ﬁ(@z‘) = Zaia; = f(a).
i=1 i=1 i—1
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CaenoBarensho f1 = f.
2) Cywecmeosanue.
n
[Iycts a € V. Torna a = Y a;e;. Onpegenum orobpaxkenue f: V — V/

i=1
CJIeJIYIOITUM 00pa3oM

fla) =) o,
=1

[Tokaxkem, 9TO 3TO OTOOpParkKeHUE YJIOBJIETBOPsET YCJIOBUSIM JIMHEHHOCTH.
n

HeitcrBurenbro, nycrs b € V., b= > B;e;. Toraa
=1

fo) =) B,
i=1

n n

flatb) = [ Do(a+ Biles | = > (i + i) =

=1 1=1
= aj+ > Bia; = f(a) + f(b).
=1 =1

Eme nporne gokaspiBaercs, uro f(aa) = af(a), tne o € k. Takum o6pazom,
orobpaxenue f € L(V,V'). Hakonen, (V1 <i<1) f(e;) = f(0-e1+...+
+1-¢+...40-€,)=0-a/+...+1-a;+...+0-0q, =a. O

Caedemeue 9.2.1.1. JInneitnnlit oneparop n3 V' B V'’ onnosnauno onpeses-

ercsi obpazamu 6a3UCHBIX BEKTOPOB IpocTpancTsa V.
OTO BBITEKAET M3 JIOKA3aTEIbCTBA, IePBOil YacTu TeopeMbl 9.2.1.

Caedemeue 9.2.1.2. Muoxkectso smneiinbix oneparopos u3 V' B V' naxogwur-
Cs1 BO B3aMMHO OJIHO3HAYHOM COOTBETCTBHH C MHOXKECTBOM YIOPSIOUEHHBIX

CHCTEM U3 M-BEKTOPOB IIpocTpaHcTBa V.

[Tycts V' — mmmedtnoe mnpocrpancTtBo Haj mojgem k, dim V. = n,
€1, €a,...,e, — 0azuc npocrpancrsa V. Ilycrn, nanee, f € L(V), no cuej-
CTBUIO U3 TeopeMbl 9.2.1, 9TOT onepaTop €JIMHCTBEHHBIM 00pa30M OIIpe/Iesi-

ercs obpasamu 6asucubix BeKTopoB f(e1), f(ea),. .., f(e,) € V. Paznoxum
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9T 00pa3bl 10 6A3KUCYy MPOCTPAHCTBA V, TOJIYIUM

f(el):Oé1161+041262+...+&1n6n;
€9) = o161 + p9eo + ... + Qonep;
f( 2) 21€1 2262 2ntn <91>

flen) = anier + angea + ... + Qppen.
Omnpenenenne 9.2.1. Marpureit nuneitnoro oneparopa f € L(V) orHo-
CUTEJIbHO Da3uca e, €, . . ., €, Ha3bIBAETCsS MATPHUIlA, TPAHCIOHUPOBAHHAS K
MaTPUIE, COCTABJICHHON 13 KOA(MDPUIMEHTOB JIMHEHHOI'O BbIpaXkeHusi 00pa30B

Oa3MCHBIX BEKTOPOB Yepe3 ITOT Dasuc.

T
a1 12 ... O1n 11 Q91 ... Op1
A — Qi1 Qg ... Qigp . Q12 Q2 ... Qp2
fle — =
an1 Ap2 ... Opp A1p Q9 ... Opn

Omnpegnenenne 9.2.2. Marpurieii smneitnoro oneparopa f € L(V') orrocu-
TeJbHO Da3Kca €1, €9, . . . , €, Ha3bIBACTCS MATPUILA, CTOJIOIAMU KOTOPOI s1BJIs-
FOTCs KOOpMHaTHbIE ¢TosiOIbI BekTopoB f(e1), f(ez2), ..., f(e,) orHocuTenn-

HO Oasuca €, TO eCTh

Af|€ - (f(€1)|’e“7 f(62)|€7 ) f(en)lg)'
Onpenenenne 9.2.3. Ecin 0603Ha9uTh

€1 \ f(el) \

R CE R

En / f(en)/

TO MaTpHIel JrHEHOrO oneparopa f OTHOCHTEILHO Da3nca € Ha3bIBAeTCst

o
I

marpuna Ay, onpejessieMast 13 PaBEHCTBA

1@ = A%z
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TEOPEMA 9.2.2. IIpu durcuposannom bazuce € Aunetinozo npocmpati-
cmeaV, dim V' = n, omobpasicenue o : L(V') — M(n, k), conocmasasrowee
aunetimomy onepamopy f ezo mampuuy ommnocumenvno basuca e (f — Ay ),
ABAAENCHA UBOMOPPUSMOM anzebpol Aunetinoir onepamopos L(V) na anzebpy

Keadpamuoir mampuy, n-20 nopadka M(n, k).

Joxazameavcmeo. IlyTh € nekoropslit 6asuc npocrpancrsa V. Pacemorpum
orobpaxenne o : L(V) — M(n, k), o(f) = Ay, tie Ay — marpuna JuHeii-
HOro oneparopa f orHocuTesbHO Hasuca e. ITokaxkem, 4To 310 0OTOOpaXKEHUE
SIBJISIETCST N30MOP(DUBMOM.

1) Unsexmusnocms o,

Ilycre o(f) = o(g), tne f,g € L(V). D10 osnagaer, uro Ay = A, =
= A} = Al = Aje = A€ = f(€) = g(€). Mbl noyuuiu, 40 o6passl
0A3UCHDBIX 3JIEMEHTOB IIpocTpancTsa V' copmnagaior. Torna mo ciaejcTBuo us3
teopembl 9.2.1 crenyer, uto f = g.

2) Cropsexmuenocms o.

[Iycts A € M(n, k). Iloctpoum n BEKTOPOB IpocTpaHcTBa V' Tak, 4ToObI
KOOPJIMHATHLIE CTOJIOIBI 9TUX BEKTOPOB OTHOCUTEJILHO DA31Ca € COBIIALAJIN
co cronbmamu Marpunsl A. Torma mo teopeme 9.2.1 cyrecTByeT JUHERHDIH
oneparop f € L(V), nepesopsiiuuii 6a3uc € B HOCTPOCHHDIE HAMU BEKTODDI.
ITo nocrpoennio byaem umers f(€) = ATe. Orciona Bujno, ecin cpaBuuBaTh
c onpegesennem 9.2.3, uro AT = A:JC. Taknm obpaszom, o(f) = Ay = A.

3) Coxpanenue onepayu.

Ilycrs f,g € L(V) u Ay, Ay — MaTpHUIBl 9TUX JHHEHHLIX ONEPATOPOB
orHocHTenbHo Gasnca €. Torna f(€) = Afe, g(€) = Aje.

PaccmorpuM sieiicTBre cyMMBbI JIMHEHHBIX OIepaTopoB f + ¢ Ha 6a3ucHbe
sektopnt. C omroii cropowst, (f + g)(€) = A}, €.

C npyroit cropoust, (f+¢)(€) = f(€)+g(€) = Aje+Ale = (Af+A])e =
= (A f+ Ag)Tg.

Orcioza, A%g = (A + A)" = A;.y = Ay + A,. Takum obpazom, mMart-
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pUIla CyMMBI JJUHEHHBIX OTIEPATOPOB paBHA CyMMe MATPUIL STUX ONEPATOPOB.

ClJiejioBaTesIbHO

o(f+9)=Apg=Ar+ A4y =0(f) +o(g),

TO €CTb 0TOOparkeHue o COXpaHgeT BHYTPEHHee CJIOXKEHHE.
PaccmoTpum jeiicTBre npomsBeieHns JIMHERHBIX omeparopoB fg Ha Oa-

sucHbie BeKTopbl. C os1HO# cTopowsl, (fg)(e) = A?gg.

C apyroii croponbt, (fg)(€) = f(g9(€)) = f(Aje) = Ajf(€) =
= A;(A?E) = (ASA?)EZ (ApA,)Te.

Orcroa, A?g = (A;A)T = Ay, = ApA,, TO ecTh MaTpuIla IPOU3BE/IE-
HUsl JIMHEHHBIX OIEPATOPOB PaBHA NPOM3BEACHUIO MATPHIL 3TUX OIIEPATOPOB.

CireroBaTeILHO
o(fg) = Afg = Ang =o(f)o(g),
TO €CTh OTOOpaXKeHUe o COXpaHsieT BHYTPEHHEe YMHOXKEHUE.

Hakomer, coBcem mpocto jiokasepiBaercs, uto Ay,p = aAdy = o(af) =

=ao(f), e a € k. O

IIpenmoxxenne 9.2.1. Koopdunammnwit cmonbey, obpasa eexmopa npu deti-
CMBUL NUHETTHBLM ONEPATMOPOM PAGEH KOOPOUHATIHOMY CMOAOUY IM020 6Ek-
Mopa, YMHOACEHHOMY CACBA HA MAMPULY IMO20 NUHETH020 ONEPAMOPG, MO

ecmms

Tokazamenavcmeso. Jeiictrsurensho, sektop a = a'e. C ofHOl CTOPOHDL,

. T _ . . . .

fla) = £(@)'2. C apyvont cropoms f(a) = f(aT2) = " f(7) = T (4]7) =
= (a" A})e = (Apa)"e. Nmeewm, f(a) = (Asa)" = fla) = Asa. O
Onpepesierne 9.2.4. Marpuna B wasbsiBaercs nopobnoit marpure A (B ~

A) maj mosiem k, eciiu cymiecTByer He ocobeHHasi MaTpuia () ¢ dJeMeHTaMu

U3 110Jisi k Takasi, 9To

B =Q1AQ.
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Wnorma rosopar, o Marpuiia B mogydena TpanchOpMUIPOBAHHEM MaT-
puibl A ¢ nomoipio Marpuibl (), win Marpuna B npeobpasoBana U3 Mar-

puibl A ¢ moMorbio Marpuiisl ().

Samevanue 9.2.1. Ecin marpunpt B u A 1000HbI, TO OHU JIOJPKHbBI ObITH

KBaJIPATHBIMU OJIMHAKOBOW Pa3MEPHOCTH.

IIpenoxxenune 9.2.2. Omuowenue nododus AGAAECMCA OMHOULCHUEM K-

susarenmmuocmu na muoscecmee M(n, k).

Hoxazameavcmeo. 1) Pedaercusrnocmo.

NUmeem A = E-YAE, rorna A ~ A, posb maTpuiisl Q UrpaeT euHIIHAS
MaTpPHIIA.

2) Cummempuunocms.

[lycts B ~ A. Q10 osnauaer, uto (3 Q, |Q| # 0) B = Q1AQ =
= QB = QQTAQ)QT = QBRT = A= A= (Q)'BQ! =
= A ~ B, poas marpuius (QQ urpaer QL.

3) Tpansumusrocms.

Ilycth C ~ B, B ~ A, rorna (3 R, |R| # 0) C = R'BR, n
(3Q, |Q] #0) B = Q'AQ. Crenosaremsno C = RTY(QTAQ)R =
= (QR)TA(QR) = C ~ A, posb Marpunsl @ urpaer QR. O

TEOPEMA 9.2.3. Mampuuwv odnozo u mozo sice aunetinozo onepamopa f
6 passunneir basucax nodobnol. Ilpu smom mampuya Ay nosyuaemcs us
mampuup, Ay mpanchopmuposanuem npu nomowu Mampuyvl neperoda om

basuca € ¥ bazucy w, Mo ecmo
_ -1
Ap, = Q7 ApQ,
2de () — mampuua nepexoda om € x .

Loxazameavcmeo. Ilycrs dim V = n, e u u — nBa 6a3uca IpOCTPAHCTBA,

V, fe L(\V), Ag. n Ay, — marpurpl oneparopa f OTHOCHTEJBHO € U 1
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COOTBETCTBeHHO. Torma
F(@) = Aj.e  fi) = Ap i

Ilycrb, nakoner, Q — marpuia nepexojga or € K u, 1o ectb 4 = QTe. C
oot croponsi, £(7) = F(Q78) = QTF(@) = QT(AT ?) = (QTAT ) =
= (Af‘EQ)TE/. C apyroit cropoubi, f(u) = A?‘Eﬂ = Arﬂﬁ(QTa =
= (A?LZQT)’GV = (QAy,)"e. Takum obpasom, (A;.Q)" = (QAy.)" =

= QAp, = Ay, Q = Ay, = Q' Ap.Q. [

Caedcmeue 9.2.3.1. Ecim Ay — marpuna JjimneiiHoro oteparopa f orHoCH-
TejibHO 0asuca € u B ~ Ay 1o marpuiy B MOXKHO paccMarpuBaTb Kak
MaTPUILy JUHEHHOTrO ormeparopa f OTHOCHTETHLHO HEKOTOPOTO JIPYroro 6a3u-

ca.

Hokasameavcmeo. HeiicrBurenbho, tak kKak B ~ Af 1o (3 Q, |Q| #
#0) B = Q 'A;Q. Paccmorpum noswiit 6asuc u = Q€. Tax kax Q —

He ocobenHas MaTpuiia, To U Oyjaer HoBbIM OasucoM. Ilo Teopeme 9.2.3 nme-

eM Af\a = Q_lAfQ = B. [l

9.3 Panr m gedekT JUHEIHOro oleparopa

/ o
[Tycrs V' u V' — nBa smHelHBIX mpocTpaHCTBa Haj 1nojeMm k, myctbh f €

e L(V,V").

Omnpenenenne 9.3.1. O6paszom Jsinneiinoro oneparopa f (Im f) naspiBaercs
MHOXKECTBO 00pa30B BCEX 3JIEMEHTOB IpoctpancTBa V. fjpom JinneitHoro
oneparopa f (Ker f) HasbiBaeTcsi MHOXKECTBO T€X BEKTOPOB IPOCTPAHCTBA

V', koropsie ipn oTobpakenun f mepeBoadTes B HOJIL npocTpancTsa V.

U3 sToro onpejiesiennst BUJHO, 4TO

Im f={f(a)|aeV}, Ker f={a € V| f(a) =0}.
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IIpengoxkenne 9.3.1. Adpo u o6pas auneiinozo onepamopa f € L(V, V')

AGAAIOMCA AunelinvLmu nodnpocmpancmeamu npocmpancms Vou V' coom-

6EMCMEEHHO.

Jokazameavcmeo. eiicrBurenbho, (V a, 5 € k,a,b € Ker ) uvmeem
flaa+ Bb) = af(a)+Bf(b)=a-0+F-0=0= aa+ fb e Ker f.

D10 ozHavaer, uro Ker f sipisiercs yeTORUUBBIM HOJMHOKECTBOM IPOCTPAH-
crBa V| CJ1eJI0BATEIILHO, SBJISIETCST €10 JIMHEIHBIM TO/IIPOCTPAHCTBOM.

[Tycrs a', 0 € Imf. 9ro oznaqaer, uro (a,b € V) f(a) =d, f(b) =V
Torpa (VY «, B € k,d', b € Im ) umeem

aa' + b = af(a) + Bf(b) = f(aa+ Bb) € Im f.

Orcrona I'm [ gaBnsercs yCTOMUMBLIM IIOJMHOXKECTBOM IpocTpancTsa V',

CJIEIOBATEJILHO, SBJISAETCA €ro JIMHEHHBIM TOAIIPOCTPAHCTBOM. [l

IIpennoxenue 9.3.2. Ecau V' — xoneurnomeproe Aunetinoe npocmparcmeo
u f € L(V,V'), mo adpo u obpas aunetinozo onepamopa f asasomes wo-

HEYHOMEDPHBIMU AUHETHBMU npocmpaHcmeamu.

Hoxasameavcmeso. B camom jiesie, Tak Kak V' KOHeUHOMEPHOE JIMHEITHOE 11PO-
CTPAHCTBO, TO ¥ JIF0O0E ero TOAITPOCTPAHCTBO, B dacTHocT Ker f, Tak e
SIBJISIETCS. KOHETHOMEDHBIM.

[lepeitnem k obpasy Im f. Ilyctn eq, es,. .., e, — 6asuc npocrpancrsa V.

n
Torpa V =< > aye;| a; € k} Torna
i=1

Im f=f(V)= Zaﬁ(ei) = L({f(e1),.... f(ea)}).

Ho Jiuneitnast 000J104Ka, 11OPOXKIEHHAS KOHEUHbIM YKUCJIOM BEKTOPOB, siBJIsi-

€TCdA KOHEYHOMEPHOU M 1IPU 9TOM

dim L({f(e1), ..., f(en)}) = rang {f(er), ..., flen)}-
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CnenoBarennno, Im f sBaseTcss KOHEUHOMEPHBIM JIMHEHHLIM MPOCTPAH-

CTBOM. ]

Onpenenenne 9.3.2. Eciu V' — kKoHeuHOMepHOE JIMHEHHOE MPOCTPAHCTBO
u [ € L(V,V'), ro paiurom smneitnoro oneparopa f r(f) naspiaercsa pas-
MEPHOCTD ero obpasa, a jedexrom guneiinoro oneparopa f d(f) naspiBaercs

Pa3MEpPHOCTD €ro djpa.

N3 sroro onpejpenenusi sujno, uro r(f) = dim Im f, a d(f) =
=dim Ker f.

Caedemeue. v(f) =r{f(e1),..., f(en)}.

Caedemeue. Ecin f € L(V'), To panr quHeiiHoro oneparopa f paBeH paHry

MATPHUIIBI TOTO JINHEHHOIO OIepaTopa OTHOCUTEILHO J1I000r0 6a3uca, TO eCTh
r(f) =r(Ag).

Jlokaszamenavcmeo. JeiicTBUTENIBHO, O NPebIIYIIEeMy CJICJCTBUI0 HMeeM
r(f) = r{f(e1),..., f(en)}. Paccmorpum cramjaprubiii usomopdusm o :
V — k" ornocurenvio 6azuca e. Torma (V a € V) o(a) = alz. Ipu uso-

MoOp(hU3Me paHT CUCTEMbI BEKTOPOB HE M3MEHSIETCsI, TIO9TOMY

r{fler),.... flew)} =r{fled)les.... flen)le} = {Ap.}.
]

TEOPEMA 9.3.1 (o panre u gedekre jguneiinoro oneparopa). Feau V. —
Koneunomeproe aunetinoe npocmpancmeo, dim V= n, f € L(V,V'), mo
CYMMa parea u depexma aurnetinozo onepamopa f pasna pasmepHocmu npo-

cmpancmea V', mo ecmo v(f) + d(f) = n.

Joxasamesvcmeo. Beegem obosnadenve d = d(f) = dim Ker f. Ilycrs
€1,€9,...,eq — Oasuc Ker f. Homoanum sror Oa3uc 10 Oasmca mpocTpaH-
crBa V, MOJIYy4IUM €1,€9,...,€4,E441,--.,6, — Oazuc V. Ilo ciaencrBuio K

npejjokennio 9.3.2 nmeem

r(f) =r{f(er), flez),. .., flea), f(earn), -, flen)} = r{f(€a1),- -, flen)} -



40 Diiasa 9. Jluneitnpie onepaTopbl B JIMHEHHOM IIPOCTPAHCTBE

[Tokazkem, 4T0 BeKTOPHI f(€411), - - -, f(€,) ABATIOTCSA JTMHEHHO HE3aBUCHMbI-

mu. Iycrb

ad+1f(6d+1) + .ot O4nf(€n) = 0;
flageiegr + .-+ apen) = 0= agiieqir + ... + ane, € Ker f.

Paznoxum sToT amement o basucy Ker f. Umeem

Ogi1€de1 + ...+ ape, = Brer + ...+ Byey;

—pier — ... — Baeq + agi1€ay1 + ...+ age, = 0.
Tak xax ey, es, ..., e, — 0azuc npocrpancrBa V, 10 1 = ... = B3 = Q441 =
= ... = a, = 0. Takum obpaszom, BeKTOPHI f(€411),-- -, f(en) aABasOTCA
muneiino wesasucumbivu. Torga 7(f) = r{f(eqs1),..., flen)} =n —d =
=r(f)+d(f)=n—d+d=mn. ]

9.4 OO0paruMoOCTh JUHEINHOTO OImepaTropa

[Tycrs V' — nmmeitHoe npoctpancTBO Haj nojem k. Paccmorpum airedpy
L(V). B sroit anrebpe ecrb eauHUIA, POJIb €JIUHUIIBI BBIITOJHAET TOXKJIE-

crBernblit oneparop ly. Hanomuum, uro (Va € V) 1y (a) = a.

Onpenenenne 9.4.1. Jluneitnpiii oneparop f € L(V') naspiBaercst obpa-

THUMbBIM, €CJIM OH O6paTI/IM KaK 3JIEMEHT MYJIBTHHHHKaTHBHOﬁ I[IOJIYI'PYIIIIbLI

xonbna L(V), roects (3 f~1 € L(V)) fft=f1f=1y.

TEOPEMA 9.4.1 (kpurepuii obparumocru JmHeiHoro oneparopa). /as
moeo, wmobu, aunetnvit onepamop f € L(V) 6vin obpamumvim 1eobxodumo
u docmamouno, umobvL on Kax omobpasicenue bvia buexkmusHvim. Jpyumu

carosamu, f— obpamum mozda u moavko moezda, kozda f — usomoppusm

us'V e V.

Hoxasamervcmeo. 1) Heobzodumocm.
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I[Iycts f € L(V) asnserca obparumbiM. [lo onpenenenmio 9.4.1 (3 f~1 €
L(V)) ff' = f'f = 1y. Hano nokasars, uro [ apisgercs OHEKIUEI.
I[lycrs f(a) = f(b). Ilpumenum K aroMy pasencTsy orobparkenue f 1, HOJIy-
e F1(f(0) = FHUG) = (1 0)@) = (F)0) = Tv(a) = 1(b) =
= a=0.

[Tycrs b € V. Hajo nokazars, uro (3 a € V) f(a) = b. [ocrpoum
no pannomy Bektopy b Bextop a = f1(b). Torma f(a) = f(f71(b)) =
= (ff () = 1y(b) = b, 1o ectb [ sBasiercs Guexiueii.

2) docmamounocme.

[lycts a € L(V) u f asiagerca Gueknueit. Torma (3 f~1 : V. — V)
ff~t = ff~! = 1y. Dro orobpakenue f~! takke apigercs 6uexnueit. Hao
nokazath, uro f 1 € L(V), To ecth f! ynoBreTBopsaeT ycioBuaM auHeiHo-
cru. Ilycrs ', b € V' rorpa (3 a,b € V) f(a) = d, f(b) = V. Orciona

fYd) =a, f71(t') = b. Bosbmem npoussosbibie «, 3 € k, cocunraem
flaa+ Bb) = af(a) + Bf(b) = ad + BV =

= fH(ad + BV) = aa + b= af H(d) + BF (V).

Orobpazkenue f~! ynoBIeTBOpseT YCJIOBHUAM JIMHEHHOCTH, CJI€JI0BATEILHO

Fle L(v). 0

9.5 XapakTepucrTu4yecKuii MHOTOYWJIeH MaTpPUIbl U JIu-

HEHOI'o oneparopa

[Tycrs k —ocHoBrOe mosie 1 k[A] — KOJIBIIO MHOTOWIEHOB OT HEH3BECTHOTO .

Omnpenenenne 9.5.1. A-marpuiieil (MHOTOWIEHHOH MaTpHUIeH) HaJl MojeM
k HasblBaeTCsS MaTpHIA, SJEMEHTAMU KOTOPOI ABJISIIOTCA 3JIEMEHThI KOJIbIA

k[\], To ecTb MHOrOWIEHBI OT A ¢ KO3 dupentamu us moJs k.

)\—ManI/IHbI MOXKHO CKJIaAblBaTb, YMHOX>KaTb, YMHOXXAaTb Ha CKaJIfPbI
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0 TEeM »Ke TpaBWjaM, UTO U CKajsgpHble MaTpuibl. Ilycts Ttemepn A =

= (0j), a;j € k, i,j = 1,n. Takue marpuiipl Oy/leM HA3BIBATH CKAJIAPHBIMH.

Onpenenenne 9.5.2. XapaKTepUCTUUECKOH MaTpuileil Jijisg KBaJpaTHO

cKaJspHoil MaTpuibl A HasbiBaercs A-marpuiia Buja AE — A, To ecTb

A — 11 —Q192 ce —1n
—091 A — Q929 ... —Q9n
A — A=
_anl _anQ .« .. )\ - ann

Onpenenenne 9.5.3. XapaKTepUCTUIECKUM MHOTOUJIEHOM JIJIsI CKAJISIPHO
MATPHUILI A HA3LIBACTCS OIPEIeINTeNhb, TOPOXKICHHBIA XapaKTePUCTUICCKOI

MaTpuleil juist Mmarpuibl A.

XapakTepuCcTHIecKuii MHorowieH MarTpuilbl A obo3Hadaercss depes

xa(A) = |AE — Al

Omnpenenenne 9.5.4. Ciiejiom KBa[parHoii ckassproit marpuiipl A (Tr(A))
HA3BIBAETCS CyMMa 9JIEMEHTOB ee ryiaBHoi jguaronasn. Hopmoit marpunbr A

(N(A)) nasbiBaercst ee OnpeJeuTeb.
DTO OLPEJIEJICHUE O3HATALT, YTO
Tr(A) =a11 +ag + ... + aup, N(A) =]A|.
Acno, uro Tr(aA + B) = aTIr(A) + BTr(B); N(AB) = N(A) - N(B).

TEOPEMA 9.5.1 (o crpoeHun xapaKTepucTHIecKoro MHorodsiena). Xa-
PAKMEPUCTIUECKUT MHOLOYUACH OAA CKAAAPHOT Mampuubt A aeasemea Hop-

MUPOBAHHBIM MHO20UYAEHOM 011 A cmenenu n, umernuwum me@ymwuﬁ 6ud:

Xa(A) = A" = Tr(A)A" + ..+ (=1)"N(A).
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Hoxazameavemeso. Umeewm,

A — a11 — 12 e —1n
921 A — 99 ce Qo
Xa(A) = =
—Qpl —Qp2 A— Qnn

S)\ —ag1))( A=) ... (A — cva—l— eme (n! — 1) ciraraembix.

(%)

B ocrasimuxes (n! — 1) coaraembix orcyTerByer 1o KpaiiHeir mepe jiBa

9JeMeHTa TJIaBHOM Juaronasm. [losTomy ocraBiimecs: ciaraeMbie MOTYT JIaTh
crenenb y A He Boime, yem 1 — 2. Ciaraembie ¢ A" n ¢ A"~ nosyuarores 3a,

cuer npoussejienus (x). B npoussesenne () A" Bxogur ¢ koaddurmentom 1.

Koadbdunuent npu N ! paserr —ay1 —qos —. .. —apy = —Tr(A). Homyqaem
XAN) = X = Tr( AN + a, 2 A"2 + . 4+ g d + g, e o = x4(0) =
=10-E-Al=]-Al=(-1)"A4] = (-1)"N(A). [

Omnpenenenne 9.5.5. XapakTepucTuiecKUMU KOPHIMHU (TUCIAME) MATPU-
bl A Ha3bBIBAIOTCS BCE 1 KOPHEH ee XapaKTepUCTHUECKOrO MHOIOYJIeHA, Jie-

»Kallye, BOoOIIe roBOpPsI, B aJredpanieckKoM 3aMbIKAHHK OCHOBHOT'O IOJIA K.

3amevanue 9.5.1. B camom ocHOBHOM T10J1€ K MOXKeT BOODIIE HE OBITH XapaK-

TEPUCTUUECKUX KOPHEH, MJIM UX MOXKET ObITh MEHbIIEe, YeM 7.

[Tpumep: k = R,
1 -2
A= :
1 —1
A—1 2
xa(A) = =N —1+4+2=\+1.
-1 Xx+1
XA(A) =0 = )\2 + 1 =0= )\1 = i, )\2 = —1. BI/I;LHO, qTO /\1,)\2 ¢

¢ R, A\, \s € R = C. B nasipHeiilleM XapaKTepUCTHIECKIE KOPHI MATPHUI[BI

A Oynem 0bo3HATATD A1, Ao, ..., Ap.
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Caedcmeue 9.5.1.1. Cymma XapaKTepuCTHIECKIX KOpHel Marpuiibl A paBHo

ee cJje/jly, a 1Ipou3BejleHre XapaKTepUuCTUUYeCKUX KOpHell paBHO ee HOpMe.

Jlokazamenvcmeo. DTo BbITeKaeT u3 TeopeMbl 9.5.1 u Teopembl Buera. [leii-

CTBUTEJILHO,

AM+X+.. .+ A\, = —(—TT(A)) = T?“(A),

Al Ao oo,

I
0
—_
~—
3
—~

|
—_
~—
S
=
AN
~—

I
=
AN
~—

[]

Caedemeue 9.5.1.2. Kpagparnas marpuria A ne ocobennast TOriaa u TOJILKO

TOI'/la, KOI'JIa BCE €€ XapaKTEPUCTUICCKHUE IMCJIa OTJIMYHbI OT HYJIA.

Joxasamenvcmeo. B camom jene, [A| #0< N(A) A0S A= Ao - Ay #
L0 (V1<i<n) N#£0. O

[Tycrs V' — koneunomephoe jinneitnoe npocrpancrso wajg k u f € L(V).
IIycts € — basuc V u Ay, — marpuna f ornocurenvno basuca €. Tax xak
9Ta MATPHUIA 3aBUCUT OT DA3UCa, TO MOHSITHE XaPAKTEPUCTUICCKON MATPHUITDI

JJIA JIMHEHOTI'O olepaTopa He€ BBOJUTCH.

IIpenmoxkenne 9.5.1. Xapaxmepucmuueckue muozousenv, nodoOHLLT Mam-

DU, PABHDL.

Joxazamesvemso. Iyers B ~ A, 1o ectn (3 Q, |Q| # 0) B = Q1AQ.
Pacemorpum xapakrepucruieckuii Muorousien marpuipbl B. xp(A) = |AE —
— Bl = MAE - Q7'AQ| = [QT'(A\E)Q — QTAQ| = [QT'(\E — A)Q| =
= [QTYIAE — Al|Q| = |\E — Al = x4(N). [

Caedcmeue. Crebl 1 HOPMBI TOJOOHBIX MATPHUIL PABHBI.

Caedecmeue. XapakTepucTHIeCKnii MHOIMOUJIEH MaTPHUIIbI JIMHEHHOTO orepa-
TOpa He 3aBUCHUT OT BbIOOpPa Dasuca, OTHOCUTEIbHO KOTOPOI'0 CTPOUIACh MAT-

pulla onepaTopa, a 3aBUCUAT TOJBKO OT CaMOTO JIMHEIHOTO OllepaTopa.
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Onpenenenne 9.5.6. XapakTepucTuuecKUM MHOTOUJIEHOM JIMHEHHOTO OIIe-
paTopa Ha3bIBAETC XapPaKTEPUCTUIECKUIT MHOTOUYJIEH MATPUILLI 9TOTO JIMHET-

HOT'O OllepaTopa OTHOCUTEJILHO JII00Oro Dasuca.

O6o3HATMM XapaKTePUCTUIECKUI MHOIOUJIEH JIMHEHOro onepaTopa [ de-
pes X7(A). Torna xr(A) = xa,(N).

Onpenenenune 9.5.7. Cregom Tr(f) u wopmoit N (f) nuneitnoro oneparopa
f HasbIBaeTCsl CJie)l U HOPMaA MATPUIbL ITOIO JIMHEHHOIO OllepaTopa OTHOCH-

TeJBbHO JI0DOTro basuca.

Onpenenenne 9.5.8. XapakTepuCTUUECKUMU KOPHSMU JIMHEHHOTO oTepa-
TOpa Ha3bIBAIOTCA BCE KOPHU XapaKTEPUCTUYECCKOI'O MHOTOUJICHA 3TOTO JIH-
HEHOro oneparTopa, JiexKallye, B 00IeM ciydae, B aaredpamdeckoM 3aMbIKa-

HUMW OCHOBHOT'O TIOJIA.

9.6 CobcTBeHHBIE BEKTOPHI M COOCTBEHHBIE 3HAUYEHUS

JIMHEMHOTO OnepaTopa M MaTPUIlbl

[Tycrs V' — numeitnoe npocrpanctso way noiem k, f € L(V). Ilyers V' —
JIMHEHOEe 1OoJPOCTPpancTBo npoctpatcrsa V. B obwem cayuae f(V') C V|

1O Moxer ObiTh Tak, uro f(V') C V.

Onpenenenne 9.6.1. [Tognpocrpancrso V'’ nmuneiinoro npocrpancrsa V' na-
3bIBAETCsl MHBAPUMAHTHBIM OTHOCUTEJNLHO JimHeiinoro oneparopa f € L(V),
ecim f(V') C V', 10 ecth m1060it BeKTOp M3 MOMIIpocTpancTBa V' mepexoaur

B BEKTOP TOT'O K€ MOJIPOCTPAHCTBA.

BaiiMeMcsl M3y4YeHUEM OJIHOMEDHBLIX MHBAPUAHTHBLIX IIOJIIPOCTPAHCTB.
[Iycrs V! — omnomepHoe MHBAPUAHTHOE TTOAIPOCTPAHCTBO. BozbMeM m1060ii
ekTop a € V', a # 0. Tak kak dim V' = 1, To BeKTOp a4 MOXKHO B34Tbh B
kauecrse Gasuca V' u rorma V' = {aala € k}. f(a) 6ymer npunaexars

V', rak kak V' unapuanrno. Torna f(a) = aa, a #0, « € k.
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O6parno, nycrs V' — oxmomepHoe mnojmpocrpanctso m a  # 0,
acV' fla)=aa, e a € k. Tak kak V' — ojiHOMEPHOE HOJIIPOCTPAHCTBO,
TO @ MOXKHO B3siTh B Kadecrse 6azuca V. [losromy V' = {fa|s € k}. Cocun-
raem f(fa) = ff(a) = f(aa) = (Ba)a € V'. Takum obpazom f(V') C V',
TO ecTh V' — MHBapUAHTHOE MOJIIPOCTPAHCTBO. TaKiM 06pa30M N3ydeHue O1-
HOMEPHBIX NHBAPUAHTHBIX HOANPOCTPAHCTB HPUBOJIUT HAC K N3YYCHUIO HEHY-

JeBBIX BeKTOpoB a € V' nyist koropwix f(a) = aa, tae a € k.

Onpenenenne 9.6.2. Ckajsip o Ha3bIBAETCsI COOCTBEHHBIM 3HAUCHUEM JIN-
ueitnoro oneparopa f € L(V'), ecin cyuiecrByer Henysieoii sBekrop a € V
rakoii, uro f(a) = aa. B 910M ciyuae BEKTOP @ Ha3bBaeTCsi COOCTBEHHbBIM

BEKTOPOM JIMHEHHOTO oreparopa [, NPpUHAIIEKAIINM CKaJIsIPy .

B sToM ciydae TOBOpPAT, 9TO ¢ M @ €CTh MPUHAJJIeXKaIme JIpyT JApyTry

cOOCTBEHHOE 3HAYEHHE U COOCTBEHHBIH BEKTOD JIMHEHHOTO omeparopa f.

Ompeneaenune 9.6.3. ['oBopsr, 4TO cKaJIsIp « 1 HeHysaesoi croabder; X £ 0
3 k" ecTb npuHAJIEXKAIIe IPYT JPYry cOOCTBEHHOE 3HAYeHUe U COOCTBEH-

bl BekTop Marpuiibl A € M(n, k), eciu AX = aX.

IIpeanoxkenne 9.6.1. /[as mozo, wmobwv cxarap o u eexkmop a € V' oviau
npunadiedcausumy dpye 0pyey cobcmeeHnviM 3HAUEHUEM U CODCMEEHHDIM
GEKMOPOM NUHETH020 0ONepamopa f KoHeUwHOMEPHO20 AUHETHO20 NPOCTNPAH-
cmea V' neobxodumo u docmamourno, wmobv, o u koopdurammol cmosbey,
G4 0OMHOCUMENDHO HEKOMOPO20 baduca OviaY npuHadsedcauumy dpye dpyezy
COOCTNEENHDIM 3HAYEHUEM U COOCTMEEHNHDIM 6EKMOPOM Mampuybt Ar 2mozo

AUHETH020 onepamopa OMmHOCUMEADHO 020 IHCE basuca.

Joxasamesvemeo. Heiicrsuresbho, nycrs f(a) = aa, e a # 0 u o € k,

rorja f(a) = aa & f(a) =ada < Ara = aa. llpuaem ¢ #0 < a#0. O

TEOPEMA 9.6.1 (kpurepuii cobcrBeHHOr0 3Hadenust). Jai mozo, 4mobo.
CKaaap o 0o cobemeenmvm snavenuem mampuuve A (aunetinozo onepamo-

Pa KOHEUHOMEPHOZ0 NPOCTPAHCMEA) He0OT00UMO U dOCMamouHo, 4mobv, o
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OviLA Tapaxmepucmuveckum kopnem mampuyve A (aunetinozo onepamopa),

AEHCAULUM 6 OCHOBHOM TIOAE.

Joxasamesvcmeo. 1) Heobzodumocm.
Ilycth o siBAsIeTCS COOCTBEHHBIM 3HAUEHHEM MAaTpHIbLI A, 370 o3Hauaer,

qTO

AX =aX, (9.2)
rie X # 0u X € k™. Ilepenumem pasencrso (9.2):
aEX — AX =0,
(@B — A)X = 0. (9.3)
Ha pasencrso (9.3) MOXKHO cMOTperb KakK Ha OJHOPOJIHYIO CHCTEMY 7
JMHERHBIX YPaBHEHUH € 7N HEM3BECTHLIMU. DTa CUCTEMa 3alucaHa B MaT-
pUYIHOM BHUE. BUIHO, 9TO HEHYJIEBHIM PENICHUEM 3TOH CHCTEMbI SIBJISIETCS
croabernr X € k™, X # 0. Torga no cieacTBuio n3 KpUTEPUsT HAJIAIUST HEHY-
sesoro perennss OCJIY ciesyer, uro onpeenurens cucrembt (9.3) joken
ObITh paBed HyJo, To ecth |k — A| = 0. Takum obpazom y4(a) = 0, cie-
JIOBATEJILHO (v ABJISICTCS XapAKTEPUCTUICCKAM KOpHeM MaTpullbl A n o € k.
2) ocmamoyunocmo.
[Iycrs o € k v o siBaIsIeTcst XapaKTePUCTUIECKUM KOPHEM MaTpuipl A.
Torga xa(a) = 0, 910 03HAUAeT, uro | E— A| = 0. Pacemorpum ojiHOposiHy 0

CHCTEMY N-JIMHEHHBIX ypaBHeHuii ¢ n HewsBecTHbIMU (9.3)
(aF —a)X =0,

riae X — crosbel Hen3BeCTHLIX. 110 ClIeICTBUIO U3 KpUTEpUsl HAJINIUs HEHY-
aesoro periennst OCJIY ciuegyer, uro 91a cucrema (9.3) umeer HeHysieBoe
pemierre X # 0. D10 HernysneBoe perienne X € k™, Tak Kak 3JIEMEHTHI MaT-
puibl («F — A) npunagiexkar noso k. [logcraBus 910 HeHyJIeBOE pereHne
B cucremy (9.3) moayaum Toxkgectso. Byigem nmers aEX — AX = 0, 1o
ectb AX =aX, rne X # 0u X € k™. Ilo onpegenennio 9.6.2 BugHO, 9TO (v

SIBJISIETCSI COOCTBEHHBIM 3HAUEHHEM MATPHUILI A. [l
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Caedemeue 9.6.1.1. Ecin ocHoBHOe T10J1e k ajredpanieckKy 3aMKHYTO, TO BCE
cOOCTBEHHbIE 3HAYCHUsT MaTpUllbl A COBLAJAIOT ¢ ee XapaKTepPUCTUICCKUMU

KOPHSMMU.

IIpenmoxxenne 9.6.2. Bce cobcmsenmvie 6eKmMopvl AUHETH020 0NEPAMOPA
(mampuyot), npunadiescausue co6CMBENHOMY 3HAMEHUIO O BMECTNE € HYAe-
GHLM BEKIMOPOM 00PA3Y10M AUHETHOE NOONPOCMPAHCGEO Npocmparcmsea V.

(xoopdunammnozo npocmpancmea k™).

Hoxasameavcmeso. JleiicrBureibHO, 1IyCTh ¢ — COOCTBEHHOE 3HAYEHHE JIW-
neiinoro oneparopa f € L(V'). Muoxectso Beex cOBCTBEHHBIX BEKTOPOB Ol1e-
paropa f, npuHaIe)amux cOOCTBEeHHOMY 3HAYEHUIO (v BMECTE C HEeHYJIEBbIM
BEKTOPOM, COBIIAJIae€T ¢ MHOXKECTBOM Beex pelnenuii ypasuenus f(a) = aa.

(O0603HAYMM MHOXKECTBO pPELICHUI 9TOr0 ypaBHEHUs Yepes
Vo ={a e V] f(a) = aa}.

Hajio nokasars, 1ro V,, — yCcToiunBOE MOJAMHOXKECTBO MpocTpancTsa V. DT1o

O3HAYaeT, 9To

VB,vy€k, a,beV,) Ba+beV,.

Mogcuracy f(Ba+~b) = 5f(a) +7(b) = Blaa) + y(ab) = a(Ba +b).
CaepnoBaresibio fa+ vb sisisiercs perenueM ypashenusi f(a) = aa, 1o ecthb
Ba + vb € V,. Takum obpazom V,, sBISETCST YCTOWIUBHIM TTOAMHOKECTBOM

npocTpancTsa V', a cjaejoBaTeIbHO, €ro JUHEHHBIM MTOJAIIPOCTPAHCTBOM. [

Onpenenenne 9.6.4. Eciiv o — cobcrBenHoe 3HaUEHUE JIMHEHHOTO OIepaTo-
pa f € L(V), ro V, nHazbiBaeTcst COOCTBEHHDBIM TIO/IIPOCTPAHCTBOM OIIEPATOPA

f, mpuHAIEXKAIINM CKAJISIPY (.

TEOPEMA 9.6.2 (0 coOCTBEHHBIX BEKTOpax, MPUHAJIEIKAIINX PA3JINY-
HBIM COOCTBEHHBIM 3HadeHWsiM). [lycmo aq, o, ..., 05 NONAPHO Pa3AuwHbLE
cobemeennvie 3nauenud sunetinozo onepamopa f € L(V) u 6 xaoscdom cob-

CMEBEHHOM no@npocmpa%cmee Vai 6b06pana AUHETHO He3a6UCUMAA CUCTILEMA
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6EKMOPOB agi), aéi), e ,agf).

i

Tozda obsedunenue 6cex SMUT AUHETHO HE3A6U-

i . . .
CUMDIT CUCTNEM BEKMOPOE {a(- )}, 2de j = 1,n;, 1 = 1,5, asasemca Sunetino

J
HE3a6UCUMOT CUCTNEMOT BEKIMOPOE.

Hoxaszameavcmeso. JlokazarejibCTBO HPOBOJUM METOJOM MAaTEeMaTUIeCKOi
WHJIYKIIAK 110 S.

Ecimu s = 1, To u3 cobCTBEHHOTO MOANPOCTPAHCTBA V,,, BbIOpaHna cucrema
BEKTOPOB: agl),ag), e ,af}), KOTOpasl SIBJIsIeTCs JIMHEHHO He 3aBUCUMOI 110
YCJIOBHIO.

[Ipejronoxkum, 4To TeopeMa BepHa Jjijist § — 1 1onapHO pasimaHbIX COO-
CTBEHHBIX 3Hauennit. JlokarkeMm crmpaBeJInBOCTH TEOPEMBbI JIJIsT S TMOTMAPHO
Pa3JIMIHbIX COOCTBEHHDBIX 3HAUCHUIA.

(1)

meem cucreMy BEKTOpPOB {aj

}, rie 7 = 1,n;, ¢« = 1,s. Hano nokazars
ee JIMHEeHHYI0 He3aBUCUMOCTb. [lycrh
s o
> Zwﬁ“ = 0. (9.4)
i=1 j=1
[TozeiicrByem Ha pasercrso (9.4) oneparopom f. [osydnm

f Ziwaﬁ” = [(0);

i=1 j=1

Z Z%jf(ay)) =0,

i=1 j=1

HO f(a§i>) = ozz-ay), TO €CTh

S n;

Z Z %jaiaj” =0. (9.5)

i=1 j=1

YuMuokuM paseHcTso (9.4) Ha a u BbluTeM u3 Hero paseHcrso (9.5). Tlosy-

Z Zlfyij(ozs — ai)agi) = 0.

i=1 j=1

UM
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Ecmm ¢ = s, To ay — o; = 0 1 moaTomy

s—1 n;

Z Z%j(ozs — ai)agi) = 0.

i=1 j=1

Ho 110 mpejiiioioxKeHuio nH 1y K CUCTEMa, {aéi)}, rej=1n;,i=15—1
SIBJISIETCs JIMHEHO He3aBucuMoit. [ToaroMmy u3 mocsieHero paBeHcTBa, Cery-
er, uro Yij(as —a;) =0, 7 = 1,n;, i = 1,s — 1. Ho ay — oy # 0, caiejiona-
TEJIHHO

’}/Z'jzo, jzl,ni,izl,s—l. (96)

[ToscraBum pasencrso (9.6) B pasenctso (9.4). Toayunm

n
(s) _
g Ysja; = 0.
J=1
S S S
Ho cucrema BekTopon ag ), aé ), e a,(ls), KOTOpbIE MpuHaJIexKar Vy , B3ATa
JIMHEWHO HE3aBUCUMOII 110 YCJIOBUIO, TOTJIa, U3 TIOCJIE/IHEN0 PABEHCTBA, CJIC/IYeT,

qTOo

Vsj = 07 J= 17”3- (97)

O6neaunenne pasercts (9.6) u (9.5) osnavaer, 1o v;; = 0 npu j = 1, n;,

1 = 1, 5. CiefjoBaTesibHO CUCTEMa BEKTOPOB {aé-},j = 1,n;,1 =1, s apngercs

JIMHEITHO HEe3aBUCUMOIA. [l
Caedemeue. Tlyeth aq, o, . .., G TTONAPHO pa3InUdHbIe COOCTBEHHBIE 3HAUE-
Hust sureiinoro omneparopa f € L(V) u aj,as,...,as — cOOCTBEHHbIE BEK-

TOPBI omepaTopa [, MIpUHAJJIEKAIINE COOTBETCTBEHHO, STUM COOCTBEHHBLIM
3HAYEHUsAM. Torja cucreMa BEKTOPOB A1, A2, . . . , A SIBIASIETCS JUHEHHO He3a-

BUCUMOIA.

Joxazamenvecmeo. DTO eCTh YACTHBIN ciiydait Teopembl 9.6.2, Korjaa u3 Kak-

J0T0 cOOCTBEHHOTI'O IMOJIIPOCTPaHCTBaA BbI6I/IpaeTCSI 10 OJJHOMY HEHYJIEBOMY

BekTOpY (N1 =ng = ... =ny =1 Hagi) = a;). O]
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Omnpenenenne 9.6.5. Jluneitnoiii oneparop f € L(V') naspiBaercst jauaro-
HAJM3UPYEMbBIM, €CjiM B 1pocTpaHcrse V' cyliecTByer 0a3uc, COCTOSIIMN 13
COOCTBEHHBIX BEKTOPOB oreparopa f, TO €CTb CYHIECTBYET A1, A, . . ., 0y —

6asuc V rakoii, uto (V1 <i<n) f(a;) = aja;.

Acuo, aro
a1 0 0
0 (0%) 0
Afja =
0O O Qay,

Onpepesierne 9.6.6. Jluneitubiit oneparop f € L(V) nasbiBaercs juaro-
HaJIM3UPYEMbIM, €CJii B HpocTpaHcTBe V' cyiecTByeT 6a3uc, OTHOCUTEIHLHO
KOTOPOT'O MaTPWUIa 3TOT0 JIMHEHHOTO onepaTopa f MMeeT JuaroHaJ bHbIi BU/I.

OToT 6a3UC HA3LIBACTCS JIMAIOHAJIU3UPYIOIIM.

IIpenmoxenne 9.6.3 (nepsbiii kpurepuii juaronasusupyemoctu). Eeau
a1, Q, ..., Qg — GCE MONAPHO PASAUNHBLE COOCTNGEHHDIE 3HAUEHUA AUHETTHO-
2o onepamopa f € L(V'), mo onepamop [ aeasemcsa duazonasudupyemoiLm

mozda u moavko mozda, Koz2da
dim Vo, +dim V,, +...+dim V,, = dim V.

Joxasameavcmso. 1) Jocmamounocmo. Ilycts cymma pasmepHocreit

S
E dim V,, = dim V.
i=1
Ob6oznaunm dim V,, = n;, Torna no reopeme 9.6.2 MOXKHO MOCTPOUTDH JTMHEH-
i
HO HE3aBHCUMYIO CHCTEMY COOCTBEHHBIX BEKTOPOB omeparopa f {ag ) }, rie
7 = 1,n; 1 = 1,s. KoauuecrBo 3Tux COOCTBEHHBIX BEKTOPOB omeparopa f

paBHO N1 + No + ... + n,. Io ycioBuio

S
n1+n2—|—...+n5=Zdim Vo, = dim V.
i=1



52 Diiasa 9. Jluneitnpie onepaTopbl B JIMHEHHOM IIPOCTPAHCTBE

Torma BeKTOPBI {aﬁi) } MOXKHO B34Th B KauecTBe 0Oa3uca npocTpaHcTsa V, a
rorga (1o oupejesennto 9.6.5) oneparop f sBJISETCS JIMAIOHAJIUZUDYEMbIM.
2) Heobzodumocmo. Ilycrs suneiinbiii oneparop f € L(V) siBasiercst jnaro-
HaJIM3UPYEMbIM, 110 onpejiesieHnio 9.6.5 310 o3HavdaeT, 4To cyliecTByer 6a3uc
ai,Q9,...,0, IPOCTPAHCTBA V , COCTOSIIMI U3 COOCTBEHHBIX BEKTOPOB OIle-
paropa f, toecrb (V1 <i<n) f(a;)= aa; Iycrs cpepun aq, o, ..., oy
IOIIAPHO PAa3JIUIHBIMU OYJIyT 1, v, . . . , Qg, § < M. [IycThb cobcrBeHHOMY 3HA-
gennio o, (1 < i < 8) npuHaIekar coOCTBEHHbIE BEKTOPDI agi), agi), . afj)
3 Oasmca ai,as,...,a, B stom caydae dim V, = n;. 3amMernm, 4TO

ni+ng+...+ngs = n, roecrb dim Vy, +dim Vo, +.. . +dim V,, = dim V. [

IIpenmoxenne 9.6.4 (Bropoii kpurepuil jJuaronanusupyemoct). Junet-
noiti onepamop f € L(V) asasemes duazonarusupyemvim mozda u moavko
moeda, Ko2da mampuya 3mozo onepamopa Af ommocumervro karo2o-aub0
basuca, npeobpazosaruem nodobus mooscem bvims npusedena ¥ QuazoHans-

HOMY 6UJDY.

Joxasamesvcmeo. 1) Heobxodumocmo. Ilycrs f — nuaronanusupyembiit Jiu-
neitnpit oneparop u Ay — ero marpuna s 6asuce €. Ilo oupegenenuio 9.6.6
cymiecTByer 6a3uc @ IpOCTPAHCTBa V', OTHOCUTEILHO KOTOPOro Marpulia A
nmeer Jauaronanbubiii suj. Ussecrno, uro Apj; = Q_lAﬂéQ, rie () — Marpu-
11a mepexoja oT 6a3uca, € K a. ITO PABEHCTBO yKA3bIBAET HA TO, 9TO MATPUIIA,
Ay|s moobHa uaronanpHoit Marpure Aja.

2) docmamounocms. Ilycrs f € L(V) u Ay npeobpasosannem 1o00us
IPUBOJUTCA K JUATOHAJBLHOMY BHUJY. DTO O3HAUAET, UTO CYIIECTBYET TaKas

He ocobennas MaTpura () Takas, ITo

a O ... 0

0 ... 0
QA== "
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ITo cnencrBuio k Teopeme 9.2.3 marpuny A MOXKHO paccMaTpUBATL KaK MaT-
pUILY JIMHEHHOro orleparopa f orHocHTeabHO 6asuca d = QT - €. Takum 06-
pas3oM BHUJIHO, YTO B mpocrpancrse V' cyiecrByer 0a3uc a, OTHOCUTEIHLHO
xoroporo mMarpuna A = A umeer muaronambubiit suj. Torga 1o onpeje-

nernio 9.6.6 oneparop f siBysiercs graroHaJIM3UPYEMbIM. [l
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EBknI0BBI (yHUTApHBIE) TPOCTPAHCTBA

B s70it ritaBe B KauecTBe OCHOBHOTO T0J1sT k Oyer BoicTynarh noje R wim C.
B sTom ciyuae ckajisip a € k sBjsieTcs JIefCTBUTEIbHBIM UM KOMILJIEKCHBIM
yucjoM. Kak Bcerjia depe3 & Oygem 0003HAYATh KOMILIEKCHO COIPSI?KEHHOE

yucyo g «. Hamomuum, uto ecim a € R, 1o a = @v.

10.1 OcHOBHbBIC ITIOHATHUIA

Omnpenenenne 10.1.1. [eiicrBurenbHbiM (KOMIUIEKCHBIM) TPOCTPAHCTBOM
Ha3bIBAETCST JINHEHHOE TPOCTPAHCTBO HAJ MOJEM JIEHCTBUTEIbHBIX (KOM-

IJIEKCHBIX ) TUCEJI.

Omnpenenenne 10.1.2. ToBopst, 410 B JIEHCTBUTEIHHOM (KOMIIJIEKCHOM)
IIPOCTPAHCTBE 33/[aH0 CKAJSIPHOE YMHOXKEHNE, eC/IN KaXKI0i YIIOPsIIOIeHHOI
ape BeKTOpoB a,b € V 1mocraBjieHO B COOTBETCTBHUE YUCJIO OCHOBHOT'O IIOJIS
k, obosuauaemoe (a,b) u Ha3BIBAEMOE CKAJISIPHBIM TPOU3BEIEHUEM BEKTOPOB

an b, JJId KOTOPOI'O BBIIIOJIHAIOTCA CJAEAYIOIMNE Y€ThIPpE aKCUOMDBI:

1. (b,a) = (a,b);
2. (a+d,b) = (a,b) + (d,b);
3. (aa,b) = afa,b);

4. ecin a # 0, 1o (a,a) > 0.
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Sameuanue 10.1.1. Ecim k = R, To (b,a) = (a,b), To ecTh cKajsipHOe YMHO-

2KEHNE KOMMYTAaTUBHO.

Samevarnue 10.1.2. AkcrnoMbl 2 1 3 03HATAIOT AJUTHBHOCTH U OJHOPOHOCT,
TO €CThb JITHENHOCTD CKaJSIPHOIO YMHOXKEHHMSI OTHOCUTEJILHO MIEPBOI0 COMHO-

KUTeJid.

Cesoticmesa CRANAPHOZ0 YMHOHCEHUA

—_

. (aa+ d'd',b) = ala,b) + /' (d,b).

B

a,b+ V) = (a,b) + (a,b) (a4 qUTUBHOCTL OTHOCUTEJBLHO BTOPOIO CO-
( ) ) ) p

MHOZKHUTEIS).

w

. (a, Bb) = B(a,b).

e

s t s 1 -
: (Z aia, Y W%‘) = > 2. @ifj(ai, bj).
=1 j=1 i=175=1

ot

(a,0) = (0,a) = 0.
6. (a,a) =0<a=0.

Joxazameavcmeo. 1) 1o CBOWCTBO ciejiyeT cpa3y ¥Ke U3 aKCHoM 2 U 3 cKa-

JIAPHOI'O YMHO2KCHUA.

2) (a,b+V) = (b+V,a) = (bya) + (V/,a) = (b,a)+(V,a) = (a,b)+(a,b).

3) Umeewm (a, 5b) = (Bb,a) = B(b,a) = B - (b,a) = B(a,b).

4) D10 CcBOICTBO sIBJIsIETCsT OOBEIMHEHNEM aKCHOM 2 U 3 1 CBOHCTB 2 1 3

CKAJISIPHOIO Y MHOXKCHHUS.
5) Heitcreurensno, (a,0) = (a,00) = 0(a,b) = 0(a,b) = 0. (0,a) =
= (a,0) =0=0.

6) a) Heobrodumocmsv. Ecau 661 a # 0, To no akcuome (a,a) > 0, a 910

HPOTUBOPEYUT TOMY, YTO JIAHO.

b) Adocmamoywnocmy. Eciun a = 0, to (a,a) = (0,0) = 0. O
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Samevarue 10.1.3. Ecau k = R, To cBoiictBa 2 1 3 03HAYAIOT JUHEHAHOCTD

CKaJIsAIDHOI'O YMHO2KE€HHW OTHOCHUTEJIbHO BTOPOI'O COMHO2KHUTEJIA.

CkaJisiproe npoussejierue (a, @) Ha3bIBAETCS CKAJISPHBIM KBaJ[PATOM BEKTO-

pa a.

Onpepenenne 10.1.3. [leiictBuresnbHoe (KOMIUIEKCHOE) MTPOCTPAHCTBO,
PACCMOTPEHHOE BMECTE C OIPEJICJICHHBLIM Ha HEM CKAJSPHLIM YMHOMKCHUEM,

HA3bIBAETCST €BKJINIOBBIM (YHUTAPHBIM) MTPOCTPAHCTBOM.
[Tpumep.
Paccmorpum B kauecrse V = k" (R™ uau C"). Duemenrbl npocrpancTsa

V' Oyznem 3amuchiBaTh CTOJIOIAMMT.

L1 Y1
T

X — 2 vy = Y2
'CU?”L yn

Yuopsiiouennoit nape X,Y € V nocraBum B COOTBETCTBUE YUCIIO

Y1

(X,Y) = XY = (21, 20,...,2) X Y2 | _ inyj'
P
Yn

Jlerko nokaszarb, 4ro 310 uncjao (X,Y) yJaoBIeTBOPAET BCEM HEThIpEM
AKCUOMAM CKAJISIPHOIO YMHOXKECHUST. DTO CKAJAPHOE yMHOXKCHUE HA3LIBACTCS

cranapTHHIM. B janbreiinem oo Oyger obosnadarbes (X, Y). fceuo, aro
n
2
(X, X)=) |ail*.
i=1

Onpepesierne 10.1.4. JleficTBUTe IbHBIM (KOMIJIEKCHBIM) apudMeTnie-
CKVM IPOCTPAHCTBOM HA3BIBACTCS JEHCTBUTEIHHOE (KOMILIEKCHOE) KOODIU-
HATHOE JIMHEHHOE TPOCTPAHCTBO, PACCMATPUBACMOE BMECTE ¢ OIPEJIeICHHBIM

Ha HEM CTaHIAPTHbLIM CKaJIAPHBIM YMHO2KEHUEM.
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10.2 JlauHa BeKTOpa

Onpepesierne 10.2.1. [lnunoil BeKTOpa @ €BKJINI0BA (YHATAPHOIO) MPO-
CTPAHCTBA Ha3bIBaeTCs IO ||al| = v/ (a,a), To ectb apudmernaeckoe 3Ha-

qeHre KBaJApaTHOI'O KOPpHA M3 CKaJIAPHOT'O KBaJlpaTa 9TOT'O BEKTOpPa Q.

Onpepesierne 10.2.2. Bektop e eBKINI0OBA (YHUTAPHOTO) MPOCTPAHCTBO
HA3BIBACTCS €JMHUYHBIM UM OPTOM, €CJIM ero juinna pasna 1. Jenenue nemny-

JICBOI'O BEKTOPa Ha €ro IAJIMHY Ha3bIBACTCA HOPMHUPOBAHUEM BCKTODPA.

Ceoticmea daunvl 6exmopa

L. ||a|| = 0, npuuem ||a|| = 0 Torma u Torbko Torma, Koryma a = 0.
2. [|aa]| = laf||all.

3. Ecir a # 0, TO BeKTOp —— SIBJISIETCSI €UHITHBIM.

Hoxazameavcmeo. 1) Ecau a # 0, 10 ||a|| = y/(a,a) > 0. Iycrs ||a]] =
=0< +/(a,0) =0« (a,a) =0« a=0.

2) ||aa|| = v/ (aa, aa) = y/aa(a,a) = |a|/(a,a) = |al]||a||. B qacrho-

cru, upu o = —1, umeewm || — al| = ||all.

3) Ilo cBoiicTBY 2 IIMHBI BEKTOPA

| - lall = 7= - [la][ = 1.

[]

TEOPEMA 10.2.1 (Komu-Bynsikosckoro). Jas mobwx deys eexmopos a

u b eskaudosa (ynumaprnozo) npocmpancmean cnpasedsuso HepaseHcmeo

(@, )] < [[all - [0]],

npudem 3Hax paceHcineaq docmuzaemes mozda u MOALKO moeda, xo20da 6ex-

mopuvl & u b nponopuuoHaALHbL.
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Joxasamesvcmeo. 1) Pacemorpum curyaiuio, Korja BEKTOPbI @ U b He sB-
JISTFOTCs TPONOPIMOHAIbLHBIMEU. B 910oM ciiydae BekTop @ # 0 u b # 0. Ecin
Ob1, Hampumep, a = 0, 7o Mbl umesn 0661 ¢ = 0 - b, a 970 03HAYAJIO, ObI
[IPOTIIOPIUOHATIBLHOCTH BEKTOPOB a 1 b.

Paccmorpum BekTOp

(a,b)
b
0[]

Tak Kak BEKTOPHI a 1 b He MPOTOPIMOHATIBLHBI, TO

(a,b)
a - b
AT

TO €CTb

(a,)
— -b#0.
e

[Tpumenum akcuomy 4 CKaJIsipHOI'O YMHOXKEHU s

(a,0) (a,b) )
a — -b,a — b)) >0&
< [10][? 161}

(a.) (@) (a.b) (aD)

& (@) = e o) =g @)+ e (0 >0
,  (a,b)-(a,b)  (a,b)-(a,b) (a,b)- (a,b) )
Sl == e e Mr>0e
ol
< |lall CE >0<

& llal- 1[BI* > |(a.b)]* &
< |lall - 1[bl] > [(a, )] .

2) Pacemorpum curyaliuio, Koria BeKTOPbI ¢ 1 b sIBJISIFOTCsT TPOMOPIHO-

HasbHbIMI. Meem b = « - a, Torma
(a7b) - (a7a° a) =a- (CL,CL) =a- HCLH27

TO €CTb

[(a,b)] = [ [all*| = [al - [lal[* = |a] - ||al[*.
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C npyroit cToOpoHbI

lall - 1ol = llall - [l - all = llal| - |a] - [lal| = |a] - [|al|*.
CrenoBaresnbho, ||al| - ||b]| = |(a, b)|.
O6parno, mycts |(a,b)| = ||al| - ||b]|, Torna BekTOpPBI @ U b MOKHBI OBITH

POIOPIMOHABLHBIMA. Ec/in Obl BEKTOPHI @ 1 b He ObLIN TTPOIOPIUOHABHBI,
TO 110 YaCTH TepBoii JjoKaszaresabeTBa uMesn 6bl, uro |(a,b)| < ||al| - ||b]], a

3TO MIPOTUBOPEYUT TOMY, YTO JIAHO. [l

TEOPEMA 10.2.2 (HepaBeHCTBO TpeyroibHuka). Jas mobwx deyr eek-
mopos a u b eskaudosa (ynumapnozo) npocmpancmea cnpagediusl Hepa-

6ENCMBA:
1. la+ 0| < |lal[ + [[b]|;
2. |la = bl| = [llall — l|[]}.
Joxasamenvcmeo. Ilpexje Bcero 3amernm, 9to ecim 2 = a + bi, o Re z =
=a< Va2 +b? =z
) [la+b[]> = (a+b,a+b) = (a,a) + (b,a) + (a,b) + (b,b) = |la][* +
+(a,0)+(a,b)+|[b]]* = [la|[*+2Re (a, b)+[|b][* < [la|[*+2||a]]-||b]|-+[b]|* =
(la|| + |[b]])*. sBaeuem Kopeus, noyanm ||a + b|| < ||a|| + |[b]].

2) Nmeem |lal| = || (a —b) + b|| < |la — b]| + ||b]|. To ects ||a — b|| >
|al| —|[b]]. Ho |[a —b]| = [|b— al| = [|b]| — [|a]|. Cieposarensho, |[a — b]| >
> ||lal] — [b]]]. O

[Tpumep. Pacemorpum V' = C" — komiuiekcaoe apudMeTuIecKoe IpoCcTpaH-

crBo. (X,Y) = XTY. U3 nepasencrsa Konm-BynaxoBckoro

U3 nepaBeHcTBa TpEyroJbHUKA

n

Z (i + )" <

1=1
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10.3 OpToronaam3anusd

Omnpenenenne 10.3.1. [Isa Bekropa a n b eBkjngoBa (yHUTAPHOIO) MPO-
CTPAHCTBA HA3BIBAIOTCS OPTOIOHAILHBIME, €CJIM UX CKAJISPHOE IPOU3BE/IeHIe

paBHO HYJIIO, TO ecTh (a,b) = 0.

Omnpenenenne 10.3.2. Cucrema BEKTOPOB a1, a2, . . ., ds €BKJIUIOBA (yHU-
TapHOI0) MPOCTPAHCTBA HA3BIBAETCS OPTONOHAIBHOI, €CJIH BEKTOPHI ITOI CH-

CTEeMBbI TONAapHO OPTOroHaNbHEL, TO ecTh (V1 < 4,5 < s, 1 # j) (a4, a) = 0.

Omnpenenenne 10.3.3. Cucrema BEeKTOPOB €1, €2, . .., €5 EBKINJIOBA (yHU-
TapHOI0) MPOCTPAHCTBA HA3BIBACTCSI OPTOHOPMUPOBAHHOM, €CJIN 9Ta CHcTeMa

OpTOT'OHaJIbHaA N BCE€ BEKTOPBI 9TON CUCTEMbBI SIBJISIIOTCS CJINMHNUYHbIMUA.

IIpennoxxenne 10.3.1. Beakas opmo2onasvHas cucmema HeHYAe8bIT Bek-
mopos e6kAuUd06a (YHUMapro2o) NPoCmMpParcmea AGAAECMCA AUKETHO HE3a-

6UCUMOT.

Hoxaszameavcmeo. Ilyctb aq,as, ..., as — OpTOTOHAJIbHAA CUCTEMa, HEHYJIe-

BbIX BekTOpOB. Ilycrh
S
E a;a; = 0.
J=1

Bosbmem Jioboe 1 < ¢ < S U yMHOXKKMM 3TO PaBEHCTBO CKAJISIPHO HA @,
MOJTY T M

S

S
S aja5,a ) = (0,a) &Y oy (aj,a:) =06 a; - [|ag||* = 0.
j=1 j=1

Tak kax ||a;|| # 0, ro nosyuaem, uro (V1 <i<s) «; =0, ciepoBaresibHo

cucrema ai, as, . .., as JUHEHHO HE3ABUCUMA. ]
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TEOPEMA 10.3.1 (06 oproronanusanuun). [lycms ay,as, . .., as — suned-
MO HE3ABUCUMAA CUCTNEMA BEKMOPOS €6KAU06A (YHUMapHrozo) npocmpaii-
cmea. Tozda cywecmeyem opmoHoOPMUPOSAHHAL CUCTNEMA €1, €3, . . ., Es M-
Kaq, wmo das mobozo 1 < k < s nodnpocmpancmeo, namanymoe na 6exmo-
POl €1, €3, . .., €L, COBNAAAEM ¢ NOONPOCTIPANCINGOM, HAMAHYMBLM HA 6EKMO-

poul ay,ag,...,0a.

Jlokxazamenvcmeo. IlpuMeHuM MeTos MaTeMaTUIecKoi MHAYKIUU 1o k. Ec-

ai
au k = 1, 70 B KauecTBe BEKTOpa €1 OyaeT BEKTOP W, a1 # 0, To ecrb
ay
lle1]|] = 1. Tax kak BeKTOpBI €1 U @ MPOHOPIMOHATBHLL, TO L (€1) = L (ay).
[Ipenonokum, 4To yaaaoch HOCTPOUTH CUCTEMY BEKTOPOB €1, €9, . . ., €}, KO-

TOpas yAOBJIETBOPSET CJICAYIONIUM JIBYM YCJIOBHUSIM:
1. e1, eo, ..., e, OpTOHOPMUPOBAHA,
2. (\V/ 1 SES k) L({eber - '76i}) = L({alan) . '7ai})'

[Tokarkem, 4TO MOXKHO IIOCTPOUTHL cucremy u3 k—+ 1 BEKTOPOB €1, €, . . ., ki1,

YJIOBJIETBOPSIIONLY IO yeaoBusiM 1 u 2. Pacemorpum BekTOp

k
= € 10.1
€1 = QA€ T+ k1, (10.1)
J=1
rue aq, o, ..., Q) [OKa HeolpejeseHHble dncia. BoibepeM 3T 4dmcia Tak,

4TOOBI

V1<i<k) (€,q,e)=0.

HTak, cKaasgpHoe NIPOU3BEICHIE
k k
E Qe + g1, € | = 0 E Q; (ej, 6@) + (ak+1, 62') =0«
Jj=1 J=1

& o+ (apg1,6) = 06 o = — (a1, 6) -

/
[Toyunmm OpTOroHaNIbHyIO CHCTEMY BEKTOPOB €1, €2, . .., €, €1 1.
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IToxkaxkem, uro BexTop €),; # 0. M3 pasencrsa (10.1) Buamo, uTO
BEKTOD €}, | JIMHEHHO BBIPAXKAECTCs HEPE3 €1, €y, . .., €k, Ap41. 110 mpejo-
JIOXKEHUIO HHJIYKIUK BEKTOPBI €1, €3, ...,€E JMHEHHO BbIPAXKaOTCI Uepes3
ai, s, ..., a5 Ilo TPAH3UTUBHOCTH BEKTOD €, JIMHEHHO BBIPAIKAETCH te-
pes3 ai,as, ..., ar, Gpi1, TpUIeM KOIMDMUIIMEHT IPK ag1 PABEH eauHuIe. 1o-
718, TaK KK CHCTEeMa BEKTOPOB (1, A2, . . . , A, Gj4+1 JUHEHHO He3aBUCHMA (KaK
YaCTb JIMHEHHO HE3aBUCUMON CUCTEMbI BEKTOPOB a1, A9, . . . , as), TO ezﬂ £ 0.

Hopmupyem Bekrop e}, 41, TOJTy UM

/
€
k+1
Chil = (10.2)
[l€fiall
IIocsie sTOro, cucrema BEKTOPOB €1, €9, . . . , €, €11 SABJIAETCS OPTOHOPMHUPO-

BAHHOI1, TO €CTh OHA YJOBJIETBOPSET YCIOBUIO 1.

[TokaxkeM, 4TO OHA YIOBJIETBOPSIET U YCJIOBUIO 2. YCJIOBHE 2 BBLIIOJIHSI-
ercst st Beex 1 < ¢ < k no npepnosoxenuio uuaykuuu. Ocraercs mo-
kazarb, uro L ({e1,e9,... e, ep1}) = L({ar,a9,. .., a5, ars1}). Hrobsl B
3TOM yOEIUTHCH, HAJ0 MOKA3aTh, YTO BEKTOD €} 1 JUHEHHO BBIPAXKACTCS Ue-
pe3 ai, as, . .., A, g1 W OOPATHO, BEKTOD (f41 JUHEHAHO BLIPAXKACTCH YePe3
€1,€2,...,€k €rt1. U3 paBercrsa (10.2) BUAHO, 9TO BEKTOP €fi1 JIMHEHHO
BLIPAXKAETCS UepPe3 BEKTOP €}, & BEKTOp €}, (Kak ObLIO y2Ke JIOKa3aHo)
JIMHEHO BBIPAXKACTCA Yepe3 ai, ds, . . ., Ak, Ap41. 110 TPAH3UTUBHOCTH, €j41
JIMHEMHO BbIPAXKaeTCsd depe3 a1, a9, . .., Ak, Aj41-

I3 pasencrsa (10.1) BuJiHO, 4TO BEKTOD G+ JIMHEHHO BbIpaXKaeTcst yepes
€1,€2, ... ,Ck €pyq, & BEKTOD €)1, KK BUJHO n3 pasencrsa (10.2), smueitno

BbIpakaeTcsi uepe3 €pi1. 110 TPaH3UTUBHOCTH, G4 JIMHEHHO BBIPAXKACTCS

qepe3 €1, €9, ..., L, Chi]. []
Samevanue 10.3.1. MoxKHO U3 JIMHEHHO HE3aBUCUMON CUCTEMBI A1, G2, . . . , O
IIOCTPOUTH OPTOTOHAJBLHYIO CUCTEMY €], €5, . .. | € C TEeM YK€ CAMBIM YCJIOBUEM

V1<k<s) L{e,e,....,e.}) =L{ai,a,...,a;}).

!/
B srom ciaydae oTnaaer HeoOXOAUMOCTh HOPMUPOBAHNS BEKTOPOB €;.
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Samevanue 10.3.2. Ecau B tnHEHO HE3aBUCUMON CUCTEME 1, A2, - . . , (g TIEP-
Bble £ BEKTOPOB OPTOHOPMUPOBAHHBI, TO IIPOLECC OPTOIOHAIUBAIMK HYKHO

HAYMHATH C BEKTOPA Q41 -

Caedemeue 10.3.1.1. B eBrinjioBoM (yHUTAPHOM) TIPOCTPAHCTBE CYIECTBY-

10T OPTOHOPMHUPOBaHHBIE OA3UCHI.

Hoxazameavcmeo. Ilycrb aq, ag, . . ., a, — Jaw060ii 6azuc eBr/mI0Ba (yHUTAD-
roro) mpocrpanctia V. [Ipumennm mporece opToroHan3amnum K 3ToMmy Oasu-
cy. IonyunMm opTOHOPMUPOBAHHYIO CUCTEMY €1, €9, . . ., €,, KOTOPYIO MOXKHO

B3sTh B KauecTBe Oa3uca eBKJIUI0Ba (YHHTAPHOTO) MpocTpaHcTa V. [l

Caedemeue 10.3.1.2. JIiobyto oproronaibHyo (OPTOHOPMUPOBAHHYIO) CHCTE-
My BEKTODOB €1, €, . .., €} eBKJINI0Ba (yHUTAPHOTO) MPOCTPAHCTBA V' MOXK-
HO JIOTIOJTHUTH JI0 OPTOTOHAJIBHOTO (OPTOHOPMUPOBAHHOTO) Ha3uca mpoCTpaH-

cTBa V.

oxasameavcmeo. B camom  jesle, cucTeMy  BEKTOPOB  €1,€s,. .., €k
MOXKHO  JIONOJHUTH  Jio  Oaszuca  npocrpaHcrBa V, a  MMEHHO
€1,€9, ...y €y Aty ..., A, — Oasuc V (rak Kak e1,€,...,€; JUHEHHO
Hes3aBUCUMbl). JlocTarouHO Tenepbh MPUMEHUTH MPOIECC OPTOrOHATIU3AINH,
HAUMHAsT ¢ BEKTOPA (41, IPUA ITOM JIJIST MOJYyUIEHUsT OPTOHOPMHUPOBAHHOIO

6a3uca HEOOXOMMO HOPMUPOBATH II0JIYUHUBIIHECS BEKTOPDI. [l

TEOPEMA 10.3.2 (kpurepuii opronopmupoBannocru 6aszuca). Jas mo-
20, WMobv ba3uc ey, e, . . ., €, €6KAUI0BA (YHUMAPHO20) NPOCTNPAHCMEE OblA
OPMOHOPMUPOBAHHM, He0OT00UMO U JdOCTNAMOUHO, YMOOVL CKAAAPHOE NPO-
uaeedenue MobviT J6YT GEKMOPO8 IMO20 NPOCMPAHCMEE PAGHANOCH CIMAH-
AaPMHOMY CKAAAPHOMY NPOUIBEICHUIN KOOPIUHAMHBLL CTNONAOU0E UL GEK-
MopPo6 0MHOCUMENbHO 0a3UCE € 6 COOMBEMCMEYIOULEM APUPDMEMULECKOM

npocmpancmese, mo ecmov (a,b) = <d‘é76|é>.
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Joxasamesvecmeo. Ilycts V' — eBkimioBo (yHETApHOE) MTPOCTPAHCTBO,

€1,€9,...,€, ero dasuc. a,b € V., Torja

a= Zn:oziei, b= zn:@%
i=1 j=1
(a,b) = (Z e, Z Bjej) = Z Z ozﬁj (€iy€))
i=1 j=1

i=1 j=1
1) Heobzodumocmo. Ilycrs 6asuc ey, eg,. .., €, ABISETCS OPTOHOPMUPOBAH-

HBIM, TOTIA (€5, €;) = 0;; n

(aub) - ZZQiBj&ZJ — Zalﬁz =
=1 j5=1 1=1
e
) Bl =
— (alu Qg, ..., an) X =a ‘é b‘é — <CL|é, b‘é>

2) Jocmamounocmo. Iyers (a,b) = (alz, bl¢). Mogcuuraem

(ei,e5) = (€ile, €5]e) =

(o) (0) [0

I
/\
— O
VS
~
N—
— O
o
.
N—"
\/
I
—
=
=
=
=
o
N—
X
o O
I

Ll
- s
0, i#j.

CutejtoBaTesibHO, Oa3UC €1, €9, . . . , €, SIBJISIETCSI OPTOHOPMUPOBAHHBIM. [
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IIpengoxkenue 10.3.2. Jhoboe ronewnomeproe deticmsumenvhoe (kom-
NAEKCHOE) NPOCTPANCINGO MONCHO CHAOOUMD CKAAAPHOIM  YMHONCEHUEM,
npespamue €20 6 KOMEUHOMEPHOE e6KAUIOG0 (YHUmaproe) npocmpancmeo,
npuMem mak, ¥mo 3adannvill 6a3UC NPOCMPAHCMEA CMAHOBUMCA OPMOHOD-

MUPOBAHHDIM.

Hoxasamesvcmeo. Ilycts V' — n-meproe jeiicTBuTesibHOE (KOMILJIEKCHOE)
IPOCTPAHCTBO U A1, A2, . . . , Ay — €10 Oazuc. OnpejiesinM B 5TOM MPOCTPAHCTBE
ckaaspHoe ymuoxenue, nonoxue (V a,b € V) (a,b) = (ale, bls). Hocae

sroro npocrpanctso Vo cranosurest Eskinyiosbiv (yaurapusim). [okaxewm,

qro 6azuc ai, as, . . ., A, CTAHOBUTCS OPTOHOPMUPOBAHHBIM.
(o) [0)
0 0
(aiaaj) = <di|é,aj‘é> = 1 (4), 1 (J) )= 0ij
0 0
\o /) N0

10.4 W3omopduzm eBKIAUAOBBIX (YyHUTAPHBIX) IPO-
CTPAHCTB
Omnpenenenne 10.4.1. Orobpaxkenue f: V — V' aByx eBkjuoBbix (yHu-

TAPHBIX) MPOCTPAHCTB, HA3BIBACTCS N30MOPhU3MOM, €CJIH OHO YIOBJIETBOPSI-

eT CJEJYIONIUM JIByM TPpeOOBaHUSIM

1. f asasiercs n30MOpdU3MOM JUHEHHLIX pocTpancts V. — V/,

2. f coxpamsier ckajspHOE YMHOXKEHUE, TO eCTh

(Va,0eV) (f(a),f(b) = (a,b).
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Onpepesienne 10.4.2. JIBa eBKInI0BbIX (YHUTAPHBIX) pocTpancTsa V, V'’
nazbiBatoTcst u3oMopdubivu (V=2 V') eciu cyecrByer xorst Obl OJIMH U30-

mopdusm [V — V.

Caedemeue 10.4.0.1. Tlpu usomopdusme eBKIMIOBBIX (yHUTAPHBIX) T1PO-
CTPAHCTB OPTOrOHaJIbHAsS (OPTOHOPMUPOBAHHAST) CHCTEMA BEKTOPOB MEPEX0-
JIAT B OPTOrOHAJIBHYIO (OPTOHOPMUPOBAHHYIO) CHCTEMY BeKTOPOB. IIpu m3o-

MopdusMe coxpaHseTcs JinHa Bekropa, 1o ecth || f(a)|| = ||all.

Caedemeue 10.4.0.2. OTHoteHne n30Mopdu3Ma eBKIUIOBBIX (yHUTAPHBIX)
IIPOCTPAHCTB SABJISIETCsI OTHOIIEHNEM SKBUBAJIEHTHOCTH Ha MHOYKECTBE €BKJIU-

JIOBBIX (YHUTAPHBIX) TPOCTPAHCTB.
TEOPEMA 10.4.1. Cnpasedausn, caedyrowue dea ymeepotcoenua:

1. Beaxoe n-mepnoe e6kAudogo (ynumaproe) npocmpancmeo u3omopg-
HO M-MePHOMY JeTCmEUMeAbHoMY (KOMIAEKCHOMY) apudmemuyecko-
MY NPOCMPAHCMGY, NPU IMOM U3OMOPHUIM 3a0AEMCA CONOCMABAEHU-
eM BEKMOPY €20 KOOPAUHAMH020 CMOAOUA OMHOCUMENLHO OPTOHOPMU-

POBAHH020 ba3uca;

2. JI6a KOmeU HOMEPHHLT e6KAUIOGOT (YHUMAPHOLIT) NPOCTNPANCINGE U30-

MOPPHDL 0200 U TOAbKO MOo2da, K0206 UL PASMEPHOCTNU COBNADAIOM.

Joxasameavcmeso. 1) Ilycts V' — eBrimioBo (yHETAPHOE) MPOCTPAHCTBO,
€1,€2,...,€, — €ro OPTOHOPMHUPOBAHHLII Oa3uc. Paccmorpum crammaprroe
orobpaxenue f:V = k" (k=R um C), (VaecV) f(a)=als. Mbr yxe
BuJied B TeopeMe 8.3.2, uro 910 orobpaxkenue f siBJjsieTcst ©30MOPGUIMOM
JIMHEHHBIX mpocTpancTs V u k",

HaJgee, Tak Kak € — OPTOHOPMUPOBAHHBIN 6A3KC, TO CKAJISIPHOE TTPOU3BE-
nenne (a,b) = {(alz,blz) = (f(a), (b)), To ecTh orobpaskenne f coxpanser
ckajsspaoe ymuoxkenue. Mrak, f: V — k" aBisgercs n3oMopdu3MOM eBKJIN-

JIOBBIX (YHUTAPHBIX) MTPOCTPAHCTB.
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2) Ecan eBrmmioBsr (yauTapusie) npoctpanctsa Vo u V' uMeioT ouHaKoByO
Pa3MEPHOCTH M, TO COIJIACHO yTBEPKJeHUIO 1 00a oHu n3oMOpHbI apudme-
THIECKOMY IPOCTPAHCTBY k™, CJieIoBATEIbHO, N30MOP(MHBI MEXK 1y CODOIA.
O6parno, eciim V' = V' 1o onm nuzoMopdnbl Kaxk JUHEAHBIC TPOCTPAHCTRA,
MOTOMY OHU OYJIyT MMETh OJMHAKOBYIO pasmepHocTh (ciepcrrue 8.3.1.1

Teopeme 8.3.1). O



I'maBa 11

JluHeiinble onepaTopbl B €BKJNJI0OBOM

(yHUTApHOM) MPOCTPAHCTBE

11.1 ConpsizKeHHO€e MPOCTPAHCTBO

[Tycrs V' —nmuelinoe mpocTpaHcTBO Haj ocHOBHBIM mojiem k. Camo nosie k
MOYKHO PACCMaTPUBAThL KaK JMHEIHOE TPOCTPAHCTBO HaJl Kk, TaK KAK BCE AKCH-
OMBI JIMHEHHOTO IIPOCTPAHCTBA B 9TOM CJIydae BLIIOJHIIOTCA. B 9TOM caydae
dim k = 1. Torga umeer cmbica paceMmarpusarh npocrpanctso L (V) k) —

IIPOCTPAHCTBO BCEX JIMHEHHBIX onepaTopoB u3 V' B k.

Onpenenenue 11.1.1. Jluneiinbiii oneparop uz V' B k Ha3bIBAIOT JIMHEHHOM

dbopmoit (smHeitHbiM DyHKIMOHAJIOM) Ha npocTpancTse V' Hajl nosiem k.

Onpenenenne 11.1.2. Jluneitnoit bopmoit Ha nipocrpancTse V' Haj 1oJjieM
k nHasbiBaeTCs Besikoe oTobpaxkenue @ : V' — k., yloBJIeTBOPSIOIIEe YCIOBUAM

nuueiinocru: (V a,b € V,a € k)
L pla+b) = p(a) +¢(b),

2. p(aa) = ap(a).
3amevanue 11.1.1. Tak Kak moHsATHE JUHEHHONH (OPMBI €CTh JaCTHBIH CJIy-
Jail NOHATUS JIMHEHHOro omeparopa, To ecth V' = k, To Bce mousarus u
(bakxTbl, OTHOCANHECA K JTUHEHHBIM OllepaTopaM, OYyT CIpaBe/JINBLI U JIJIs

JINHEHHBIX (POPM.
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Omnpenenenne 11.1.3. Jluneitnoe npocrparcrso L (V) k) Bcex nuHeiHbIx
dbopm Ha npocrpancre V' oHaJ| 110JeM k HA3BIBAETCS COLPSKEHHBIM (J1BOT-

CTBEHHbIM, JIyaJibHbIM) K IpocTpancTBy V 1 obosnavaercs V™.

ITycte V' — mn-mepHoe JsMHEHHOE MHPOCTPAHCTBO HaJ| 1ojgeM k wu

ai, a9, ..., a, ero dasuc. Torja Jjir000i BeKTOp @ € V' MOXKHO HPEICTABUTH

n
a = E a;a;.
1=1

PaccMmorpum n orobpazkenuii ¢, . . . , @, IpocTpaHcTBa V' B k, omnpeeseH-

HBIX CJIEJIYIOIIIM 00pa3oM
VMaeV) pa)=a; 1<i<n.

JIerko rnokaszarhb, 4TO 3T 1 OTOOPaYKEHU ABJISIOTCS JIMHEHHBIMU (DOPMaAMHU,
* o
TO €CTb V1, ...,p, € V*. OTu jguneiinble (pOpMbl HA3BIBAIOTCA KOOPIUHAT-

HBIMU (POPMaMK OTHOCUTEJILHO Da3uca aj, as, . . ., ay.

TEOPEMA 11.1.1. Ecau ay,a9,...,a, — 0a3uc AUHElH020 NPOCTPAH-
cmea V', mo koopdunammoie hopmol p1, . . ., Onp OMHOCUMEALHO IMO20 OA3UCA

ABAAOMCA 003UCOM CONPAHCEHHO20 NPOCTMPAHCINEQA V.

oxazamenvecmeo. Ilycth ¢ — 310 nrobas nnneiHas dopma uz V*. Ilogcun-

raem @ (a;) = B; (1 < i < n). Cocrasum Jjiuneiinyio Gopmy

=Y Bipi
=1

— JinHelHas (opma npocrpancTa V*. [lokaxkeM, 4To nmocrpoenHast ¢popma,

Y = . JleficTBUTETHHO,

(V1<j<n) ¥(a)= Zﬁz‘%’ (a;) = Z@'(Szj = B = v(ay).
: i=1

[Toayuwnin, aTo ase auneiinnie GopMbl Ha Hasnucax COBNATAIOT, CJEJTOBATEb-
1o (mo coepctuio 9.2.1.1 K Teopeme 9.2.1) ¢ = 1, To ectb n0bast JnuHEHHAS

dopma u3 V* IHEHHO BhIpaXKaeTcs depes3 o1, . . ., (Op.
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Ocraercst moKaz3aThb, YTO (POPMBI (01, . . . , O, JUHEHHO He3aBUCUMBI. [IycTh

zn: a;p; = 0.
i—1

[ToneiicTByem ¢opmoii B JIeBOil 4acTu paBeHCTBa Ha OA3UCHBIE BEKTOpA, I10-

JIyIAM
n
(V1<j<n) Zaicpl- (a;) =0.
i=1
CaesioBaresivio, (V1 < 7 < n) «o; = 0. Taknm obpasom ¢1,. .., 0, —
JIMHEITHO HE3aBUCUMBbI. []
Omnpenenenne 11.1.4. Ecnu aq, as, . . ., a, 0a3uc JUHEHHOIO IPOCTPAHCTBA
V', To 6azuc @1, ..., p, OpocTpaHcTBa V" Ha3bIBaeTCsa OA3UCOM COIPSIYKEH-
HBIM JIJ1s Oa3uca aj, ag, . . . , Gy U WHOT/IA 0DO3HAUAETCS A, . . ., O .

HCHO7 qTO CL:(CL]') = 045.

Caedcmeue. Ecim V' — KoHeuHOMepHOE JIMHEHHOEe IPOCTPAHCTBO, TO U V'™

TaK»Ke sBJISIeTCs KOHeUYHOMEPHBIM U IIpu 31oM dim V* = dim V.

11.2 Jluneiiabie ¢hopMbl B €BKJIUIOBOM (yHUTAPHOM )

IIPOCTPAHCTBE

[Iycts V' — eBkn0BO (yHUTAPHOE) TPOCTPAHCTBO U @ — (DUKCHPOBAHHDII
BekTop n3 V. PaccMmorpum GyHKIHUIO @, Ha V, oIpeeseHHy0 CaeIyoNInM

obpazom
VzxeV) i) =(x,a).

TEOPEMA 11.2.1. Cnpasedausn, caedyrouwjue ymeepiHcoenua:
1. VaeV) ¢, V",

2. Omobpasicenue V- — V*  conocmasaarousee eexmopy a Gynruyuio ©q

ACNAACTILCA unﬁe%uueﬁ.
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3. Ecau' V' — xoneunomepnoe eskaudoso (ynumaproe) npocmpancmeo, mo
omobpasicenue V- — V* ykasannoe 6 ymeeporcdenuu 2, asasemcs Ou-

exyued.

Joxasamenvemso. 1) YeraHOBUM JIMHEHHOCTH OTODPAKEHUS Q.
(Va,B€k) polaz+ By) = (ax + By,a) =

= a(r,a) + B(y,a) = ap.(r) + Bpa(y) = wa € V"

2) Hamo mokasarb, ato ecim ¢, = ¢y, 10 a = b. Ilycrs ¢, = @3, 910
osnauaer, uro (V x € V) @u(x) = @p(z). To ecrb (V2 € V) (2,a) =
(x,0). Caenosarenvho (V z € V) (x,a —b) = 0. Bosbmem © = a — b,
noayunm (@ —b,a—b) =0<a—-b=0 & a=0b.

3) lyist jokazaTeabeTBa yTBEPXKIeHUsT 3 JOCTATOUHO YCTAHOBUTH, YTO OTOO-

paxkenue V. — V™ gapjisiercs ClOPbeKIMei, To ecThb
VeV (FaecV) ¢,=0¢.

Ilycts ¢ — mobast popma u3 V*, ey, es,...,€, — OPTOHOPMUPOBAHHBI
n
basuc B V. Ilycrs B; = ¢(e;), a = Y Bie;. Hokaxem, 4ro @, = ©.
i=1

n) pa(ej) = (ej,a) = (f?jaz&ez) =

(V1<

/N

3

= (ej, Biei) = B; = plej) = a = .
=1

[]

Samevanue 11.2.1. B panbreitmem 4acto OyJeT MCHoJb30BaThCsi TOT (DAKT,

aro u3 Toro, uro (Vo € V) (x,a) = (z,b) crenyer, uro a = b.

Caedemeue. Ecin V' — KoHeIHOMEpHOE €BKINOBO (yHUTAPHOE) TTPOCTPaAH-
CTBO, TO JIUIsl BCAKO# JimHelHoit (opmbl ¢ Ha V' Hajg nojem k cymiecTByer

OJIUH W TOJIbKO OJINH BEKTOP @ TaKOi, 4TO ©, = .
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CresicTBHE yKA3bIBAET HA TO, 9TO B KOHEUHOMEPHOM EBKJIHIOBOM (yHUTAD-
HOM) [IPOCTPAHCTBE JIMHEHHbIE (POPMbI KCUEPIIBIBAIOTCS CKAJISIPHBIM Y MHOXKE-
HUEM, HUKaKUX JIPYTIUX JIMHEHHBIX (DOPM, KPOME CKAJISPHBIX YMHOXKEHU, He

CYIIECTBYET.

11.3 Conups>KeHHBIII oniepaTop

[Tycrs V' — KoHeuHOMEpPHOE eBKJINI0BO (yHUTAPHOE) TIPOCTPAHCTBO.

TEOPEMA 11.3.1 (o cyImecTBOBaHUM U €IMHCTBEHHOCTH COTPSIKEHHOTO
oneparopa). Ecau V' — wonewnomepnoe eskaudoso (ynumapnoe) npocmpan-

cmeo, mo

VfeLlV)) @ felV) VayeV) (flx)y) = (2 [ (1)

Hoxazameavcmeo. 1) Onpedenenue omobpasicenus f*. Tlycrs y — dukcu-
poBanHbIii BekTOp U3 V', paccmorpum dyHKImo ¢(r) Ha npocrpancrse V.,

OIIPEJICJICHHYIO CJIeJIYIOIeM 00pa3oM

VzeV) o) =(f(z)y)

[Tokaxkem, uro @(x) € V* 1o ectb p(r) — muneitnas dopma. g Beex

o, € ku x, 2’ €V uMmeer MecTo 1enouKa paBeHCTB
plax +a'z’) = (flaz + a/2'),y) = (af(z) + ' f(2'),y) =

= a(f(z),y) + o/ (f(2), y) = ap(z) + o'p(a").
Mbr BujuM, a0 () € V* no ciejgcrsuio u Teopeme 11.2.1 jjist aroit siu-

HeiHoi hopMbI go(x) CYIIIECTBYET €IMHCTBEHHBIIN BEKTOP @ TaKOil, 4TO

o(z) = (7,a) = g
DTOT BEKTOP G 3aBUCUT OT IePBOHAYAILHO (PUKCHPOBAHHOIO BEKTOpa Y. Ta-

KUM 00pa3oM, Mbl UMeeM JIej10 ¢ orobpazkenuem f*: V — V' oupejenenibim

caeytonm obpazom f*(y) = a. Umeem (f(z),y) = @, ciegoBaTesnHo

Vz,yeV) (f(x),y)=e(f ()=
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= Va,yeV) (f(@)y)=(z (1Y) (11.1)

Pagencrso (11.1) onpejensier naie orobpaxenune f*:V — V.

2) Jlunetnocmv omobpascenus f*. Topcanraem Y(z,y,y € V, /o’ € k)

(f(x),ay + 'y'). C opnoit croponsr:

(f(@),ay + a'y) = (z, f*(ay + a'y')).
C /pyroii CTOpOHbI:
(f(2), 0y +y) = (f(2), ay) + (f(2),a'y) = a(f(x),y) + @' (f(2),¢) =
alz, f* () +a (@, [ () = (z,a(f* W) + (2, ([ (y))) =
= (z, (f )W) + (2, (' f)Y) = (z, af "(y) + f W)

Mper oy ansin

(@, f*(ay +ay)) = (x,af (y) + ' f(y) V(¥ €V, dd €k),
CJIeJIOBATETLHO
frlay+ay) = af (y) + o' f(y).
Jluneitnocrs f* ycranossena, snaunr f* € L(V).
3) Eduncmeennocmv omobpasicenua f*. Tlokaxkem, aro jijisi J06Oro JnHew-
HOro omeparopa f, oneparop f*, ompenesnenusiii pasercTBom (11.1), saBys-

eTcsl eqUHCTBeHHbIM. JlomycTuM, 910 HApsIAy ¢ omepaTopoM f* cyliecTByer

erie ornepatop g € L(V'), yI0BIETBOPSIONINii YCIOBUIO, UTO

Vz,yeV) (f(x),y)=(z,9(y)).

Torjia cpaBHUBast 9TU paBEHCTBA, BUJIUM, YTO

Vz,yeV) (z,f(y) = (v,9(y))

CieioBaTesbHO

VyeV) ffly)=9y)=f =g
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Omnpenenenne 11.3.1. ConpsizKeHHBIM 7151 THHEHAHOro omeparopa f KoHed-
HOMEDHOI'O €BKJIMJIOBA (yHUTAPHOIO) POCTPAHCTBA V' HA3BIBAETCS OEPATOD

f*, J1st KOTOPOTO BBITIOJTHSIETCsT YCIOBUE

Va,yeV) (f(z)y) = (=, [ {1)

TEOPEMA 11.3.2. B xoueunomeprom e6xaudosom (yrnumapnom) npo-
cmpancmee V' cnpasedausvl caedyrousue npasusa deticmeuts ¢ conpartceH-

HOLMU ONEPATIOPAMIL:
L(f+9)=[+g"
2. (af)  =af”;
3. (f9) =9g"f"%;
4. (Ly)" = 1y; (Oy)" = Oy,
5. Ecau f — obpamumoiti aunetinoti onepamop, mo (f~1)* = (f*)71;
6. (f) =1

Hoxaszameavcmeo. Ilpu jjokazaresbcTBe 3TUX CBOACTB Oy1eM 110JIb30BATHCS
pasencrsoM (11.1).

1) Pacemorpum ((f + g)(x),y). C oauoit cropomsi,
((f +9)(@),y) = (z,(f + 9)"(¥))-
C 2ipyroit ¢TOpomb,
(f +9)@),y) = (f(2) + 9(x),y) = (f(),y) + (9(x), y) =
= (@, [ W)+ (2,9°(W) = (=, [ () + 9" (¥) = (=, (/" + g")(v)).

CpaBHeHune 1OKa3bIBAET, 9TO

VyeV) (f+9) W)=+ y)=>(f+9) =f+9"
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2) Pacemorpi ((of)(x), y). C ool cTopoiLL,
((af)(2),y) = (@, (f)* ().
C apyroii cropori,
((af)(@),y) = (af(x),y) = a(f(z),y) =
= a(z, f(y) = (z,af"(y)) = (z, (@f")(y)).

CpaBHeHHe IIOKA3bIBAET, ITO

VyeV) (af)(y) =a(f)y) = (af) =af"

3) Pacemorpum ((fg)(z),y). C oguoit cropons,

((fo)(x),y) = (z,(f9)"(y))-

C npyroit cTOpOHBI,

(fo)(@),y) = (f(g(z)),y) = (9(z), f(y)) =
= (z,9"(f"(¥)) = (z, (¢ ) (W))-

CpaBHeHune 1oKa3bIBaET, 9TO

VyeV) (fo)'(y)=(g"f)y) = (fo) =9g"f"

4) C omHO# CTOPOHBI,

C apyroit cTOpoHbI,

CietoBaTesIbHO

C oJiHOI CTOPOHBI,
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C npyroit cTOpOHBI,

Ov(z),y) = (0,y) = 0= (2,0) = (z,0v(y)).

CrenoBaTesbHO

07 = Oy.

5) Tak kak f — oOparuMblil JIMHEHHbLI OLIEPATOD, TO JIJIst HEIO CYIIECTBYET

oneparop f 1 € L(V) raxoit, uto
foft=r =1y
[TepeiijieM B 9TUX PABEHCTBAX K COLPAKEHHBLIM OlepPaTOpaM
(f- =" =1,
(= =1.

DTH paBeHCTBA YKA3LIBAIOT Ha TO, UTO OIeparop f* SBisieTcs 0OpaTUMBIM 1

0OpaTHBIM JlJIsd HEI'O OllepaTOPOM sIBJIAeTCsl
-1 -1
=0
6) C 0jHO# CTOPOHBI,

(f(x),y) = (z, (f)"(y))-

C npyroit cTOpOHBI,

(f(x),y) = (y, [*(2)) = (f(y),2) = (=, [(y)).

CreoBaTesbHO

(f)y =1
O

Omnpegenenne 11.3.2. Ilycts A — kBajparHast 9rcJ0Basi MaTPHUILA, COMPSI-
YKEHHO TPAHCIIOHN i A A* = AT

p poBaHHOM Uit MaTpuIlbl A HaszbiBaeTcst marpuna A* = Al
rie AT ozmauaer Tpancrmonmposanme, a A 3aMeHy 37€MEHTOB MaTpHIBl A

KOMIIJIEKCHO COIIPA?KEHHBIMMU.
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Omnpejenenne 11.3.2 o3navaer, 4T0 ecan A COCTOUT n3 37eMEHTOB (),
a A" = {(c;)*}, ro (0yj)* = (aj;). Eciim marpuna A jeiicrBurenbaast, To

x _ AT * .
A* = A" u af; = ;.

TEOPEMA 11.3.3. Ecau mampuueti aunetinozo onepamopa f omHocu-
MEALHO 0PMOHOPMUPOSAHHO20 ba3uca Asasemca mampuya A, mo mampu-
uet aunetinozo onepamopa f* omuocumesvHo mozo oce 6a3uca AGAACMCA

mampuya A*, mo ecmo

Apje = (Ape)”™.

Jloxasameavcmeo. Ilycrs eq,es,...,€, — OPTOHOPMUPOBAHHLIH Oa3uc eB-
KauJoBa (yHETapHOro) mpocrpaHcTBa V, obosHaunM A = Agp: = (ay),
B = A = (Bij). C ounoii croponsi,

~

(f(ei)v 6j) - <f(€z)7 éj> - (alia Qjy - - - 7ani)(07 R 1(j)7 S O)T = Q.

C zpyroit cTOpOHBI,

(Flei)se5) = (en, [ (eg)) = {ei, [*(e))) =

SRR T I SO

CpaBHuBasi Pe3ysibTarhl, MOJYINM, UTO
Qji = B@j = Bij =i = ()" = B=A"= Af*lé = (Aflé)*-
L]

Samevanue 11.3.1. Teopema 11.3.3 o3Haqgaer, 9T0 €CauM HPU U30MOpPdU3ME

o: L(V) — M(n, k) orrocuresibio oproHopMupoBattoro 6asuca €, o(f) =

Ay, mo o(f*) = A

IIpennoxkenune 11.3.1. Ecau A — xeadpammuan wucrosas mampuuya, a X u

Y — cmoabuyvr coomsememasyrousezo apudmMemuieckozo npocmpancmaea, mo

(AX,Y) = (X, A*Y).
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Joxaszameavcmso. (X,Y) = XTY, Torna

(AX)Y) = (AX)TY = (XTAT)YY = XT(A'Y) =

— XT(ATY) = XT(ATY) = XT(AY) = (X, A*Y).

11.4 HopmaJjibHbIe oniepaTopbl 1 MaTPUIIHI

[Iycts V' — KOHEUHOMEPHOE €BKJIHMIOBO (YHUTAPHOE) MPOCTPAHCTBO.

Onpenenenue 11.4.1. JIuneiinbiit oneparop f KOHETHOMEPHOTO €BKJIMIO-
Ba (yHUTApHOTO) TPOCTPAHCTBA HA3BIBACTCS HOPMAJBHBIM, €CJIH OH KOM-

MyTH T (II TaHOBOY€H BOUM MpA2KEHHBIM OII T M, T Tb
e epecTanoBo4e CO CBO 610) e olepaTopomMm, TO €C
fre=rir

Omnpegenenne 11.4.2. KpajparHas qucjioBasi MaTpuiia A Ha3bIBAETCsT HOP-
MaJIbHO#, €/ OHA KOMMYTHUDPYeT ([epecTaHOBOTHA) CO CBOECH COIMPSZKEHHO

TPaHCIOHUPOBAHHOI Marpuiieii, o ecrb AA* = A*A.

Caedemeue (kpurepuit). st Toro urobbr jmHeiiHbiil onepatop f KOHEUHO-
MEPHOI'0 eBKJIMJIOBA (YHUTAPHOTO) MPOCTPAHCTBA ObLI HOPMAJILHBIM, HEOOXO0-
MO U JIOCTATOYHO, YTOOLI OH OTHOCUTEJLHO OPTOHOPMHUPOBAHHOIO Dasuca

UMeJ HOPMAJbHYIO MaTPHILY.

Joxasamesvcmeo. Pacemorpum uzomopdusm o : L(V) — M(n, k) ornocu-
TeJIbHO OpTOoHOpMUpOBanHoro basnca €. Ecmu o(f) = Ay, mo o(f*) = Aj.

[Tycts f — HOpMasbHBII OnepaTop, Toraa
frr=rrecdff)=cff)ealf)o(f)=0c(f)o(f) =

= AfA* = A}Af,

TO eCThb MaTpHila Ay fBJgeTcsa HOPMAJIbHOIL. [l
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Bee nanbaeitimue cBoiicTBa OyayT (hOPMYJIUPOBATHCS JIJIT HOPMAaJbHBIX
O1lepaToOpOB, UMesi B BUJLY, YTO OHU OyJIyT CIIPABEJIJIUBbI U JIJisi HOPMaJIbHbIX

MaTpHUIL.

ITpenmoxxenne 11.4.1. Ecau a Aeasemca coOCmMEeHHbIM GEKIMOPOM HOD-
MAADHO20 onepamopa [, Npunadiescauum ckaiapy «, mo 3Mmom GeKmop
a ABAACMCA U cODCBERHbIM 6exmopom onepamopa [, npunadiescauyum

cranapy @, mo ecmsv f*(a) = aa.

Joxasamesvcmeo. Ilycrs f(a) = aa, rje a # 0 u f — HopMadibHbI Onepa-
top. Pacemorpum onepatop g = f — aly. Tor dakt, 910 BeKTOP @ siByisieTcst
coOCTBEHHBIM BEKTOPOM otieparopa f Moxker 6biTh 3anucan B Bujie g(a) = 0,

TaK KaK
9(a) = (f —aly)(a) = f(a) — a(ly)(a) = f(a) —aa =0 & f(a) = aa.
PaccMorpuM conpsizKeHHbIi orepaTop
g =(f—-aly) =f—(aly) = ff—aly.
[Tokarkem, 9TO onepaTop ¢ siBjsieTcss HopMaJabHbIM. [Togcanraem
99" = (f —aly)(f* —aly) = ff" = f(alv) — (alv)f" + (alv)(@ly) =

= ff=(@ly)f = f(aly)+(aly)(aly) = (f —aly) f = ([ —aly)aly =
= (f" —aly)(f —aly) =g'g.

CrenoBarebio, ¢ — HOpMaJbHbI oneparop. [Tokaxkem, uro g*(a) = 0.

0= (g(a),g(a)) = (a,9"(9(a))) = (a, (g"g)(a)) =

ClJrej10BaTesIbHO

g (a) =0= (f* —aly)(a) =0 = f*(a) —aly = 0= f*(a) = aa.
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IIpennoxxenne 11.4.2. Cobcmeennvie 8eKmopvl HOPMANGHO20 ONEPATNOPG,

npuna&/oewcaugue pa3AUtHbiM c0OCMBEHHBIM SHAYEHUAM, OPTNOcOHAANDHDL.

Joxasamesvcmeo. Ilycrs f — nopmadsbubiit oneparop. f(a) = aa, f(b) =

— Bb, e o # B. Tora 1o npeayoxkenuio 11.4.1 f(b) = Bb. Pacemorpiu
a(a,b) = (aa,b) = (f(a),b) = (a, f*(b)) = (a, Bb) = B(a,b).
CpaBHEUBas HAYAJIO U KOHEI[ 3alIACH, ITOJyIaeM
a(a,b) — B(a,b) = 0 = (a — B)(a,b) = 0 = (a,b) = 0.
[l

TEOPEMA 11.4.1 (0 AuaroHaJu3upyeMOCTH HOPMAJBHOTO OTEpaTopa).
Ecau 6ce mapaxmepucmunieckue KopHu HOPMAAbHOZ0 ONEPAMOPA AEHCAM, 6
0CHOBHOM NOAE, MO 6 e6KAUIOBOM (Yrnumaprom) npocmpancmee V. cyuye-
CMBYEm 0OPMOHOPMUPOSANHBIT ba3uc, cocmoAuut us cobcmeennvT 6eKmMo-

poe 3Mmoeco HOPMAADHO20 ONEPAINOPAQ.

TEOPEMA 11.4.2. Ecau 6ce xapaxmepucmuueckue KOPpHU HOPMAALHO-
20 ONEPATOPA NEHCATM 8 OCHOBHOM NOAE, MO IMOM HOPMAALHYIT ONEPAMOD

AUAZOHANUSUPYEM € NOMOULLIO OPTNOHOPMUPOGAHHO20 Da3UCa.
TEOPEMA 11.4.3. Cnpasedausn, caedyrouwue ymeepircoenua.

1. Beaxuti mopmasvrvlil ONepamop ynumapnozo npocmparcmea obaadaem

0UCL20HCLJL’LL3Upy’}OU4’U,M OPMOHOPMUPOBAHHBIM basucom.

2. BEcau ece xapaxmepucmuveckue KOPHU HOPMAALHOZ20 ONEPAMOPL €6-
KAUDOBA NPOCNPAHCNEA ABAANOMCA JCTCMEUMENLHVLMU YUCAAMU, MO
AMOM HOPMANLHOIT onepamop obaadaem 0Uua2oHANUSUPYOULUM OPINO-

HOPMUPOBAHHLM OA3UCOM.
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11.5 OproronajbHble (YHUTAPHBIE) MATPUIIHI

[Tycrs V' — KoHEUHOMEPHOE eBKJIMJI0BO (YHUTAPHOE) HPOCTPAHCTBO.

Omnpenenenne 11.5.1. [eiicrBurenbrast (KOMIJIEKCHAST) KBaJPATHAS MaT-
puria A Ha3bIBAETCS OPTOTOHATIBHON (YHUTAPHOIT) €C/Ti OHA B3aUMHOOODATHA

CO CBOEH COIPSIYKEHHO TPAHCIOHNPOBAHHOI MaTpuleil A*, To ectb A™1 = A*.

Oupejiesienne 11.5.1 o3nauaer, 4ro jiyis OPTOroHaJbHOI MaTpulpl A~ =
= AT a jus ynurapnoit A7 = AT, SIcHo, 4TO OPTOrOHAJIBHYIO MATPHUILY
MOYKHO PaccMaTpuBaTh Kak JEHCTBUTENBHYIO YHUTAPHYIO MATPHILY.
Caedemeue. OpToronasbHble (yHUTAPHBIE) MATPHUIIBI SIBJISTIOTCS HOPMAJTbHbI-

MHA.

Joxkazamenvcmeo. Tak kak A~ = A*, 1o A*A = AA* = E. CiesoBareibHo

A — HopmaJibHasI MaTpPHUIIA. [

Caedemeue. Mofynb onpesieniuTesis OpTOroHAJIbHON (yHUTAPHO#) MATPHUITBI

paBen 1.

Joxasamesvcmeo. Ilycts A — oproronasibaasi (yHUTAPHAS) MATPHUIIA, TOTIA

ES _ .
A*A = F nepeiijieM B 9TOM paBeHCTBE K OMPEICTUTEISIM, TOJIYIUM

A*A| = 1= |AY||A] = 1= |AT||A| =1 = |AT||A| =1 =

= JAJJA| = 1= |det A = 1= |det A] = 1.

[]

Samevanue 11.5.1. Tlocyieinee ciejicTBIE O3HAYAELT, ITO JIJIsi OPTONOHAJIBHBIX

marputl |A| =1 nmm |A| = —1.

TEOPEMA 11.5.1. Opmozonarvnvie (ynumaphoie) mampuv, 06pasyrom

2PYNNY No YMHOHCEHUIO.
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Jlokazameavcmeo. Pacemorpum mMuoxkectso GL(n, k) — MHOXKeCTBO HEOCO-
OCHHBIX KBaJPATHBIX MATPHUIL N-I'O I[MOPSIJKA C SJEMEHTaMu U3 1oJs k.
(GL(n,k),-) siBasiercst rpy1Iioi, 910 HOJIHAs JIMHEHHAST IPYIIIA N-1'0 HOPsiji-
Ka Ha,JI moJieM k. B HocuTe e 9Toi rpynimbl pACCMOTPUM TTOJMHOXKECTBO H —

MHOYKECTBO BCEX OPTONOHAJILHBIX (YHUTAPHBIX) MaTpull. fcHo, 9To
H C GL(n,k),

nokazxeMm, uto (H, -) ssasgercs noarpynmnoii rpynnet (GL(n, k), ). s sroro

JOCTAaTOYHO 1IOKa3aTb, 4TO
(VA BecH) AB'cH

0 BTOPOMY KpHUTEpHio moarpymmbl. Tak kak A € H, o AA* = A*A =
= F. Tak kak B € H, 10 B*B = BB* = E. Paccmorpum Matpuiy AB~ L.
CocraBuM MIpOU3BEICHHIE
(AB™Y*(AB™) = (BHY(A*A)B™ = (B Y EB =
= (B YB'=B)'B'=(BB)Y'=E'=E.
Ananornuno, (AB™1)(AB™1)* = E, ciejoparensno marpuna AB™! spster-

csl OPTOrOHANBHON (yHuTapHOi), a 3naunt AB™1 € H. O

TEOPEMA 11.5.2 (kpurepuii OpTOroHaJbHOCTH (YHUTAPHOCTH ) MATPHII).
Keadpammnas wucrosan mampuya A opmozonasvna (ynwumapna) mozda u
moavko mozda, Kozda ee cmoabube 06pa3yIOM OPMOHOPMUPOSAHHIT ba3UC

deticmeumenbrozo (KOMNAEKCH020) apudmemuieckozo npocmpancmsa.

Joxasameavcmeso. Ilycts A oproronasnbhast (yHEUTApHAS) MATPUIA, TO €CTh

AA=AA = F o ATA=FE o ATA=FE «c ATA-F =F &

T TN 7 —
& (AT A) = U<:>§ (A7) ik (A) _611@5 A)pi(A)j = 6ij.
k=1
O6osHaImM ay, ag, . . . , A, — CTOJOILI MaTpulsl A, Torma (a;, a;) = d;j, a 910
BO3MOXKHO TOIVIA U TOJBKO TOIJIA, KOTAA 41, A2, . . . , (; 00Pa3yI0T OPTOHOPMH-

pOBaHHBIN 0a3uc apudMeTnIeckKoro npocrpancrsa k. [
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Samevanue 11.5.2. Teopema 11.5.2 cnpaBeminBa 1 st CTPOK MaTpuibl A,

JLUIsI 9TOr0 He0DXOMMO paccMoTperh papencrso AA* = F.
TEOPEMA 11.5.3. Cnpasedausn, caedyroujue ymeepircoenu:

1. Mampuua nepexoda om 001020 0pMoOHOPMUPOBAHH020 DA3UCE E6KAUAOBA
(ynumapnozo) npocmpancmea x Opyzomy 0opMOHOPMUPOSAHHOMY Oa3U-

CY IM0O20 NPOCPANCMBA ABAACMCA OPMO20HANLHOT (YHumaprot).

2. Ecau @ = ATé, 20e A asaaemea opmozonansvrot (ynumapnoti) mam-
puyet, a € AGAAECMCHA OPMONOPMUPOSIHHIM 0A3UCOM €6KAU06A (YHu-
mapnoz0) npocmpancmea, mo u U AGAACMCHA OPMOHOPMUPOSAHHBLM 0a-

3UCOM 31020 Npocmparcimea.

Joxasamenvcmeso. 1) Ilycts € u @ — JgBA OPTOHOPMUPOBAHHBIX Oa3wca €B-
kyn10Ba (yHuTapHoro) mpocrpancrsa V. Ilyers A — matpurma mepexosa
o1 € K U, 110 olpejejennio 910 o3nadaer, uro 4 = ATé. Hamomuum, uro
A = (s, Uale, . - ., Uple). Tak Kaxk U siBJAsIETCS OPTOHOPMUPOBAHHBIM Oa3U-
coMm, TO 110 Teopeme 10.3.2

(uiy uj) = (tile, tjle) = dij.
Takum obpaszom, cToa01IBI MATPHUILI A 00pa3yioT OPTOHOPMUPOBAHHDIH OAZHUC
apudmernyeckoro npocrpancrsa k', o reopeme 11.5.2 marpuna A sipjisiercs
OPTOrOHAJIbHO# (yHUTAPHOI ).
2) Tyers @ = AT€, ryie € — oproHopMupoBanHbIil 6asuc eBKINI0Ba (yHUTAD-
Horo) mpocrpancrea V', A — oproronasbHas (yHuTapHas) marpuia. Harie
PaBEHCTBO yKasblBaeT Ha TO, 9To A sIBjsiercst MaTpuiieii mepexoaa ot basuca,
€ K bazucy u

A — (a1|é’ ,&/2‘67 .« e 7an|é).
Tak kak marpuna A oproronajbHast (yHUTapHast), To 1o Teopeme 11.5.2
ee cToJI0IbI 00pa3yIT OPTOHOPMUPOBAHHBIN Oa3uc apudMeTuIeckoro mpo-
crpancTsa k™, TO ecTb

(Tile, Ujle) = 04
j j
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Tak Kak € sBJISeTCsT OPTOHOPMHUPOBAHHLIM 0a31COM, TO
(ui, uy) = (Wile, Ujle) = 4.

DTO PaBEHCTBO YKa3bIBAET Ha TO, UTO BEKTOPHI Ui, U2, . . . , Uy 00PA3YIOT Op-

TOHOPMUPOBAHHBIN 6as3uc eBKJMIOBa (YHUTAPHOTO) MpocTpancTra V. [l

11.6 Oproronajibubie (yHUTapHbIE) JUHEWHbIE Ollepa-

TOPBI

[Tycrs V' — KoHEuHOMEpPHOE eBKJIMI0BO (yHUTAPHOE) TPOCTPAHCTBO.

Omnpenenenne 11.6.1. Jluneiinpiii oneparop f KOHEUYHOMEPHOI'O €BKJIHIO-
Ba (YHHTAPHOTO) TPOCTPAHCTBA HA3BIBAETCS OPTOTOHAJBHBIM (YHUTADHDBIM)

ecJii OH B3aMMHOOODATEH CO CBOMM COIPSI?KEHHBIM OIEpaTopoM f*, TO ecThb
ffl=r
Omnpegenenne 11.6.1 o3nagaer, 9To f opTOroHaseH TOTIa U TOJBKO TOT/IA,
* _ *
korga f*f = ff=1ly.
Caedecmeue. Oproronaibible (yHUTAPHBIE) JIMHEHHBIE OMEPATOPBI SIBJISTIOTCS

HOPMaJIbHBIMHU.

OKRaA3aAMEABCINGO. aK KaK = , TO = = ly, CJeJ0BaTEJIbHO
T -1 * * * 1 :

f aBasercss HOpMAIbHDBIM. L]

Caedemeue (kpurepuit). st moro, 4robbl JiuHeitHbli onepatop f KoHed-
HOMEDHOI'O €BKJINJIOBA (YHUTAPHOIO) MpocTpaHcTBa V' OblI OPTOrOHAJBHBIM
(yHHTAPHBIM) HEOOXOJMMO U JIOCTATOYHO, YTOOBI OH OTHOCHTEIHHO OPTOHOD-

MUPOBAHHOTO 0a3mca MpOCTpaHCTBa V' MMeJ OPTOrOHAJIbHYIO (YHHTAPHYTO)

MaTPHUILY.

Joxasamenvcmeo. Pacemorpum o @ L(V) — M(n, k) ornocurenbHo opro-

HopMupoBatnHoro 6asuca €. Ussecrno, uro eciu o(f) = Ay, mo o(f*) = Aj.
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ITlycrs f — opToronabmbii (yHI/ITaprIﬁ) JIMHEHHBIA onepaTop, TOr/ia

fr=1rr=Wweaff)=cdlff)=0clyv)=
& o(f)o(f) = o(o(f") = B = AjA; = AA} = B.
CuiejloBaresibio Ay — oproronaJibHast (yHUTAPHAs) MATPUILA. O

Caedemeue. Oproronasbhbie (yHUTAPHBIE) OllepaTOPbl 06PA3yIOT IPYIIILY 110

YMHOKEHHUIO.

Hoxazameavcmeo. Pacemorpum rpytiny H — opToroHaibHbIX (YHUTAPHbIX )

MaTpHUIL, PACCMOTPUM

ot M(n, k) — L(V).

[Ipu sToM u30MOpdu3Me OpTOrOHAbHBIE (YHUTAPHDBIE) MATPUITBI IEPEXOJISAT
B OPTOTOHAJIbHBIE (YHUTAPHBIE) JIMHEHHBIE OTIePATOPBI, 4 MOITOMY Ipytna H
130MOPQHO 0TOOPABUTCsT HA I'PYIIILY OPTONOHAJbHBIX (YHUTAPHBIX) JIMHEH-

HBIX OIEPATOPOB. [

TEOPEMA 11.6.1 (06 #30MeTpUYHOCTH OPTOTOHAJLHOTO (yHUTAPHOIO)

orneparopa). Cnpasedauev caedyrouwue dea ymeepotcdenua.

1. Jlunetnwt onepamop f Konewnomepnozo eekaudosa (ynumapnozo)
npocmpancmea opmozonaser (yrnumapen) mozda u moavko mozda,

Koeda oW coxpanaem ckaaspnoe ymmoocernue, mo ecmov (V ox,y €

V) (f(2), f(y)) = (z,y).

2. Jlunetmoiti onepamop [ koneunomepnozo eskaudosa (ynumapnozo) npo-
cmpancmea opmozonaaen (ynumapen) moeda u moavko mozda, Kozda

OH uzoMempuyen, mo ecmy corpansem dauny eexmopa || f(x)|| = ||x|.

Joxasamenvcmeo. 1) Ilyers f — coxpaHsieT CKaJsipHOE YyMHOXKEHUE, TOT/IA

Va,yeV) (f(z), fy) = (z,y) & (z, [(f¥) = (z,y) &

S VyeV) ff(fy)=yve () =ye
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* -1 *
Sff=lyef=f.
Takum obpazom f — OpTOroHAJLHBIN (yHHTapHmﬁ) JIMHEHHDBIA ormepaTop.

2) Tlokaxkem, 4T0 yTBEpKJICHNsT SKBUBAJICHTHBI.
1) =2)
[Mycrs (Vz,y € V) (f(z), f(y)) = (z,y). Bosbmem x = y, nosyunm

VzeV) (flz), f(z)) = (z,2),
1F @17 =Mzl = lIf @) = l|=]]

2) = 1)

Iycrs (V2 € V) || f(2)]| = ||z]|. Torna ||f(z)||*> = ||z||?, cremosaremns-
o (f(z), f(z)) = (v, ).

Ilycts x,y — npousBosibHble BeKTOpbl u3 V', u a € k, mojacuuraem

(f(z + ay), f(z + ay)). C oamoit cropor:
(f(z+ay), fa+ay)) = (rtay, a+ay) = (z,2)+aly, ©)+a(z, y)+oaly, y) =
= ||2|]* +a(z,y) +alz,y) + la|ly[]* = [J]]* + 2Re(@(z, y)) + |af*||y[*
C Apyroii ¢ropons
(f(z+ay), f(z+ay)) = (f(z) + af(y), f(z) + af(y) =

= |If @)|* + 2Re(@(f(x), F(v)) + oIl f W) =
= ||2|P + 2Re(@(f(x), £ (1)) + lof*|y]]*

CpasauBast pesysbrar, Bugum, uro 2Re(a(x,y)) = 2Re(a(f(z), f(y))). To-

JIOXKAM « = 1, TO eCTb

Re(f(x), f(y)) = Re(z,y). (%)

[TonoxxuMm o = 1, IpeaBapuUTeSbLHO 3aMETHM, 9TO eCJid 2 = a + bi, To
Re(—iz) = Re(—ia 4+ b) = b= Im(z2),

Re(—i(z,y)) = Re(—i(f(x), f(y)),
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Im(x,y) = Im(f(x), f(y)), (+%)
Uz (%) u (xx) cuenyer, uro (f(x), f(y)) = (z,y). O

TEOPEMA 11.6.2 (kpurepuii opTOroHaJLHOCTH (YHUTAPHOCTH) JIHHEH-
HOTO omeparopa). Jlunetnod onepamop f koneunomepnozo eskaudosa (ynu-
Maprozo) NPocmpancmea opmozonaier (ynumapen) mozda u moavko mo-
2da, xo2da on opmonopmuposarnuil basuc npocmpancmea Vo nepesodum 6

OPMOHOPMUPOBAHHDIT ba3UC.

Joxasamesvcmeo. 1) Heobxodumocmy. Ilycts € — oproHOpMUPOBAHHBI Ha-
3UC mpocTpancTBa V u f — opTOroHaJbHLIH (yHHTaprH‘/’I) JIMHEHHDBIA OI1e-
parop uz L(V). Tak kak € — OpTOHOPMUPOBAHHBLIA HA3UC, TO 1O BTOPO-
My caejcrsuio K onpegenennto 11.6.1, marpuna Ajfe Oyner oproronasib-
Hoit (yuuraphoit). ITo onpejesiennio MaTpuibl JMHEHHOTO OnepaTopa, nMeem
fle) = A%éé. O6oznauum f(€) = U, umeem U = A%éé, TOrJIa 110 Teope-
Mme 11.5.3, % gBJsieTcss OpTOHOPMUPOBAHHBIM 0a31coOM IIpocTpaHcTBa, V.

2) docmamounocms. Ilyctb € — OpTOHOPMUPOBAHHBIH Oa3UC TTPOCTPAHCTBA
Vu f € L(V) nepesonut 3ot 6a3uc B OpTOHOPMUPOBaHHLIN Oasuc f(€) = i,
Torga f(€) = A?‘éé, TO €CTh U = A?‘éé. DTO paBeHCTBO YKA3LIBACT HA TO,
4TO MaTpUIA A:Jq s ABJIAETCS MATPULIEH 1epexojia oT € K U, TOrJia U3 1ePBOro
yTBepkKJieHus TeopeMbl 11.5.3 ciepyet, 4To Af|~é ABJIACTCA OPTOTOHAJIBLHOM
(yHuTApHOIT) MaTpuIeii, a 10 BTopomy cJiejcTBrio K onpejesennto 11.6.1, f

SIBJISIETCST OPTOTOHAJIBHBIM (YHUTAPHBIM ) JIMHEHHBIM OMIEPATOPOM. [l

IIpennoxkenmne 11.6.1. Bce zapaxmepucmuyeckue KopHu 0pmo20HaAbHO20

(ynumaphnozo) sunetinozo onepamopa Uil Mampuyvl no Mooy pasrvl 1.

Jlokazamenvcmeo. llpejioxkenne Jj0CTaTOYHO YCTAHOBUTH JIJIsi YHUTAPHBIX
JIMHEHHBIX OMepPaToOpPOB, TOTJA OHO OyHAeT CIpPaBeJJIMBO W I YHUTAPHBIX
MaTPHUIL, &, CJIEJOBATEIBHO, OYJeT CIIPAaBEJJIUBO JIJIsi OPTOrOHAJBHBIX MaT-
pHII, a OTCIOJIa CJIeJyeT CIPaBeJTUBOCTD JIJisi OPTOrOHAJIBHBIX OIEPATOPOB.

Urak, nycrs f € V — yuurapHblii JUHEHAHLIH omepaTop u o — Ji0bOi ero
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XapaKTepUCTUIecKuil Kopenb. Tak kak ocuopuoe mnoje k = C, 1o Bce xapak-
TEPUCTUIECKUE KOPHU SIBJISIIOTCS COOCTBEHHBIMK 3HAYEHUsIMKM olieparopa, f,
[IO9TOMY (v SIBJISIETCsI COOCTBEHHBIM 3Ha4YeHHeM oreparopa f. DTo o3Hadaer,

qro cymecrByer Takoi Bekrop a # 0 uz V', uro f(a) = aa. [ojgcunraem

(a,a) = (f(a), f(a)) = (aa, aa) = a@(a,a) = |af*(a, a),
laf*(a, a) = (a,q).

Tax xak a # 0, To noayunm, uto |al*> = 1, To ects |af = 1. O

11.7 Camoconpsiz>keHHbIe MAaTPUIlbl 1 JIMHEITHbIE onepa-

TOPBI

Omnpenenenne 11.7.1. Ksagparnas uncioBas marpuna A #HasniBaercs ca-
MOCOTIPSI2KEHHO#, €CJIM OHa, COBIIAIAET CO CBOEH COMPSXKEHHO TPAHCIOHUPO-

BaHHOM Marpuneir A*, To ectb A = A”.

Onpenenenne 11.7.2. J/leiicTBuTe/ibHas KBajgpaTHas MAaTPUILA HA3HIBACTCS

cummMerpuyeckoii, eciim A = AT,

Onpenenenne 11.7.3. KomiuiekcHast KBaJipaTHasi MATPUIlA HA3bIBACTCS IP-

MHTOBOIL, eciim A = AT,

AcHo, 4TO CUMMETPUYECKYI0 MATPHUIy MOXKHO paccMaTpuBarb Kak JIeii-

CTBUTEJbHYIO 3DMUTOBY MaTPHUILY.

Onpenenenue 11.7.4. JIuneitnbiii onepatop f KOHETHOMEPHOTO €BKJINI0BA
(yHUTApHOTO) MPOCTPAHCTBA HA3BIBACTCS CAMOCONPSIYKEHHBIM, €CJIN OH COB-

IaJ1aeT CO CBOMM COIPSI2KEHHBIM orepaTopoM f*.

Omnpenenenne 11.7.5. JIuneitnoiii onepaTop f KOHEYHOMEPHOTO €BKJINAI0BA

(YHUTAPHOIO) LPOCTPAHCTBA HA3BIBACTCS CAMOCOIPSIZKEHHbBIM, €CJI1

Va,yeV) (f(x)y) = (2, f(y))
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Samevanue 11.7.1. B ciyuae eBKINI0Ba MPOCTPAHCTBA CAMOCOIPSIXKEHHBIH
olepaTop 4acTo HA3bIBAIOT CUMMETPUYECKHUM, a B CJydae YHUTAPHOI'O IPO-

CTPpaHCTBa — I9PMHUTOBBIM.

Caedemeue. CummMerprydeckne (SpPMUTOBbI) MATPHIBI U JINHEHHbBIE OMepaTo-

Pbl ABJIAOTCA HOPMaJIbHBIMU.

Joxasamesvcmeo. Ecin A — cuvmmerpudeckas (spmurosa), To A* = A, To-

rna A*A = AA*, cnepoBarenpio, A — HopMaJbHAs MATPHUIIA. [

Caedemeue (Kpurepnit). luist roro, arobbl JmHeiiHblil onepatop f KOHEUHO-
MEPHOTO eBKJIMJIOBa (YHUTAPHOrO) MpocTpaHcTBa V' ObLI CUMMETPUYECKUM
(3PMUTOBBIM) HEOOXOMMO M JIOCTATOTHO, ITOOBI OH OTHOCHTEIHHO OPTOHOD-

MUPOBAHHOTO 0a3nca € MMeJl CHMMETPHICCKYTO (IPMUTOBY) MATPHILY.

Jlokasamenvemso. Pacemorpum nzomopdusm o @ L(V) — M(n, k) orno-
CHTEJIHO OPTOHOPMUPOBaHHOTO Oasuca €. M3Bectno, uro ecnn o(f) = Ay,
To o(f*) = A}. Iycrs [ — cummerpuueckuii (spMutos) oneparop, Torja
f= 7 suamur o(f) = o(f*), ro ect Ay = A}. Coesiosarenbio Ay spis-

eTcsi CHMMETPUYECKO (IPMUTOBOM) MaTpPHUIIEH. O

PaccmoTpum Bompoc 0 XapaKTEepUCTUIECKUX KOPHAX CaMOCONPIKEHHBIM

MaTpHUIL U JUHEHHBIX OIEPATOPOB.

Jlemma 11.7.1. Ecim A — spvuroBa mMatpuiia, X — NPOW3BOILHBIA CTOJ-
el KOMILIEKCHOTO apudmerrnueckoro npocrpancria, 70 (AX, X) sapiasercs

,HeﬁCTBI/ITeJIbeIM 9UCJIOM.

ﬂ0%a3ame,/cbcm60.

(AX,X) = (X, A"X) = (X, AX) = (AX, X),

HOJIYUIMJIM PABEHCTBO THIIA 2 = Z. DTO O3HAYAET, YTO 2 — JEHCTBUTEIHLHOE

YUCJIO. []
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TEOPEMA 11.7.1. Bce xapaxmepucmuveckue KopHU CUMMEMPUYECKOT
(9pMUMO60T) MAMPUYLL U AUNETHO20 ONEPATNOPE ABAAIOMCH JeTUCTNEUMENL-

HHUMU YUCAAMU.

Jlokasamenvemeo. YTBEpXKIEHUE JIOCTATOYHO JI0OKA3aTh JIJIT SPMUTOBBIX
MATPHUIL, TOTJIa OHO OYJIET CIIPaBEJTBO JIJIsT CAMMETPUIECKUX MATPHIL, & CJie-
JIOBATETLHO OHO OyJIeT CIIPpaBeJITNBO JIJIsT CAMMETPUIECKUX U SPMUTOBBIX JIN-
HeitHbIx onepaTopos. Ilycrs A — spmurosa marpuna. Tak kak k = C, 1o Jro-
60i1 XapaKTepuCTHIeCKUii KOPeHb v MaTpuilbl A siBJIsIeTCsT ee COOCTBEHHBIM
sHadenneM, a nosromy cymecrsyer X # 0, X € C" rakoii, uro AX = aX.

PaccmoTpum

(AX, X) = (aX, X) = a(X, X).
Bamernm, aro (X, X) > 0, 10 ecThb

 (AX, X))
Oé—m € R.

[]

TEOPEMA 11.7.2 (o npuBejieHUE CAMOCOTIPSI)KEHHON MATPUIIBI K JTHATO-
HaJbHOMY BULY ). Beakyio camoconpasicennyio mampuyy A moocno ¢ nomo-
W0 0PMOONAALHOT (YHUMaPHOT) MAMPUUL MPanchopmuposams % Jua-
20HANOHOMY 8UDY, NPU IMOM QUAZOHAALHOLMU IAEMEHMAMU HEODTOUMO OY-

dym ABAAMDCA Taparmepucmuueckue Kopru mampuuyv, A.

Joxasamenvcmso. Ilycrsb A siBIsieTcst caMOCONPSIXKEHHOM MaTPHUIEii 1-T0 1mo-

psijika. PaceMoTpuM n-mMepHoe eBKJIMI0BO (yHUTApHOE) POCTPaHcTBO V 1 B

HEM OPTOHOPMUPOBaHHbIi 6aszuc €. [Tocrpoum sinneiinbiit oneparop f € L(V)

TaK, YT0OBI OH OTHOCUTEIHLHO Da31Ca € MMeJ CBOeH MaTPHIlei JaHHYI0 MaTpH-

my A, mo ectn Afe = A. Taxoit oneparop f obssarennbnoit nafigerca B cuiy
~

usomopduoctu L(V) =2 M(n, k). B Teopeme 9.2.2 Mbl cTpoMIn Takoil Jiu-

Heiinplit oneparop. Tak kak marpuna A sgBjsieTcss caMOCONPSIXKEHHOI, a € —
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OPTOHOPMHUPOBAHHBIH 0a31C, TO IO BTOPOMY CJEICTBUIO, JUHEHHDIN orepa-
TOp f OyleT CaMOCOIPSI?)KEHHDBIM, a, CJIeJI0BATEIbHO, HOpMaJibHbIM. 1o Teope-
Me 11.7.1 Bce xapakTepucTuieckue KOpHU (i1, 9, . . . , (y JIMHEHHOTO O1IePaTO-
pa f OyayT geficteutensupivu ancaamu, nostomy (Vi =1,n) «; € k, upn
k=R wmm k = C. Tlo Teopeme 11.4.2, B pocTpancTse V' cymecTByeT opTo-
HOPMUPOBAHHBIN JINATOHAJU3UPYIONIUI OA3UC U, COCTOSAIIMI U3 COOCTBEHHBIX
BEKTOPOB orepaTopa [, NpUHAIEKAIIAX CKAJIAPaAM (1, A9, . . . , (X, TO €CTh
Vi=1,n) f(u;) = qu;. OrHocurennbno 6azuca @ JuHeAHbIH onepaTop f

Oy/ieT UMeTh MaTpUILy

/041 0O ... 0
Afm: 0 a9 ... 0
\0 0 ... o

Ussecrno, uto Apj; = Q_lAﬂéQ, rjie () — MaTpuIa nepexojia or € K . Tax
KaK 0a3uchl € U U OPTOHOPMHUPOBAHHBIE, TO O Teopeme 11.5.3 marpuma ()
ABJIACTCA OPTOTOHANBHO (yHuTapHoit). MbI BuanMm, uro As: = A ¢ momo-
L0 OPTOTOHAJLHON YHATAPHONR MATPUIILI () TPUBOJNTCS K JUATOHATILHOMY
sujty. Bujno, uro na riasnoit amaronaim Ap; CTOAT XapaKTepUCTHICCKHUE

Kopuu Marpuibl Ags = A. ]
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