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PaccmorpuM oqHOCBA3HYIO IIOCKYIO 00JIacTh [ ¢ HEBBIPOXKAEHHON Ipa-
uureit. OgHON U3 ee BaXKHEHMINX XapAKTEPUCTHK SABJISETCA KOH(MOPMHBII
momysib m(D). Io onpenenenuto, eciiu D KOHMOPMHO SKBUBAJIEHTHA KOJIbILY
{r1 < |z| < 7y}, ToO

m(D) := L In 2,
2T T1
Moiyb MOXKHO BBIYHC/IUTH W C IMIOMOIIBIO alllapaTa KCTPEeMAaIbHBIX IJINH.
Tak, m(D) = A(I), tme A(I') — 510 3KCTpemasibHas JjiuHa cemeiicTBa
kpuBbIx [', coemumugaiomux B [) ee rpaHUYHBbIE KOMIIOHEHTHI. Kpome Toro,
m(D) = 1/X1"), rme I" — cemeiicTBO KpUBBIX, pa3zeadomux B D rpaHndHbe
komnonenTsl. Hakoner, m(D) = 1/Cap(C), rne Cap(C') — 310 KOHDOpMHAs
€MKOCTh KOHJIEHCATOPa, ITOJeM KOTOPOTO sSBJjseTcs obmacth [, a miacTuHa-
MI — I'paHUYHbIE KOMIIOHEHTHI .

Mopynu nByCBaA3HBIX 00JacTeil Kak B CJydae IMOJUTOHAJIBHBIX TPAHMUII,
TaK W IS IPOU3BOJIBHBIX 00JIacTeil, B MOCIEIHUE AECATUIETHS ABJISIIOTCS
06'bEKTOM MHTEHCUBHOTO u3ydenus (cum., vamp., [1], [2]).

Monaynb wmHBapmaHTEH OTHOCHTEJIBHO KOH(MOPMHBIX OTOOparKeHwmil, a
IpH KBa3sUKOH(MOPMHBIX OTOOPasKeHUAX OH KBa3sMMHBADUAHTEH: ecau f —
H-xBasukoudomuoe orobpazkenue obmactu D Ha D, TO

1 ~
—m(D) <m(D) < Hm(D).
H

OpauMm u3 mpocreitmux H-KBa3suKOHMOPMHBIX OTOOparKeHU SIBJISETCS
pacTsxKeHne BIOJIb ocu abcruce fy : x + 1y — Hx + 1y, H > 1. [Ipod.
M. ByopuneHn mocraBmi 3aa9y: UCCIEI0BATH, KAK KOH(MOPMHBIN MOILYJIH 00-
smactu D nckazkaeTcs 1o geificTrBueM oroOparkeHus [, B 1aCTHOCTH, KAKOBA,
ACUMIITOTHKA MOy nupu H — oo?

Cuadvajia pacCMOTPUM TTPOM3BOJILHYIO JIBYCBA3HYIO obyiacTh D, ymaoBJie-
TBOPSIOIILYIO YCJIOBUSIM:

1) D umeer KOHEUHYIO TUIOMAIb S

Paora uimosnena npu dbunancosoit nojyiep:kke POOU (mpoextsr 11-01-00762 1 12-
01-97015 p_mosioxbe.).
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2) nonosiserne D cocrout u3 aByx KomoneHT ceasnoctu Cp u Cy, ofiHA
3 KOTOPBIX OTPAaHUYEHA W COAEPIKUT ABE TOUKU 21 = L1+ 1Y U 29 = To + 1Yo
TaKWe, 4To |1 — Ta| = §;

3) dist(Cy, Cs) = d.

HeTpynHo ycTaHOBUTH CJIEIYIOILYIO TEOPEMY.

Teopema 1. ITycmv Dy = fg(D). Tozda

Kak cyiefcTBue, mojydaeM, 9To B IPEIIOJOKEHUSIX TEOPeMbI 1
m(Dy) ~ H', H — oo.

Harmeit 3agageit 6ymer HaxoXKIeHHE TOCTATOYHO IMUPOKOTO KJacca 00-
nacreit D, niaa koropeix m(Dy) ~ const - H™1, H — oo, m onpesenenue
MyJIbTUILIIKATABHON KOHCTAHTHI B 3TOM YCJIOBHH 4epe3 T€OMeTPUIECKHIe Xa-
pakTepucTuKu objaactu D mim ee IpaHUIIbL.

g pemrenns 3Toil 3a1a41 HApPAAYy C MOAYJISAME JIBYCBA3HBIX 0bjacreii
HaM ITOHAI00UTCS PACCMATPUBATL KOH(MOPMHBIE MOAY/IN YeTHIPEXCTOPOHHU-
KOB, T. €. KOPJAHOBBLIX 00J1acTell ¢ Y4eThIPbMHA PA3JUYHBIMU OTMEYEHHBIMU
ToYKaMU (BEPIIMHAMHI) HA TPAHUIE. DTH TOYKH JeJsIT IPAHuIly 00acTu Ha
deTbipe KOpAaHOBbIX jiyru. OiHa WX Tap MPOTUBOIIOJIOXKHBIX (HEIepeceKaro-
IUXCsT) YT HA3BIBAETCS TOPU30HTATBHBIME CTOPOHAME Y€ THIPEXCTOPOHHUKA,
a Ipyras — BepTUKAJIbHLIMU. Ecau KoHpOpMHO 0TOOPA3UTh Y€ THIPEXCTOPOH-
ouk G Ha mpsmoyrosbuuk 11 := [0,a] X [0,b] Tak, 9T06B TOPU3OHTAIBHBIE
cTopoubl nepennin (G B rOPU30HTAJIBHBIE CTOPOHBI IPAMOYTOJILHUKA, & BEP-
TUKAJIbHBIE — B BEPTUKAJbHBIE, TO 110 OIPeNeJIeHNI0 KOHMOPMHBIA MOayib G
paBeH

Kondopwmusbiit moayab G paBeH 3KCTpeMabHON JjInHE ceMeiicTBa KPUBBIX,
coeuusomux B (G BepTUKAJIbHBbIE CTOPOHBI M OOpaTeH BEIUYHHE IKCTpe-
MaJIbHOHM JJIMHBI ceMeificTBa KPUBBIX, COEAMHAIONNX B (G TOPU30HTAJBHBIE
croponbl. OH HHBapHAHTEH OTHOCUTEIHHO KOH(DOPMHBIX OTOpasKeHmil 1 KBa-
3UMHBAPUAHTEH OTHOCUTEIbHO KBAa3MKOH(MOPMHBIX, B YACTHOCTHU, IIPU OTOD-
pakeHuu pacTsizkeHus fg.

Herpynuo Bumerh, 9To mckaxkenue momyia G mnpu orobpakeHuu fp 3a-
BHUCHUT OT TOTO, KaK JIMHWUH, ITEPEXOISAIINE B TOPU30HTAIbHBIE OTPE3KU, COETH-
HSOIIE€ BEePTUKAJJIbHBIE CTOPOHBI IPSAMOYTOIbHUKA II, pacmosiokeHbl OTHO-
CUTEJbHO OCH abCIMCC, TOUHee, KaKue YIJIbl 0Opa3yeT KacaTeabHas K ITUM
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KPHUBBIM C OChIO abcrucc. deM Tropu3oHTabHEEe 3TU KPUBbIE, TEM CUIbHEe
YMEHBIIAETCSI MOJLYJ/Ib YeThIPEXCTOPOHHUKA.

B ciygae cumMeTpuvHOM OTHOCHUTEILHO OCH abCIINCC ABYCBSI3HOI 00Jia-
cru D, orpaHnYeHHON »KOPJAHOBBIMEU KPUBBIMHI, €€ MO/Y/Ib B IBa Pa3a MEHb-
e MOJYJIS YeTBIPEXCTOPOHHMKA DT, KOTODBIl ABIAETCA BEpXHEH II0JIOBH-
Hoit D (Beprimuamu DT gBAAIOTCS TOYKHU mepecedeHusi TpaHuilbl D ¢ 0ChIO
abCIMCC, & TOPU30HTAJBHBIMIA CTOPOHAMU — OTPE3KHU STOH OCH, BXOISIINE
B cocra rpanunsl 0DT). Eciu k Tomy ke D cuMMeTpudHa U OTHOCHTEJb-
HO OCH OPJMHAT, TO MOIY/Ib [) B YeThIpe pa3a MEHbBIe MOIYJA J9acTh 00-
jgactu D, pacmoyioKeHHO# B MepBOil YeTBEPTH; BEPTUKAJIbHBIMA CTOPOHAMU
COOTBETCTBYIOIIErO YeTHIPEXCTOPOHHUKA OyIyT OTPE3KH IOJIOKUTEIbHBIX Ya-
creil oceit KOOpAUHAT, comep:Kalecs B ). 9TO MOXKHO JI0Ka3aTh C UCIIOJIH30-
BaHUEM IIPUHIUIIA CAMMETPUMN.

B nanpHeiiiieM 0CHOBHBIM OOBEKTOM HAIIErO HCCIEI0BAHUs OymeT IBY-
cBsI3HAA 00s1acTh [, cuMMeTpuIHas OTHOCATEIHHO OCH abCIIICC, C TPaHUIIEH,
COCTOSIIENR U3 IBYX KPUBBIX

I={e+iy : [yl = fz), a <z < b},
Ty ={z+iy : [yl =g(z), c<z < d},

c<a<b<d. 3neco
(1) dyukuus f menpepbiBHA Ha OTpe3Ke [a, b,
(i) dyHkuusa g HenpepbiBHA Ha OTpe3Ke [c, d],
(ili) f(z) < g(z), z € [a, b],
(iv) f(z) > 0, z € (a,b), g(z) > 0, z € (c,d),
(v) f(a) = f(b) = g(c) = g(d) = 0.
O6osnaunm Dy = fy(D).
Teopema 2. IIpu H — oo

1 dz
m(Dy) ~ 5o 20e :/m

JlokazaTebCcTBO TEOPEMBI 2 OCHOBAHO HA N3YYEHUH ACUMITOTAKHI MOILYJIA
gerpipexcroponnnka DT, Crauana mccenyercs ciydait, korga DT orpanu-
YeHa JIOMaHbIMU. B aToM ciayuae wacte DT obnactu DY, nexkamntyro B moJoce
{a < x < b}, MoxKHO pa3buTh Ha Ha KoHeuHoe uucyo Tpaneruit 77,1 < j < n.
Acumnroruka MogyJig Tpanenyuu (Kak 4eThIPEXCTOPOHHUKA ¢ OTMEYEHHBIMU
TOYKAMHU — BEPIIUHAME TPAIENUH) IPU PACTAKEHUN [z ONMUCHIBAET HETPY/I-
HO JOKa3bIBaeMast
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Jlemma 1. ITycmv mpaneyus T umeem eud
T={(z,y) : iz + B <y <apr+ 6, 21 <z < 20},

2de a1 < g, 0 < 11 < x9. To20a

1 o — (1
T ~ — H .
m(fu(T)) H Inzy —lnax,’ e

Cureyromas JeMMa MOKa3bIBAeT, 94TO 9acTh D7, jexkamad BHE IOJIOCHI
{a < z < b} He BUAET HA ACUMIITOTHKY MOJLYJIS.

Jemma 2. ITyemv D}, = fu(DV), Df; = fu(D"). Tozda
m(D%) ~m(D%), H — oo.

B n1emme 3 okaszbiBaeTcst, 9To mpu O0JbINX H acUITOTHKA MOIYJIS Pac-
TAHYTOr0 MHOTOYTOJbHUKA D, MOXKeT 6BITh MOy 9eHa U3 ACUMITOTUKH TPa-
nenuit 17, pacTaHyThIX oToOparkeHueM [ .

Jlemma 3. HUmeem mecmo sxeusaseHmHocmos

m(Df) ~ > m™NT}), H - oo,
j=1

2de T = fu (T7).

CrpaBeIuBOCTD JIeMM 2 U 3 YCTAHABINBAETCA C IIOMOIIBIO TEOPEM O CBS-
31 CXOAUMOCTH TIOCJIEI0BATEIHbHOCTE 001acTel CO CXOANMOCTBIO TIOCTIEI0BA-
TeJabHOCTe KOHMOPMHBIX 0TOOparkeHnii, ycranopiaeHHbIX Kapareomopu, Pa-
no, I JI. CyBopoBbiM, 1 ux 00001eHnii. Bo3MOXKHOCTD IpUMEHEHUS ITUX
YUCTO KAYECTBEHHBIX PE3YIbTATOB I N3YYEHNs ACUMIITOTUKNA MOy ieil ObI-
Jla BIIEPBBIE UCIIOJIb30BaHA B [2].

N3 nemm 1-3 cieayer cmpaBeIIMBOCTh TEOPEMBI 2 IJIsd MOJUTOHAJIbHBIX
obstacreit. OOIIUiL c/Iydail yCTaHABINBAETCS AIIIPOKCIMAIIAEIH.

C moMoIIbIo TEOPEMBI 2 MOKHO IIOJIYIUTh, B 9aCTHOCTH, aCUMIITOTHKY MO-
JIyJisi PACTSAHYTOI'0O KPYTOBOTO KOHIIEHTPUYECKOTO KOJIbIIA MTPU PACTIKEHWH.
OTMeTnM, 9TO MPHU PACTIKEHUH KOJIbIIA IPAHUYHBIE OKPYKHOCTH TIEPEeXO-
AT B 3JIIAICKHI, KOTOpPhIe HE OyayT COOKYCHBIME, IIO9TOMY HE YIAeTCd B
SIBHOM BHJI€ YCTAHOBUTH KOH(MOPMHOE OTOOparkKeHne PACTIHYTOI'0 KOJIbIA Ha
KOHITEHTPHUIECKOE KOJIBIIO.

Teopema 3. Ecau D={2¢€ C : r <|z| < R}, mo

1
m(DH) ~ ﬁ’ H — o0,
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2de

1
k= ——— (777“2 + 2R? arcsin L + 2rv R? — 1"2) )
R2 — 2 R

Teopema 2 momyckaeT 0000IeHNsT Ha 0ojiee MIMPOKUE KJIACCHI 00J1acTeid.
Ee yTBep:K 1eHme cripaBeIjinBo, KOrAa, HallpUMEp, BHEITHIs KOMIOHEHTa I'pa-
HUIBl HeorpaHuyeHa (DyHKIMs ¢ OlpenesieHa Ha BCeil ocu) uim B ciydae,
KOIJla IpaHMYHbIE KPUBbBIE COIEP:KAT BEPTUKAJILHBIE YYACTKH. B YacTHBIX
caydasX, KOrJa IpaHMYHbIe KpUBbIe 00acTu [ SBIASIOTCA MPAMOYTOJIbHU-
KAMHI CO CTOPOHAMHU, HAPAJIEIbHBIMA KOOPAMHATHBIM OCIM HJIH POMOAMU C
BEpIIMHAMY HA 9TUX OCAX, aCUMITOTHYECKHE hopMyJIbl jiist Moyt m(Dy)
6bLn mostyueHsl B paborax [2], [3].

IIpumep. B kauecTBe TecToBOrO mprMepa HaMu ObLIa PAaCCMOTPEHA 00-
nactb D, KoTopag nostydaercs u3 mosocsl {|y| < 1} BbibpacbiBanueMm KBa/i-
para {|z| + |y| < 1/2}. Teopema 2 maer

(m(Dg)) '~ (8In2)H, H — oco.

Ncnonb3oparne uuarerpagoB Kpucroddens-Illpapina mosBosser mogayduTb
IpuOJIMKEHHOE 3HATYEHIE MOy IA. NCIeHHBIE SKCIEPUMEHT ITOKA3bIBAET, ITO
npu H, 6:mskux x 20, snavenne (m(Dg))~! ornmmuaerca ot (81n2)H menee,
gem Ha 1%. Ilpum sTOM, IpM HAXOXKJIEHHE MOJIYJd C IIOMOIIBLIO MHTErPaJIOB
Kpucroddensa-IlIsapia npu 6oabmux H UCIOIb3YIOTCS /INITHIECKIE TH-
TerpaJibl epporo poga K (k) ¢ mapamerpom k, 4pe3BbIYaitHO GJIU3KUM K €11~
antie. Tak, npu H, 6onpmmx 20, Bemauna 1 — k cranosntea menbire 10717,
1 KOMIIBIOTED OTKA3bIBAETCHA BBIUMC/ISATH 3HAYEHUE MOJLYJIA.

B cBsi3u ¢ 3TuM mHTEpecHOi 3amadeil aBASeTCS, Ha HAIl B3IV, OIEHKA
OTHOCHUTEJILHOM MOIPEITHOCTH IIPUOINAKEHHON DOPMYIIbI

1

m(Dn) ~ 2cH

upu 6osbiux H.
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