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IIpeaucioBue

BOJIHA x. BOJSIHON Tpebenb, I'psiia, MOJATUH Oyrop, MOMHSBIIANCI IpU
BCKOJIBIXaHUH BOJbI BETPOM WJIM MHOIO cujio0. Camble MeJKHE BOJIHBI, PAbb;
KpYIIHAsI, OTIEIbHASI, 804HA, 8a.A; caMasi DOJIBITAST KOAbIUWEHD, 83600eHb; CPE/I-
Hsisl, NAECKYH; TICHUCTAas, 3a8UMKY, KYIpAcKa, bapawex, 3alvuk; KpynHas, be-
N020406€Y; IPUOpEKHAsI, B IOTOTy, npuboli, 6ypyn; MejKas, KpyTas, Ha OTMe-
JId, HAJ] KAMEHBSIMU, OYpYH, MOAKYH, MOAYEA, CYMOA0KA; BOJTHA NJIA BOJHEHUE,
IIPOTUBHOE TEUYEHUIO WJIM U3MEHUBIIEMYCS BETPY, CNOPHAA B0AHA, YUCTILONAECK;
naberaroIras Ha Oeper, HaKamHas 60AHG, 3dnaecku. MexX IBYX TP BOJIH 00-
pasyercs T4A0b; BEepIIUHA BOJHBI, 2pebets; CHABETPY 0MKOC; CIIONBETPY KPYyd
8oL Jlesamuim 6aA0M WU GOAHOTU 30B. IO TMOBEPHIO, YePeaHyI0, OOJIbIIYIO
[IPOTUBY IPOYUX, POKOBYIO BOJIHY. Bootcdb 6ypsb noanoumnozo wapoda, degamuli
8a.n 8 Mopckux 80AHGT, CyBopoB.|| B mepeHOCHOM 3HAYEHUH 60A4HOM0 30BYT JIBH-
JKYIIYIOCS B OJIHY CTOPOHY T'poMajy, Tojmy. Hapod eoana 60anoti sasum.

B.U1./[arb. ToJKOBBII cJIOBaph YKUBOT'O Be-
JmKopycckoro szbika (M.: Pycckuit si3bIk,

1998. Tom nepssrit. C. 233, 234)

IIpenaraemast dUTATEII0 KHATA COAEPKUT CHCTEMATHYECKOE H3JIOMKEHIE
OCHOB T€ODHHI HEJIMHEHHBIX BOJIH U aJ[pecoBaHa CTYIEHTaM H acnupanTaM (u-
3UYECKHX U (DU3MKO-TEXHHYECKUX CIENUAIbHOCTEH BY30B, a TaKxKe CIeIHa-
nmcram-uccaegosaressM. Kuanra seixonut B cepun «CoBpeMeHHAsT TEOPHsT KO-
7ebaHuil U BOJIH» W SIBJISETCS JOIMYIECKUM HPOJOJKeHHeM KHUr «Jlumneiinble
kojiebanust u Bosnbl» [1] u «Hesuneitnbie kosebanusi» |2|. IIpeamonaraercs
3HAKOMCTBO YHTATeIsl ¢ OCHOBAMU STHX JUCIMILUIMH U HAJIMYHE y Hero 6a-
30BOIl MATEMATHYECKON IMOJATOTOBKU B 00bEMe YHHUBEPCHTETCKOIO Kypca st
cryneHToB-pu3nKoB. OHAKO aBTOPLI CTAPAJIICh, ITOObI M3JIOJKEHHE HOCUIIO
10 BO3MOYKHOCTHU HE3aBUCHMBIi, «3aMKHYTBIH» XapakTep.

Cepust «CoBpemennast Teopust KojiebaHUil 1 BOJH» OTPayKaeT COJEPrKaHMe
IUKJI JEKIIHOHHBIX KyPCOB, YHTAIOMNXCs Ha (DaKy/IbTeTe HeIMHEHHDIX IIPOIIEC-
coB CapaToBCKOr0O IOCYAapCTBEHHOIO yHIBEPCUTETA, B OCHOBY y4eGHOIO IIAHA
KOTOPOTO II0JIO’KeHa HejlnHeliHas nunamuka. llepsonadasnsio pasmgen «Hesm-
HefiHBIC BOJIHBI» BXOJMJ B Kypc Jieknnii «Teopust BOJTHOBBIX HPOIECCOB» st
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CTYIEHTOB YEeTBEPTOTO KypcCa pPaanOPU3MIECKOr0 OTIE/JEHUA YHUBEPCUTETA,
KOTOPBIIl Ha TIPOTSXKEHUU MHOTHX JjieT untaji 4i.-kopp. PAH JI.U. Tpy6Gerkos.
B ocHoBHOM ero comepxkamHme cooTBeTcTBOBaJIO maeogorun Kauru M.M. Pa-
6unosuua u JI.V. Tpy6erkosa «Bpegerne B Teopuio KosreGaHmil M BOJH» .
OrnesibHBIE JIEKIMK 110 HeJUHEHHbIM BoJiHaMm untaauck /.M. TpyGenkoBbiM
rakke B CaMapcKOM IeJarorm4ecKoM MHCTUTYTe, POCTOBCKOM TrocyaapCTBEH-
HoM yHuBepcurere, CankT-lIleTepOyprckoM MOJTMTEXHIIECKOM YHUBEPCUTETE,
Baitomunrckom yausepcurere (CIIIA), CeynbckoM HAMOHAJIBHOM YHUBEDPCH-
rere (FO. Kopes). Haunnast ¢ 1997 1. kypc nekunuii «Hesmnelinble BOJIHBI»
YUTAETCsT aBTOPAMU JIJIsT TPEThEKYPCHUKOB (haKy/IbTeTa HEJTNHEHHBIX ITPOIEeC-
co. Ilapa/urtesibHO € JIEKIIUSIME TIPOBOJISATCS CEMUHAPBI 110 PENIeHUI0 3314,
KOTOPBIe YaCTUIHO BKJIIOYEHBI B OCHOBHOM TEKCT KHUTH, YACTHIHO BBIIETEHDI
CAMOCTOSITEJTHHO.

st ommoro u3 asropos (.. Tpy6ernkosa) oBiajenue Teopueit HeJnHET-
HBIX BOJIH CBSI32HO, B IEPBYIO OUEPE/Ib, C YIACTHEM B YHUKAJBHBIX TOPHKOBCKIX
(Tenepn HIzKeropojackux) mkosax «Hemuneitnbie Bosmbry. He 6b110 OB 9THX
IIIKOJI, BO3SMOYKHO, He OBbLJIO ObI 3TOI KHUI'H.

Aemopui

'"Kuura 6puta gsaxsr omyGiukosana B usmarenbcrse «Hayka» (Mocksa) B 1984 u
1992 rr., Tperbe n3nanue BoiwIo B 2000 r. 8 HUII «Perynapuas u xaorudeckas JTuHAMU-
ka» (Mocksa—Ilxxesck). Kpome Toro, B 1989 r. kuura Gbuia M3/1aHa HAa AHIVIMICKOM S3bl-
ke (M.I. Rabinovich and D.I. Trubetskov. Oscillations and waves in linear and nonlinear
systems. — Kluver Academic Publishers, 1989, 577 p.).



BBenenue

¢l He 3HAI0 MCTHHHOrO aBTOpa BbLIaoIierocs agopusma
Ha 91y TeMy. CaM s yCJIBIIIATI €ro OT OJHOIO HAyYIHOI'O
pabOTHHKA, IOCEINABIIEr0 MOU €XK€HeIeJIbHbIE JIEKI[UU.
On rosapuBas: «Bcé smneitnoe or Bora, a menuneitHoe
ot JlykaBoros»

M.A. Muanep. BosiHBI, BOJIHBI, BOJIHBI ...

Teopusi HeTMHEIHBIX BOJIH — BCE eIle MOJIO/Iast HAYKa, XOTs UCCJIeJ0BaHUS
B 9TOM HAIIPABJICHUN BeJIMCH jlake B XIX Beke, TyiaBHBIM 00pa3oM, B CBSI3U
¢ 3a7auaMu ra3o- u rugpoauHamuku. Hampumep, paborsr k. Ckorra Pac-
cesuta [3|, KoTopblil BriepBbie HAO/IIOAI COTUTOHBI Ha IOBEPXHOCTU YKUJKOCTH,
ornocaTcd K 1830-1840-m rr.; ypaBuenue Kopresera—ne Bpuza, npencrasiis-
IOIllee OCHOBY MATEMATHYECKOTO OLHICAHUS COJIMTOHOB, mostydeno B 1895 r. [4].
HeJII/IHefIHbIe BOJIHOBBIE {ABJICHUA 6bI.HI/I IpeaMeTOM HCCAeJ0BaHUsA TaKUX BbI-
Jaronmxcst yaeHbrx, kak Ilyaccon, Croke, Ditpu, Paseit, Byccuneck, Puman.
OHaKO Kak enHast HayKa TeOpUsl HeJIMHEHHBIX BOJIH CJIOXKHUIaCh B KoHIEe 1960-
x—nadaJjie 1970-X ro/oB, KOTOPbIE CTAJN TOJaMU ee OyPHOIO Pa3BUTHUS.

HpeH{;Le BCero, nmpuvrmHa 3TOro0 — B Pa3BUTHUN BBIYUCJAUTEJILHON TEeXHU-
KU, TIO3BOJIUBIIEH TOJCTYIUTHCA K HEIIOCPEJICTBEHHOMY YUCJIEHHOMY DEITIEHIIO
yPaBHEHUIl B 9aCTHBIX ITPOU3BOJIHBIX, KOTOPBIE OIMCHIBAIOT PACIPOCTPAHEHUE
BOJIH B pa3ingHbixX cpegax. Tak, nuccienopanus . ®epmu, /x. [Tacta u C. Via-
Ma [5], BoimostHennsle B 1940-x roax Ha o/HO n3 nepsbix 9BM, mmesn orpom-
HOE 3HAYeHUe JJIsi TeOPUHU HeJIMHEIHbIX BOJIH (1 BOOOIIE JIJisi HeJIMHEHHO dhu-
3HMKH). YHUKAJIbHBIE CBOHCTBA COJINTOHOB, OObsICHSIIOMTHE Pe3ysibrarbl PepMu—
[Tacra—Ymnama, 6b1mm obaapyzkensl H. Babyckn u M. Kpyckasom [6] Takxke B
XOJI€ YUCJIEHHOT'O SKCIEPUMEHTA.

BTopbIM TOTYKOM MOCITY2KIIIO CO3/IAHIE MOIHOTO MATEMATHICCKOTO ATllla-
paTa, IO03BOJISIIOIIETO, B IPUHITUIIE, OCYIIECTBUTH TOYHOE aHAJINTHIECKOE PeITle-
HUEe pdaaa HeJINHEeHbBIX ypaBHeHI/Iﬁ B 9aCTHBIX ITPOU3BOJHDBIX. HOHB.HGHI/IG ATUX
METOJIOB, B IIEPBYIO O4Y€PE/b — MeTO/a 0OpaTHOIl 3a/1a4l paccesiHusl, BbI3BAJIO
OOJIBITION WHTEpeC y (PU3MKOB U MaTeMATHUKOB. Bo MHOroM OJiaromapst 3TOMy
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METOY B HACTOAIIEE BPEeMsl TEOPHsI COJTUTOHOB IIPEBPATHIIACH B CAMOCTOSITE -
HOE Hay4YHOe HallpaB/JeHUuEe B MaTeMaTHIeCKoi (pU3MKe.

Tperbst IpUUMHA COCTOsIIA B PACIIMPEHUN HHTEpeca K HEeJMHEHHBIM siBJIe-
HUSIM B pasndHbIx obsactsax dbusuku. ChopMUpoOBaINCh TakKne HayKH, KAk
HeJIMHEeHas aKyCTUKa, HeJIMHeHHAasl OIITUKA; OOraThlii MaTepUaJl JJjis UCCIIEI0-
BaHUs HEJIMHEWHBIX BOJTHOBBIX ITPOIIECCOB JIaJu (DU3UKA IJIa3MBbl, PAJIHOPU3U-
Ka, 3jieKTpoHuKka. C ycTaHOBJIEHHEM TJIyDOKOI OOIHOCTH MEXKy sIBJICHUSIMHU,
HAOJIIOJIAEMBIME B CUCTEMAaX CAMOHN PA3JIMIHON MPUPOJIBI, IIPHUIILIO OCO3HAHUE
TOr0, UTO MPAKTUIECKU BCE MHOT0OOpa3ue HEeJIMHEWHBIX BOJHOBBIX MTPOIECCOB
MOXKET OBITH CBEJIEHO K HEOOJIBINIOMY YUCY THUITUIHBIX, KAHOHUIECKUX CUTYa-
U, KOTOPBIE JIOIYCKAIOT ONUCAHUE IIPHU IIOMOIIK OJHUX U TeX K& YpPaBHEHUI
(moJTyYuBININX HA3BaHMe STAJOHHBIX). BCé 9TO NPUBEJIO K CTAHOBJIEHUIO HOBOIL
HAyKH — TEOPHUHU HEJIMHEHHBIX BOJIH.

DTaJIOHHBIE yPABHEHUS UTPAIOT B TEOPHUH UPE3BBIUAHO BaXKHYIO poJib. Kax
yaadano Beipasuics FO.A. Jauusos [7], onu npejcrapisiior coboit He MOpTpeT
puBHIECKO CUCTEMBI, &, CKOpee, KAPUKATYPy: MHOIHE MAJIOCYIIEeCTBEHHBIE J1e-
TaJId OIYINEHBI, 8 HECKOJIBKO HamboJlee XapaKTePHbIX YePT, Ha00OpOT, YTPUPO-
BaHbI, BLIISYEHBI, YTO U I[IO3BOJISET ABYMs-TPEeMsl IITPUXaMU CO3IATL y3HAa-
BaeMbIii 00pa3. Hanbosiee yiIMBUTE/IBHBIM SIBJISIETCST TO, 9TO OOJIBIITMHCTBO U3
STUX YPABHEHUN OTHOCSTCS K YUUCJY MOJIHOCTHIO MHTEIPUPYEMBIX, T.€. paspe-
IIUMBIX [IPU TIOMOIIM MeTOj[a 00paTHOI 3aaun paccesiausi. To, 4T0 GOJIBITNH-
CTBO ypaBHEHUM, BaXKHBIX ¢ (PU3UIECKON TOUKU 3PEHUsI, OJTHOBPEMEHHO 00J1a-
JIAIOT BECbMa CHEIM(PUIECKUMI MATEMATHIECKIMEI CBOMCTBAME, — JOCTATOTHO
IpUMeYaTe/bHBIN, XOTS 1 HEOObSICHUMBIN Ha CETOMHSITHII TeHb QPaKT.

B cBoeii kuure [8] JIxk. Yusem npeyioxKuil pasjeinTb BCe BOJHOBbBIE IIPO-
[IeCChl Ha JIBa KJiacca: runepbomdeckrne n jaucreprupyiomnime. Haspanuwe «ru-
epbOIMIECKIE» TPOUCXOIUT OT TOTO, UTO JJIs OIpeIeIeHHBIX BOJH UX PACIIPO-
CTpaHeHHe OIUCHIBAETCS 0 MPEUMYIIECTBY TUIEPOOJINIECKUME YPABHEHUSIMU
B YACTHBIX IIPOM3BOJIHBIX. BIIPOUEM, 9TO OIpeIesIeHIe He BIOJHE KOPPEKTHO,
TaK KakK IJIABHLIM KPUTEPUEM SIBJISETCS HAJUYNE UM OTCYTCTBUE JUCIEPCHH.
JlaHHYIO KHUTY TaKKe MOKHO YCJIOBHO pa3JeInThb Ha JIBE YaCTHU, IepBasd U3 KO-
TOpBIX (TJ1aBbl 2—6) MOCBSIIIEHA HEJIMHEHBIM BOJIHAM B cpejlax 6e3 JuCIepeu,
Bropast (riaBbl 7-12) — BOJHAM B JIMCIIEPTUPYIONMX cpejax. Takoe pasjelie-
HUE TPEJICTABJISIETCS] YMECTHBIM € TOUKU 3PEHHsT KAK OCHOBHBIX (PU3MIECKUX
3¢ddeKTOB, TaK U METOIOB UCCJIEIOBAHMUS.

I'naBa 1 siBjsteTcst BBOHOM. B Hell pu MOMOIIU 9BPUCTUIECKOTO TIOIX0/1a

[9] mostyUeHbl OCHOBHBIE STaJIOHHBIE ypaBHeHHUs. Ha OCHOBe KaueCTBEHHBIX CO-

2Hanpumep, ypasrenne Bioprepca, 04eBuHO, SIBIISIETCs TAPAGOINUECKIM, OJJHAKO BOJIHbI,
OTHUCHIBAEMbBIE UM, OTHOCAT K TiepBoMy Tuiy. C Apyroit CTOPOHBI, THIEPOOTMIECKOEe HETUHEN-
Hoe ypasHenne KiieitHa—I'opoHa onmuchIBaeT Mo Yu3eMy JUCIEPTUPYIONINEe BOJTHBI.
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0obparkeHnit 1 3JIEMEHTAPHBIX OIEHOK BBISCHSIIOTCS Hanbo 1ee MPUHITUIINAILHBIE
0CODEHHOCTH PaCIpPOCTPaHEHUsT HEJMHEHHBIX BOIH. [J1aBa 2 MOCBIEHa YPaB-
HEHMIO IIPOCTOM BOJIHBI, OIKMCBIBAIOIIEMY Cpedy 0e3 MUCIEePCUN U JUCCUIIAIINMN.
ITonpobHO paccMOTpeH HPOIECC ONPOKUIBIBAHUS BOJIHBI, I€TaJbHO H3ydaeT-
cs 3ajlada O PacCIpOCTPaHEHUN IapMOHUYECKOrO CUTHAJIA, UT'PAIOIasl BaXKHYIO
pOJIb B HEJIMHEHHON aKycTuke M 3jeKTpoHuke. OJIHAKO IOJy4YeHHbIE B 3TOI
rJIaBe pelIeHus, CTPOro roBopsl, CIIPaBe/JINBbI TOJILKO JI0 MOMEHTAa OLPOKUJILI-
BaHUsd, ITOCKOJIBKY B OJHUX CJIyYadX HEOJHO3HAYHbIC PDEIICHUA HE MMEIOT (bH—
3UYECKOTO CMBIC/IA, B APYTHUX IIOC/IE OMPOKUILIBAHUS TMHAMUKA BOJTHBI IPHOO-
peraeT 4pe3BbIYailHO CJIOZKHBIN XapaKTep, He JOIIYCKAIOMUN aHAJIUTUICCKOIO
omucanus (THIMYHBINA npuMep — obpasoBanne «HapalkoB» Ha MTOBEPXHOCTH
BOJIbI). B uccunaTuBHBIX cpejiax mporece yKpydIeHus OCTAHABINBACTCS U 3a-
BepIaeTcsa obpasoBaHueM yIapHOil BoJIHBEL. B ciydae, Korma TosmuHa (poHTa
IIPEeHeOPEsKUMO MaJia, YIAPHYIO BOJHY MOXKHO 3aMEHUTDH pa3pbIBOM. Perrenns
C pa3pbIBaMH paccMaTpPUBalOTCs B TyiaBe 3. B riraBe 4 passurtasi Teopusi 0600-
aeTcs Ha KBa3WJINHEHHbIE CUCTEMBbI Tuiepboiniecknx ypasuenunii. [IpuBojsar-
CsI TIPUMEPBI U3 ra30- U THJIPOIUHAMUKY, a TakxKe (pusuku miasMbel. Omucarh
CTPYKTYPY (bpoHTa ymapHOIl BOJHBI TO3BOJISIET ypaBHeHne Broprepca, KoTopo-
My TOCBsIIIeHa ri1aBa 5. [1aBa 6 comep:KuT pa3HoOOpa3HbIe IPUMEPHI VIAPHBIX
BOJIH €CTECTBEHHOI'O U MCKYCCTBEHHOTO IIPUCXOXKIEHUs Ha 3eMJjIe M B KOCMOCE.

WsyueHne HeJIMHEHHBIX BOJHOBBIX IIPOIIECCOB B Cpelax C JUcCIepcrueil Ha-
9UHAETCST B IJIaBe 7, /e M3JI0YKeHa KpaTKas MCTOPHUsSI OTKPBITHS COJIUTOHOB.
['maBa 8 mocssiena cTanMOHAPHLIM HEJIUHEHHBIM BOJIHAM — PEIIeHUSIM Hau-
boJiee MPOCTOrO THUIIA, KOTOPhIE, OJHAKO, UTPAIOT BeCbMa BaKHYyIO pojib. Oco-
0oe BHUMaHUE y/IeJIEHO YeIMHEHHBIM BOJIHAM M COJIUTOHaM. B riaBe 9 omuchI-
BAOTCsT METObI TIOJIyIEHUS «JJTMHHOBOJIHOBBIX> YDaBHEHUU THUIIA ypPABHEHUI
Kopresera—ne Bpusa u Broprepca B KOHKpeTHBIX (busntaeckux 3aga4uax. [raBa
CONIEP2KUT OOJILINOE KOJIMIECTBO IPUMEPOB 13 (DUBUKHU TIJIA3MBI, Ta30- U THIPO-
muHaMuKY, paanodusnku. ['nasa 10 mocBameHa TOIHBIM MeTOIaM HHTETPUPO-
BaHUsI COJIMTOHHBIX ypapHeHuil. OCHOBHOE BHUMAaHUE yIeJeHO METOIy obpar-
HOIl 3a/1a91 pacCestHusI, KPOMe TOro 00Cy 2K Ial0TCsT METOL XUPOTHI U IIPeodpas3o-
BaHust Bakuyraa. B riraBe 11 paccMaTpuBaroTCst IPOIECCH PACIIPOCTPAHEHUST 1
B3aUMOJIEHCTBUS KBa3UIaPMOHIMYECKUX BOJIHOBBIX IIAKETOB B HEJIMHEHHON cpe-
ne. OnuceiBaeTCa METOJ, MHOTHX MAacCIITabOB, KOTOPBIN ITO3BOJISIET II0JIyYaTh
YPaBHEHUSI JJIsT OrMOAoIeil BOJTHOBOIO IIaKeTa, CPEIN KOTOPBIX HAMOOIbINNIA
HHTEpeC IpeacTaBisger Heauneiinoe ypasuenne lIpénunrepa. Ilogpobro ana-
JIN3UPYIOTCST MOJLYJISIITUOHHAST HEYCTOMINBOCTh U 0OPA30BAHUE COJTUTOHOB OT'H-
Gatoreii. OOCYXKIAIOTCSI TaKWe BayKHBIE SIBJIEHUs, KAK PACIPOCTPAHEHUE CO-
JINTOHOB B HEJIMHEHHBIX ONTUYECKUX BOJIHOBOIAX M CaMOMOKYCUPOBKA CBETA.

ﬂanee n3JjraraloTcs dJIeMeHTapHbIe OCHOBBI T€OPpHUU TPEXBOJIHOBOI'O PE30OHaAHC-
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HOI'O B3aUMOJICHCTBUSA B KBaIPATUYHO-HEJIMHENHON cpe/e, KOTOPOe IIPUBOIUT
K TAKUM IPOIECCaM, KaK apaMeTpUYIecKasi U B3PbIBHASI HEYCTOWIMBOCTH. 3a-
KJIIOUNTeJ bHas IJlaBa MOCBAINEHa HeJWHEHHBIM BOJHAM B aKTUBHBIX CpeJlax.
3/iech B KauecTBe OCHOBHBIX MOjieJieil cirykaT ypaBHeHnue ['uuzbypra—Jlanmay,
a Takxke Heycroiiunsoe ypasaenue Kieitna—Topjona (1jisi onucanusi B3auMo-
JIefiCTBIS BOJIH C SHEPIUsIMU PA3HBIX 3HAKOB). O6CYKIAI0TCs aBTOKOJIE6ATE b
HbI€ IIPOIECChI B PacCIpeJIe/IeHHbIX CUCTEMaX.

OCHOBHOI! 11eJTBI0 KHUTH OBLIO JIaTh IIPEJICTaBIEHHE O COBPEMEHHOI Teopun
HEeJIMHENHBIX BOJIH, KaK O €IUHON HayKe, B OCHOBE KOTOPOIl JICKUT CHUCTEMa
YHUBEPCAJIbHBIX IOHATUN W IPEACTABJICHAN, CBOETO POJIa «A3BIK» TCOPUN HEJIN-
HETHBIX BOJIH. ABTOPBI CTAPAIINCH MTOTIEPKHYTH MEXKIUCITUTLIMHAPHBIN Xapak-
Tep 9TOW HAYKW, HACBITUB KHUT'Y IPUMEPAMU U3 Pa3/IMIHbIX obJacteil dpusu-
Ku. BaxKHbIM ObLIO TaKKe CODJIFOCTU DalaHC MEXKJIy W3JIOXKEHHEM MaTeMaTHU-
YeCKUX METONOB U (DU3NYECKNX npuMepoB. KOHEUHO, B paMKax OIHON KHUTH
HEBO3MOXKHO JIeTaJIbHO U3JIOZKUTH BCE BOIIPOCHI, CBA3aHHbBIE C PACIPOCTPAHCHU-
eM HeJIMHeHHBIX BOJIH. Ha ceroausinauii 1eHb nMeeTcst OOIIpHast JINTepaTypa,
[IOCBATIIEHHAs KaK TEOPHUH BOJIH B IEJIOM, TaK U OT/EJbHBIM ee pazjeaam. Jis
boJiee yryOJIEeHHOTO M3yYeHUsT MOXKHO ITOPEKOMEHIOBATHL yIeOHbIe Toco0us u
monorpacuu [8], [10]-[25].



I's1aBa 1.

OcHOBHBIE MOJI€JI BOJIIOIN
HeJIMHEeMHBIX BOJIH

Bacsk, 06bsicHu THI €if Ha HaJIbIax
DTy Hallly MaJeHbKYIO [ECHIO.

Haponnast necass «Koposesa Hemasas

Kcrarn nim HekcraTn cka3aTh, B TOM Ke KJIIOUYe 3BYUUT
2KaproH (GU3NKOB, KOTJA OHU CBOU KaYeCTBEHHBIE TEOPUU
MHOTJIA CUUTAIOT <IOSICHEHUSIMU Ha majblax»... . OTda-
CTH UIyTJINBO, & BAPYT, HE OT/HaBas cebe oT4YeTa, Ha IOJI-
HBIA «MOJIEJIbHBIN cepbe3y 7!

M.A. Muasep. O6 u306peTeHUN PAJAMO... U HE TOJIHKO
(Huxuuit Hosropox, 1997. C. 16)

1.1. OO0 3BpUCTUYECKOM IIOAX0J€e K HEeJIMHEITHbIM
BOJIHOBBIM yPaBHEHUAM

Kax yxke ormedasioch, OCHOBHBIM <«HHCTPYMEHTOM» TEOPUU HEJUHEHHBIX
BOJIH $IBJISIIOTCSI TaK Ha3blBaeMble IMAA0HHbLIE YDAGHEHUA, KarxKJloe U3 KOTO-
PBIX OIMCHIBAET KAKYIO-JIM00 XapaKTePHYIO (DU3UIECKYIO CUTYAIUIO, U IIOTOMY
BO3HUKAET BO MHOI'MX KOHKPETHBIX 3ajadax. OObIMHO TaKue ypaBHEHUS IIOJIY-
9aioT MPU HOMOIIYU CTAHJIAPTHBIX TPUOJIMKEHHBIX METOJMOB, OIMUPAIOITUXCS Ha
Te WJIU UHBbIE YIIPOIIAIONINE PEIIOJIOKEHNsT. ITU METOMbI OYJIyT paccMOTpe-
HBI B TIOCJIEAYIONINX raBaxX. [oydnM OCHOBHBIE STaJIOHHBLIC yPaBHEHUS MPU
HOMOIIM TaK HA3bIBAEMOI'O SBPUCTUYECKOrO MojXo/a |9], mcrosb3yomero He
CcTporue MaTeMaTHIECKUe MOJIENIN, 8 caMble 00Iue coOOparkeHus O XapakTepe

JIUCHIEPCUA, JUCCUIIAIIMA U HEJIMHEWHOCTU.
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PaccmorpuM JIMHEHYI0 MOHOXPOMATHYIECKYIO BOJIHY
u(x,t) = aexp [i(wt — kz)],

r/le U — HEKOTOpas epeMeHHast, XapaKTepu3yolasi BOJTHOBoe npukenne. Ode-
BUJIHO, YTO

U = twu, Uy = —iku,

e HU>KHUE NHICKCHI 0003HaYaIOT YaCTHBIC IIPOU3BOAHBIE IO COOTBETCTBYIO-
UM II€PpEMEHHBIM. Hpe,ILHOJIO}KI/IM, YTO CHUCTEMa XapaKTEpU3yeTcd OUCIIEPCHU-
OHHBIM COOTHOIIIE€CHUEM

Pw,k) =0, (1.1)

rme P — moamHOM OoTHOCHUTENBHO w U k. Torma, mocTaBUB B COOTBETCTBHE W U
k nuddepennmanpubie onepaTopsl (T.e., 0 CyTH, IPOBE/Is 0OpaTHOE Ipeobpa-
zoBanne Pypne)

0 d
—i — k ) — 1.2
w — ? 82,:7 —1 8$, ( )
MOXKHO nipeBpaTuth (1.1) B smneitnoe muddepennuanibuoe ypaBHeHuEe OTHOCH-
TesibHO U (T, 1)
a .0
Pl—i—,i— =0. 1.3
( Yot Z8x> N (1)

Cremyromuii mar COCTOUT B TOM, 9TOOBI, UCXOIA U3 (PU3MIECKUX COODparke-
HUM, TOIBITATHCA «YralaThy BUJ HEJIUHEHHOCTH U 3aIlUCATH COOTBETCTBYIOIIEE
obobmmenne ypasrnenus (1.3).

Ciemyer oOpaTuTh BHUMAHUE, 9TO €CJIM JIUCCHUIAINA OTCYTCTBYET W JIHC-
nepcuonHoe coorHorerne (1.1) 9ueTo BeIecTBeHHO, TO JJIs TOrO, YTOOBI U
ypasuenue (1.3) 6bLIO BeleCTBEHHBIM, HEOOXOJAUMO, YTOOBI CyMMa MOKa3aTe-
Jieii creneneii w u k Bo Beex wieHax mosinHoMa (1.1) 6bLia Jubo TOJBKO YeTHOI,
Jinbo ToJIbKO HedeTHO. Ciryvail HEeOJIMHOMUAJIBHBIX JTUCIIEPCUOHHBIX COOTHO-
menuit OyjaeT Kparko 3aTpoHyT B § 1.8. 3ameTum, 9TO €Cju MHTEPECOBATHCSI
[IPOIIECCAMHE, CIIEKTP KOTOPBIX COCPEJIOTOYEH B OIPEJIE/IEHHOM 00/1aCTH 9acTOT
NJIN BOJTHOBBIX YHCEJI, JUCIIEPCUOHHOE COOTHOIIEHUE MOXKHO IIPUBECTU K BHUILY

(1.1), mampumep, pasnoxenuneM B psan Teitaopa.

1.2. HenmnHelinble BOJIHBI B cpejie 0e3 aucliepcuu u
JUCCUIIAITNNI

B kauecTBe mpocTeiiiero mpuMepa pacCMOTPUM IUCIEPCHOHHOE COOTHOIIIE-
HUE

w = vppk, (1.4)
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rje dhazoBasg CKOPOCTb Upp, = €p = const. OUeBHHO, YTO 3aKOHY JMCHEPCHH
(1.4) coorBercTBYeT ypaBHEHME

up + cotg = 0. (1.5)

O606mum ypasuenue (1.5) Ha ciaydail HeJIMHEHHOrO PACHPOCTPAHEHUs, JIJisi
4yero npuMeM, 9To ¢a3zoBas CKOPOCTh BOJIHBI 3aBUCHT OT U, T.€.

vpn, = V(u).
Torna HesmHeliHbIM aHasiorom ypasaenus (1.5) Oyuer ypasHeHue
up + V(u)uy = 0. (1.6)

MbI OIyYHIN OJIHO U3 STAJOHHBLIX YpaBHEHUN TEOPUU HEJIUHENHBIX BOJIH —
ypasHerue npocmoti 60.4Hbi, CBONCTBA KOTOPOro Oy/IyT MOJIPOOHO M3Yy4YaThCs B
rit. 2. Ecin HesmmHeliHOCTD ciiabast, MOXKHO pasJyioxKuTh V (u) B CTeleHHO psij

U OTPAHUIUTHCA TOJBKO MEPBBIMU JBYMS YICHAMHU PA3JI0KEHUS:
Uph = Co tau+ ...
Teneps ypasuenue (1.6) npuanMaeT By
Ut + couy + auu, = 0. (1.7)

Beejiem HOBBIE nepeMeHHble &' = & — ¢ot (310 MpeobpasoBaHue PABHOCHIBHO
HEpeXOly B JBUKYILYIOCS CO CKOPOCTBIO ¢ CHCTeMY KOOpjuHAT) u u' = qu.
[Moxcrasus B (1.7) 1 omyckast IITPUXU, HOJLYIUM

ut + uuy = 0. (1.8)

O606mum ypasrenne (1.7) Ha CHCTEMBI, JOIyCKAIOIIAE PACIIPOCTPAHEHUE
BOJIH KaK B IIPSIMOM, TaK 1 BO BCTPEUYHOM HAIIpaBJIEHUSAX. B 3ToM ciydae muc-
[IEPCUOHHOE COOTHOIIEHNE UMEET BI/I

w? = k2. (1.9)
EMy cooTBercTByeT JMHEHOE BOJHOBOE ypaBHEHUE
2 _
Ut — ChUzg = 0. (1.10)

Vder HestmHEHHOCTH MPOBEAeM cieayomuM obpazom. IIpomnddepeniimposas
ypasuenue (1.7) mo t, mosryanm

uy = —(couy + auuy) ;.
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Bripasum B mpaBoif 1acTy 3TOTO YpaBHEHUS U; U€PE3 Uy IIPU TOMOIIHN ypaBHE-

aust (1.7). Tlocsie HECTIOKHBIX TPeOOPA3OBAHUIT HAXOIUM
2 2/, 2
Uy = CUgy + 20co(Uty ), + o (U Uy) .

[Ipenebperas mocaeIHUM 9JI€HOM B IPABOH YACTU B CHJIYy IPEIIOJIOKEHHA O
TOM, 9TO HEJMHEHHOCTL cjabasi, IOJydacM HeJHMHEHHBIH aHaJor ypaBHEHUS
(1.10):

Uy — cgum — 2acp(uy ), = 0. (1.11)

OTBeTHM Ha KaueCTBEHHOM YPOBHE Ha BOIIPOC, K KaKUM 3¢ heKkTamM MOoXKeT
npuBectn HesnHeitHocTh. Ob1iee perenne ypasaenns (1.8) moayaurs HETPYI-
Ho. [Tomo6HO ToMy, Kak ypasHenue (1.5) ¢ HAYATBHBIM yCIOBHEM

u(z, t =0) = f(x) (1.12)

UMeeT pelleHnne
u(z,t) = f(x — cot),

pemenne ypastenust (1.8) ¢ maganpubiM yenosueM (1.12) ectb
u(z,t) = f(x — ut). (1.13)

ITpoBepuM CIpaBEIINBOCTD STOrO IPSIMBIM BbIYHCIeHUEM. VI3 cOOTHOIIEHNST
(1.13) caenyer, 4ro

ur = (1 —ugt)f',  ug = —(u+ut)f',

riae [/ =df /d§, £ = x — ut. Beipaxkas orciofia u, U Uy, HOJTydaeM

f/ uf/

- S 1.14
1+t T I (1.14)

Uy
Takum 06paszom, Beipazkenue (1.13) meificTBUTENIBHO SABJISETCS HESIBHBIM pelie-
ureM (1.8). DTo perenne 6b110 HaiigeHo Puvanowm emme B 1860 1.
Paccmorpum pacripocrpanenne BO3MYIIEHNs, UMEIOIIEr0 HAYAJILHBIH TPO-
dbub, m306pazkennsiii Ha puc. 1.1a. Cornacno perrennio (1.13), pasiuanbie ero
YUIACTKU JBUKYTCs ¢ PA3JIMIHBIMU CKOPOCTSIMU, IIPOMOPIIMOHAJIBHBIMU BBICOTE
npoduist u(z). Toukn, B KoTopsix u(x) = 0, BOOOIIE OCTAIOTCS HEIOIBUKHBI-
MU (HAIIOMHEM, 9TO ObLI COBEPIIEH MIE€PEXO0J] B CUCTEMY OTCUYETa, JIBUKYIILYIOCS
CO CKOPOCTBIO ¢g). TakuM 06pa3oM, B HEKOTODBINH MOMEHT BpemeHu t1 > 0 Mbl
OyaeM uMmeTh npoduiib, MOA0OHBIN n3obparkennomy Ha puc. 1.16. Buano, 1ro
KPYTHU3HA TepeHero (hbpOoHTa BO3MYINEHUS YBEJNTUIACh. DTO sIBJIEHUE HA3DLI-
BaeTCH YKPY“UeHUEeM BOJIHBIL.
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ul ul

t=0 t=1,>0

x x
t=1*>1, >

Puc. 1.1. DBosonus HaIaIbHONO BO3MYIIEHUS B HEJTUHEHHON cpene 6e3 MuCIepcuu 1
JMCCUTIAIAN

C Teuenuem BpeMeHH (PPOHT CTAHOBUTCS BCE Kpyde U Kpyde, U, HaKOHeI,
IPOU3BOJIHASL U, Obpamiaercss B 6eckoHedHocTh (puc. 1.16). Dr1o mpoucxoaur
B TOT MOMEHT BpeMeHH t* U B TOIl TOUKe MPOCTPAHCTBa I, IJie 3HAMEHATE b
Boipazkenuii (1.14) Buepsbie obpamiaercst B HyJb. O9eBUIHO, YTO STOMY COOT-
BercTByeT 3Hadenue &, s koroporo f'(£) < 0 u |f'(£)| makcumanbho. Tasee
HPOHUCXOIUT ONPOKUOBIGAHUE BOJIHBI — IIPOMUIL CTAHOBATCS HEOIHOZHATHBIM
(puc. 1.12), a ypasuenue (1.8), BoobIIe TOBOpPsI, YK€ HEIPUMEHHMO.

Onurrem 3¢bheKThl YKPYYeHUs U OIPOKHILIBAHNS BOJIHBI HA CHIEKTPAILHOM
s3pike. Bynem uckars permenne (1.8) B Buse psina

u=eu™ +2u® +Su® 4. (1.15)

rjie € — MaJiblil mapaMeTp. B KauecTBe HAYATIBHOIO YCJIOBHs BHIOEDEM CHHYCO-
WJIAJILHBL TIPOdDIITH
u(x,t = 0) = easin(kx). (1.16)

Baech @ — BesmunHa nopsijika exunuibl. [logcrasiss ps (1.15) B ypaBHeHue
(1.8) u BbIjIeJIsIs YJI€HBI OJMHAKOBBIX IOPSIJIKOB MAJIOCTHU, [OJIyUYUM B HOPSIJIKE

3

orkyna ¢ yaerom (1.16) maxomum

ut) = asin(kz). (1.17)
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YiteHbI OpSTKA €2 nmator
2k
ugz) = —uMyl) = _aT sin(2kx).

WuTerpupyst 9T0 BhIpaXKeHUe, MOJIYIIM

2
a“kt .
u® = ——5 sin(2kx). (1.18)
Takum 06pa3oM, AHAJIOIUYHO KOJIeOAHUSIM HEJIMHEHHOrO OCIII/LIATODA 2], Hesn-
HEIHOCTH MPUBOIUT K TeHepallui BBICITUX rapMoHuK. OOpaTuM BHUMAHUE, ITO
aMIUINTYJia BTOPOI FapMOHUKHN CEKYJISPHO HAPaCTaeT CO BPEMEHEM.
B nopsiyike €3 GyseM nmMerhb

k2t
ug?’) = —uMyu — 4@l = g 1 [sin(kz) — 3sin(3kz)],
oreyaa 31242 31242
u® = —% sin(kx) + % sin(3kx). (1.19)

IlepBoe ciraraemoe B popmyire (1.19) OIMCBHIBAECT «HUCTOIIEHUE» IEePBOI rapMo-
HUKH, KOTOpasi OTJAET CBOIO SHEPIHUIO BBICIINM. BTOpOil U/IeH COOTBETCTBYyET
reHepanun TpeTbeil rapMOHUKHY, IIPAYEM ee aMILIATY/Ia HapacTaeT IIPOIIOPIN-
OHAJIBHO 12.

t

Puc. 1.2. 3aBucumMocTh aMIUTUTY/] TPEX MEPBBIX TADMOHUK OT BPEMEHU B HEJIMHEHHOMN
cpesie 63 TUCIEPCUN U JTUCCUTIAIIIT

Takum 06pa3oM, MPONECC YKPYUEHUsI CONPOBOXKIACTCH HEOIPAHUICHHBIM
HapacTaHUEM TapMOHUK CO BCE Oosiee u 6ojiee BBICOKUMU HOMEPAME. 3aBUCHU-
MOCTH aMILIUTY/] TPEX HEPBBIX TaPMOHIK OT BPEMEHH B COOTBETCTBUY C (hOpMY-
aamu (1.17)—(1.19) npusenenst Ha puc. 1.2. OueBnjno, uro pasnoxenue (1.15)
[PU 5TOM OBICTPO TePsieT CHPABE/IMBOCTb.

Bo mHorux ciayvasix u(z,t) XapakrepusyeT BeJUYUHbBI, HEOJHO3HAYHOCTD
KOTODBIX 3alIPEIeHa 110 PU3NIECKUM COOOpazKeHHsIM (ILJIOTHOCTH CPeJIbl, J1aB-

JIEHE, HAIIPAZKEHHOCTDb 3JICKTPUYIECKOI'o MJIM MarHUTHOT'O IIOJIA 1 TIL) 9TO
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FOBOPHT O TOM, 9TO B ypasHenuu (1.8) He ObLIM yUITEHBI T€ WM MHBIE (HAKTO-
PBI, CIIOCOOHBIE OCTAHOBUTH YKPYUEHUE BOJIHBI U BOCIIPEIISATCTBOBATD €€ OIPO-
kujpiBaHno. K TakuM hakTopaM OTHOCITCS JUCCUNAUUA U QUCTEPCUA.

1.3. BoJabl B HeJIMHEITHOI cpejie ¢ AucCCUIanuein

PacrpocTpanenne nuHENHBIX BOJH B JUCCHUIATHUBHON CpeJie OMUCHIBALTCS

KOMILJIEKCHBIMY JINCIIEPCHOHHBIMEI COOTHOIIEHUSIMU BUJIA
w = wy(k) +iw;(k),

rje wy; — BemecTsennble GyHKImN k, w; > 0. PaccmorpuM ciyuait w; = vk?,
v = const > 0. K guccunanuy nogob6HOr0 BUa HIPUBOAAT Takue PU3NIECKUE
IIPOTIECCHI, KaK BSI3KOCTh, TEIIOMPOBOTHOCT, nuddysust. Ecan qucrepcust or-

CYTCTBYET, TO OKOHYATEJbHBII BUJL JUCIEPCUOHHOI'O COOTHOIIIEHUS TAKOB:
w = cok + ivk?. (1.20)
Jluneitnoe nuddepenimanbaoe ypaBaenne, coorsercrpyiomiee (1.20), ectsb
Ut + CoUy = VUgy-

3aMeTM, ITO [IPU [EPEXOJIE B JBUAKYIILYIOCS CO CKOPOCTHIO ¢y CHCTEMY OTCUETa
3TO ypaBHEHHME MPUHUMAET BUJI OJJHOI'O M3 OCHOBHBIX ypPaBHEHUI MaTeMaTHde-

CKOI (DUBUKH — YpasHeHUA MenionposooHocmu
Ut = Vlgy. (1.21)

Kombunupyst ypasuenus (1.21) u (1.8), nosrydaem ere 0JJHO 9TaJIOHHOE ypaB-
HeHne — ypasrenue Biopeepca, onuchbiBaoniee HeJTMHEHHBIE BOJTHBI B JIUCCUTIA-
TUBHOI HeJcIeprupyioreii cpeje [26]:

Up + Uy = Vigy. (1.22)

[Tpoanajm3upyeM, KaK B 9TOM CJIydYae IPOMCXOIUT OGOraIleHre CIIEKTPa
BOJIHBI TADMOHUKAMHU, TI0I00HO TOMY, KaK 3TO ObLIO cienano B § 1.2 s ypas-
HeHust pocroii Bosinbl. [logcraBus B ypasaenue (1.22) pasnoxenue (1.15),
HafjgeM, 4To "

1

(1)
Uy’ = Vg, .

C yuerom HavasbHOro ycaosus (1.16) mosydauM B epBOM TOPsIJIKE PEIlleHue B
BHUJIE€ SKCIIOHEHITUAJBHO 3aTyXaoNIell CHHYCONIAJIbHON BOJIHBI

u) = ge VPt sin(kx). (1.23)
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Yrenst nopsyka €2 B (1.22) maror

2
i = ) @) = f% 2K i (2%z) + vul2).

Pemenne storo ypasmenus umen B e u(?) = v(t) sin(2kz). Torma

2
a ]{2 _ 2
v = —dvk?v — — e WFE,
MpbI npuIIN K JIUHEHHOMY OOBIKHOBEHHOMY HEOJIHOPOIHOMY nuddepeHiimaib-
HOMY yPaBHEHHIO IIEPBOIO IOPSAJIKA, PEIIEHNE KOTOPOTO UMEET BUJL U = U] + Vg,
rje v1 — YaCTHOE PEIIeHue HEOAHOPOIHOrO ypaBHEHUs, Vo — OOIIee peleHue
omnopozmoro. omaras vy ~ exp(—2vk?t), naxomam

2
a _ 2
e 2uk t.

t

Puc. 1.3. 3aBucuMocTb aMILIATY/I IIEPBOIl ¥ BTOPOW FrapMOHUK OT BPEMEHU B HEJIMHEI-
HOM cpejie ¢ auccunarmei

O6miee permenne OIHOPOIHOIO yPABHEHUS Uy UMEET BUJ
2
vy = be 4vk t’

rje b — MOCTOsTHHASI HHTEIPUPOBAHUS. Y NTBIBas, 9TO B CUJLy HAYATIBHBIX YCJIO-
siit u(?) (t = 0) = 0, maxomum

CL2

b= —.
4vk

Takum 06pa3oM, OKOHIATETBHO Oy IaeM

a® exp (—2Vl<:2t)

(2) —
v 4vk

(exp (—2vk?t) — 1) sin(2kz). (1.24)

3aBUCHMOCTH aMILIMTY/]] IEPBOI W BTOPOl TAPMOHUK OT BpPEMEHH B COOTBET-

crun ¢ dopmymnamu (1.23), (1.24) npusenens! Ha puc. 1.3.
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t=0 t=t,>0

t=t,>1 t=t,>1t,

Puc. 1.4. Bosronus Ha9aILHOIO BO3MYIIEHNS B HEJIMHEIHON HeIUCIIEPIuPYOIIeil cpe-
Jle C BBICOKOYACTOTHON JuccuIianyen

OTcyTcTBHE CEKYISIPHOTO POCTA TIO3BOJISIET IIPE/IIOIOKUTD, UTO B TAHHOM
cJlydae OIPOKHU/IbIBAHMS BOJIHBI HE IIPOUCXO/UT. BoJjiee cTporoe mccienoBaHue
ypasuenust Bioprepca mogrsepxkiaer 910 (1. 5). Ha puc. 1.4 npusenena kap-
THHA YBOJIIONNY HAYAJIbHOTO BO3MYIIEHUS, TTOKA3BbIBAIOMIAA, KAK AUCCHIATHB-
Hble 3DPEKThI U3MEHAIOT JUHAMUKY BO3MYIIEHUS 10 CPABHEHUIO ¢ KOHCEPBa-
TuBHOIT cpenoii (puc. 1.1). IlocKoIbKY JuccunaIist siBJASIETCS 6bCOKOYACTNOM-
noti (w; ~ k?), ee Bmanme nmanbosee CUILHO CKAa3bIBACTCH TaM, TIe TPOMIIL
BOJIHBI U3MeHsieTcss Haubojiee ObICTpO, T.e. BOJmM3U repeqauero ¢dppouTta. [Ipo-
IIECC YKPYUIEHHUS OCTAHABINBAETCI U (POPMUPYETCsT KPYTOH M TOHKUIT BOJTHOBOIA
dbpout — ydaprasn eoana (puc. 1.46). C TeueHneM BpeMeHU OHA PACILIBIBAETCSI
u 3aryxaer (puc. 1.42).

Konkypenius mporeccoB HEJTMHERHOCTH U JIUCCUTIAIIINI MOXKET IIPUBECTH K
[OSIBJIEHUIO CMAUUOHGPHHLT BOJIH, COXPAHAIONINX CBOIO (DOPMY U CKOPOCTH B
rporiecce pacrpocrpanenus. /s ypaBuenus Broprepca ¢ rpaHUYIHBIME YCJI0-
BUSMHA

Uy, T — 00,

Uy > Uy, T — —0Q

TAKUM PpEeIIeHUeM SIBJISIETCs CMayuonapras yoapras eoana (puc. 1.5). Tlpo-
busib, M300parKEHHBIN HA TOM PHCYHKE, [EPEMEINAeTCsl BJOJIb OCH & ¢ HEKO-
TOpOIt mocTosiHHol ckopoctbio U, T.e. u = u(x — Ut).

OneHnM XapakKTepHBIE MMapaMeTphbl YIAPHON BOJIHBI, YIUTBIBasi, ITO OHA
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-— x=Ut

Puc. 1.5. Crammonapuas ymapHas BOJHA ypaBHeHUsi Broprepca

obpa3zyercs B pe3ysibTaTe B3aUMHON KoMIleHcannn 3 (eKToB HeJTUHERHOCTH 1
muccunarn. Toria HeJIMHEHHbI U JINCCUTIATHBHBII WieHbl B ypaBHeHun (1.22)
JIOJIKHBI OBITH OJIHOT'O TIOPSIJKA, TO €CTh

2

u
— ~ V. (1.25)
2

BeeseMm aMIuuTy Ly yjapHO#l BOJHBI G = Up — U] U XapPaKTePHYIO IUPHHY

dponra A (puc. 1.5). Torga uz coornomenust (1.25) cuemyer, 94To
2

a va
2 A’
OTKY/Ia TOJIyYIaeM CJIEIYIONYIO CBA3h MEXKJIy IapaMeTpaMH YJIapHON BOJIHBI:
al
—— = const. 1.26
5 (1.26)

U3 coornortenust (1.26) BugHO, uTo mupuna GporTa TEM GOJIbIIe, YeM GOoJIbIe
K03 DUIMEHT I U €M MeHbIle aMILiuTyaa a. 3yyas ypasuenue Broprepca B
IJ1. 5, MBI yOEIMMCS B CIIPABEIJINBOCTU ITOH OIEHKH.

Bagaga 1.1. Ionyunre aucunarusHbli BapuantT ypasHerus (1.11) — o6o6mierne
ypaBHeHUd Broprepca, normyckaroriee paciipoCTpaHEHNE BOJHBI B IPSIMOM U BCTPEIHOM
HAITPABJICHUIX

Upp — c%um —2ac(Ully) g = 20Uyt

1.4. BoJuiHbI B HeJIMHEMHBIX cpejlaX C JAuciiepcueit

1.4.1. Cpepa c gucnepcueii B 06JIacTH BBICOKUX YaCTOT

PaccmoTpum KoHCEpBATUBHYIO CpeLy ¢ qucuepcueit B 00/1acT BBICOKAX IACTOT.
B mymanoBosmoBoM mpegesie (kK MaJsio) MOXKHO Pa3JIOKHUTDH JUCIEPCHOHHOE CO-
ornorrerne w(k) B psax Teiisopa n, OrpaHNYIMBasAChH JBYMsI YICHAME PA3JI0ZKe-

HUsI, TOTY9IUTh (cM. puc. 1.6)

w=cok — Bk + ... (1.27)
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JIuneitnoe ypaBHeHnue, cOOTBeTCTBYIOIIEE 3aKOHY auctepcnu (1.27), mmeer BuT

U + Coly + BUzes = 0. (1.28)

0 k

Puc. 1.6. IncnepcnoHHasi XapaKTEPUCTUKA CPeJbl ¢ BBICOKOYACTOTHOM Jmcriepcneit
(cruromHast Kpusasi) u ee annpokcumanus (1.27) (mrpuxosast JUHUS)

[Tepexons B ABUKYIILYIOCS CO CKOPOCTBIO €y CUCTEMY KOODJMHAT U KOMOW-
uupys ypasuerne (1.28) ¢ mesmueiinpiM ypasaenueM (1.8), mosydaem oiHo u3
HauboJIee N3BECTHBIX STAJOHHBIX ypaBHEeHHH — ypasherue Kopmeseaa—de Bpu-
3a (KnB) [4]

U + utly + BUggr = 0, (1.29)

OIIMCBIBAIOIIEE IBOJIIOIUIO CJIA00OHETNHENHBIX JJIMHHOBOJHOBBIX BO3MYIIEHU B
cpefie ¢ amcrepcueii B obJIaCTH BBICOKHX 1IacTOT. Y paBHenne KB Bosaukaer
[IPU UCCJIEIOBAHUN MHOXKECTBA (PU3NIECKUX CUCTEM, TAKMX KaK I'DABUTAIIUOH-
HbIe BOJIHBI HA MEJIKOW BOJI€, HOHHO-aKyCTUYECKHE BOJIHBI B IIJIa3Me€, BOJIHBI
Poccbu BO Bpammarorieiics KuJIKOCTH, BOJHBI B 3JIEKTPUIECKUX TIEIIAX, COJIED-
JKAIINX HeJIMHEHbIE 9/1eMeHThl, u T.21. (cM. [15] u rur. 9).

B cityuae xkybuuHoit HeMHEHHOCTH

2
Uph = Co + Q1U + Qou” + ...
HeJIMHeHHbIM aHagtoroM (1.28) sBisercs ypaBHenue
2 _
up + Coy + aruty + aouuy + Buge, = 0.

Biogst HOByI0 niepemennyio u' = \/ag(u + a1 /2a3), moaydaem

/ oy / N2 s /
uy + <co — 4a2> uy + (u)" ul, + Pul,,, = 0.
[Tepexojist B cucreMy oTcYera, JBUXKYIILYIOCS CO CKOPOCTBIO (co — o /4ag) u
OllycKasi NITPUXHU, NPUXOIUM K Moduduuyuposarnomy ypasnenuro Kopmeeeaa—
de Bpusa (MKnB)

g + vuy + Bugge = 0. (1.30)
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O6o6mumM ypasuenne KB Ha cucteMbl, JIOyCKaOIue PaCpOCTPAHEHNE B
MPSIMOM U BCTPEYHOM HAITPABJIEHUsX. BO3BEIEM JUCIIEPCUOHHOE COOTHOIIIEHUE
(1.27) B xBajpat:

w? = (cok — Bk3)? = Ak? — 2copk* + ... (1.31)
JluneiiHOe ypaBHEHHe, COOTBETCTBYIOMIee 3aKoHy juctepcun (1.31), ectb

2
Ut — Colbgy — 2¢0BUszaz = 0.

Hobasiisisi croja HenuHeiiHoe ciaraemoe u3 ypasuenusi (1.11), ocymiecTsiisist
npeobpazosanne u' = 2acou, 3 = 2cp u onyckas ITPUXHU, HOJTyIaeM

Ut — cgum — (uug)gy — Bugzgr = 0. (1.32)

DT0 ypaBHeHHe HOCUT Ha3BaHUe ypashenus Byccunecka.

Jlucmepcust, Kak M JUCCUTAIAS, CITOCOOHA BOCITPENSITCTBOBATH OMPOKUTHI-
BaHWIO BOJHBI. PU3NYECKU ITO CBSA3AHO C TEM, UTO PA3JMYHDBIC CIIEKTPAIh-
Hble KOMIIOHEHTBI PACITPOCTPAHSIOTCS ¢ PA3JIMIHBIMU CKOPOCTSIME, YTO Or'pa-
HIYMBAET HAKOIJIEHNE HEJTMHEHHBIX 3(P(HEKTOB, KOTOPbIE MPUBOJAT K TOSIB-
JIEHUIO HECKOHEYHO OBICTPBIX m3MeHneHuit mpodusi. [losicrHuM 310, MONB3YSICH
crieKTpaJibHbIM 1101x010M. [lojcrasnsist B ypasuenue KB (1.29) passioxkenue
(1.15), B nopsijziKe £ HmoJIy4aeM

ugl) = _ﬁugslx)x

Pemast 310 ypaBHenne ¢ HadagpHbIM ycsoBueM (1.16), Haxommm

uV) = asin(kz + Bk3t).

,Haﬂee, BbIJeJIsAd IJICHbI ITOPAIKa 62, IIoJIy1aeM

rxrxr

2
W = _yy) _ gy @ :_% sin(2kz + 260K%) — Bu®, . (1.33)

Pemenue ypasuenus (1.33) uriem B Buje u® = v; + v, e v] — wacTHOE pe-
IITeHre Heo[HOPOHOTO YPaBHeH s, Iporopimonanbioe cos(2kz +28k3t). Toa-
crasuB B (1.33), naxonum

2

12052 cos(2kx + 208K>t).

v = —

Pemrenue oHOPOAHOTO ypaBHEHUST Uy BBIOEPEM TaK, YTOOLI YI0BJETBOPUTH Ha-
qagpHoMy yeaosuio u( (t = 0) = 0, uro maer

2

2002 cos(2kx + 83K3t).

Vg =
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I —
"—>A x-Ut

Puc. 1.7. Comnuron ypasuenusi Kopresera—ne Bpusa

Taxum 06pa3oM, OKOHIATETHLHO TOJIYIaeM

2

@___ % g 34) i 3
u 6k sin(30k°t) sin(2kz 4+ 58k°t),

T.e. aMILUIUTY/Ia TADMOHUKY 3aBUCUT OT BPEMEHU MEPUOUIECKU.

OrcyTcTBHE CEKYISPHOCTA BHOBb CBHJIETEILCTBYET O TOM, UTO OIPOKMU/IbI-
BaHUsI BOJIHBI He POUCXOAUT. KOHKYpEHIINsT HeJITMHEIHOCTH U JINCIIEPCUU TIPH-
BOJUT K OOPA30BAHUIO CTAIIMOHAPHBIX BOJIH, CPEIN KOTOPBIX 0COO0 BAKHYIO
POJIb UTPAIOT PEIIEHUsI B BUJE YEOUHEHHBLT B0AH WU COAUMOH06 (MEXKITY TH-
MU JIBYMSI IIOHSITHSIME CYIIIECTBYET HEKOTOPAsI PA3HUIA, KOTOPYIO MbI HOSICHIM
B Tocseryomux riasax). Bug commrona KnB npusesen na puc. 1.7. Onennm
€ro XapakTepHBbIE MapaMeTphl, TOJArasi, ITO HeJIMHEHHBIN WIeH B yPaBHEHIH

(1.29) nomzkeHn ypaBHOBEIIMBATHCS JAUCIIEPCUOHHBIM:

u2

5~ ~Buiza. (1.34)

Beesiem ammuTyy cosimtoHa a u xapakrepuyto mupuny A. Torma, kak cie-
Jyer u3 coorHoinenust (1.34),

a® N Ba

2 A%
OTKY/1a [OJIy9IaeM CBsI3b MEXK/Iy ITapaMeTpaMu COJTNTOHA
al\?
25

s IIOCJIEJHETO COOTHOIIIEHUA CJIEAYET, ITO YE€M BbIII€ COJIMTOH, TEM OH yme.

= const.

AHamu3 TOYHBIX CTAIMOHAPHBIX perreHnit ypasuenust KiaB, koroporit 6ymer
[IPEJICTABJICH B TVI. 8, MO3BOJIUT yOEIUTHCS B CIPABEIIMBOCTHU IOJIYIEHHOTO
COOTHOIIIEHUS.

Ha puc. 1.8 nokazana 9BOJIIONNS HAYAJIBHOTO BO3MYIIEHHUS B PAMKAaX YPaB-
nenust KnB. B nannowm ciydae ykpydueHre OCTaAaHABIUBACTCA U IPOUCXOIUT 00-
pa30BaHUe OJIHOT'O MJIM HECKOJIBKUX COJINTOHOB, YHCJIO KOTOPBIX OIIPEJIEJISAeTCs

HavaJIbHBIMUA YCJIOBUAMU.
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t=0 t=t,>0

t=t>t I=4L>1

Puc. 1.8. DBosrorust Ha4aJIbHOIO BO3MYIIEHUsI B HEJIMHEHHOW cpejie C JUCIEPCHeit,
3aBepINaIasics 00Pa30BAHUEM COJINTOHOB

3aga4ya 1.2. [losyanTe BOSIHOBOE ypaBHEHHE, OMUCHIBAIOINIEE CJIAOOHETMHEHHbIE
IIPOIIECCHI B CpeJie ¢ 3aKOHOM JIUCIIEPCUN

- Cok
140k

Pewenue: Tpeobpasyem coorromenue (1.35) k By

w

(1.35)

w = cok — Pwk?.
Torma npu nomornu 3amenbt (1.2) mosydaem JuHEHHOE ypaBHEHTE
Up + CoUg — BUzzr = 0.
Kom6unupys ero ¢ (1.8), nosy4aem ypasHenue
Ut + Uy — Plggr =0,

IpeJJIO’KeHHOe B [27] B KauecTBe ajbTepHATHBBI ypaBHeHH0 KB 1uist omucanust 11o-
BEPXHOCTHBIX BOJIH Ha, BOJIE.

Bagaga 1.3. OCHOBHOI HEJIOCTATOK ypaBHEHUs ByccuHecka cOCTOMT B TOM, 9TO
upu k% > ¢o/23 qacrora w B (1.31) cTaHOBATCH MHUMOM, T.e. BO3HHKAET HEYCTOMYH-
BOCTb. JTa HEYCTONUUBOCTD SABJIsSETC HEMDU3NIECKOH, €€ IPUINHON SIBISETCS HADY-
IIeHNe JIMHHOBOJIHOBOrO pubiimkenusi. [loaromy Byccuneck monudurnuposas 3akoH
nucnepcnn (1.31)

2 cgk®

e ey (1.36)

w
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9T00BI TOT HE JomycKas HeycroifauBocti. O4ueBnano, 910 B obiactu Masbix k (1.31)
u (1.36) cosnamator (puc. 1.9). Ilosyunre anamor ypasrenus (1.32) mis 3akoHa juc-
nepcun (1.36).

Pewenue: Tpeobpazyem coornomenue (1.36) K Bugy

B 2Bw?k?

w? = cgk‘2
Co

Torna cooTBercTBYIOIIEE JIUHEHHOE BOJIHOBOE YpaBHEHHE OYIeT UMETh BHI,
9 2
Ut — ColUgy — — Ugzptt = 0.
Co

Kom6uuupys ero ¢ ypasrerneM (1.11), nmosydaem Tak HasblBaeMoe yayuwertoe (im-
proved) ypasuenue Byccunecka

Upt — Cotlgy — (WUg) e — BUggrs = 0,

rae ' = 203/co.

0 Je, /2B k

Puc. 1.9. 3akonnl jgucnepcun ypasHeHusi Byccunecka (kpuBasi 1) U yJIy9mieHHOro
ypasuenus Byccunecka (kpuas 2)

1.4.2. Cpena c aucriepcueii B 06J1acCT HU3KUX YACTOT

Cpe/ly ¢ HU3KOYACTOTHOMN JIUCIEPCHENl MOXKHO OIIMCATh, HAIIPUMED, JUCIEPCH-
OHHBIM cooTHomeHueM (puc. 1.10)

w? = w2 + Ak (1.37)

Bakony aucnepcun (1.37), oueBuiHO, coorBeTcTBYET ypashernue Kaetna—Iop-
dona—Doxa.
2 2
Ut — CoUgy + wyu = 0.

OmHo, B 9aCTHOCTH, OIMCLIBAET PACIPOCTPAHEHHE BOJIHBI B CPeJie-IeNovKe U3
JIMHEHBIX OCIUIIIITOPOB ¢ COOCTBEHHOI acToToit wy [1, 10].
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Hesmmueiinplii aHAIOr 9TOrO ypaBHEHUS MOXKHO IIOJIYIUTh, HOJIAras OCIUJI-
JATOpbI HemHeHbIMU (wy = wo(u)). B obmem ciydae 6yjeM uMerh Tak Ha-

3pIBaeMoe Heauhetinoe ypashenue Kaetina—Ilopdona
2 —
Utt — ColUgzx + F(U) = 0,

riae F'(u) — nekoropast HenuHeiiHast dyHKust. OcoOblil HHTEPEC TPEeJICTABIIAET

cayuait, korma F(u) = wd sinu:

Uy — cgum + wg sinu = 0. (1.38)

0 k

Puc. 1.10. ducrmepcuonnast quarpamMma Jijis CpPeJIbl ¢ AUCIepcueil B 00JIacTH HU3KUX
9acToT

Ypasuenue (1.38) mosyunino vasBanue ypasrerus Sin—Iopdona. OHO urpa-
€T YPEe3BbIYAIHO BaXKHYIO POJIb BO MHOTHX OOJIACTSAX (PU3BMKHU, TAK KaK OIM-
CbhIBa€eT ,ZLI/IH&MI/IKy I[I/IC.HOK&L[I/Iﬁ B KpHUCTaJlJIaX, JABU2KECHNE JOMEHHBIX CTE€HOK B
deppoMarseTnke, BOJIHBI B paclpeae/IeHHbIX KOHTaKTax J»ko3edcoHa, pacapo-
CcTpaHeHue YJIbTPAKOPOTKUX JIA3EPHBIX HUMIIYJILCOB B CPeIe U3 JIBYXYPOBHEBBIX

qacrun u T.1. ([15] o 8).

3apgaua 1.4. B xBaHTOBOII MexaHHMKe YaCTHIIE CTaBUTCS B COOTBETCTBHUE 60AHA
de Bpotias, 9acToTa W BOJHOBOE YUCJIO KOTOPO# CBSI3aHBI C SHEPTHEN U MMITYJIHCOM
YaCTHUIbI COOTHOIIEHUSIMHA

FE =hw, p=hk, (1.39)
rae h — mocrostauas [lnanka, menenHas Ha 27. PacnpocTpamenue BOJIHBI fe Bpoii-
Jis ONUChIBaeTCa BOJHOBON (ynkuueir ¢ (x,t). [omyunre ypasuenue IIpénunrepa,
KOTOPOMY TOIINHSAECTCS JUHAMUKA BOJHOBON (PYHKIINN HEPETATUBUCTCKON TaCTHILHI,
JIBUXKYIIEHCS B TTOJIE ¢ TTOTEHINAIBHOM sHeprueit V.

Pewernue: 3anuiem 3aKOH COXpAHEHUs] SHEPTrUU

2
E=Y 1y
2m

e m — Mmacca gacrurpl. C nmoMompio coornomenuii (1.39) mosyunm orciofa 3aKoH
JIICTIEPCUN JIJTsT BOJIH Jie bpoiis:
h2k?

hw=——+4+V.
2m



28 I'naBa 1

Samena (1.2) upusomur K ypasruenuto LIpédureepa — OCHOBHOMY YDABHEHUIO HEPEJisi-
TUBUCTCKON KBAHTOBOU MEXaHUKU:

Loy R 9%

Ob6paTuM BHUMAHUE, YTO yPaBHEHUE IOJIYIUIOCh KOMILIEKCHBIM, MOCKOJBKY 3aKOH
JUCIIEPCUU CONEPKUT KAaK YETHbIE, TAK U HEYETHDLIE CTEIeHd w U k.

[IpuBenenHOe BhINIE PACCY2K/I€HNE, KOHEYHO, HE SIBJISETCs BIIOJIHE CTPOIHM, TaK
KaK IOTeHIMaIbHasl JHEePrus, BOODIE T'OBOPs, 3aBHUCHUT OT KOODJWHAT U BPEMEHH,
OJHAKO NPHUBOIUT K IIPABUJIBHOMY De3YJIbTATY.

3agaua 1.5. 3aK0H COXpaHEHUs YHEPIUU JIJIsi CBOOOIHOM PEIITUBUCTCKON YaCTh-
IIbI IMEET BU]L

E? = m?ct + p2ct.

rJe m — Macca II0KOsl, ¢ — CKOPOCTb cBeTa. Ilokakure, 9TO B 3TOM CJIydae BOJHOBAsI
dyHKIMs oqunHsieTcs ypapHeruto Kieitna—loppona—Poka

2 2
h“%’ - hQng? +m?cty =0,

KOTOPOE SIBJISIETCSI PEITUBUCTCKIM oboOIenneM ypasuenus [IIpéaumrepa.

1.4.3. Cpena c aucriepcueii u auccuriamnuein

O6benunus ypasuenust (1.22) u (1.29), mojyunm STajJlOHHOE YpaBHEHUE JIJisi
cpeji ¢ auccunaryeii u aucnepcueii B 00J1aCTH BBICOKAX YaCTOT

U + Uy + Blpee = Vigy, (1.40)

HasbiBaeMoe ypashenuem Kopmeseza—de Bpusa—Bropeepca (KnBB). Ypasue-

uue (1.40) ¢ rpaHUYHBIMU YCJIOBUSIMU

uy, T — 00,

Uo > Uy, T — —00

uMeeT pelleHusl B BUJE CTAMOHAPHBIX YAapHBIX BOJIH. B Hambosee mHTEpEC-
HOM cJlydae, KOrja JUCIIEPCUOHHbIE W JUCCUIIATUBHBIE 3P MEKTHI OHOTO M0~
PsAJIKa, 3TH BOJIHBI UMEIOT OCIUJLINPYIONUH HepeHui pPOHT, HAIOMUHAIOIIN I
[OCJIEIOBATE/ILHOCTE coinToHOB (puc. 1.11). K yjapHbiM BoJiHAM TaKOro Tuna
OTHOCSATCSI, B 9ACTHOCTH, MArHATO3BYKOBbBIE 1 alb(PBEHOBCKUE YIaPHbIE BOJHDI

B wrasme [11].
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U

x-Ut

Puc. 1.11. CranuonapHas yjnapHast BojHa ypapHenusi KiaB—Broprepca

1.5. PacnpocTpanenune BOJTHOBBIX MaKETOB

Eire onme BaXXHBIM KJIacc 38189 TEOPUN HEJINHEHHBIX BOJH CBS3AH C Pac-
[IPOCTPAHEHUEM GOAHOGHLT NAKEMOE C YIKUM CIIEKTPOM, COCPEIOTOUEHHBIM BOJIH-
31 HEKOTOPO# HecyIei 9acToThl wy. B 9TOM ciIydae eCTeCTBEHHO NCKATh Pere-
HUE B BUJIe KBA3UTAPMOHUYIECKOI BOJTHBI C MEJIJIEHHO MEHSIOIIEcS aMILTUTY A0

u(z,t) = a(x,t) exp [i(kor — wot)] + k.c.,

riae wy = w(kp), K.C. — KOMIIJIEKCHO COIIPSI?KEHHOE. YCJIOBHUE MEJICHHOCTH U3-
MeEHEHUS aMILUTUTY/IbI @ O3HAYAET, ITO

lat| < | —iwoal, |az| < |ikoal.

Hemuneitnore 3¢pdeKTh TPUBOIAT K TOMY, 9TO B JUCIIEPCUOHHOE COOTHOIIEHNE
BXOJUT AMILIUTY 18 BOJIHBL:

w=w (k, ]a|2) : (1.41)

DT0 aHAJIOIMMYHO 3aBUCHMOCTHU [EPHO/a KOJICOAHUIT HETMHEHOro OCIHILISITO-
pa or ammauTyasl [2]. Beipaxenue (1.41) HasbiBaeTcs neauneldnvim ducnep-
CUOHNBIM coomHoweruem. ECm ClieKTp BOJIHOBOrO HakKeTa JOCTATOYHO y3KHUil
(|k—ko| < ko), a HesmHeHHOCTD Ci1abast, MOXKHO Pa3/IOXKUTh Bhlpakenne (1.41)
B psz Teiinopa B okpecraoctu Toukn (k= ko;|al? = 0):

ow 1 9w

w:wo—i-%(k‘—k’o)—l-gw(k‘

Oow
dlal?

— ko) + la* +...,

rae BCe IIPOU3BOIHLIE 6epyTCH B TOYKeE (k‘O;O). Brosa JaCTOTy W BOJIHOBOE
YUCJIO 02u5a70w,e€2 BOJIHOBOT'O ITaKeTa
Q:w—wo, K:k—ko,

IoJIiydaeM

1
Q=0v,K + 5%’1(2 — Blal?, (1.42)
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rie vy = Ow/O0k — TpymIOBasi CKOPOCTb,

0%w Ow
n_ Yvw - _
Y=g P gae

[Mockosbky st orubaroreii a(x,t)
a; = —iQa, a; =iKa, (1.43)

HEJIMHEHHOMY JIICIIEPCHOHHOMY COOTHOIIEHNO (1.42) MOXKHO [OCTABUTH B CO-
orBercTBUEe TuddepeHInaIbHOe ypaBHEHNEe

"

: w
i (ar + vgaz) + ?0 agz + Blal*a = 0. (1.44)

Eciin ycrpanuts «ien, comepkaiiuii a,, IEPEXOJIOM B CUCTEMY OTCUYETA, JIBU-
JKYIILYIOCS ¢ TPYIIIOBON CKOPOCTHIO, TO ypasHeHue (1.44) dopmanabHO mpuMeT
BHJ KBaHTOBOMexaHu4ueckKoro ypasuenusi llIpéaunrepa ¢ morennuaioM, mpo-
noprmona bHeM |al?. TIosToMy OHO TOJIYHHIIO HAZBAHIE HEAUHETH020 YpacHe-
nus HIpéduneepa (HYILL). HYII siByisiercst 9TaJIOHHBIM yPaBHEHHEM, OLIUCHIBA~
IOIIUM PACIIPOCTPaHeHnre OrubaroIeil BOJTHOBOTO MMAKeTa B CPEJIax C JUCIIEPCHei
U BCTPEYAETCS IIPU ONMUCAHUU HEJIMHEWHBIX IPABUTAIMOHHLIX BOJTH HA MOBEPX-
HOCTH TJIyOOKO# BOJMBI, JICHI'MIOPOBCKUX BOJIH B ILTa3Me, JICKTPOMATHUTHBIX
BOJIH B HEJIMHEHHOM JIM3JEKTPUKE U BO MHOIMX JPYrux 3ajadax (cm. [15] u
. 11).

[Tomo6uo ypasuenuio KaB, HYIII nmeer perennst B Bujie COMUTOHOB (OHI
HA3BIBAIOTCS CoAumonamu ozubarowet, puc. 1.12). ITpu srom mosie Bosabt u(z, t)
UMeeT BUJ PAJIUOUMITYJIbca. MOXKHO MOIYyIUTDb OIEHKY [apaMeTPOB COJTMTOHA
HVIII, monarast, 910 HeJMHEHHBIN U JuCIepCHOHHbI diensl B (1.44) B3anmuo
YPABHOBEIIIUBAIOT JIPYT JIPyTa:

1
Wy zx 2
——— ~ —(|al“a.
e
BBojist aMImuTy Ity coauTOHa G¢ U Xapakrephyto mmpuny A (cm. puc. 1.126),
ITOJTY IUM
"
~ Bag.
2a7 ~ P
Orcrofia ciiefiyeT CBsI3b MEXKJIy MapaMeTpaMu COJTUTOHA
26a2 A2
ﬁ+ = const. (1.45)
wo

U3 coorrommenusi (1.45) MOXKHO cjiejiaTh HECKOJIBKO BasKHBIX BBIBOJIOB. Bo-
IIePBBIX, COJUTOHHBIE PEIIEHNs] BO3MOXKHBI TOJIBKO B TOM CJIydae, KOrja 3Ha-

kn 3 u wj] omuHakoBbl. Kpome Toro, kak u B caydae coautoHoB KuB, dem
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U A

=y

6

Puc. 1.12. Comuron orubarorieit Hesimueinoro ypasuenus [Ipénunrepa

6oJIbIIIe AMILUIUTY/Ia COJTUTOHA, TE€M MEHBIIE €ro MIMPUHA, IIPUIEM [MOCKOJIbKY
a%AQ ~ const, WIOMAIb 10J, OrHbAIoNEll y BCEX COJUTOHOB JOJIXKHA OBITH
OJIMHAKOBa. AHAIN3, TPOBEJEHHBIN B TVI. 11, TIO3BOJUT MOTBEPIUTH CIIPABET-

JINBOCTD 9TUX ONEHOYHbLIX BBLIBOJOB.

1.6. HenuneiiHble BOJIHBI B cpeJax C
HEYCTOMNYNBOCTbIO
,HO CHUX IIOPp MBI OI'PaHUYIUBaAJIMCh PAaCCMOTPEHUEM JII/I6O KOHCE€PBAaTHUBHBIX,
JII/I6O JAUCCUITATUBHBIX CPEII. O6paTI/IMCH Tenepb K cpeJgaM aKkmueHbviM, T1e TMe-

I0TCA pacIipe/ie/IeHHbIe BHYTPEHHNE NCTOYHUKH dHEPIrUuu. ,HOCT&TO‘{HO THUIINY-

HBIM ABJISIETCS CJIydail, KOrjaa JUCIepCHOHHOe COOTHOIIEHNE UMeeT BUJ
w = wy(k;|al?) + iw; (k;v), (1.46)
rje v — yIpaBJsiONMil IapaMeTp, IPUIeM e€CJIM U MeHbIIe HEKOTOPOro KpH-
TUYECKOIO 3HAYEHUs V., TO w; (k;v) < 0, Tak 9T0 Ji060e BO3MYIIEHNE
u(z,t) = a(x,t) exp(w;t) exp [i(kor — wot)]

saryxaer. Ilycrs nipu v = v, GyHKIUs w; odOpaImaeTcs B HyJIb B Touke k = k..
Taxum 06pasoMm, pu v > V., BO3MYIIEHUSI, BOJTHOBBIE UUCJIA KOTOPBIX JIEXKAT B
OKpeCTHOCTH k. HaunHaroT Hapacrarhb (puc. 1.13).
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I\

k
V>V,
v=yv,

V>,

Puc. 1.13. 3aBucumocts w; (k) npu pa3iuyHbIX 3HAUCHUSX [IAPAMETPa U

Pacemorpum ciyuail ciaboif HaAKpUTUIHOCTH (V 2 Ve) U PA3JIOKHUM COOT-
nomrenue (1.46) B pas Teitnopa B Touke (k = ke; v = ve; |al? = 0):

w:wc—i_%(k_kc)—i_i@k? (k—kc) +§8k2 (k—k)c) +
T S B S L
dlal2 dlal2 v AR

rie we = wy(ke; 0). IIpu srom Mer yaiiu, uro upu k = ke, v = v,

8(4}1'
- Ok =0

Wi

Bsoms anagormano § 1.5 9acToTy M BOJHOBOE YHC/IO ormbaromeii ) = w — w,
K =k — k. n ocymecrsisist 3ameny (1.43), nomydaem

i(a +vgaz) + Bage +vlal*a = iaa, (1.47)
e

vg = 0w, [0k, a = (Vv — 1) Ow; /O,
3= % (02w, /OK? + i 0%w; ) OK?)
v = — (8w /0)al?* + i Ow;/Blal?) .

Bumno, aro npu v > v, 4ro coorBercTByeT ¢ > (), NUMeeT MeCTO HEeyCTONYu-
BOCTB, TOTJIa Kak 1pu v < v, (a < 0) — 3aryxanue. Ypasaenue (1.47), koropoe
MOKHO paccmarpuBarh Kak 0bobmmenne HVIII (1.44) na ciyuail ak THBHOM cpe-
JIbl, HOCUT HazBaHme ypashenus [unsbypea—Jlanday. Briepsble 0HO BO3HHUKIIO
B Teopun cBepxipoBojumoctu [28|. Buocsescreun Gbliia BbISICHEHA yHUBED-
cajbHasl POJIb 9TOI'0 YPaBHEHUS B TEOPUU HEJMHEHHBIX BOJIH: OHO BO3HUKAET,

HAIIpUMeD, [IPU OIIMCAHUH TeIIoBOii KoHBeKInu Pastes—Benapa [29], miockoro
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reuenns [lyaseiisst (TedeHus KUJIKOCTU MEKJLY JIBYMsl TIAPAJIIEIbHBIME [LJI0C-
koctsimu) [30], revenust Teitmopa—Kysrra MexK ity JByMsi BPAIIAIOIIUMUAC KO-
akCcua bHbIMK IvinHaApamMu [31], KoslebarelbHbIX XUMUYECKUX DEAKIUH Ipu
wHasgmann auddysuu [32], u ..

CoBepIeHHo MHas CUTyalldsl Peau3yercs IIPU B3aUMOJEHCTBUU 60AH C
NOAOHCUMENLHOT U OMPUUAMEALHOT, FHEPLUAMU, KOTJA HEYCTONUUBBIE KOD-
HU JUCHEPCUOHHOTO ypaBHEHNYA BO3HUKAIOT KOMHHeKCHO—COHpﬂ)KéHH])IMH I1a-
pamu. [Tycrb B3anMoeCTBYIOT JiBe BOJHBI € 3aKOHAMU jguctepcun w = wi (k)

u w = wy(k) u mycts npu k = ko ¥MeeT MeCTO CHHXPOHU3M
Wy = w1 (ko) = CUQ(kO).

Torya BOJIM3KM CHHXPOHU3MA, JUCIIEPCUOHHOE COOTHOIIEHUE CBA3AHHBIX BOJIH C
SHEPrUsSIMU PA3HBIX 3HAKOB MOXKHO IpeJcTaBuTh B Buje |1, 10]

(Q— 1 K)(Q - K) = —a’ (1.48)

3B1ech, Kak u npexie, 2 = w — wg, K = k — kg — 9acTrora 1 BOJHOBOE YHCJIO
ormbaromeif, ¢12 — I'PYIIOBbIe CKOPOCTH B3aMMOJEHCTBYIONIUX BOJIH, a? —
mapaMeTp CBA3HU. HKCIM ¢ U ¢y MMEIOT OJMHAKOBBIE 3HAKH, TO HEYCTONYNBOCTH

KOHBEKTHBHAsI, a €C/Ii pa3Hble — abcosorHast (puc. 1.14).

oy
/
y
;=
0) ____________
’ =7
/|
]
|
|
, k
a 6

Puc. 1.14. TucuepcroHHbIe quarpaMMbl B3AUMOEHCTBHsI BOJIH C SHEPTUSME PA3HBIX
3HAKOB IIPM KOHBEKTUBHOMN (a) 1 abCcotoTHOI (6) HEeyCTOHIMBOCTSIX

Jluneitnoe BoJIHOBOE ypaBHeHue jjist orubaroineii a(x,t), cooTBeTCTBYOIIEe

Q_i_ ﬁ g_{_ g — 2
ot " “or )\t T o) T

rZLOHO.J'IHI/IB 9TO YpaBHEHHE HeJINHEHHBIMU YJICHaMH, II0JIyv1aeM

0 0 0 0
<at+01 61’) ((%‘1‘02 8.27) a_F(a)a (1‘49)

(1.48), numeer BuL
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rae HenmHelinast dyuknus F(a) nomkHa onuchBaTh 3(hMEKTH HACHITIECHHS

HeycroiiunBocTu. B wacTHOCTH, B cilyuae cjaboil HeJmHeHOCTH OyjleM UMeTh

0 0 0 0 9 9
il - - = — . 1.50
(aﬁcl m) <8t+628x> a=a’a—plafa (1.50)
OrmernM, uTo 1pu ¢; = —cg = ¢ ypasuenue (1.50) npuauMaer By

At — C2a:m: = a’a — ﬂ|a|2a,

TaK YTO €r0 €CTECTBEHHO HA3BATL Heycmoluusvim ypasrernuem Kaetna—Iop-
dona (cm. § 1.4.2). Ypasuenusi Tuna (1.49) BCTpedaroTcs: IpU ONUCAHUU DsiJIa
HEYCTONYIMBBLIX BOJTHOBBIX CUCTEM, HAIIPUMED, FUIPOANHAMUIECKON HEYCTOWIH-
Boctu Kenbsuna—Tenpmrobiia [33], mazepubix yeusmreseii [34], sjeKTpoHHOTO
[OTOKA B CKPENICHHBIX 9JICKTPUYECKOM U MAIHUTHOM CTATHYECKUX TIOJISAX, B3a-
MMO/JIEHCTBYIOIIETO € 9IeKTpoMaruuTHoil Bosnoit [35]. Hesuneiinsiv BonaMm B
cpeJlax ¢ HeyCTOHIMBOCTSIME TIOCBsIIeHa TJ1. 12.

1.7. O606mieHne Ha HEOJHOMEPHBIN CJIydait

DBPUCTUYECKHI MOIXO O3BOJITET ODOOIUTL ypaBHEHUS, IOy IeHHBIE B
IpeIbLIy KX Haparpadax, Ha CIydaii 60IbIIEro YHC/Ia IPOCTPAHCTBEHHBIX 13-
Mmepenuii. PacemorpuM, nanpumep, 3akon gucnepcun (1.27). B meopnomepHom

CjlIyda€ OH IIpUHUMaET BU/L
w = cok — BK°. (1.51)

[TpenmomokumM, 9TO BEKTOPHI Cy U (3 UMEIOT TOJIBKO ITPOIOIbLHBIE COCTABJISIO-

Iye, HallpaBJeHHbIe BJI0JIb ocu x. Torga ypasuenne (1.51) npuanMaer Bu/
w = Cok'” — ﬁk‘zkH, (1.52)

e k2 = ki + kﬁ, k| m ki — npojosbHOE M IOIEpedHOe BOJHOBBIE IHCIIA,
cooTBeTcTBeHHO. OCYIIECTBIsIS 3aMeHy

w— —1

.0
a, k;” — 1 %, k/’i - —AL, (153)

rne A — omepatop Jlammaca Mo MOMEpEeTHBIM KOOPIUHATAM, MOJTyIaeM JIH-

HeitHoe muddepeHnaibHOe ypaBHEHUE, COOTBETCTBYIONIEE 3aKOHY JINCIIEPCUT
(1.52):

Ut + CoUy + ﬁux:rw = _ﬁ(AJ_u)x
O060b6111as ero Ha HEJIMHEHHBIN CIydail, ToJyJaeM TPOCTEHIINI HEeOIHOMEPHBII
anaJior ypasaenust KnB — ypasnenue 3axaposa—Kysneyosa

ut + Uty + Pggy = _/B(AJ_U)za (1'54)
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ONUCHIBAIOIIEE, HAIPUMED, HEOIHOMEPHbIE HOHHO-3BYKOBbIE BOJIHBI B 3aMarHu-
JeHHON rasme [36].

Ocobblii MHTEpEC IPEJICTABIISIET CUTYAINs, KOIJa Iolepednble 3(hQeKThl
ABNIAIOTCA CIabbIMK, T.e. k| < kj|. B atom ciyuae

2

2 _ kL
k= N’ki_{_kﬁ:kﬂ\/l_" (ki/kH) ~k2||+27k”.

Torma 3akon muctepcun (1.51) npunmMaer Bu

2 3
(weHaMu, CoepIKAIIUMU kik” u ki/ k|, npeneGperaem B cuily UX MaJIOCTH).
IIpuBesnem 310 CoOTHOIIEHNE K BUILY

Co k‘i
2

ITpu momoru 3amenst (1.53) mosydaeM JmHEiHOE ypaBHEHHE, COOTBETCTBYIO-
mee (1.55)

k” (w — Cok” + ﬂkﬁ’) = (1.55)

C
(ut + couy + Buxmx)x = _EOALU-

Ero menuneitnoe obo0Ienmne, 09eBUIHO, UMEET BUI
co
(ut + vug + Pugss), = —EAJ_U. (1.56)

Ypasuenue (1.56), apisroreecst cAab0He00HOMEPHBIM AHATIOTOM ypaBHeHus KB,
HOCUT HasBaHue ypasherua Kadomuyesa—Ilemeuawsuau [37|. OHO BeTpedaeTcst
B psiJie 3a/1a4 MUJIPOJAMHAMIKY U (BbU3MKH [1a3Mbl (CM., Hanpumep, [38]).

OueBusHo, uro ypaBHenne KajomieBa—IlerBuamBuiun umeer perieHus: B
BUJIE TIJIOCKAX OJJHOMEDHBIX COJIMTOHOB, COBITQJAONIAX C COOTBETCTBYIOIIIMHI
perernsivu ypasaeHust KnB. Oka3biBaercsi, 4T0 Ipu aHOMAJIBHOM JIUCIIEPCUT
(6 < 0) maockuit COMMTOH HEYCTONYNB U PACHAIAETC HA JBYMEPHBIE COJTUTO-
HBI, JIOKAJIM30BaHHBIE KAK B T— TaK U B y—Hanpasjenun [37, 38].

st cpen 6e3 nmucnepceun BMecto ypashenusi (1.56) MoxkHO 3anmcarb 0606-

IeHUe ypaBHEeHUs npocToil BosHbl (1.8)
c
(ut + uuy), = —EOAJ_U/

— ypasnenue Xoxnosa—3aboromerot [39] u HeogHOMEpHOE ypaBHeHHE Brop-
repca
(w + Uty — VUgy), = ——= A1 u,

KOTOpOE Ha3bIBAIOT ypasHeHnuem 3abosomceroli—Xoxrosa—Kysneyosa [40]. Dru
YPaBHEHUS MPUMEHSIOTCS )i OIMUCAHUS HEJMHEHHOM 1udpakiiuy aKyCcTude-

CKUX IIYYKOB.



36 I'naBa 1

1.8. HemosmaoMuaJibHBIE AUCIIEPpCHUMOHHDbIE
COOTHOIIIEeHN A

B zaksmouenne KpaTKO O6Cy,ZLI/IM Cﬂy‘{aﬁ, KorJia JJUCIIEPpCUOHHOE COOTHOIIC-
HUE fABJISEeTCS HEIIOJNHOMUAJIbHBIM. Takas CUTYyallisl peaJin3yeTcd J0CTaTOIHO
4aCcTO. THUINIHBIM IIPpUMEPOM ABJIAETCHA JUCIIEPCUA I'PaBUTAITMOHHBIX BOJIH Ha
ITIOBEPXHOCTU CJIOA 2KUJIKOCTHU I‘.J'Iy6I/IHI)I h

w? = gk th(kh). (1.57)

B JUIMHHOBOJIHOBOM IIpeJiesie, pasJarasi cooTHornerue (1.57) B psij, mosrydaem

w—\/g>h<k—k36h2+...>. (1.58)

Eciau orpaHMuYnTHCH JIMIIL IEPBBIM Y9JIEHOM B 3TOM DPa3/I0XKEHUH, T.e. IIPEeHe-
Opeub Juciepcueil, TO, 0YEBUAHO, B KA4eCTBe MOLEJM JJjisl OIUCAHUs CJabo-
HEJIMHEHHBIX [POIECCOB MOJIyUnM ypaBHEHHe npocToii BosHbl (1.8), pernenuns
KOTOPOTO CYTb OIPOKHABIBafoIInecss BoJHBL. C JIpyroit CTOPOHBI, yUeT IBYX
wienoB B (1.58) npuBojur k ypasaenuto KaB (1.29), koropoe BMecTo onpo-
KUJBIBAHNS TIPEACKA3bIBaeT 00pa30BaHUe COMUTOHOB. MOXKHO OXKHJIATh, UTO
6oJiee TOYHAsST ANIPOKCHMaIUs 3aKoHa uciepcun (1.57) MO3BOIMAT MOy IUTH
ypaBHEHHe, KOTOpoe ObI IMEJIO PellleHns KaK B BUJE YeINHEHHBIX, TaK U OIpO-
KUJIBIBAIOIIMXCA BOJIH, 9TO JIy4IIe COIVIACYETCA C ACHCTBATEILHOCTDIO.
PaccMOTpUM JIUCIIEPCUOHHOE COOTHOIIEHHE

w = c(k)k. (1.59)

Pasznoxkum dazosyio ckopocts ¢(k) B urTerpan Pypne:

(k) = / K(¢)e *d,

rie
1 ,
Kz) = - / c(k)e*@ .
2

[TozcraBmss 5To Beipakenne B cootHomenne (1.59) u BbmosHsst 0OpaTHOE Ipe-

obpazoanne Oypbe, IPUXOIUM K UHMe2poduP@hepeHuuasbhomy yPaBHEHNIO

ut+/K(x—€)u§(§7t)d§:0. (1.60)
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JlonoHstst ero HeJIMHEHHBIMU YICHAMH, HOJLYYaeM
o0
up + uy + / K(x — &§ue(€,t)ds = 0. (1.61)

D10 ypaBHEHUE IOJIyYWIO HasBaHue ypashenus Yuzema [8]. Ormernum, uro B
ciydae, Korja c¢(k) — moamHOM

c=co+ ok + ...+ conk®™,
OYeBMJIHO, Oy/IeM UMeTh
K(z) = cod(x) — 26" () + ... 4+ (—1)"c2,6™"(2),

rie §(z) — neavra-dynkims Jupaka. Takum obpasom, ypasuaenne (1.60) mpu-
HUMAaeT BUJ 9ucTO AuddPepeHnaIbLHOr0 ypaBHEHNS

82n+1

Ut + CoUy — CoUggy + ...+ (—1)" =0.

C2n Op2n+1

[TpobGiieMa 3akKir0UaeTCst B TOM, 4TO 00IIeM ciiydae (B TOM 4ucie U Jist
sakoHa jucitepcun (1.57)) siupo K (x) He yiaercss BBIYUCIUTH B sIBHOM BHJIE.
OJ1HAKO MOKHO II0Ka3aTh, 9TO OHO OBJIAaeT CJIELYIONMME CBOCTBAMI:

K(z) = K(-2),
K(x) ~ (2mz)~1/? upu x — 0,
K(z) ~ (%2/2)"Y? exp(—nz/2) upu x — oo,

/K(x dr =

YuzeM [IpejIoXKNII UCII0JIB30BaATh CJIE/LYIONLYIO AIIPOKCUMAIHIO siypa [8]

K(z) = % exp <”|2”"’) : (1.62)

KOTOpast JJOBOJILHO XOPOIIIO OIIICBIBAET €0 MOBEJIEHIE IIPH & — 00. Y DaBHEHHE
(1.61) ¢ ssmpom (1.62), meiicTBuTEIBHO, OOJIEE 8JIEKBATHO OIICHIBAET CBOWCTBA
BOJIH Ha [IOBEPXHOCTH BOJIBI, Ye€M ypaBHEHNUs mpocToil BostHel 1 KB B oTiess-
HOCTH. B 49acTHOCTH, MOYXKHO II0KAa3aTh, YTO HAYAJbHOE BO3MYIIEHHE B BH/IE

OJUHOYIHOI'O Fop6a OIIPOKU ABIBAECTCA IIPU BBIIIOJTHEHUU YCJIOBUSA

4 s
mi1 + mog < —*K(O) = ——, (1.63)

3 3
rjae mp = minu,(t = 0), me = maxu,(t = 0). Takum 06pazom, OnpPOKKHIBA-
IOTCs1 JIMIIb JIOCTATOYHO acUMMeTpuuHble ropObl. Ecim xke yciosue (1.63) He

BBITIOJTHEHO, TO 00PA3yIOTCs yeMHEHHbBIE BOJIHBI.
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VYpapuenne Yuzema MpeICKa3bIBACT U JIPYroe siBJIEHUE, XapaKTepPHOe st
[TOBEPXHOCTHLIX BOJIH Ha BOJIE: 3a0cmpenie BOJIH, T.e. obpasoBanue Ipodueii,
oA00HBIX M300pazkeHHOMY Ha puc. 1.15. Bosiee Toro, 3madyenue yriia B Bep-
IIUHE 320CTPEHHOro npoduist ¢ ~ 110° 6u3ko K TouHOMY pesyabrary 120°,
nosryaenromy ere CTOKCOM.

u

\W/

X

Puc. 1.15. BaocTpennsbiii mpoduib BOJTHBI HA MOBEPXHOCTH BOIBI

Anajioruunbie ypaBHeHUsI MOYKHO IIOJIYYUTh U JIJIsl JIMCCUNIATUBHBIX CPEI.
Tax, B pabore [41]| 6b110 IpeIozKeHO 06001meHne ypasuenust KaBB (1.40)

[e.e]

U + Uty + Bugpr = — / L(x — §u(&,t) dE. (1.64)

—00

Baeck sapo L siasiercst Pypbe-06pa3oM MHUMON YaCTH JUCHEPCHOHHOIO CO-
orHomenust w = wy (k) + iw;(k):

1 7 »
L(x) = Py /wi(k:)emdk.

B ciyuae, xora w; = vk? ypasnenue (1.64) nepexomut B (1.40). Onaxo B paje
MPAKTUIECKH BayKHBIX CIyYaeB JUCCHIAINIO HEJIb3sl CIMTATh OIOPrepCOBCKOIA.
Hanpumep, kak ormedaercs B [41], /11 HOHHO-3BYKOBOI BOJIHBL B ILIA3Me, KO-
[J1a JUCCUTIAINS OTIPeIeTIsfeTcs 3aTyXanneM Jlanaay Ha sJeKTpoHax, w; = v|k|.
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IIpocras BoJHA

[lo106HO TIOBITY, MBI HHTEPECYEMCS IBUKEHUEM BOJIH. ...
Hair anajor cBoguTcst K OMHOMY yPaBHEHUIO JTBUMKEHUST,
SIBJISTONIEMYCSI CTAHJIAPTHON (DOPMO# aHaJOra, JIJIsi Tede-
HUS ... CPeJIbl. Y DaBHEHME aHAJIOra MMeeT TUIepboJinye-
CKUI THUI. ... PACCMATPUBAIOTCS XaPAKTEPUCTUKU TOTO
ypaBHEHUST U OOCYKIAeTCsI MTPUPOJIA €r0 HEIMPEPBIBHBIX
pellleHunii 1 UX CBsI3b C HAYAJbHBIMU U TPAHUIHBIME YCJIO-

BUAMUA.

V. @uxemm. Beenenne B Teopuio meronaryu (M.: Mup,
1989. C. 25)

2.1. YpaBHeHHE IIPOCTOI1 BOJIHBI I €r0 pPelieHne
METOJIOM XapaKTEePUCTUK

N3y4enne nemuueiHbIX BOJIH B cpefiax 03 MUCIEPCUU HAYHEM C YPaSHEHUA
npocmotl 8041
ut + uuy = 0. (2.1)

Ha ero mpumepe MbI IpPOIEMOHCTPUPYEM OCHOBHBIE HeJMHEHHbIE 3(DQEKTHI,
BBE€JIEM HEOOXOJMMble TEPMHUHBI W IOHATHUsI, & CTPOTHE B MaTEMATHIECKOM OT-
HOIIIEHUW OTIpeJiesieHusl (B TOM YUCJIe U OUPEJeJIeHUe IPOCTOl BOJIHBI) A/ UM
B V1. 4, Korja OyJleT paccMaTpUBATLCA OOIIUii Caydail CUCTEeMbI THIIEPOOIITIe-
CKUX ypaBHEHUN.

[TpocThIM, HO TIOJIE3HBIM MIPUMEPOM (PUBUIECKON CUCTEMBI, ONUChIBAEMOM
ypaBrerueM (2.1), sSBJISIETCS NOMOK HEB3AUMOOCTCMEYIOULUT 4ACTUY, TBUKY-
IIAXCST BIIOJIB OCH . Y paBHEHUsI CBOOOIHOIO JBUXKEHUsT OTIETbHON TaCTHIIBI

€eCThb

dx

= = 2.2
=, (22)
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du _
dt

rjie U — CKOPOCTh YaCTHUIlbl. 3aluchiBas ypaBHeHue (2.3) B YaCTHBIX IIPOU3-

0, (2.3)

BOJIHBIX, ToJiydaeM ypasaenue (2.1), rie Tenepb u(x,t) — CKOPOCTb IIOTOKA B
JIAHHO} TOYKE MPOCTPAHCTBA B JIAHHBI MOMEHT BPEMEHU.

Taxum 06pa3oM, Ha JIMHUSIX Ha IIOCKOCTH (2, 1), yIOBIETBOPSIONINX yPaB-
Henuto (2.2), ypaBHEHHsI B YaCTHBIX HPOM3BOAHBIX (2.1) M B MOJHBIX TPOU3-
BOJHBIX (2.3) 9KBUBAJIEHTHBI. DTH JIMHUN HA3BIBAIOTCS TAPAKMEPUCTNUKAMU, &
ypasrenue (2.3) — zapaxmepucmuyeckot gopmoti (2.1). B nansom ciryuae du-
BUYECKHUH CMBICJI XapAKTEPUCTHUK JOCTATOYHO SICEH: OHU MPEJICTABJISIOT OO0
rTpaekropun 4acTuil. OJHAKO TAKYIO IPOCTYIO MHTEPIPETAIMI0 MOXKHO JaTh
najieko He Bcerga. [lonpobHee 3Tu BOIpockl OYIyT 00CYKJI€HbI B IJI. 4.

st 6osiee obIIEr0 ypaBHEHUST

up + V(u)ugy = 0. (2.4)

XapaKTePUCTHIECKOi (hOPMOIi TIO-IIPeKHEMY sIBJIsieTCst ypasHenue (2.3), ojHa-

KO BMECTO yDABHEHUsI XapaKTepucTuk (2.2) umeem

dz

— = V(u). 2.5
" v (25)
Bamerum, uTo cormacHo (2.3) mpousBogHas dV/dt Takyke paBHA HYJIIO Ha Xa-

pakTepucTukax (2.5):
av

dt
Takum 06pazoM, ypasHeHue (2.4) MOXKHO II€PENUCATh B BUJIE, SKBUBAJEHTHOM
(2.1):

=0.

Vi+VV,=0.

YpaBHEHHUsT XapaKTEPUCTHUK, BOODIIE TOBOPsI, HEJIb3sI HAWTHU B SIBHOM BH/IE,
HOCKOJIBKY (2.2) COJIepzKUT Hen3BeCTHbIE 3HAYEHHsI U Ha 9TUX KpuBbIX. OHAKO
COBMECTHOE PacCMOTpeHre ypaBHeHuit (2.2) u (2.3) NpUBOUT K OJIHOBPEMEHHO-
MY ITOCTPOEHUIO XapaKTEPUCTUKN U PEIIeHNsT Ha Heil. DTOT METOJ pEIleHusT 13-
BeCTeH Kak MeToj xapakrepuctuk [8, 10]. B nannoMm ciydae B cuity ypaBHeHuUst
(2.3) u ocraeTcst KOHCTAHTON Ha XapaKTEPHUCTUKAX, KOTOPBIE, CIIEOBATEIBHO,
IPEJICTABIISIIOT co00i IpsiMble Ha mIockocTu (z,t). Takum obpasom, HaXOXK-
JleHue perieHnsi ypapHenust (2.1) cBOAUTCs K TIOCTPOEHUIO CEMENHCTBa MPSIMBIX,
HaKJIOH KOTOPBIX PAaBEH 3HAYEHUIO U Ha HUX.

Jlist 3a/1a9u ¢ HAYAJILHBIME YCJIOBUSIME
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rie { — HadasbHas KOOP/MHATA YACTHIBI, HHTErPHPOBAHUE ypaBHeHHI (2.2) u
(2.3) maer

v =€+ fO)L (2.6)

SaMeTnM, 9TO MPU TAKOM IOJXOJE T SBJISETCS, 10 CYTH Jiejia, 3aBUCUMOI Tie-
PEMEHHOIA, a poJib He3aBUCUMbIX urpator & u t: x = x(,t).

,HJIH 3a/la9 C TPaHUYIHBIMUA yCJIOBUAMN

rage 7 — MOMEHT BpeMeHU, B KOTOprﬁ JacCTUlla BJeTaeT B O6JIaCTb, Ha I'paHUIE
KOTOpOfI 3a/aHO BO3MYIIEHNE, HE3aBUCUMBIMU II€PEMEHHBIMU ABJIAIOTCA X U T

t = t(x, 7). Torga BMecro perenus (2.6) mmeem
t=71+ f(1)z. (2.7)

Taxoit o0/ HA3LIBAETCS OLHUCAHNEM B nepemennuir Jlaepanorca, MoIb3y-
SICb KOTOPBIM, (DAKTUYECKH, CJIC/ISAT 32 JIBUKEHUEM OT/ICIbHBIX YACTUI] IOTOKA.
BeiGop B KadecTBe HE3aBUCUMBIX II€PEMEHHBIX T U ¢ HA3BIBAIOT OIUCAHUEM B
nepemennur Jiaepa. B 9T0M ciiydae MBI pacCMaTpPUBaEM IIOTOK B IIEJIOM, KaK
crtonHyo cpeiay [42]. SameruM, Uro, BeIpazkas u3 coorHomieHuit (2.6) u (2.7)
& wim T 4yepes x, t ¥ u, HETPYHO TpuiiTk K perrenuto Pumana (1.13)

u(a,t) = flz - ut),

CIIPABEJINBOCTb KOTOPOro ObLiIa MOKa3aHa B TJI. 1.

VeoBue nepecedeHust AByX OJTU3IEKAINX XaPAKTEPUCTHK, OUEBHUIHO, €CTh

or r

g =1+ 11=0 (2.8)
Jutst ypasHenust (2.6) min

ot ;o

—anl—i—f;ch (2.9)

nyist ypasaenust (2.7), rae f' osuavaer df /d€ u df /dr, coorBercrBenno. 13 no-
JydeHHbIX panee ¢popmyi (1.14) BUIHO, 9TO 9TH yCIOBUST O3HAYAIOT OOPAITICHIE
B OECKOHEYHOCTDb IIPOU3BOJIHBIX Uz, U. Clie0BaTEIbHO, ONPOKUIBIBAHIE BOJI-
ubl npoucxogut Tam, rae f < 0 u |f/| npunumaer MakcuMaibHOE 3HAUEHUE,
T.e. B IEPBOM CJIydae B MOMEHT BPEMEHU
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BO BTOPOM CJIy4dae — B TOYKE

1

/
max

OTMeTnM, 9YTO I HMOTOKa HEB3aUMOIEHCTBYIOINX YACTHI[ OIMPOKHUILIBAHIE
COOTBETCTBYET OOIOHY OIHUX YaCTHUIl APYTUMHU, IHOCKOJbKY XapaKTePUCTUKU

€CThb TPaceKTOPpUU YaCTHUIIL.

3agada 2.1. HaiiTu MOMEHT OIPOKUILIBAHNS BOJHBL B CJIydae, KOT/a HadalbHOe
BO3MYITIECHNE TPEICTABIACT COOO
a) rayCcoB UMITYJIbC
u(x,0) = a exp (—x2/2l2) ;

6) cosZ-UMITYIbC

acos®(kz), |kx|<m/2,
u(@,0) = { 0, |kx| > m/2

Omsem: a) t* = l\/e/a; 6) t* = 1/ak.

2.2. 3ajada 0 pacIrpoCTpaHEeHUN rapPMOHUYIECKOTO
curgajia. O rpynnmpoBKe 3JJeKTPOHOB B
IIPOJIETHOM KJIUCTPOHE

IIpomemoncTpUpyeM pa3BUTHIN MOAX0M HA KOHKpeTHOM IpuMepe. PaccMoT-
pUM 3a/1a9y C 'PAHUYHBIM yCJIOBUEM

u(z = 0;7) = up + asin(wr), (2.10)

UTO 03HAYAET CUHYCOUJIAJBHYIO MOMIYJISIIHIO IIOTOKA YacTHUIl 10 cKopoctu. [lo-
nobHast 3aa9a BO3HUKAET, B YACTHOCTH, B TEOPUU NPOAEMHO20 KAUCTPOHG —
9JIEKTPOHHOI'O CBEPXBBICOKOYACTOTHOTO ycuiuress [43|. [Ipunnunuansaast cxe-
Ma JIBYXPE30HATOPHOTO KIUCTPOHA puBeeHa Ha puc. 2.1. B mmockoctn & = 0
PACITONTOXKeH OOBLEMHBIN PE30HATOP — YCTPONUCTBO, B KOTOPOM BO30Y K IAIOTCS
BBICOKOYACTOTHBIE JIEKTPOMATHUTHBIE KOIeOaHUsT Ha HEKOTOPOH YacToTe w,
O/IM3KO# K CODCTBEHHOW YaCcTOTe PE30HATOPA wg. DTU KOJEOAHUS U ABJISIOT-
Cs1 TIOJIE3HBIM CUT'HAJIOM, KOTOPBIN HEOOXO/IMMO yCUJINTh. Pe30HATOD BBIOJTHEH
TakuM 00pa30M, 9TO B HEM UMEETCsI 00JIaCTh, B KOTOPO# I0Jie MOYKHO TTPUOJIT-
JKEHHO CUUTATH OJIHOPOJIHBIM (€MKOCTHOI 3a30D). J1jisi IPOCTOTHI OrPAHUIUMCsT
paccMoTpenneM HeCKOHETIHO TOHKOTrO 3a3opa. CKBO3b 3TOT 3a30p HAPAJLIEThb-
HO CHJIOBBIM JIMHUSIM JIEKTPUTIECKOTO TOJISI IIPOJIETAIOT 3JEKTPOHBI, IIpuobpe-
Tasd CKOPOCTHYIO MOJYJ/IAIAIO. EC.HI/I AMIIUTY/da MOAYJIUPYIONIECTO HaIllPpAZKEHM A
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Ha CTEHKAX 3a30pa V] MaJja [0 CPABHEHUIO C YCKODSIONMM HampsizkeHueM V)
(eVo = mu3/2, rie e m m — 3apgj U Macca 3JIEKTPOHA), TO MOYKHO CUMTATH
MO/LYJISINIO CHHYCOMJIAJIBHON U BOCIIOJIB30BaThcs ypasHenueM (2.10), rie

upVi
2V

IToxumyB 3a30p pe3oHATOPA, FJIEKTPOHBI HOMAIAIOT B 00/I1aCTh, CBODOIHYIO OT
BY moseit — npocrpancTrso apeiida. Eciiu npenebpeds cryiaMu KyJI0HOBCKOT'O
OTTAJKUBAHUS, MOXKHO CUNTATH, UTO JBUKEHUE MOTOKA SJEKTPOHOB B ITOM
06JIaCTH TOMINHSIeTCs ypaBHeHHo (2.1).

Bxommoit Brexomnoit
pe3oHarop pe3oHarop

ONeKTPOHHBIH
IIpocTpancTBo IIy90K
npeiida
Ka'rog / KomnexTop

3 .

I
I
Vo

Puc. 2.1. IlpuanununaJbHas cxeMa ABYXPEe30HATOPHOIO KJINCTPOHA

Unrerpuposanue ypasHenust (2.2) paer
x
R S S

ug + asin(wr)

Bsonst obosnavuenus 6 = wt, §y = wr, noaydaem

wx
0=20 _. 2.11
o+t ug + asin 6y ( )
Cunras a < Uy, MOXKHO IPUOIUKEHHO 3aIlIUCATD
0 =0+ = — X sin b, (2.12)

Uo

rie X = waz/uf. Ypasuenne (2.12) 103B0JsIeT OCTPOUTL KAPTHHY XapaKTe-
PUCTHK Ha IJIOCKOCTH (Z, 6), KoTopasi npuBejieHa Ha puc. 2.2.
Ju1st HAXOXK JIeHUsT MOMEHTa OOrOHA OJJHUX JIEKTPOHOB JPYIUMU (UJIH OLIPO-

KUJIBIBAHUSI BOJIHBI) CJI€JIyeT BOCIIOJIb30BaThCs ypasHenueM (2.9). Tosyaum

00
90, 1 — X cosbp. (2.13)
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Hy>xno onpeesmnTh, npu KAKOM MUHIMAJIbHOM X 3TO BbIpaxKeHue 0bpariaeTcs
B HyJib. OYEBUJIHO, 9TO ITO MPOUCKXOIUT IIPU

X =1, cosfy=1. (2.14)

/™ AN -
TC21'I: 31c7c 5 ﬂ: ot

Puc. 2.2. XapakTepuctuku Jjis 33,1841 O PACITPOCTPAHEHUN TAPMOHIYECKOT'O CUTHAJIA,

ILBI/I}KGHI/IG MO/ YJINPOBaAHHOT'O ITIO CKOPOCTH IIOTOKa 3JIEKTPOHOB B ITPOCTPAH-
cTBe apeiidha compoBoXKIaeTcsi 00pasoBaHUEM IOC/IEOBATETEHOCTH YePe Ty o-
MUXCsl YIUIOTHEHUM W pa3perkKeHuil, NepUOoJUIHOCTb KOTOPBIX OIIPeJIesIsieTCs
YACTOTOM w. DTO SIBICHUE HA3BIBACTCS 2PYnnuposkot saekTporos. Ha puc. 2.2
XOPOITIO BUIHBI OOJIACTH CTYIEHUsT W pas3perkeHnsi Xapakrepuctuk. CrycTku
06pazyIoTCsT OKOJIO 3JIEKTPOHOB, UMEIOIINX HadaabHyIo das3y 0y = 27n, paspe-
JKEHUsT — OKOJIO 9JIEKTPOHOB ¢ fy = 2mn + 7. Takum 06pa3om, MOSIBIISIETCS TTe-
pEMeHHasI COCTABJIAIONIAsT TOKA HA JaCTOTE CUTHAJA. B0o30y»XK1as 9STUM TOKOM
eIle OJINH PE30HATOP, MOXKHO JIOOUTHCS 3HAUUTEHHOIO YCUJIEHUS BXOJIHOTO
curtasia. ToK MOXKHO HAWTH IIPU TIOMOIIY YPABHEHNs HEIPEPBIBHOCTH (3aKOHA
COXpaHeHUs! 3apsijia), KoTopoe B lepeMeHHbIX Jlarpanxka nmeer Buj [43]

1d9 = Iodfy, (2.15)

rae I — 1ok, Iy = I(z = 0) = const. Ilogcrasisist coornomenue (2.13) B ypa-

BHeHne (2.15), mosydaem
Iy

- 1—Xcosby’

Orciofa BUAHO, 9TO MPU JIOTOHE OJHUX JIEKTPOHOB JIPYIUMHU TOK OOpalmaer-

I (2.16)

¢ B OeckoneunocTs. [Ipm X > 1 Bcerja cyIiecTBYIOT JiBe TOYKU, Ha3bIBae-
Mble asosvimu porycamu, B KOTOpuIX I = co. Tpaekropun $paszoBbix (GOKYCcOB
OTIPEJIETIAIOTCST YPABHEHUEM

1 — X cosfy=0.
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Amnayns rpynnupoBanus 9acTull (MCKayKeHs MPOdIIIst BOJHBI) yI06HO IPO-
BO/UTH rpacdudecku. [lepeiijieM B JBHKYIILYIOCS CUCTEMY OTCUETA

ww
W=u—uy, 6 =60-".
U

Torna, nojcrasisisi T BbipaxKkenusi B ypasHenust (2.10), (2.12) u omyckas

MITPUXH, TOJIYIaeM
u(6y) = asin by,
0= (90 — Xsineo.

W3 stux ypaBHEeHUil HETPYIHO HANTH

uX
u = asin (0—{—) . (2.17)
a
Paspemias ypasuenue (2.17) orHOCHTENBHO 0, Oy IUM
X
6 = arcsin <u> i (2.18)
a a
0
T
\\ 1
!
7 ula
l/ 2
N-n

Puc. 2.3. K rpaduueckomy anaansy mckaxkeHusi mpoduiisi BOJIHbIL. | — KpuBasg 6 =
arcsin(u/a); 2 — upamag § = —uX/a

Teneps nocrpoum rpadukn dbyuknuii § = arcsin(u/a) u § = —uX/a. llep-
BbIi, OYEBUJIHO, COOTBETCTBYET UCXOHOMY CHHYCOUIATHLHOMY BO3MYIIEHUIO, &
BTODOIi IIpeJIcTaBisieT co0Oil IPSIMYT0, HAKJIOH KOTOPOii 3aBucut ot z (puc. 2.3).
Cka/ibIBast 3TH 3aBUCUMOCTU I'PAMDUIECKH TIPU PA3IMYHbIX 2, MOXKHO IOJIY-
YUTh KAPTUHY TPYIIMPOBaHus dacTull (yKpydenus Bosinbl). Ha puc. 2.4 npej-
cTaBJjieHbl TPOdUIN CKOPOCTH %(f) B PA3IMIHBIX CEUEHUIX TIOTOKA U COOTBET-
creytorue uM npodusm toka I(6), nocrpoennsie coriacHo ypasaeruto (2.16).
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Lu
u
£/ \
\v e
a
ILu’
i 6
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~
<

z%
7

~
(S

Puc. 2.4. TIpodunu ckopoctu u 1 ToKa I B PA3IMIHBIX CEICHUSX IJTEKTPOHHOTO TIOTOKA,
[Ipy I'PYNIHIPOBKE B mpocTpancrse apeitda. a,6 — X <l;6 — X =1;2— X > 1
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u
)
0 X
a
I
I
0 X
6

Puc. 2.5. IIpocrpancrBennbie pacupeze/iennsi CKOPOCTH U U TOKa I B HEKOTOPBII MO-
MEHT BPEMEHH JIJIsl TIOTOKA HEB3aMMOJEHCTBYIONINX TaCTHI]

st cpaBuennst na puc. 2.5 npuseiens! 3asucumMoctn u(x) u I (x) B HEKOTO-
PBIii MOMEHT BPEMEHN JIJIsI [IOTOKA HEB3aUMOJICHCTBYIONNUX YACTHUIL, Oy IeH-
HBIE B pe3yJibTaTe YHCICHHOIO MOJICJIMPOBAHMS METOJIOM <«YaCTHI[ B sdeiKe»
(cMm., Hanpumep, [44, 45]), HAIVISIHO WLIIOCTPUPYIOIIHE HPOIECC TPYIIINPOBa-
Hust!.

Bamernm, 9To eciIm I0Jb30BaThCsl TOYHBIM cooTHONIeHneM (2.11), a He npu-
6omkennsiM (2.12), To BMecTo coorHomenuii (2.17), (2.18) Gyaem umers

. u/a
u—a51n<0+X1+u/uO>,

— aresin (4 - x _wa
G—arcsm<a> X1+u/u0’

1 MECTO IIPpAMBIX Ha PHC. 2.3 SaﬁMyT COOTBETCTBYIOIIIUE I‘I/IHep60.J'IbI.

2.3. CnekTp OIPOKUABIBAOIINECS BOJHBI

HpO&HaJH/ISI/IpyeM CHeKTpaJH:HbeI COCTaB OIIMCaHHOTI'O BbIIIE DEIICHUA. Pa-

HEe Mbl OTMEYaJId, 9TO 110 Mepe€ PpacCIIpOCTpaHCHNA BOJIHbBI HEeJIMHEHOCTD pu-

'B meTone «uacTuI B sueifKes TOK B AUCKPETHEIX y3/IaX IPOCTPAHCTBEHHOM CeTKH KAK ObI
YCPEIHSIETCS [0 Pa3MepaM OIHOM sIeiflKM U IIO9TOMY He MOXKeT OOPATUTHCSI B GECKOHETTHOCTD.
Tem He Menee, Ha puc. 2.56 XOPOIIO BUIHBI OCTPbIE MAKCUMYMbI — (pa30Bble (DOKYCHI.
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BOJUT K POXKJIEHUIO FAPMOHHUK €O BCE Gojiee m Oojiee BBHICOKUMU HOMEDPAMHU.

Teneps nogrBepauM 10T pesyabrar crporo. Pasnoxenune u(x, ) B psig Pypoe

uMeer BH/L . .
u= ZA" sinnf + ZB” cosnb, (2.19)
re = i =
A, = % /u(x, 0) sinnd do,
- (2.20)

B,=1 /u(x,ﬂ) cosnf df.

—T
Kak Bugno u3 puc. 2.3, dyukms u(f) sBiasercs HEUETHOI, CJie10BaTEIbHO,
B,, = 0. Haiinem A,,, nnsa gero Boipasum B (2.20) 6 depes 0y mpu momortu
coorHomenust (2.12):

1 s
A, = — / asin Oy sin [n(0p — X sin )] % dfy.
T 00

—T

[Moxcrasisist ciomga 06/06p n3 (2.13), noxydaem
m
A, =2 /sin 0o sin [n(6o — X sin 69)] (1 — X cos 6)dbp.
7T—T('
PackpbiBasi ¢CKOOKM M BBIIOJIHsIST SJI€MEHTAPHBIE TPEeOOPA30BAHNsST ¢ TPUTOHO-

MeTpuYecKUMU (DYHKITUSIME, IIPUBEJEM 3TO BbIPDAXKEHUE K BUJLY

™ s

A, = a /cos[(n —1)0y — nX sin 6y]dhy — /cos[(n + 1)0g — nX sin 6p]dby
™
0 0
oXx [ [ . i .
o /cos[(n —2)0p — nX sin by|dhy — /cos[(n + 2)0y — nX sin Oy]dby
T

0 0

Ucnonp3yst naTerpajbHoe mpeacrasienue (yuknuit Beccenst n-ro mopsaka

(eMm., Hampumep, [46])

s

1
Jn(z) = = /cos(nt — zsint)dt, (2.21)
0

BbIYUCJIUM NHTETr'PpaJIbI:

Ay = a(Jpo1 (nX) — Juia(nX)) — 25

= (Juma(nX) = Jua(nX)). (2:22)



IIpocrast BostHA 49

YIpocTuM 3T0 BEIpasKEHNUE, UCIOJIb3Yst PEKypPPEHTHBIe cBojicTBa dbyHkuuii Bec-
censt [46]

Tni1 (2) + Jna(2) = 27” T (2).

C momorbio 910l (GOPMYJIBI HAXOIUM

Jnio(nX) = % Jni1(nX) — Jn(nX),
TonX) =20 =1 1 X)) — g a(nX),.

nX

[Mogpcrasisist B (2.22), mociie psifia HECJIOKHBIX TPEOOPA30BAHIIT OKOHIATEIHEHO

IIoJIyvdaeM BbIpazKeHHe

2a

U3BECTHOE B HEJIMHEHHON akycTHKe Kak pewenue becceas—Pybunu [12, 14, 47].
SaBUCUMOCTH AMILIATY/T TPEX MEPBBIX TAPMOHHUK OT KOOPANHATHI, TOCTPOEHHDIE
B COOTBETCTBUHU C 3TOW (HOPMYyJIOil, IpUBeIeHbI HA puc. 2.6.

A4,
a\
3 n=1
0.5a
n=2
I n=3
0 05 10 15X

Puc. 2.6. 3aBucnMoCTH aMILIUTY/ IEPBBIX TPEX TAPMOHHUK OT KOOPJMHATHI COTJIACHO
dbopmyuie (2.23)

C yuerom (2.23) paznoxenne (2.19) upuanmaer Buj

o 2
u = Z n—;{ Jn(nX)sinnb.
n=1

Ilepexoms obparHO B JIaOOPATOPHYIO CUCTEMY OTCUETA, IIOJIYIaeM

[e.e]
2a T
u=1uy+ E — Jp(nX) sin nw (t - > .
= nX {mn
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Sazaua 2.2. [Tosb3ysich 3aK0HOM coxpaHeHus 3apsja (2.15), BBIYUCIUTD CHEKTD
CI'PYIIIMPOBAHHOIO TOKA B IPOCTPAHCTBE Jpeiida MpoeTHOro KJINCTPOHA.
Pewenue: Paznoxenne I(x,t) B psii @ypbe numeer Buj

By |« .
I= 5 + Z (A, sinnd + B, cosnd).

n=1

31ech

A, = 1 /I(m,ﬁ)siandQ,

™
-
‘n'

B, =1 /I(a:,e) cos nf) df.

—T

Hockoubky dyukuusa I(0) gernaa (cm. puc. 2.4), koabdurmenrsr A, = 0. Borauc-
M Kodbdunuents! B,. cnons3ys coornomenns (2.12), (2.13) u (2.15), a Takxke
uHTEerpasibHOe npezcTaBienne Gynknuii Beccens (2.21), momyuaem

s

By — %/d@O:QIO,

—T

21

B, ==%
" 7r

/cosn(90 — Xsin6y) dby = 21 J, (nX).
0

Taxkum 06pa3omM, OKOHUIATEIBHO UMEEM

o0
I(z,t) =1 +2102Jn(nX) COS NW (t— x) . (2.24)
n=1 o

Beipazkenue (2.24) mUPOKO UCIOIB3YETCsl IPU TEOPETHYECKOM DPACUETe IPOJIETHBIX
KJMCTpoHOB [43]. V13 Hero, B 4aCTHOCTH, CJIEIYET, ITO AMILIATY/IA MIEPBOil TapMOHUKI
crpynmuposarHoro Toka By = 21yJ1(X) mocruraer makcumyma npu X = 1.84. Dto
COOTHOIIIEHUE [TOKA3bIBAET, IJI€ HEOOXOINMO PACIOJIOKUTH BBIXOHON PE30OHATOD IIPHU-
6opa JIst MOJIyueHHsT MAaKCUMAJIbHOIO YCHJIEHUSI. 3aMEeTHM, UTO ITOCKOJIbKYy X > 1,
[P OITHAMAJIBLHOM PEXHUME PAbOTHI IBYXPE30HATOPHOIO KJIMCTPOHA IIPOUCXOIUT 00-
IOH OJIHUX 3JIEKTPOHOB JPYIUMHU (BOJIHA OLPOKUIBIBACTCH).

3amaya 2.3. Pemurh 3a/1a49y, aHAJOIMYIHYO MPEILIIYINEN, YIUTHIBAS CUADL TEPO-
cmpancmeentozo 3apsada (KyJIOHOBCKOE B3aUMOJIEHCTBIE MEK Ly 9JIEKTPOHAMM ), U HAl-
TU MOMEHT OOIOHA OJ[HHX 3JIEKTPOHOB JAPYIUMHE (OIPOKWILIBAHUS BOJIHBI).

Pewenrue: 1lpun Hamumamu Cujl IPOCTPAHCTBEHHOTO 3aPsi/ia IJIEKTPOHHBIA IOTOK
OIICHIBAETCS YPABHEHUSIMHU JIBU2KEHUS] M HEIPEPBIBHOCTU, KOTOPBIE B II€PEMEHHBIX
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Ditnepa nmetor By (cM., Hampumep, |1, rr. 12])

v+ VU = NPy, (2.25)
pt + (pv). = 0. (2.26)
3/1eCh ¥ — CKOPOCTh, p — IJIOTHOCTD 3apsijia, 1) = e/m — yJIeJabHBIN 3apsijl 2JIEKTPOHA,
(¢ — HOTEHIUAJI IIOJIA IPOCTPAHCTBEHHOTO 3aps]ia, YJOBJIETBOPSAIONINI ypPaBHEHUIO
IIyaccona
P — Po
Paz = ) (2.27)
€o

I7e po — IUIOTHOCTD 3apsijia IMOJIOKUTEIHHOIO HOHHOIO (hoHA, KOTOPYIO MOXKHO CUHU-
TaTh PABHON CpeHell TIJIOTHOCTH 3aps/ia JIEKTPOHOB.
BaejieM HANPSIXKEHHOCTD 3JIEKTPHYIECKoro ot F = —¢,.. Torma ypaBrenue (2.27)
IPUHUMAET BU/I,
P =po— eo by

[Mozpcrasiss 310 BbIpazkeHue B ypaBHeHue HerpepbiBHOCTH (2.26), 1m0/1ydaem

S
€0 /o

WurerpupoBanue 3T0ro ypaBHeHUs C TPAHUYHBIME yCJIOBUASIMU
E=FE,=0, v=vy, p=p, 1upumax =0,
9TO COOTBETCTBYET HEBO3MYIIEHHOMY ITOTOKY, JA€T

By +0E, = 2 =%
€o
Nrak, cucrema ypasHeHuit (2.25)—(2.27) cBejeHa K JIBYM CBSI3aHHBIM yPaBHEHUSIM
IIPOCTOIM BOJIHBI
v+ ov, = —nE,
(2.28)

E, + vE, = 2(t=%)
t T €0 .

ITockobKy XapaKTEPUCTUKU IO-IIPEKHEMY SBJISIOTCH TPACKTOPUSAME YACTHUII, UX
ypaBHEHHE UMeeT BHU/L

dr _
dt

Takum o6pasom, xapakrepucTuyeckas Gpopma 3amnucu cucreMbl (2.28) ecTb

V.

dv
dt

dE _ po

E—%('IJ_’UO).

= _77E7
(2.29)

Orcioza ciieflyeT Tak Ha3bIBAEMOE YPasHeHUue Koaebanud arexmpontozo nomoxa [48]

d*v
) + wg(v —g) =0, (2.30)
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rhe wp = \/Npo/€o — mnasmennas dacrora. Obimee pemrerne ypasHerus (2.30) nmeer
BH/L
v=wg+ Acosw,(t —7) + Bsinw,(t — 7), (2.31)

rjae A u B — nocrognnble UHTErpupOoBaHUAd. BT‘II/ITI)IBaH7 qTO 1pu CI/IHYCOI/I,H&JIBHOIU/I
MOJYJIAUN 110 CKOPOCTU I'PaHUIHOE YCJIOBUE €CTh

v(t =7) = vy + asin(wT),

HaxomuM A = a sin(w7). UaTerpupys ypasrenue (2.31) eme pas, mosyvaeM ypaBHEHHE
XapaKTEepUCTHK

a . B
r=v9(t —7)+ — sinwrsinw,(t — 7) — — cosw,(t — 7).
Wp wp

IMockonbky x(t = 7) = 0, HaxoAuM, 4T0 B = 0 U OKOHYATEJIHLHO HIOJIyIaeM

xr=vo(t—7)+ wi sinwr sinwy (t — 7), (2.32)
P
v =1y + asinwr coswy(t — 7). (2.33)

U3 ypasuenus (2.32) cieiyer, 94T0 JBUXKEHUE DJIEKTPOHA CKJIAJLIBAECTCS U3 PABHO-
MEPHOI'O JBUKEHUSI C HEBO3MYIIEHHON CKOPOCTBHIO ¥y U OCIUJLIMPYIONIETO JIBUKEHUS
¢ 9acToTOoi wy. Takum 06pa3soM, XapaKTEPUCTHKY Ha IIOCKOCTH (T,t) yKe He siBJis-
I0TCS MPAMBIMU. BBIpas3uTh ¢ 4epe3 T B sIBHOM BHUJE€ B JIAHHOM CJIydae HE YIAeTCs.
Onnako, cuuras a < vp (4T0, KAK OPABWIO, CIPABEIJIABO JJId KJIUCTPOHOB), MOXKHO
B HYJIEBOM IPHUOJIMZKEHUU TPEHeOPedh KOJIeOATeTbHBIM IBUKEHIEM U 3aINCATH

x vyt — 7).

ToscTaBiisist 9TO BbIpaXkeHHe B IIpaBble 9acTH ypasHeHuii (2.32), (2.33), noixydaem B
[I€PBOM TTPUOJINZKEHUT

rv(t—1)+ wi sinwt cos(wpz/vp), (2.34)
p
v & v + asinwt cos(wp/vp). (2.35)

BuoBb BBOzIS Ge3pasMepHbIE TIEpEMEHHBIE

0w<tx>, 0o = wr,
Vo

npuBoauM ypasHeHue (2.34) K BUILY
0 =6y — X, sinby,

rie
wa . wpT
X, = sin —.
Wpo Vo

Paznaras mioraHOoCTh TOKA B psift Pypbe U BHIMOJHAS BHIYUCICHUSI, AHAJIOTTIHDIE
MPeJICTABJICHHBIM B 3aJ1ade 2.2, HaXOINM

I(z,t) = Iy + 21 Z JIn(nX,) cos nw (t — i)) . (2.36)
n=1
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D10 pemenne 6bu10 nosmyueno B.f. Casenbesbim [49]. Comocrasienue cOOTHOmMEHNM
(2.24) u (2.36) nokaszbiBaeT, 9T0 3hHEKTH TPOCTPAHCTBEHHOTO 3aps1Ia BIPAYKAIOTCS
B 3amene mapamerpa X Ha X,. Ouesunno, uro X, ~ X npu w,x/vy < 1. Takum
00pa3oM, 3TO HEPABEHCTBO ITOKA3BIBAET, B KAKUX CIIyJasX MOXKHO TPEHEOPEUh KyIIo-
HOBCKUM B3aMMOJEHCTBUEM U YIOJOOUTH MOTOK 3JIEKTPOHOB IMOTOKY HEB3AWMOJIEH-
crBytormux dacrur. OHAKO 3/1eCh UMEETCsl ¥ MPUHIAITHAIbHAST pasHuia. [10CKoIbKyY
X ~ z, Ha IOCTATOYHO GOJIBIIOM PACCTOSIHUM OT MOJIYJIUPYIOIIErO PE30HATOPA BCETIA
MOZKHO JIOOUTHCS ONTUMAJIBHOrO 3Hadenuss X = 1.84. B To ke Bpems s mapameTpa
Xp 9TO BO3MOXKHO JIAIIb DU BBIIOJHEHHU yCJIOBHUL

wa

> 1.84.
wpvg

£

A

K]

0 X
7]

Puc. 2.7. TlpocrpancrBennble pacipeesienns ckopoctu v (a) u Toka I (6) B HeKOTOPBIi
MOMEHT BpEMEHH JJIsI IOTOKA YACTUIL ¢ KYJIOHOBCKIM B3aMMONCHCTBHEM

3armmceiBas ycJaoBre 00TOHA OJHUX JIEKTPOHOB JPYIUMHU KaK yCJIOBHE Iepecede-
HUsI OIM3JIeXKAIIX XapaKTEPUCTHK, BMeCTO ypasHeHus (2.13) B jaHHOM cirydae Gyiem
UMETh

00
Z_1-X
B0, pcos By,

OTKY/Ia CJIEJIYET, 9TO OOrOH MPOUCXOUT IPH
Xp=1, cosfy=1.

Kaxk u ciie1opajio 0:ku1aTh, OTJIMYNE OT COOTBETCTBYOMMX (POPMYJI JJIs TOTOKA HeB3a-
uMozeitcTBytomux dacrur (2.13), (2.14) cogurcs k 3amene X Ha X,,. OueBuaHO, ITO

pu
wa

<1 (2.37)

Wpo
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00roH (T. €. OIPOKWJIbIBAHUE CUHYCOUIAJILHON BOJIHBI) BoOOIIe He mpoucxoiutr. du-
3UYECKH TO OODbICHSIETCS TE€M, UTO pPacCMaTpUBaeMasi CUCTeMa 0bsajaeT ducnepcu-
eti, KOTopasi, KaK Mbl BHJIEJIX B IVI. 1, CIIOCOOHA IIPUOCTAHOBUTD MIPOIECC YKPYUEHUSI.
Jucnepcust TMHEHBIX BOJIH BOJIH IIPOCTPAHCTBEHHOI'O 3aPsiia B 9JIEKTPOHHOM IIOTOKE
noapobHo 06¢cyKmaercs Hanpumep B [1, 10, 43|. B manHoM ciydae JucnepcuoHHbIE
3P PEKTHI TOCTATOTHO CJIAOBI U MOT'YT BOCIIPENSATCTBOBATH OOTOHY JIUIITH TP yCJIOBUH
caaboii Hesmuedinoctn (2.37).

Ciieiyer 3aMeTHTh, YTO HOJIyUeHHOE Bhilie pernenue (2.36) crporo rosopsi, crpa-
BEJIJIMBO JIAIIb JI0 Hadaja OOrOHa, [OCKOJIbKY cooTHomeHns (2.34), (2.35) sapisirorcst
npubimzkenabivu. Ha puc. 2.7 upusegensr 3asucumoctu v(z) u I(x), nosydeHuble
YHCJIEHHO METOIOM <«4acTull B sdeiike» (cp. puc. 2.5). Bugno, uro nocie Toro, Kax
OJTHA 3JIEKTPOHBI O6FOHHIOT Apyrue, JnHaMuKa IIpO@I/IJ’IH BOJIHBI CTA@HOBUTCA BECbMa
CJIOXKHOI M He JIOIyCKAeT aHAJMTHIECKOrO OIUCAHUs. 1eM He MeHee, YHCJIEHHOEe MO-
JleJIMPOBaHKE OKA3bIBaeT, 910 (opMysia (2.36) 10CTaTOUHO XOPOIIO OIUCHIBAET 3aBU-
CHMOCTb TapMOHHK TOK& B 00/IaCTH & < Uy /wp, KOTOPAs IPEACTABIACT HANOOIIBIIHIT
WHTEPEC C MPAKTUIECKON TOUYKU 3PEHUSI.

3a;[aqa 2.4. PaCHpOCTpaHeHI/Ie BOJIH B XOJIOJHOM I'DaBUTUDPYIOIIEM I'a3€ OIIUCHI-
BaeTCd ypaBHEHUAMN

Ut + VU = —Pu,
Pt + (pv):v =0,
Prx = 47TG/)7

Ijie ¥ — CKOpPOCTb, p — ILUIOTHOCTB, (¢ — IOTEHIUAJ TPaBUTAIMOHHOrO nons, G —
rpaBuUTAIMOHHAaA TocTosHHAsA. CumTasi, 9TO B HAYAILHBIH MOMEHT B HENOBUKHOMN
cpeze (v(z,0) = 0) BO3HUKJIO BO3MYINEHUE [LJIOTHOCTU, KOTOPOE BOJIU3U MAKCHMYMAa
MOZKHO aIllIPOKCHUMHUPOBATD ITapaboJIoit

ZE2
p(z,0) ~ po <1 - l2> ,

HOKaKUTe, YTO BO3HUKHOBEHHE OCOBEHHOCTH (T.€. ONPOKUIBIBAHUE) HPOUCXOJUT B
MoMeHT Bpemenu t* = 1/4/2wGpg. Ioctpoitte 3aBucumoctn v(x) u p(x) B pasinmd-
HBIe MOMEHTHI Bpemenn. Ilokarkure, 9T0 B OKpecTHOCTH ocobennoctu v ~ —(x/1)1/3,
p ~ (x/1)~2/3. Jlns naxosxKaeHus IIOTHOCTH HCIOB3YiiTe yPABHEHIE HENPEePHIBHOCTH
B nepeMenHbIX Jlarpamxka p(z,t)dz = p(€,0)dE.

JlaHHasi 3a/1a9a NMeeT OTHOIIEHNE K TIOCTPOCHUIO HEeJIMHEHOM TeOpIH rpaBUTAII-
ounoit neycmotivusocmu otcunca [50, 51|. Cumraercs, 9ro pasBurue 3T0il HEyCTOMH-
YMBOCTH XOJIOJHOM BEIECTBE («TEMHOM MATepuuy ) IPUBEJIO K 00PA30BAHUIO TATAKTHK
u ux ckorurennii. HanGosbimuii nHTEpEC, 0UeBUIIHO, IPEJICTABISIET BOIPOC O TOM, Ka-
KO€ COCTOSIHWE YCTAHABJIMBAETCS [IPU OOJBIIHMX t. DTy CTAJMI0 MOYXKHO HCCJIEJOBATH
[yTEeM YHCJIEHHOTO MOJICJIMPOBAHUS [P TIOMOIIH YK€ YIOMUHABIIIETOCS METO/IA «Ja-
CTHI| B siueiike». Pe3ysbraThl MOIETMPOBAHNS TOKA3BIBAIOT, YTO 1IpH ¢ > t* nuHAMEKA
CTAHOBHUTCS OYeHb CJIOXKHON: YHCJIO OCOOEHHOCTEI HEIPEPBIBHO YBEJIMUNBAETCH, a 3a-
BUCHMOCTH v(x) IproOpeTaeT BUJ 3aKpyIMBaromieiics K nearpy coupasu [50, 51].
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Bagaua 2.5. OupeeuTh yeJIoBUE OMPOKUIBLIBAHUSI BOJHBI B HEJIMHEHHOMN Juc-
CUIIATUBHOH cpejie, OIUChIBAeMON ypaBHEHUEM

Ug + uty + vu = 0. (2.38)

Ecin mpoo/kuTh aHAJIOTHIO C TIOTOKOM, TO JUCCHIIAINS TAKOTO PO/a MOXKET ObITh
BBI3BAHA, HAIIPUMED, CMOAKHOSEHUAMU JACTHUIl. PaccMOTpers 3ajady ¢ HaYaJIbHBIM
yCJIOBHEM

u(t =0) = ug + asin k&. (2.39)

Pewenue: Ypasuenue (2.38) B xapaKTepuCTHIECKON (hOpME IIPUHAMAET BUJL

dr _,
dt — 7
du

E:_V'LL.

Nurerpupyst 5TH ypaBHEHHsI ¢ YIeTOM HAYaJIbHOrO yciaoBus (2.39), momydaem
u = (up + asin k) exp(—vt),

=&+ 1_#p(_yt)(uo—l-asinkg).

Haiinem ycioBue onpokuabiBanus, ncxos u3 ypasuenus (2.9). Tuddepennupys ypas-
HEHUEe XapaKTePUCTHUK, HaXO/ UM

0 1- —vt
8—? =1+ Makcoskf.
[TpupaBHUBasg ITO BHIPAXKEHUE K HYJIIO, HMEEM
—vt)—1
exp(=vt) = 1 ak coské = 1. (2.40)

Jlanee HEOOXOAMMO OIPENE/IUTH MOMEHT BPEMEHH t*, IIPH KOTOPOM BIIEpBBIC HACTY-
HaeT ONPOKHUABIBAHUE, T.€. MEHAMAJbHOEe 3HaYeHHE ¢, IPH KOTOPOM YIOBJIETBOPAETCA
pasercTBO (2.40). OueBnuHo, 9T0 3T0H curyanuu coorsercTyer cos k{ = —1. Takum
obpaszom, ypaprenue (2.40) IPUHAMAET BUJL

% (1 —exp(—vt*)) = 1.

Istst Toro 4Tobbl 9TO ypaBHEHUE UMEJIO PEIleHre, HeOOXOMUMO, ITOOBI BBITOTHSIOCH
yCJIOBHE

ak
— > 1. 2.41
> (241)

TOI‘,D;& HaXOJIUM MOMEHT OIIPOKUIbIBaAHUA

t*:—%ln(l—é).
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Eciin nepasencTso (2.41) He BBIIOIHIETCS, OIPOKKUIBIBAHIE BO3MYIIEHMs, HAYAJIbHBII
npodumie Kotoporo umeer Bug (2.39), BooOIE HEBO3MOXKHO. DTO MOJITBEDPIKIAET Bbl-
BOJI, C/eJIAaHHBIA B TJI. 1, O TOM, YTO JMCCUIAIMS IIPEIATCTBYET YKPYYEHUIO BOJIHBI.
OpHako, B OT/IMYME OT BBICOKOYACTOTHOU JIUCCUIIAIIAN, KOTOPYIO OIUCHIBAET ypaBHE-
uue Broprepca (1.22), B gannoM ciydae, coryiacuo (2.41), onpokujblBaHuEe OCTAHAB-
JINBAETCS JIUIIb €CJIU AMIJIUTY/Ia BOJHBI HEBEJIUKA, T.€. HEJMHEHHOCTb JOCTATOTHO

caabasi.



I'maBa 3.

Obpa3oBanue pa3pbIBOB B

IIPOCTOI BOJIHE

CymiecTByIOT Ba II0IX0/1a K OIMMCAHMIO BOJIH B cpefie 6e3
JTUCTIEPCHUH C yYETOM yaapHbIX ppoHTOB. [lepBbiil, mouTn
WUIHOPUPYS BOIIPOC O MeXaHW3Me OOpPAa30BaHUs yJIAPHBIX
BOJIH, TIOJ1araeT PPOHTHI GECKOHEYHO TOHKUMY U BBIIEJIS-
€T 13 BO3MOXKHBIX MATEMATHIECKN PABHOIIPABHBIX PeIlle-
HUi ypaBHeHus1 PuMana pakTHIeCKN NCTUHHBIE, YIOBJIe-
TBOpsIoIye QPyHIAMEHTAILHBIM 3aKOHAM COXPAHEHUSI. ...
3xech ucronb3yercsa TOT (akt, 4To AuddepeHImaIbHbe
yPpaBHEHUsI, OIMUCHIBAIOIINE BOJHBI, €CTh CJIeICTBHE OoJtee
OBIIUX WHTErpabHBIX 3AKOHOB, CIIPABEJJIUBBIX U B 00JIa~
CTSX IPAJINEHTHBIX KAaTacTpod.

C.H. I'ypbamos, A.U. Cauues, U.I'. dxywrun. Henuueii-
HbIE BOJIHBI U OfHOMepHas TypOystenTaocTs (YPH. 1983.
T. 141, Ne 2. C. 225)

3.1. O6o01menHbIe penieHns 1 TPAHUYIHbIE YCJIOBUS

Ha pa3pbiBe

B mpeapiayineit riiaBe 6611 paACCMOTPEH MPOIECC YKPYUYEHUS U OIMPOKUIbI-

BaHUs HEJIMHEWHON BOJIHBI B Hejucneprupymoiieii cpege. OJHAKO MOy IeHHbBIE

HaMU pelieHNrsd, CTPOro roeop«, ClIpaBe/JINBbI JINIIb JJO MOMEHTa OIIPOKH/IbIBa-

HUA BOJIHBI, TaK KaK ITOCJI€ HEI'O UCXOAHbIE YPaBHECHHUA B 9aCTHBIX ITPOU3BOAHBIX

Y2Ke HCIIpUMEHUMBI, IIOCKOJIbKY IIPOU3BOJIHbIC O6paL[LaIOTC5{ B OECKOHEYHOCTb.

Bo muOTHX Ccitydasix HEOIHO3HATHBIC PEIIeHUs BOOOIIEe He UMEIOT (PU3UIECKOro

cMbIcsia. B apyrux ciaydasix, KOra ONPOKHUIBIBAHUE BCE 2Ke MOXKET IIPOU30ii-

TH, NJUHAMHUKA BOJIHBI CTAHOBUTCA YPE3BbIYAWHO CJIOXKHON, HE HOITYCKAIOIIeH
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AHAJIUTUYECKOTO OIUCAHWS, U IIPOCTBIE PEIIeHUs, OJydeHHbIe B IVI. 2, Tepsi-
0T CIPaBEJIMBOCTD. B KadecTBe IPUMEPOB MOXKHO IIPUBECTH U3BECTHYIO KAXK-
JIOMy KapTHUHY OIPOKHUJBIBAHWS BOJIH HA IIOBEPXHOCTH BOJIBI C 0Dpa30BaHUEM
«bapallkoBy, a Tak»Ke BOJHBI TPOCTPAHCTBEHHOI'O 3apsijia, PACCMOTPEHHBIE B
sazade 2.3 (cm. puc. 2.7).

B samavax akycTuku, razo- u rupoJuHAMUKH (DAKTOPOM, MPEHITCTBYIO-
IIIIM OIPOKHJIBIBAHUIO, TIPEXK e BCETO sIBJIsAeTCst duccunavyus. OHa MPUBOIUT K
00pazoBaHUIo YIapHOT 604D, TSI OTIUCAHNS KOTOPOH CJIeIyeT MCIOIb30BATD
ypasrenne Bioprepca (1.22). Oanako, Kak cJIef0Bajo 13 IPOCTHIX OIEHOK, T10-
JgydeHHBIX B § 1.3, m Kak OyJieT IIOKa3aHO CTPOro B IVI. 5, mupuHa HpoHTa
y/IapHOII BOJIHBI T€M MEHbIIe, YeM MeHbIle Koddduiment Baskocru V. [loaro-
MY HPEJICTABISETCS JIOTUIHBIM B TIpefiesie ¥ — () BOCIIOIb30BATHCS PEIIEHUEM
yPaBHEHUsI IPOCTOii BOJIHBL (2.1), HCKJIIOUNB HEOJHO3HAYHOCTh BBEJICHUEM Dec-
KOHEYHO OBICTPOrO M3MEHEHUsI MPOQUIIs BOJHBI — paspuiéa. B maremaruke
110/106HO€e pelenne HasbiBaeTcst 06o0bwentom [52]. B § 1.3 Mbl yKe ykasbiBa-
JIX, 9TO IMOCKOJIbKY JUCCHUIIAINA ABJIACTCA BbICOKOLIEi,CTOTHOI'./’I7 OHa CKa3bIBaeT-
csl cUJIbHee BCero B 00jiacTu Hambojiee OBICTPHIX U3MEHEHU mpoduisi, T.e. Ha
dponre ynapuoit Bosabl. PaKTUUECKH BBEJIEHNE DA3PbIBA O3HAYAET, UTO MBI
VIATBIBAEM IMCCUTIAINIO TOJBKO TaM, Ije KpyTu3Hna ¢gponta O6eckoHedHa. B
V1. 5 MBI IIOKaXKeM, 4TO pellleHusi ypaBHeHuss broprepca B mpegneiie v — 0
JIEHCTBUTEJIBHO MEPEXOIAT B 00ODIEHHBIE PEIIeHns, pACCMATPUBAEMbIE B Ha-
CTOAIIEN TJIaBe.

Kak ompesiesiuts mosioxkenne paspbiBa? IIpex e Bcero sameTnm, 9To ypas-

HeHre (2.1) MOXKHO 1epenucaThb B Bu/jie

ug + (“;)gc = 0. (3.1)

PaccmoTrpum, Hampumep, orpaHuueHHOE B IIPOCTPAHCTBE BO3MYIIEHME, T.€. OY-
JieM cuuTarh, 9To u = 0 npu z — +oo. [Ipounrerpuposas ypasuenue (3.1) mo

T, Oy YUM

ds r
T 0, S= / u(x)dx.

Taxum 0b6pazoM, BeJImIuHa S COXpaHSIETCsl, WA, KAaK TOBOPAT, SIBJISIETCSI UHIME-
epanom deusrcenus. B ciydae 3a7a4u ¢ epUOTMIECKUMEI I'PAHUIHBIMUA YCJIO-

BusiME u(T + \) = u(T) UHTErPAJIOM JIBUKEHUSI SIBJISETCS BEJTMIMHA

T+

S— / w(z)dz.
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Tenepn morpebyem, 4TOOBI peITieHNe ¢ PA3PHIBOM HO-IIPEKHEMY COXPAHSIO Be-
smaunny S. Takum 06pa3oM, MOCTPOEHUE Pa3PhIBa OCYIIECTBIISAETCS COTJIACHO
NPasuAY PasHHLET naowadet (3aIITPUXOBAHHbBIE IUIONIAJM CJIEBA U CIIPABA OT
paspbiBa Ha puc. 3.1 JOKHBI OBITH OJIMHAKOBHI).

U,

U

Puc. 3.1. K onpenesnennro mojiokenns: pa3pbiBa [0 MPABIIY PABHBIX IIJIOMIAIEH

Homyuanm eparummoe yeaosue na pa3puiée, CBA3LIBAIONIEE BETUTHHBL U] U Ug
crIpaBa ¥ ciieBa OT pa3pbiBa. [JocKOMbKY pa3pbiB cumTaeTcst HECKOHEYHO TOH-
KUM, €r0 JIBUYKEHNE XapaKTePU3YeTCsT €IMHCTBEHHON BEJIMINHON — CKOPOCTHIO
U(t). Ilepeiinem B cucreMy oTCUeTa, MBUKYIILYIOCS BMECTE € PA3PBIBOM, MPH
ITOMOIIIA ITPe0OPa30BaHNsT

t
¥=z— /U(t')dt'.
0

Ypasuenue (3.1) npunuMaer Buj

2
w — Uug + (2) —0.

BbI6ep6M TOYKHU 1 U T2, COOTBETCTBEHHO, CIIpaBa U CJIEBa OT pa3pbIBa U IIPO-
HMHTErpupyemM IIOJIYyIYECHHOE ypaBHEHUE 110 T OT T2 OO0 T

2

o ¥ 1 u2 T1
8/uda:—Uu +— =0 (3.2)
t o T
2
YcrpeMuM 7 K TOUKE pa3pblBa ClIpasa, a To — ciaeBa. Torma narerpan B (3.2)
CTPEMUTCSI K HYJIIO U yPAaBHEHHE [IPUHUMACT BH/T

—Ulu] + [“22] =0. (3.3)
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Baecw [f] = fo — fi — ckauok Beamunusl f Ha paspbise. V3 ypasuenus (3.3)

110JIy4aeM

_1u§—u% uy + U

ey = . 34
2 ug — uq 2 (3-4)

Wrak, /i OCTAHOBKHM I'DAHMYHBIX YCJIOBUN HA Pa3PbIBE HCIIOJIHL30BAJICS
Totr akT, uTo u3 ypasHenus (3.1) caeayer coxpanenne eananssl S. [lorsTHO,
qT0 JIIDOOE COOTHOIICHUE BUIA

rie P u Q — yHKIMOHAJBL OT U, Uy, Uyg, - .., TAKXKE MPEJICTABJISIET CODOI
3aKOH COXPaHEHUs JIJIsl BEJIMYUHBI

/Pda:.

HpI/I sToM P HasbiBaeTcsd nAomHoCmMBO, a Q — NOMoOKOM COXpaHHIOHLefICH Be-

suauabl. OBpaTuM BHUMAHHE, YTO TI0CIEe YMHOXKEeHUsI Ha u ypasHenue (3.1)

(3)(3). -

T.€. TaK2Ke IIpUHUMaeT BUJT (35) O,HHaKO, €CJIN MBI IIOIIbITaEeMCs UCIIOJIb30BaTh

IIPpUHUMaET BUJT

ypasuenue (3.6) jisi IOCTAHOBKY TPAHMYHOIO YCJOBUS, TO IIOJIyYUM COOTHO-
menue, Koropoe Oyzxer ormmdarses or (3.4). Bosee roro, ymuoxas (3.1) na

™, MOJKHO TIOJTyuHTh GECKOHEUHOE HHCJIO 32KOHOB COXPAHECHMSI

u™ un+1
(), (),
n J, n+1),

KaXKJIblil U3 KOTOPBIX OyJeT MPUBOJIUTH K CBOEMY YCJIOBHIO Ha paspbiBe. 10,

KAKO¥ MMEHHO 3aKOH COXPAHEHUsS CJIe/IyeT BhIOPATD, OIPEe/IseTCsl IPUMEHU-
TeJIbHO K KOHKPETHOH 3ajade, Mcxois u3 ¢pusnueckux coobparkenwmii. Jlajee
B 9100 ryiaBe OyjeM HOJIb30BaThCs cooTHOImeHueM (3.4), oraoxkus boJee 110-
JIpobHOE 0OCY2K/IeHNE BOIIPOCOB, CBSI3aHHBIX C 3aKOHAMU COXPAaHEHUs, 110 TI. 4.

B kauecTBe nepBoro npumMepa pacCMOTPUM 3324y C HAUAJIbHBIM YCJIOBHEM,
COMEPKAIINM Pa3phiB
uy, >0
u= ’ ’ (3.7)
ug, x <0,
rJe U1, — IOCTOSHHBIE U Uy > uj. VI3 ypaBHenus (3.4) ciemyer, 9TO pa3pbis
IIEPEMEIAeTCs C TIOCTOSTHHON CKOPOCTHIO

U U
U:%:cons‘c.
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0

g

Puc. 3.2. Xapakrepuctuku B 3aJ1a4e 0 paCIpOCTPAHEHUH OJJUHOYHOTO Pa3pPbIBa

XapaKTepuCTUKU JJIsI 3TOH 3a1a4n IpeacTaBaeHbl Ha puc. 3.2. Takum obpazom,
HETPYIHO 3allUCaTh PelleHre B SIBHOM BHJIE

uy, x=—Ut>0,

u:
ug, x — Ut <O.

DTO BBIPAXKEHUE OIHUCHIBAET CTYIEHIATHIN TPOMUIh, IBUKYIIUNACS C TOCTOSH-
ot ckopocthio U. Ilonydennoe perienue sBJIsI€TCS aHAJIOTOM CTAIMOHAPHOM
yJapHOi BOJIHBI ypaBHeHus Broprepca (§ 1.3).

tA

i

0

Puc. 3.3. Xapakrepuctuku B 3ajade ¢ HAYAJIbHBIM ycioBueM (3.7) mpu wuy > ug.
2KupHhble jinHuM — TpaekTopuu cJiabblX pa3spbiBOB

Kpome ornmcaHHBIX BBIIIIE PA3PBHIBOB, HA3BIBAEMBIX UCTMUHHbILMU, CYIIECTBY-
I0T U Jipyrue, Korja cama GyHKuus u(z,t) ocTaeTcst HElPEPHIBHOM, a CKAI0K
HCIOBITHIBAIOT €€ MPOM3BOAHBIE. Takme pa3pbIBbl HA3BIBAIOTCA CAabvimu. B Ka-
YeCcTBe IMPHMepa PACCMOTPHUM 3ajady ¢ HadaJdbHBIM yciaoBueM (3.7), cuamras
U1 > Ug. XapaKTepUCTUKNI JJIs 3TOH 3a7aun MOCTPOeHH Ha puc. 3.3. 113 Haga-
JIa, KOOPAWHAT BBIXOAUT Beep XapaKTePUCTHUK, HAKJOH KOTOPBIX MEHSIETCSI OT
U1 JI0 Ug. DTa 00JACTb OIPAHIYEHA IBYMsl CJAa0OBIMH pa3pbIBaMM, TPAEKTOPUN
KOTOPBIX JAl0TCA yPaBHEHUIMUI

T = uit, T = ust.
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Hunamuka npodutst Bomubl u(x,t) npuseiena Ha puc. 3.4. Moxuo 3anucarh
pellieHre B siBHOM BU/IE

Uy, z —uit >0,
u=2< z/t, ust <z < ugt,
U2, T — uot < 0.

B razoBoil tuHaMuKe 9TO peIleHne HA3BIBAETCI UEHMPUPOSAHHOT, 604HOT pac-
wuperud. OTMETHM, ITO CJ1adble pa3PBIBbI, B OTJINYNE OT PA3PhIBOB UCTHHHBIX,
6cez2da pacnpocmpanaomes 600av rapaxmepucmuk |8, 52|.

u u u

Ut ---—mmm u, u,

U, u, U,

X X X

Puc. 3.4. /lunaMuKa MeHTPUPOBAHHON BOJIHBI PACIIHPEHUS

3.2. PacopocTpaneHue rapMOHUYECKOTO CUTHAJIA.
IInmnoobpa3Hast BOJIHA M €e CIEKTP

Bepremcst K 3a/a1e 0 pacnpocTpaHeHHH TapMOHUYIECKOro curaata (§ 2.2)
¢ y4eToM 00pa30BaHMsT pa3pbIBa U UCCIEAYEM JTUHAMUKY aMILIATYIbI PA3pPhIBa
Up,. Kax Bugno u3 puc. 2.3, mpoduib ONPOKUHYBIIEHCS BOJHB CAMMETPUYIEH
OTHOCHUTEILHO 3aMEeHbI 4 — —1u,  — —0, rie, Kak u npexje, § = wt. CienoBa-
TEJILHO, €CJTH [IPU IIOCTPOEHIH PA3PbIBA PYKOBOJICTBOBATLCS MIPABUIOM PABHBIX
IJTOMIA e, TO OH JIOJI’KEeH pacnoJiararbest B Touke § = 0. Takum obpasom, B j1a-
6OPATOPHOI CHCTEMe OTCYeTa Pa3PhIB MepPeMelaeTcs CO CKOpPOCThIo ug'. Torma
u3 ypasHenus (2.18) umeem

Uy X

arcsin (um> = . (3.8)
a a

3aBUCHMOCTD Uy, (X) TpolIe Bcero onpeesinTh, pemas ypasaerue (3.8) rpa-
dbuaeckn. Ha puc. 3.5 mocrpoennr rpadukn dynkmumit y = arcsin(u,,/a) u
Yy = U, X/a npu pazmmunbix 3nadenusx X. [Ipu X < 1, korjga paspsis emie He
00pa30BAaJICsl, 9TU KPUBBIE TIEPECEKAIOTCSI TOJIBKO B TOUKE Uy, /a = 0. B MomeHT

onpokupiBanus (X = 1) oHH KacaroTcs JApyTr JApyra, T.e. BOSHUKAET Pa3pPbIB,

1HaHOMHI/IM, 910 B § 2.2 OBLI OCYINECTBJIEH MEPEXOJ B ABUXKYIILYIOCS CO CKOPOCTBIO Ug
CHCTEMY OTCYeTa.
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y\
T
X>1
|
) _x-1
0 } X<l1
u,(X)a wu,ja
-

Puc. 3.5. K onpenenenunio aMIinTy/ibl pa3pbiBa

aMIUIATY/Ia KOTOPOTO MEePBOHAYAJIBLHO paBHa Hymo. lIpn mampHelieMm yBesn-
geHnu X OHA BO3PACTAET, [I0OKA HE CTAHET PABHON @. DTO MPOUCKOIUT IIPH

T
X = inl =—_.
arcsin 5

L=

0 1 =2 X

Puc. 3.6. 3aBucuMocTb aMILUIATY/IBI Pa3pbIBA OT KOOD/HHATHI

asee u,, MOHOTOHHO yMEHBIIIAETCsI, MeJIJIEHHO CTPEMSICh K HYJIiO (puc. 3.6).
3aKoH, 110 KOTOPOMY CHAJIAET Uy, Ipu 0OJbIuUX X, MOYKHO HAWTHU B SIBHOM BH-
e, passarasi B popmysie (3.8) apkcuHyc B psijt BOmM3K § = T 1 OrpaHUIMBasiCh

JABYMA YJIeHaMU Pa3JI02KEHUA

Um X U,
T — —,
a a
OTKYIa
arw
= —. 3.9
Ym =9 1x (3.9)

DTa 3aBUCUMOCTD [TOKa3aHa MITPUXOBOIT imHKel Ha puc. 3.6. Ilpu X > 1 mox-
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HO npenebpeds enuuuneil B 3aamenareste (3.9). Torma

aT 7TU(2)
Uy R — = —.

X wx
DTO BBIpaXKeHHE He 3aBUCUT OT G, TO €CTh BOJIHE CBONCTBEHHO «3a0bIBATH» O

(3.10)

HaYaJbHBIX ycaoBusSX. Ha mpakTuke 3TO MPUBOJUT K TOMY, UTO Yepe3 CJION
HEJUHEHHON JIMCCUIIATUBHOU Cpedbl ¢ 3aJIaHHON TOJIIUHON Heab3s NepeiaThb
MOIITHOCTD, ITPEBBIIIAIONLYI0 HEKOTOPOE IIpeesbHOe 3HaueHue. Takoe moBejie-
HUE KapAUHAJIBHO OTJIMYAEeTCd OT TOrO, K YeMy Mbl IIPUBBIKJIN B JIMHEHHBIX
cucreMax. B maHHOM cilydae TPUHIUIIHAILHYIO POJIb UI'PAET HEJIUHEHHOCTD,
KOTOpast, KAK MBI BUJIeJIA B § 2.3, IPUBOJIUT K HepeKadKe SHEPIUU U3 HU3IIUX
rapMoOHHUK B BbIciire. C pOCTOM aMILIMTYIbI BXOIHOTO CHUTI'HAJIA 3TOT IPOIECC
YCKOPSAETCA, 9YTO IPABOJUT K YCUJICHUIO MOIJVIOIIEHU, TaK KaK JUCCATIAIUNA AB-
JdeTCAd BBICOKOYACTOTHOI: BBICOKHE TapMOHHUKM IIOIJIOMIAIOTCA CUJIbHEE, YeM

HHU3KHE.

—U

m

Puc. 3.7. IInnoobpasznast BosHa

Pazsioxkenne apkcuHyca B PsiJi 110 CYIIECTBY O3HAYAET, YTO MPO(UIIH BOTHBI
IIPUHUMAETCA COCTOSAIINM U3 Pa3pblBa U JABYX IPAMOJUHEHHBIX y4aCTKOB, T.€.
nusoobpasnvim (puc. 3.7). Herpynno 3amucars Jjisi HEro BBIPAYKEHHE B SIBHOM
BH/IE

—u%(w+0), —T<6<0,

Um,

(r—0), 0<0<m,
T
rJe Uy, onpegessiercs cooTHorenneM (3.9). OKoHUATEIBHO MOy IHM

" —r—8, —m<6<0,

u (3.11)

1+ X T—0, 0<0<m.

Ha puc. 3.8 upuBeieHbl pe3y/IbTaTbl YUCJICHHOI0 MOACJINPOBAHNUS, IOITBED-
JKJTAIONINE OIMCAHHYIO BBIIIE KAPTUHY. XOPOIIO BUIHO, KAK IIPOUCXOIUT 00pa-
30BaHMe paspbiBa U TpaHcdOpMAaIys CHHYCOUJIAILHON BOJHBI B IMI000pa3-
HyIO, KOTOpasd MHTEHCHUBHO Sa.TyXaeT.
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UA

=Yy

0

Puc. 3.8. Ob6pazoBanue mum1006pa3Hoil BOJHBI U €€ HOCJe/IyIOIee 3aTyXaHne

Borancsnm criektp mmnoobpasHoii Bostabl. Pasznoxkenue perenus (3.11) B
psn Oypbe mMeeT BH],

(o]
U= ug + ZAnsinnG,

n=1

™

1
Ay, =— /u(m,ﬁ) sinnf df =
T

m m

2
:_Tr(lin) /QSinanG—ﬂ/siandH . (312)
0

[lepBoiit nnTerpaa GepeTcs Mo YacCTAM

™ K

/OSiandQZ —1/9d(cosn9) =

n
0 0

T

—/cosn@d@ =——(=1)"

1
= —— | Ocosnd
n
o9

Bropoit uaTerpas BeMUCIIETCS 3JIEMEHTAPHO

T

/sinnede — Lo,

n
0
[Mopcrasisist pe3yabrarTsl Beraucienuii B popmyiy (3.12), Haxoaum

2a

A”:n(HX)'

(3.13)
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Takum 006pa3oM, OKOHYATEIBHO MOy daeM

[ee]
2a
= —————sinnd. 3.14
u u0+nE:1n(1+X) sinn (3.14)

OTu HPOPMYJIBI OIIPEIEISIIOT CIIEKTP BOJIHBI IIpu X > 1, Tora Kak CIEKTp IIPH
X < 1 paerca pemenuem Beccensi—@y6unu (2.23). Ormernm, uro npu X > 1

Boipakenue (3.13) npunumaer Buj

2a 2ud

A, ~ — =
nX wnz’

TO €CTb HE 3aBUCUT OT .

Paszmmanbre actiekTbl GU3UKHU THI000PA3HBIX AKYCTUIECKUX BOJIH ITOIPOOHO
oCBeleHbl B 0630pe [53]. 3ameTnm, 94TO MHTEHCUBHBIE MIIO00PA3HbBIE YIbTPa-
3BYKOBbIE€ BOJIHbI HaXOJIsIT MHTEPECHble IIPUMEHEHUs] B MEJIUIUHE I HEWH-
Ba3UBHOI XUPYPruM, Pas3pylIeHUs MOYCUHLIX KaMHEW W JIPYyruX OMOKOHKPE-
MEHTOB, OCTAHOBKM BHYTPEHHUX KPOBOTEUEHHH (KOrJIa yJIbLTPA3ByKOBOI IIy40K

JIOKAJIbHO HArpeBaeT U Kak Obl «3aBapuBaeT» IOBPEXKJEHHbIE COCYbI) U JIp.
[54].

3.3. PacnpocTpaHeHnune TpeyrojbHOro u OUIIOJIsIPHOTO

VMITYJIbCOB

PaceMoTpuM 3a/1a1y 0 pacupoCTPaHeHUH HAYAJILHOTO BO3ZMYIICHUST, NMEIO-
IIEro TPeyroJibHblil poduis (puc. 3.9)

u A
a 7, — T .
\ -/
! - /
\ /
| /
/
| AH
\ /
I /
\ /
} /
0 12 I L =x

Puc. 3.9. Jlunamuka TpeyrosibHONO UMITYJIBCA

2¢/1, 0<€&<)/2,
wl@)=aq 20-=8/1, 1/)2<E<, (3.15)
0, £E<0,€> 1
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Baech, kKak u npexie, & = x(t = 0). Dra 3ama4da IPEJICTABISIET UHTEPEC TI0
JIByM NpuanHaM. Bo-11epBbIX, OHA JOMYCKAeT IPOCTOE aHAJUTHIECKOE pelle-
HUE, BO-BTOPBIX, IOJIyYEHHOE PelieHne Ha, OOJIBIINX BPEMEHAX IPEJICTABIISIET
cODO  YHUBEPCANDHYIO GCUMNIMOMUKY I YHUIIOJSIPHOTO UMITYJIbCA ITPOU3-
BOJILHO# (DOPMEL.

VYpaBHeHHE XapaKTEPUCTUK B JAHHOM cjiydae umeer Bu (2.6):

z = £+ (e,

a ypaBHEHHE, [O3BOJISAIOIIEe OIPEIE/INTh MOMEHT OIPOKNIbIBAHNS, COBIAIACT
¢ coornormenneM (2.8):

Ox du(§)
— =1 t=0.
o€ * d¢
Kak Bugno usz (3.15), Ha nepegnem dbponre umiyibca du/d§ = —2a/l < 0,

CJIe/I0BaTeJIbHO, 00pa30BaHNe Pa3pblBa IIPOUCXO/IUT IIPU

l
= . 3.16
5a (3.16)
Bripazkenue (3.16) ue 3apucur or £. [locienee o3HavaeT, 4T0 ONMPOKUJILIBAHIE
IIPOMCXOIUT OJTHOBPEMEHHO JIJIsI BCEX TOUEK IepeIHero (bpoHTa, a aMILIUTY/Ia
paspbiBa B MOMEHT 0Opa30BaHUs paBHA d.
[Ipu ¢t < t* mMmmysbe npejcraBiisier cob60il TPEYyTOJbHUK, OJHA M3 BEPIINH
KOTOPOT'O MEePEMEIAeTCs 10 3aKOHY
l
T = B + at,
a JiBe JApyrue HenoaBuzKHbI (puc. 3.9). Paspbie BBOAUTCS TaKUM 06pa3oM, 4T0-
OBI IJIOMIAIb UMILYJIbCA OCTABAJIACH ITOCTOTHHOMN:
LH al
S=—=—, (3.17)
2 2
rne L m H — mupuHa U BBICOTA UMILYJIbCA, COOTBETCTBEHHO.
C TOMOIIIBIO ypaBHEHUs XapaKTEPUCTUK MOYKHO UCKJIIOUNTD & 13 POPMYJIbI

(3.15) m maiiTH, 9TO 3aIHMIT (PPOHT MMITYJIbCA OMMCHIBACTCS BBHIPAZKEHIEM>

2a(x — ut)
—

u =

Pa3pemaﬂ 9TO ypaBHE€HUHE OTHOCHUTEJIbHO U, IIOJIydJaeM

2ax

= 3.18
Y I+ 2at ( )

29T07 OY9€BUHO, €CTh HE YTO MHOE, KaK PeIIeHne PI/IMaHa,, CM. TI. 2
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Ormernm, aro upu 2at > | umeem

x
U~ —
t
DTO BBIpayKEHUE HE 3aBUCUT OT [IAPAMETPOB UMILYJIbCA G U [, CJIeI0BATENIbHO,
OIUCHIBAET ACUMIITOTHIECKYIO (hOPMY 3a,1Hero (bpoHTa MPOU3BOJIBHOTO YHUIIO-
JISSPHOTO MMITYJIbCA.
U3 ypasuenus (3.18) ciemayer, aro

— 2aL '
l+ 2at

YuaursiBast coorHomterne (3.17), HaXoauM OKOHYATEIbHBIC BhIparkeHust st H

u L:
21 4+ 2at
H = —_— L= _— 1
N 20t l\/ 29 (3.19)

KOTOPBIE TMOKA3BIBAIOT, MO KAKOMY 3aKOHY MPOUCXOJNUT PACILIBIBAHUE U 3aTy-
xaHue uMmiysabca. O6paTuM BHUMaHME, 9TO Ha OOJBINMNX BpemeHax (2at >> 1)

coornorenust (3.19) npuHIMAIOT BUJ
H~\/25/t, L~ /265t (3.20)

[ToryueHHBIE COOTHOIIEHUST IIPEJICTABIISIOT COO0M YHUBEPCAJILHBIE aCUMIITOTH-
YeCKUEe BBIPAXKEHUSI JIJIsl UMIIYJIbCa IIPOU3BOJILHON (DOPMBI, ITOCKOJIBKY COJIEp-
»KaT 3aBUCUMOCTH OT €JUHCTBEHHOI'O IapaMeTpa — IOl UMITYJIbca S, KO-

TOpasd sABJIAeTCA MHTEerpaJioM JIBU2KEHUN.

UA 7

a 6

Puc. 3.10. O6paszoBanue N-BOJIHBI [IpA PACIIPOCTPAHEHUN OUITOJISPHOIO UMITYJIbCA

PesynbraThl, osydyeHHbIE TPU aHAJIM3E TPEYTOJIBHOTO UMITYJIBCA, TO3BOJIS-
0T 6€3 TPyJa ONNCATh PACIPOCTPAHEHUE OUNOAAPHO20 UMNYADLCE, HaIaJIbHbBIN
npoduiib kKoroporo n3obpaxken Ha puc. 3.10a. O4UeBuIHO, YTO MpaBas YacTh
UMITYJIbCa OyJIeT PaCHpOCTPAHSIThCSA BIPABO, a JieBasi — BJIEBO, HE3aBUCHUMO
apyr ot apyra. Ha Gombmmx BpeMeHax obe YacTH HPUHUMAIOT BUJ ITPSIMO-
YTOJIbHBIX TPEYTOJIbHUKOB, U 00pa3yeTcs pe3y/bTUPYIomuil npoduib, HaIo-
MUHaIWMi JaTnHcKyo 6ykBy N (puc. 3.106). D10 pereHne HOCUT Ha3BaHUE
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N -6oanv. HakmonHast yacTh mpoduiisi OMUCHIBAETCS BbIpaxKeHHeM u ~ x/t.
ITapamMeTpnl N-BOJHBI OIPEESIOTCS TLIOMIAISIMU TTOJIOXKUTETLHON U OTPHUIa-

TeJIbHON yacTeil ucxonHoro umiyiabea St. [To dopmynam (3.20) umeem

Hy ~+/2S:/t, Ly~ /254t

Takast popMa UMITYJIbCa OTBEYAET, B YACTHOCTH, 36YK060MY YOapy, BOSHUKAIO-
memy B armocdepe Ipu CBEPX3BYKOBOM JIBUKeHUU camoJiera (eum. [55] u rir. 6).

3.4. Bo3mymnienue oT ABM>KYHIETOCS MCTOTHUKA

PaccmoTpum rerepaliuio BOJIH KHCTOYHUKOM, JBUKYIIIUMCS ¢ HEKOTOPOU 110~
CTOSTHHOM CKOPOCTBIO V. DTa CUTyalusi OMUCHIBACTCS YPABHEHUEM

up + upuy + uu, = B(x — V). (3.21)

Wcrounuk BoaMmyIieHuit 6y/1eM mosiararh JIOKAJIN30BaHHbIM, T.e. B(x) — 0 npu
|z| — oco. B cayuae, xorga V' < g, MOXKHO HepefiTH B CHCTEMY OTCYETa, JBU-
KYIILYIOCsST CO CKOPOCTBIO V| ITOC/Ie 9ero CUuTyarnsi CTAHOBUTCS TTOJTHOCTBIO aHa~
JIOTUYHON OMUCAHHOM BbIle. [[puHIMINAIBLHBIN HHTEPEC IPEICTABIIAET CIy Jail
V > ug. Harpumep, B akyCcTHKe 3TO COOTBETCTBYET UCTOUHUKY, JBUKYIIEMYCS
CO CBEPX3BYKOBOU CKOPOCTBIO.

[Tepexons B cucTtemy oTcUeTa, ABUXKYIIYIOCS CO CKOPOCTBIO Ug, Ipeodpas3o-
BaHUEM

¥ =x—ut, V =V -—u
npusejieM ypaprerue (3.21) K Bujy (IITPUXU OIyCKaeM )
ut + uug = B(z — V). (3.22)

Bynem nckarpb crammonapusie perienust sroro ypasaenust u(z,t) = u((), rme
¢ = x — Vt. Torna ypasuenue (3.22) npuHuMaer BHI

du
—V)— = B(().
(=) % =B
WHTerpupyst 370 ypaBHEHHE, II0JIYIaeM
V2 v T
¢

IIpu sTom cumraem, uro u = (0 Ha OECKOHEUYHOCTH, KyIa BO3MYIIEHUE OT KC-
TOYHMKA eIlle He yCIes0 JONTH, a TaKKe mojiaraeM, YTo B crpeMuTcs K HYyJIIO
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JIOCTATOYHO ObICTPO TpH || — 00, Tak 4To mHTerpasi B (3.23) cymiecTByer.
Torma, paspemiast ypasHenue (3.23) OTHOCHTEIBHO U, HAXOJMM

u=V- |V2- Q/B(y)dy. (3.24)
¢

oo
Ecmu V2 > 2 fC B(y)dy, paBencrBo (3.24) onpezensier riaJKyilo KPUBYIO U
Pa3pbIBBI HEe BO3HUKAIOT. TakuM 00pa30M, CBEPX3BYKOBOUW MCTOYHUK JOJI2KEH
OBITH JIOCTATOYHO MOIIHBIM, YTOOBI BbHI3BATHL 0Opa3oBaHuE yjapHOil BoJHbL. B

IIPOTUBHOM CJIyda€ MCTOYHUK <<y6eraeT>> OT reHepupyeMbIX UM BOJIH. B wact-

HOCTH JIst TodedHoro ncrodnunka B = Byd(z — Vt) ycioBue obpasoBaHust
pas3pbiBa IMeeT BUJL

V2

— < By.

2

3.5. CingHne pa3pbIBOB

Hakomnerr, ucciemyemM BOIIpoc 0 B3aUMOJIEHCTBUU Pa3PBIBOB, JJIs Y€ro pac-
CMOTPHM J[BYXCTYIIEHUYATOE HadaabHOe Bo3MymleHue (puc. 3.11)

Uy, T > 21,
U = U2 > U, T2 <r<x,
u3z > ug, T < 2.

Ry
=
=y

Puc. 3.11. Hagansusriit mnpodusis B 3a7a4de O CIUSHAN PA3PHIBOB

Kak ciemyer u3 pe3ynbraToB § 3.1, HepBbIil pa3pblB paCIpOCTPAHIETCS CO
ckopocTbio Uy = (uj + u2)/2 mo tpaekropun B (, t)-IJIOCKOCTH:

T = x1 + Uit.
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Bropoit paspeiB asmxkercst co ckopoctbio Us = (ug 4+ ug)/2 > Uy, u ero tpa-
eKTOPHS €CTh
T = xo + Ust.

Bropoii pa3pbIB aBUXKeTCS OLICTPEE TIEPBOr'O U B KOHIE KOHITOB HACTUTAET €TrO.
DTO MPOUCXOIUT B MOMEHT BpeMeHHU 1", onpejiesisieMblil U3 yCJIOBUs IIepecede-
HUA TPAeKTOPUIl pa3pbIBOB:

u1 + u2 u2 + us

— 2t = il A
T+ 5 T2 + 5

Paspermast mociegiee ypaBHEHIE OTHOCATEIBHO ¥, HAXOIUM

o 2(x1 — x2)
ug —uy

B sTor momenT HpO(ﬁbI/Iﬂb BOJIHBI IMEE€T BH/]

) ouw, >t
u=g < o (3.25)
3, X z,

re

o = (uz +us)  ur+up

2 .
us — U1 us — up

X, x, x* x

Puc. 3.12. XapakTepucTuku Jijisi 3aJa9d O CJUSHUU Pa3pbiBOB. 2KUpHBIE JUHUU —
TPaeKTOPUU Pa3pbIBOB

Bripaxkenue (3.25) MOKHO pacCMaTpUBATh B KAYECTBE HAUAJILHOTO yCIOBHUSI
JIJTST 387K O PACTIPOCTPAHEHUN OIMHOYHOTO Pa3pbiBa, pacCMOTpentoii B § 3.1.
Taxum 0b6paz3oM, JiBa Pa3pbIBa CAUBAIOMCA B OJINH, JIBUXKYIIANACS CO CKOPOCTHIO
U = (u1 + u3)/2 1o tpaekropun

r=a"+U(t—1t").

OueBupno, uro U; < U < Us. Ha puc. 3.12 npuBeseHa KapThHa XapaKTepH-
CTUK JIJIS 3TOU 3aJla4U.
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3amaya 3.1. Uccnenosarh 1uHAMUKY aMILIATYIBI PA3PhIBA B HEJUHENHON aKTHB-
HOI cpezie, OLIUCBIBACMOI ypaBHEeHUEM

Ug + Uy = VU. (3.26)
Paccmorpers 3324y ¢ HAYAJIbHBIM YCIOBUEM
u(t =0) = asinké.

B kauecTBe KOHKPETHOrO (PU3UIECKOTO MPUMEPA MOXKHO IIPUBECTU 3329y O TepMO-
orrruueckoii rerepanuu 3yka [47]. Korga ontudeckoe usiydenue majgaer Ha Cpeuy,
B KOTOPO#l PaCIpOCTPAHSAETCSA 3BYKOBas BOJIHA, MOCTEIHSIST MOMKET U3MEHATH KO-
(bUIMEHT TOTJIONIEHNSI CBETa, BJIUsIsI T€M CAMBIM HA TeIJIOBbIIeeHne B cpeme. Ilpu
OIIPEJIEJIEHHBIX YCJIOBUSX 3TO MPUBOJUT K TIOJIOKUTEILHON 0OpaTHOM CBSA3U, U pac-
IPOCTPAHEHHE BOJIHBI ONUCHIBaETC ypasHerueM (3.26).

Pewerue: 3anuiem ypasaenue (3.26) B XxapaKTepucTUIECKOil (popme

dut (3.27)
A
Wurerpupyst ypasHenust (3.27) ¢ y9€TOM HAYAJIBHOTO YCJIOBHS, HOJIYIaeM
u = u() exp(vt) = aexp(vt)sin k&, (3.28)
r= &4 R opw) - 1). (3.29)

Haiinem ycsioBre onpokuisiBaaus, Koropoe umeer suj, (2.9). duddepennupyst ypas-
HeHue xapakrepucTuk (3.29), mosyuaem

Ox ak
P 1+ ~ (exp(vt) — 1) cos k€.

IIpupaBHIBas 3TO BhIpakKeHUe K HYJIIO, HAXOIUM MOMEHT OIPOKUIbIBAHUAA t*:

t*zlln(l—i—ﬁ), coskE = —1.

v

Takum obpazom, paspsiB nossisiercd upu ké = m. Ilosmydum BbIpakeHume st €ro
AMILIATYIbI Uy, , Ui 9ero BbipasuM u3 (3.28) k& uepes u

—vt
k€ = arcsin nep ) exp(=v )
a

Tozncrasnsgs B ypasaenue (3.29), noaydaem

—vt k
kp — apesip LR | ku
a

+ ~ (1 — exp(—vt)). (3.30)

TockobKy paspblB paciosioxked npu kx = w, u3 ypasuenus (3.30) umeem

U €Xp(—1t) n kw,

(1 —exp(—vt)). (3.31)

T = arcsin
a
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D10 ypaBHEHHUE MpoIre Bcero pemunth rpadudeckn. Ha puc. 3.13 mocrpoenst rpa-
dbukn dbysxmmit y = arcsin(u,, exp(—vt)/a) u y = 7 — kuy(1 — exp(—vt))/v upn
PA3IMIHBIX 3HAYECHUSAX t. TOUKN TIepecevdeHnst STUX KPUBBIX U OIPEJIEISAIOT aMILTUTY-
J1y pa3pbiBa. BuaHO, 9TO ¢ TeueHnEM BpeMEHN OHA HAPACTAEeT, CTPEMACH K HEKOTOPOMY
npejiesbHOMY 3Havenuto. JleiicrBuresbho, u3 ypasuenus (3.31) caemyer, 9410

Uy €xp(—1t) “in <kum

a

1- exp(m:))) .

yl\

Puc. 3.13. K rpaduaeckomy orpeiesieHIio aMIaTyasl pa3pbiBa B 3agade 3.1. C reue-
HUEM BPEMEHH Uy, CTPEMHUTCS K CTAIMOHAPHOMY 3HAYEHUIO Ugs, KOTOPOE OIPEIEISTeTCS
nepeceveHneM npsiMoit y = m — ki, /v (;KUpHasl JIMHUS) ¢ TOPU30HTAILHON OCHIO

VerpeMuB B 9TOM ypaBHEHUH ¢ K OECKOHEYHOCTH, TIOJIY UM

(%)

sin| — | — 0,
v

OTKyJa Uy — 7v/k. Takum obpasoM, HeycTONYUBOCTE B ypaBHeHHH (3.26) KOMIIEH-

CUPYeTCsl IUCCUTIANMEN SHEPIUU Ha Pa3pbiBe, B PE3yJbTaTe UYero yCTAHABINBAETCS

CMAYUOHAPHAA NUNOOOPAZHAA B0AHG C TIOCTOSTHHON AMILIUTY/IOM.

BroBB OTMeTHM, UTO TPUHIUIHAIBHYIO POJIb I YCTAHOBJIEHUU CTAIMOHAPHON
BOJIHBI UTPAeT HeIUHEHHOCTh. [lOCKOIbKY Auccunanus sSBiIsieTCsl BBICOKOYACTOTHOM,
B 00JIaCTH HU3KHUX YaCTOT JOMUHUPYET yCUJIEHUE, B O0JIACTH BBICOKUX YaCTOT — IIO-
ryomenre. HenuHeHOCTh K€ NPUBOIUT K IEPEpacIpee/leHUI0 SHEPTUHA BBEPX 110
CIIEKTPY, T€M CaMbIM O0OECIledrBasi yCTAHOBJIEHUE DPABHOBECHE MEXKIY JIBYMS STHMU
dakTOpaMu.

Bagaua 3.2. Haiitu KoopjuHaTy paspbiBa MPHU PACIPOCTPAHEHUN JIEKTPOMAT-
HUTHOW BOJIHBI B Cpejle C HeJIMHEHHOW JM3JIeKTPUIecKoil npoHunaeMocrbio (F) =
eo(1 + aE?), ecm pu x = 0 3a7aH0 rapMOHIYecKoe BosMmymienne E = Ejsin wt.
PaccMorperh ciryuail, Korjia HesmHeiiHocTb apigercs caaboit (|aEg| < 1).

Pewenue: B omHOBOMHOBOM TIpHOIKeHNN (KOTJa yIATHIBAETCST TOJIBKO BOJIHA,
PACIPOCTPAHSIONIASICS B MIPSIMOM HAIIPABJIEHUN) 3JIEKTPOMATHUTHYIO BOJIHY B HeJIW-
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NANARVARAW
NaAVERVERV

VA AR anra
wzn \j4n \)61:

o LT e

Puc. 3.14. DBosronust rapMOHUYIECKOIT BOJIHBI B KyOMYHO-HEJIMHEINHON cpejie

HEIHO cpejie MOXKHO IPUOJINKEHHO OIMUCATH YPABHEHUEM
E,+c¢(E)E, =0, (3.32)

rae
1 Co 1

= s Co = .
VeE)wo  V1+aE? * 7 ek

c(E) =

Ha xapakTepuctukax

dx

— =¢(F 3.33
" —o(B) (33)

ypasuenue (3.32) nupuHEMaeT BUJ

dE
~_0
dt ’
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CJIEZIOBATEJIHHO, XAPAKTEPUCTUKH SBJISIIOTCS IPAMBIME JHHUSME. VHTErpupyst ypas-
Herre (3.33) ¢ yueToM HAUAJIBHBIX YCJIOBHUM, MOJyIaeM yPABHEHNE XapaKTePUCTHK

Co(t—T)

Y

\/1+ aFEZsin® wr

x 5 - 2
t=7+ —1/1+ak;sin”wT.

Co

Tr =

OTKYyZa

B cnabonenuneitnoM ciydae, pa3saras IpaBylo 4acTb 3TOI'O YPaBHEHUS B P,

E2
tzr+x(l+a Osin2w7').
Co 2

HaXO0JUM

C noMonpio 0603HaueHnit

IIpUBEIEM 3TO YpaBHEHUE K BUIY
0 = 6y + X sin” by, (3.34)

rme X = wamEg /2¢o. Touky, B KOTOpO# 06pasyercst paspbiB, HAXOMUM, jauddepes-
upys (3.34):
a0

8700 :1+Xsin20() = 0.

CresioBaTeIbHO, ONPOKUIbIBAHIE BOJHBI IPOUCXOAUT B TOUKe | X | = 1, mpudem Korja

a > 0 paspsis obpasyercst upu 0y = 37w /4, 7w /4, a korpa o < 0 — nupu Oy = 7 /4, 57 /4.
Taxum 06pazom, B KyOMIHO-HEJIMHENHOI Cpejie, B OTJINYNE OT KB IPATUIHO-HEJIMHENHHOI,
Ha OJTHOM II€PUO/IE BOJHBI 00pPa3yeTcs ABa Pa3phiBa. JTO MOATBEPKIAIOT PE3YIbTAThHI
YUCJIEHHOTO MOJE/IMPOBAHUS, IPUBEJIeHHbIe HA puc. 3.14, re mocTpoeHbl TPOMUIH
BostHBL F(f) npu pasnuunbix 3HaveHusx 2 (a > 0). B cayuae a < 0, korga ¢ poctom
FE cKOpocTb BOJIHBI IJIAET, OHA OIMIPOKHIBIBACTCS HA3a].
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IIpocTbie BoJIHBI B mpuMepax

Bce ABUKEHUA CYTHh BOJIHBI, HO HEKOTOPbLIC IBUXKCHUA

BOJTHOBEE JPYTHUX.

M.A. Muanep. BosiHbBI, BOJIHBI, BOJIHHI ...

4.1. KBa3ujamHeliHbIE CUCTEMbI TUIIEPOOIMIECKIX
ypaBHeHuii. Kpurepuii runep60oImaHOCTH

B nanmoit rjmase 0600IUM TEOPUIO, PA3BUTYIO /I YPABHEHUS IIPOCTON BOJI-
HBI, HA CHCTEMBI TUTIEPOOINIECKIX YPABHEHUI TPON3BOIBHOTO MTOPSIIKA. Bymem
PACCMATPUBATDL CUCTEMBI BUIA

Au, + Bu, +d =0, (4.1)

o~ o~

rae u n d — BEKTOPBI, UMEIONIUE N KOMIIOHEHT, A, B — KBaJpaTHbIe MATPUIIbI
pasmepa n X n. KoMIonenTs BEKTOpa U SIBJIAI0TCS 3aBUCUMBIME II€PEMEHHBIMU,
a A, B, n d 3aBucar or 7, 1 U, HO He OT IPOU3BOIHDIX Uy, Uz. TaKue cucTeMsl
HA3bIBAIOTCS K6a3uAunetHvmu |8, 56).

IIpexae Bcero cpopmymupyeM Kpumeputi 2unepbosusHOCmU JIJIst CUCTEMBI
ypasaeHuii (4.1). YMHOXKUM ee Ha HEKOTODBIii n-MepHBbIii BeKTOp V = v(z,t, u):

\% (A\ut + guz) +vd=0, (4.2)
U BBISICHUM, MOXKHO JIH BBIODATh V Tak, 9To0bl ypasHeHue (4.2) IpUHSIO BH/T
w (fu; + auy) +vd =0, (4.3)

rje a u 3 — ckaagpbl. B 9ToM ciydae BbIpazkeHne B KPYIJIbIX CKOOKaX B ypas-
Henun (4.3) mpejcrasiser coboil MOJHYIO IPOM3BOJHYIO BJIOJb HAIIPABJICHUSI
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(o, B) B mnockoctu (z,t). eiicTBuresbHo, pacCMOTPUM Ha 3TOi IMJIOCKOCTH
KPHBYIO, 33/IAHHYIO B IIAPAMETPHYECKOM BHJIE

x=X(n), t=T(n).
Tlonmas mponsBomgHAS BIOJB 3TOH KPUBOH €CTh

d
a_ T'ay + X'ug,
dn

rae mrpuxaMu obosnadeHo auddepenrupoanue o 7). [logaras

O‘:X,(T/)v ﬁ:T,(n)’
ybexiaeMcst, 9To ypasHerue (4.3) IpUHAMAET BUJ
d

wd—';+vd:0. (4.4)

YenoBus Toro, Uro ypasHenne (4.2) npencrasumo B Buje (4.3), ectn
vA = w1, vB =wX'.
Uckovas orciofna w, mMoJiydaemM
v (AX/ - BT’) —0. (4.5)

HeobxouMbIM 1 JOCTATOYHBIM yCJIOBUEM CYIIIECTBOBAHUS HETPUBUAJIBLHOTO pe-
HeHusi v ypaBHeHus (4.5) siBIseTcsi PABEHCTBO HYJIIO OIPEIeTUTe/ st

det (EX’ - BT’) ~0. (4.6)

9TO0 yc/I0BHE yKa3bIBAET HAIIpaBJIeHHEe KPHUBOil, KOTOPYIO Oy/leM Ha3bIBATH Xd-
paxmepucmukot, a coorBercTBylomiee ypasuenue (4.4) — ypasuenuem 6 xa-
paxmepucmuueckot gopme. Cucremy (4.1) GyieMm Ha3bIBATH THIIEPOOINIECKOIT,
€CJIH CyIIECTBYeT POBHO M TaKUX yPaBHEHHUIL.

Cremyer oTMETHTB, YTO €Ci det(g) =0, o 7" = 0 sBiIsIeTCS pEIIEeHY-
eM (4.6) 1 COOTBETCTBYIOINIIE XapaKTEPUCTUKN HAIIPABJIEHBI BJIOJIb OCH T; €CJIH
det(é) = 0, ro X' = 0 sBisieTcsi peleHneM U XapaKTePUCTUKU HallpaBJie-
HBI BJIOJIb ocu t. BIposieHnplii ciyuaii, korga det(A) = det(B) = 0, 3xech
paccMaTpuBaThCs He OyIIeT.

Kpurepuit runepboimaHOCTH MOXKHO CHOPMYJIHPOBATH CJIEAYIONUM 00pa-
soM [8, 52, 56]. Cucrema (4.1) siBisiercss rutiepbOIMIECKOil, €CI CyIIecTBYeT
n HHEHAHO HesaBHCHMBIX cobeTBenmbix Bektopos v k= 1,2 ... n, Takux,

q9TO0

v ( Aok _ ]§5<k>) —0
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I KasKIoro k, mpuaem a®) u B*) pemecrsennsr u He pPaBHBI HYJIIO OJTHO-
BpeMeHHO. UTO KacaeTcs XapaKTepUCTHIECKUX HAIpaBJICHUN (a(k), 5(k)), TO
OHU He 00sI3aTeIbHO JOJ2KHBI OBITh Pa3/IMIHbLIMU. Kcaum Bce OHU pa3/IndHBL,
T.€. UMEETCS N Pa3JUIHBIX CEMEHCTB XapaKTEPUCTUK, TO CHCTEMa HA3bIBACTCS
cmpozo 2unepboaueckoti. B kadecTBe mpuMepa HECTPOT'O TUMEPOOIMIECKOI CHU-
CTeMbl MOYKHO IIPUBECTH ypaBHeHus (2.28), OnnChIBAOIINE HeJTMHEHHbIE BOJTHBI
IPOCTPAHCTBEHHOIO 3apsijia (3aza4a 2.3), rje oba cemeiicTBa XapaKTepUCTUK
3a1a0TCs ypaBHeHuneM dx/dt = v.

tA

t,+ At

»
>

X

Puc. 4.1. IlocTpoenune pereHns mpu IOMOINKA XapaKTEPUCTUK. 1,2, 3 — OTPe3KHU Ips-
MBIX, AMMPOKCAMUPYIOIINE XaPAKTEPUCTUKHU, BXOAdAIne B TOUKy O

[Touemy BakHO, UTOOBI CYIIECTBOBAJIO POBHO 7 YPABHEHUN B XapaKTepU-
cruaeckoit popme? IlycTs n3BecTHO perreHne U B HEKOTOPBIE MOMEHT BpeMeHU
to. IlompITaemcs HaliTH perieHrne B MOMEHT BpeMeHH tg + dt, Ui 94ero Beibepem
HEKOTOPYIO TouKy O Ha IpsaMOil t = tg+dt Ha WI0CKOCTH (X, t) U TIOCTPOUM Xa-
PaKTEPUCTUKH, BXOJsIue B 3Ty Touky (puc. 4.1). Eciu unrepsasn spemennu dt
MaJl, TO MOYXKHO alllIPOKCUMHUPOBATH 9TU XaPaKTEPUCTUKN OTPE3KAMU IIPSIMBIX.
Torma B Touke O mMMeeM CHCTEMY W3 N aareOpamdecKuxX ypaBHEHUH OTHOCH-
TeJIbHO M KOMIIOHEHT BeKTopa U(tg + dt). Takmm crmocoboM MOKHO IIOCTPOUTH
pertierne Ha Beeit npsmoit t = tg + dt. [logpobaee 3TOT BOIIPOC paccMOTpPeH B
kHure [8].

Tenepsb paccMOTPUM BaXKHbBIN YACTHBINA CJIyYail, KOT/Ia MaTPUIIA A apnsiercst
ejuanaHOi. OTMeruM, uTo cucremy (4.1) MOXKHO IIPUBECTH K BUJLY

w +Bu, +d=0 (4.7)

YMHOYKEHIEM Ha 06paTHyio MaTpuily A1, eciu Marpuia A HEBBIPOAKIEHHAST .

Urak, ecn A = I, tae I — equananas Mmarpura, cucrema (4.1) npuanMaer Buj
(4.7), a u3 ypasuenus (4.6) ciemyer, uro T' # 0 1 xapaKTepUCTUKN HUKOT/IA HE

'HamomumM, 4To MaTpHIa HA3LIBACTCS HEBBIPOYK ICHHOM (HEe0COBEHHOI!), econ CYIIEeCTBYET
obparnas Martpura. [ljas KBagpaTHO! MATPHUIBI 9TO WMEET MECTO TOTJa W TOJBKO TOT/IA,
KOI'JIa ee JIeTEpMHUHAHT He PaBeH HYJIIO.
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Oy/yT HAIIPABJIEHBI BI0JIb ocu x. Clie/oBaTeIbHO, MOYXKHO BbIOpATH B KAYECTBE
7 BpeMs ¢, TOra ypaBHEHHe XapaKTepucTuku ectb ¥ = X (t). YpaBHeHue B

XapaKTEePUCTUIECKON (hpopMe IPUHUMAET BU/I

du
b d= 4.
v +v 0 (4.8)
Ha XapaKTePUCTUKAX
diX —_— C
dt

npu yciaoBun, 9To vB = ve. Benmmunny ¢ OyaeM Ha3bIBaTh Tapaxmepucmuye-

ckotll cxopocmato. OHa yJIOBJIETBOPSET YPaBHEHUIO

det <§ — cf) =0, (4.9)

T.e. KODHHU ¢ sBJISIOTCS COOCTBEHHBIMH 1HCIAMI MATPUIBL B, & BEKTOPbL V —
COOTBETCTBYIOIIMMU COOCTBEHHBIMU BEKTOPAMH.

Oco0bblit nHTEpEC MPEJACTABIACT CIyUail, KOTIa MOKHO BBECTH HOBYIO II€pe-
MEHHYIO ', TaKyI0, 4To ypaBHeHnue (4.8) npuobperaer Buj

dr

7 + f(z,t,u) = 0.

B smueiinoit Teopun v He 3aBHCHT OT U, CJI€JOBATEIBHO, 9TO MOXKHO CJIEJIaTh
BCer/ia, BeIOUpast 7 = vu. B HeJmHERHON Teopun HEOOXOMMO OTHICKATH TaKue
r(u) u A(u), 9ro0BI

vdu = \dr.

Ecim Trakue IIepeMeHHbIC T(k) YAaeTcd BBECTH JIJId BCEX V(k), TO cucTeMa ypaB-

HEHUI B XapaKTEePUCTUIECKOH (hopMe IPUHUMAET BHJ

dr(®) d
:it + fr(xz,t,r) =0 Ha d—f:ck(x,t,r). (4.10)

Takune nmepeMennble ObLIN BBEJAEHbI PUMAaHOM B Ta30BOi AWHAMEUKE, ITOSTOMY
(k) Gymem HasBIBATD pumanosLLMU nepementuimu. LIS CHCTEeM BTOPOTO IO-
PsIIKa MMEEM

or
8U1’27

’0172 = )\

OTKya HEeTPYIHO HaiiTu 7. OnHaKo mpu n > 2 BBEIEHIE PUMAHOBLIX TIEPEMEH-

HBIX MOXKET OKa3aTbCAd HEBO3MOZKHBIM.
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4.2. IIpocTtbie BOJIHBI B ra30BOil JJMHAMUKE

B kauecTBe 1mepBOoro KOHKpETHOI'O IIPpUMEPA PACCMOTPUM YPaBHEHUS I'a30-
BOII NTWHAMUKU, IPUMEHUTEIBHO K KOTOPBIM U OBLIN PA3BUTHI OCHOBHBIE UJIEU
Teopun runepbomaeckux BoJiH. CucremMa ypaBHEHUN BKIIOTACT ypagHerue Ii-

sepa (ypaBHEHHE JBUXKCHHST €JUHITHOIO 00beMa rasa)

p(vg + vvz) = —pg, (4.11)

3aKOH COXPpaHEHHA MaCChbl WJIN YPaGHEHUE HENPEPHBLEHOCTNU
pt + (pv)e = 0, (4.12)

rjie p — IUIOTHOCTD ra3a, v — CKOPOCTb, p — JABJIEHUe, U yDaBHEHUEe
st +vsy =0, (4.13)

OTpazKaroIlee COXPaHEHNEe SHTPOINN eIUHUTHOTO 00beMa ra3a § MPHU YCJIOBUU,
YTO OTCYTCTBYIOT HPOIECCHI BSI3KOCTH U Terionposognoctu. Cucremy (4.11)—
(4.13) HEOOXOAMMO «3aMKHYTb» aJIredpandecKiM COOTHOIIEHUEM, OIPEJIeIIsIIo-
UM JIaBJieHne KaK (DYHKIWIO IJIOTHOCTH M SHTpONNK (YPABHEHHEM COCTOSI-
HUISA )

p = p(p;s). (4.14)

[Tospo6HbIii BBIBOJ 9TUX ypaBHEHUN MOYKHO HafiTu, HAIpUMED, B KHUrax |1, 42].
IIpeacraBum ypaBHEHUSI ra30BOi JUHAMUKY B XapaKTEPUCTUIECKON (hopme.
[Ipexx e Bcero, ovyeBnHO, uTo ypasHenue (4.13) upexcrapisier coboit xapak-

TEPUCTUIECKYIO (hopMy

ds
2 _0
dt
Ha xapakrepuctukax C(, ypaBHEHUsS] KOTOPBIX €CTh
dzx
— =.
dt

Bu/iHo, 4TO 9TH XapaKTEPUCTHKH IIPEJCTABISIOT CO0OH IIPOCTO TPACKTOPUH
YaCTHI Ia3a.

st mostydeHnst JByX OCTAJIBHBIX CEMEHCTB XapaKTEPHCTHK IEPEIHIeM
ypasuenue (4.13) ¢ yuerom (4.14) B BUzE

Pt + vpe — a*(pr + vpy) = 0, (4.15)

e
s _ Op
dp’

a
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YMHOKIUM ypaBHEHHE HelpepbIBHOCTH (4.12) Ha HEKOTOPYIO BEJINIHHY l1, ypaB-
uenne (4.11) — ma [ u crokum nostyuusmmecst ypasuenus ¢ (4.15). Iomyamm

pi+ (la +0)ps + pla(vy + vvy) + plive + (I — a®)(pr +vpz) = 0. (4.16)

Ecsu 17 u l; He paBHBI HYJIIO OJJHOBPEMEHHO, TO €JIMHCTBEHHAS BO3MOXKHOCTH
nostyauthb u3 (4.16) xapakrepucTuieckyto ¢GopMy COCTOUT B UCKJIIOUEHUU TIPO-
WU3BOJHBIX OT p, CJIEJIOBATEJIBHO,

| = a®.
Torga ypasuenue (4.16) npuauMaer Buj
Pt + (la +0)ps + plo [ve + (v + 11 /l2) vy =0,
OTKY/Ia CJIEJIyeT, 9TO HeOOXOIMMO BBIOpATh lo = 1 /l2, TO ecThb
log = *a.

Takum obpasoMm, aBa JApYyrux cemeiicTBa xapakTepucTuk Cy ONpEeIesIstioTCs

YPaBHEHUSIMU
dz
— =vx+a
dt ’
a COOTBETCTBYIOIINE XapaKTePUCTHIECKne POPMbI UMEIOT BHJL
dp dv
— +pa— =0. 4.17
at P (4.17)

OTU ypaBHEHUS OIUCLIBAIOT GKYCMUYECKUE G0AHDL, TIPUYEM BEJIUMIUHA 0 MMe-
€T CMBICJI CKOPOCTH 3BYKa B HEJIMHEHHON Teopuu. 3HAKU «E» COOTBETCTBYIOT
BOJIHAM, PACIPOCTPAHSIONINMCS BHI3 U BBEPX IO MOTOKY.

[Iycts B Ha4yaJbHBI MOMEHT § = Sg = const, Torga, B CHJIy YpaBHEHUS
(4.13), aT0 GymeT UMeTh MECTO U B JIE00OI OC/IE/IY IO MOMEHT BPEMEHH.
Takoe TeueHue raza Ha3bIBAETCH u3aHmMpPonuiiHvim. 1Ipn sToM cucrema ypas-

uennii (4.11)—(4.13) cranoBuTCs mpoIIe, IPUHIMAas BUJL
p(ve+ vvy) = —a®(p)pa,
(4.18)
pt + (pv)z = 0.

Ypasuenue (4.17) MOXKHO HepenucaTh CJAELYIONHUM 00pPa30M:

alp)dp v _
p dt dt

WaTerpupysi, HAXOAUM, ITO HA XaPAKTEPUCTUKAX COXPAHSIOTCH BEJININHBI

T4 :/a(pp)d,o:lzv, (4.19)
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KOTOPBbIE HOCAT Ha3BaHUE UHBAPUAHMOG Pumana.

,ZL.HH IIOJIUTPOITHOTO Ta3a YPaBHEHNE COCTOAHNIA MMEET BUJT

p=rp’,

2

rie 7 = const. Orciona a? = kyp)~ L. Hoxcrasnsas a(p) B ypasnenne (4.19),

HaXO UM

ry = aztwv. (4.20)

v—1
B wactHOCTH, 0CODO TIpocTOit ciaydail peanusyercs, Korjga vy = 2. [Ipu aTom
ypaBuenus (4.18) cTaHOBSITCsI TAKMMU:

Vg + Vg 4 26p = 0,
(4.21)
pt + (pv)z = 0.

Oco0by1o posib UrPAIOT PelieHus, J1jist KOTOPBIX OJINH U3 HHBapuanToB Puma-
Ha nocmoaner 6ctody 6 paccmampusaemot obaacmu. Ilpu sToM cooTBeTCTBYIO-
miee u3 ypasaenuii (4.19) naer GyHKIIMOHAIBHYIO CBsI3b MEXKJLy TI€PEMEHHBIMU
pUV

v =wv(p),

a cucreMa (4.18) cBOAUTCS K OJHOMY YPABHEHUIO

pi+ (v(0) £ a(p) ) ps = 0. (4.22)

Pertternst Takoro THIA HABIBAIOTCS NPOCTMBIMU 60AHAMU, & yYpaBHeHnue (4.22),
COOTBETCTBEHHO, YPABHEHUEM IIPOCTO# BOJIHBL. OHU SBJSIOTCS 000DIECHIEM
COOCTBEHHBIX MOJI JIUHEIHOW CHCTeMbl Ha HeJIMHEHHbIH cirydait. Pacemorpum,
JJI OIIPeJIEJIeHHOCTH, TPOCTYIO BOJIHY, PACIIPOCTPAHSIONTYIOCS BHU3 110 IOTOKY.
Torma u3 ypasaenuii (4.20) ciexyer, 94To

2

a(p) — v = rg = const,

v==Zqalp) =0 = v(p),

u (4.22) npespamniaercst B ypaBHEHHIE

+1
pt+<1_1a(p)—ro>pm—0.

B obmem ciyuae st cucreMbl n-ro nopsijaka (4.1) npocroit BosHo# Gyem
Ha3bIBaTh PEIeHne, Jjisi KOTOporo n — 1 muBapuanT PuMmana ecTb KOHCTAHTA,
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t

a b x

Puc. 4.2. XapakTepucTuku B 3ajia4e ¢ Ha4aJbHBIM BO3MYIIEHUEM, COCPEIOTOYEHHBIM
Ha oTpeske a < x < b

TaK 9TO Pa3JIUIHBbIE KOMIIOHEHTBHI BEKTOpPa U CBSI3aHBI (PYHKUUOHAALHO. 1Ipu

3TOM OT cucTeMbl (4.1) ocTaercst OJHO ypaBHeHHe MPOCTOf BOJIHBL
ur + V(u)ug =0,

KOTOPOE TOIPOOHO M3yvajaoCch HAME B TJI. 2 1 3.

Bazknyio posib pOCTBIX BOJIH WJLIIOCTPUPYET puc. 4.2, Ha KOTOPOM IIpE/I-
CTaBJIEHBI XaPAKTEPUCTUKU B CJIydae, KOTJa HAdaIbHOEe BO3MYIIEHUE COCPEO-
TOUYeHO Ha oTpe3ke a <z < b, Te. v =0, p = pg, s = 9 pu = < a, x > b.
Ha sTom pucyHkKe npuBe/ieHBI XapaKTEPUCTHUKHU, UCXOJSINNE U3 TOYEK a U b.
OueBuyiao, uro B obsactsx I, I u III pertenne ecth mpocrast BoJIHA, PACIPO-
CTPaHSIIOIIASICS, COOTBETCTBEHHO, 110 Xapakrepuctukam C_, Co u Cy . B 06-
sgactstx 1V, He MOKPBIBAEMBIX XapaKTEPUCTHKAMU, BBIXOISIIUME U3 00JIACTH
HaYaJIbHOTO BO3MYIICHUS, PEIICHHE IPEICTaB/IgeT cOD0ii HEBO3MYIIIEHHOE CO-
crostane v = 0, p = pg, § = Sg. 3AMTPUXOBaHHAsS 00J1aCTh, ITIOKPhIBaeMast boJiee
JeM OHUM CEMENCTBOM XapaKTEePUCTHK, SIBJISIETCSI 00JIaCTHIO B3aUMOJIeCTBI S

IIPOCTBIX BOJIH.

4.3. I'paBuTalimoHHble BOJIHbI Ha <«MEJIKOIl Bojie»

Erte oguH BayKHbIH IpUMep pacipoCTPaHeHusl IPOCTBIX BOJH OTHOCUTCS K
rUIpoJMHaMuKe. B janHoM naparpade pacCMOTPUM PacIpOCTPaHeHHe JJINH-
HBIX I'DABUTAIMOHHBIX BOJIH HA [OBEPXHOCTH HEIVIyOOKOro (cpejiHsisi riybuHa
csiost hg MHOTO MeHbIIe JINHBI BOJIHBI) CJIOSI KUJIKOCTH HaJl TBEPBIM JHOM
(puc. 4.3). ITosyunm OCHOBHBIE ypaBHEHUSsI, OIUCHIBAIOLIAE ITY CUCTEMY, CJie-
nyst [42]. Ypasaenue Ditiepa Jyisi XKUJAKOCTU B IPABATAIIMOHHOM II0JI€ UMEET
BUJT

1
vi+ (VV)v = — p Vp — gz, (4.23)
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=y

dx

Puc. 4.3. K BoiBoy ypaBHEHUI «MeJIKON BOIBI»

rae g — yCKOpeHue CUJIbl TAXKECTUu, Zz — G,H,I/IHI/I‘IHI)II'?'I BEKTOD, HaHpa,BJIeHHbeI
BJOJIb OCH Z. Honaraﬂ, 9TO CKOPOCTH V UMeeT JINIIb IIPO/IOJIbHYIO KOMIIOHEHTY

(Vv = vx), BBIINIIEM Z- U 2-KOMIIOHEHTHI ypaBHeHusi (4.23) 1o oT/e/bHOCTH:

v ov, = — %px, (4.24)
1
SP: =9 (4.25)

Kunkocts Oynem moJiaraTh HeC)KUMaeMoit, T.e. p = pg = const. [lasee, 3a-
METUM, 9TO Ha CBOOOIHON MOBEPXHOCTHU, YPABHEHNE KOTOPOI 3AIMIIEM B BUJIE
z = h(x), naBrenne JOZKHO PABHATHCS JTABJICHUIO BO3/LyXa po. Torma ypasBHe-
une (4.25) naer

p=po+gpo(h — 2).

[Moxcrasisist 510 coorHotenne B (4.24), mosydaem
v + Vv = —ghy. (4.26)

Bropoe ypaBuenue 1mosydum, UCXOjisl U3 3aKOHA COXPAHEHHUS MACCHI YKU/I-
KOCTH, 3aKJ/IIOUYEHHON MeXKJy JABYMs ILJIOCKOCTSIMU IIOIIEPEYHOI0 CeYeHUd, OT-
CTOAIIUMU JIPYT OT JIpyTa Ha paccTosdune dr. 3a eJIMHUIy BPEMEHU Yepe3 OJIHY
IJIOCKOCTD BOIIeT 00beM YKUJIKOCTH, paBHbIid (Sv)| , a yepe3 JApyryio Bbliiger

xX

obbem (Sv) , Tre S — IUIoIa b MONEPEeTHOro cedeHusi. Takum oOpasoM,
z+dz
00beM YKHUJIKOCTU M3MEHUTCS Ha BEJIMIUHY
a(Sv
(Sv)| — (Sv) ~— 9(Sv) dx.
T r+dx ox

Ho B cuity HecxkmmaeMoCTH 2KHUJIKOCTU U3MEHEHUE O0beMa MOXKET ITPOU30UTH
TOJIBKO 3a CUET U3MEHEHUS €€ YPOBHs. DTO n3MeHeHue o0beMa PaBHO

o
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IIpupaBauBas 3TN ABa BBIpayKeHUsI, IPUXOJINM K YPABHEHUIO, NMEOIIEMY BU/T
ypaBHEHUs HEIIPEPBIBHOCTU

aS  0(Sv)

— 4+ ——==0.

ot oz
VYaureBasg, aro S = lh, rme | = const — muprHa KaHaja, OKOHYATE/IHHO
TOJTy YaeM

oh  J(hv)

— 4+ —==0. 4.2

ot + or 0 (4.27)

Ypasuenus (4.26), (4.27) Ha3BIBAIOTCS YPAGHEHUAMY <MeAKOT 600v.». Brep-
Bble OHM ObLIU noJsiyueHbl Diipu B 1845 1. Comnocrasiisis UX C MMOJIYyYEHHBIME B
§ 4.2, BUjUM, 9TO OHU SKBUBAJEHTHBI ypaBHeHusiM (4.21) ra3oBoii JuHAMUKN
JUIsE U39HTPONUIHOTO TevueHus npu v = 2. [losromy MOXKHO cpaldy 3amucarhb
9TU ypaBHEHUS B XapaKTEPUCTUIECKON (hopme

dre
dt

Ha xapakrepuctukax Cy, olpeiesieMblX YPaBHEHUSIMU

dx

— =v=x+/gh.

dt
WNuBapuantsl Pumana ro4 mMeroT BU,

’r’:tzz\/g?:t’u.

KOHG‘{HO, Ha CaMOM JeJi€e I'PaBUTalIlUOHHBIEC BOJIHBI Ha ITOBEPXHOCTU BOJIbI

=0

obsamator qucnepcueit. OHAKO, KUITKOCTD CIUTACTCS «MEJIKOW», B TOM CMbIC-
Jle, 4TO BBINOJHsieTcst yciaoBue kh < 1, tae k = 2m/A, A — XapakrTepHblii
JIMHEWHBIN MaciiTad Bo3MyIeHust. Torga, Kak mokasano B § 1.8, pasyarast To4-
Hblil 3aKoH jaucnepcuu (1.56) B psiji 1 OrPAHUYUBASICH JIUIID IIEPBBIM YJI€HOM
PA3JIOKEHNUSI, MOXKHO IOJIYYUTh JIUCIIEPCUOHHOE COOTHOIIEHUE CUCTEMbBI ypPaB-
nennit (4.26), (4.27)
w? &~ ghok?.

Ecnn yuer nucnepcuonubix 3¢pHekToB BCE 2Ke HeOOXOIUM, B ITIEPBOM IIPUOJIKE-
Huu (JucrnepcnonHoe coorHomrenne (1.57)) BMeCTo ypaBHEHUIA «MeJIKOIT BOBI»
MBI TIoJtyunM ypapaenusi Kopresera—ne Bpusa uiun Byccunecka. D9ToT Bompoc
obcyxtaercs B § 9.3.

Bagaua 4.1. g ypaBHEHHN «MeJIKOW BOJBI» PENIUTh 33J1a9y CO CJIEJLyIOINMI
Ha4YaJbHBIMU yCJIOBUSIMUA

v =0, —o00 < T < 00,
h =0, 0 <z < oo, (4.28)
h=hy, —oo<z<O0.
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Aty 3amady HA3BIBAIT 3adauel] 0 paspyweruy naomunss 8.

Pewenue: Ilpex e Bcero, 3amernm, 9T0 B 00JIACTH, TOKPHIBAEMO XapPaKTEPUCTH-
kamu C, KoTopble BeIXOAAT U3 © < 0 (puc. 4.4), pelienne HOCUT XapakTep MIPOCTO
BOJIHBI C XapaKTepUCTUKaMn C,, IIOCKOJIbKY MHBapuUaHT PI/H\laHa ’I"Jr OJIMHAKOB JIJIsL
BCEX XapaKTEePUCTHK U PaBEH

ry = v+ 2y/gh =2+/gho. (4.29)

B sroit obnactu ypaBaenue xapakrepuctuk C_ ecThb

dx
ik v gh = 2+/ghg — 3+/gh. (4.30)
Pacemorpum xapakrepuctuku C_, Beixojsimue u3 obsactu x < 0. Ha atux kpuBbix

r_ = 24/gh —v = 2+/gho = const. (4.31)

Taxkum o6pazom, komOurupyst (4.29) u (4.31), HaxoauMm, uro Ha HUX v = 0, h = hg,
M XapaKTEPUCTUKHU IIPEJICTABIISIOT CO0OM CeMefiCTBO MapaJlIeIbHBIX IPSMBIX JIMHHUIA,
YDABHEHHsI KOTOPBIX UMEIOT BH/L

x =& — +/ghot.

B aT0it 0b1acTH cOXpaHsaeTCcsT HEBO3MYIIIEHHOE COCTOSTHUE C YPOBHEM hg.

=
=y

Puc. 4.4. XapakTepuctuku B 33J1a9€ O pa3pyIIeHNN TLJIOTHHBI

Puc. 4.5. Tunamuka mpoduiist BOJHBI B 3aJa9€ O pa3pyIIeHUN IJIOTHHBI

Tenepb paccMOTPUM XapaKTEPUCTHKHU, BbIxosue u3 Touku £ = 0. B 310t Touke
h(t = 0;¢) usmensercs ckaukoM OT hg 10 0, TI0ITOMY OTTY/Ia BBIXOIUT BEEp XapaKTe-
PUCTHUK, YPABHEHHsI KOTOPHIX €CTh

z = (2 gho — 3\/gh) t,  0<h<h. (4.32)
DTa 00J1aCTh OrPAHUYEHA XapPaKTEePUCTHKAMU

x = —\/ghot, x=2+/ghot.
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Coornomtenns (4.29), (4.32) nmosBosstior HaiiTu pertenne B obmactu —v/ gho < x/t <
21/ ghg B sBHOM BHIE:

1
Vgh=3 <2\/9h0 j)
2 x
v =2y/ghy — 2 gh:3< gh0—|—t).

DTO peleHne JaeT CTPYKTYPY HEePEXOTHON 00IacTh MeXKIy COCTOSHUusSMU ¢ h = hg u
h =0 (puc. 4.5). 3amernm, 9TO B TOUYKE PACIOIOKEHUS IIOTHHBL (* = () BEJIMYUHBI
h = 4hy/9 u v = 2+/gho/3 ocrarorest nocTosHHBIMA. JIFOGONBITHO, UTO 06pa30BaAHMUS
YZIapHOI BOJIHBI He IIPOMCXOJUT, XOTsl HadaJbHBIA npoduib (4.28) u comepkai pas-
peiB. 2Kupnble jiuann Ha puc. 4.4 sIBIAIOTCA TPAGKTOpUsIMU CJIa0bIX pa3pbiBoB. Ha
HUX UCIIBITBIBAIOT CKAYOK ITPOU3BOIHBIE hy U Ayy, COOTBETCTBEHHO.

4.4. I/IOHHO—3BYKOBI)IG BOJIHBI B ILJIa3Me

O6paTI/IMCH TEIEephb K 3aJa49€ U3 (1)I/I3I/IKI/I IJIa3MbI. 3aIIUIIEeM T'naApoJnHaMU-

YEeCKUE ypaBHEHUA IBHU2KEHUA IJICKTPOHOB

0v, Ove e Op 1 Ope

o s " mor  mne Ox (433)
1 MOHOB a a a
(v ] (v . _i 7(,0

ot "Vior T M ox (4.34)

B wiasMe Ge3 marmmrHOro nouss |1, rr 12|. Bmech v;je U Mje — CKOPOCTH K
KOHIICHTPAIIUM MOHOB U 3JIEKTPOHOB, COOTBETCTBEHHO, (0 — ITOTEHIINAJ II0JIst
[IPOCTPAHCTBEHHOIO 3apsija, e U m — 3apsj U Macca djiekrpona, M — macca
nona. Cumraem, 9T0 3apsi]i HOHA paBeH —e. 1locKo/IBKY TeMmIepaTypa MOHHOM
KOMIIOHEHTHI I1a3Mbl 1, KaK MPaBUJIO, MHOI'O MEHBITE TeMIepaTypbl T, 3/1eK-
TPOHOB, JlaBjieHne B ypasHenuu (4.34) He yunurbiBaercs. Byjem npenonarars,
9TO 3JIEKTPOHHYIO KOMIIOHEHTY MOYKHO ITPHOJIM?KEHHO CIUTATD MI€AIbHBIM I'a-
30M U HaMTH JABJIEHUE P U3 YPABHEHUST COCTOSTHUS

Pe = nekpTe, (4.35)

rne kp — nocroguuas bosbimana. MloHHo-aKycTUYUeCKre BOJTHBI ITPEJICTABIIAIOT
cobOoit MeIJIEHHBIE IBUKEHNUS, XaPAKTEPHAsA 9aCTOTa KOTOPBIX MOPSIKA NOHHOM
wia3Mennoit yacrorsl [10, 13] rak uro B ypasnenun (4.33) MoxHO npeHebpednb
UHepIyeil 3JeKTPOHOB (T.e. CYUTATH, UTO IEPEPACIIpe/eJIeHne KOHIIEHTPAIUK
9JIEKTPOHOB TIPU U3MEHEHUN TIOTEHINAIA IIPOUCKXOIUT MIHOBEHHO). Takum 06-
pasoM, ypasHenue (4.33) IpuHIUMAET BUI:

2o _ 1 on,
or  ne. Or’
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[Moxcrasnss crioga ypaBaerue coctosinust (4.35), moryanm

0p kT, One
— = . 4.36
€ ox ne O ( )
[Torenmman ¢ nogunnsgercsa ypasHenuio 1lyaccona
P e

Wcnonbp3yeM Tak Ha3bIBaeMOe IPUOIUKEHUE 00H0HCUIKOCTHOT 2udpoduHaMU-
ku [13], B cooTBeTCTBHM ¢ KOTOPBIM OyJIeM CYMTATH IJIA3MY IOJHOCTHIO KOM-
MTEHCUPOBAHHOI:

Ne = Ny.

Kak Bugno us ypasuenust (4.37) manxoe npub/IMzKeHHe SKBUBAJIEHTHO TOMY,
4TO PACCMATPUBAIOTCS TOJLKO JJIMHHOBOJHOBBIE BO3MYIIEHUS, JIJIsi KOTOPBIX
|zz| < |ene,i/eo|. Tenepb ypaBHenne nprkenust nonos (4.34) ¢ yuerom (4.36)
[PUHUMAET BUJL

6vi avi o kJBTe anl

E—i_vl or  Mn; Oz

JlomotTHIM 3TO ypaBHEHWE ypaBHEHUEM HENPEepPBIBHOCTH JJIsi MOHOB. Torna,

OIlyCKasd MHJIIEKC <<’L.>>, 3alluieM OKOH4YaTEJIbHYIO CUCTEMY ypaBHEHI/IfI

Any

v+ ovy + =25 =0, (4.38)

ny + (nv), =0, (4.39)

rie ¢s = \/kpTe/M — cKOpOCTH HOHHOTO 3ByKa. BujHO, 9TO 9T crcTeMa Mpu-
Ha IeKUT K Ty (4.18), 109TOMy MOXKHO Cpa3y 3aKJIOUYUTD, 9TO OHA sIBJISETCSI
rUEPOOSTUIECKON U YCTAHOBUTh MHBAPUAHTHI PUMaHa M ypaBHEHUs XapaKTe-
PUCTHK.

HetrpyaHo nokasarh, 94TO JIMHEHHBIE BOJHBI OIUCHIBAIOTCS JTUCIIEPCUOHHBIM
COOTHOIIIEHUEM

w? = 2k,

T.e. B paMKax CIeJaHHBIX IPUOJIMKEHUN TUCIIEPCUsI B AaHAJU3UPYEMON crucTeMe
orcyrcTByeT. Ho, BooOIIe roBOPsi, NOHHO-3BYKOBbIE BOJIHBI SABJISIOTCS JTUCIIED-
rupyomumu, (3ror Bompoc Gyaer pacemorpen B § 8.7, 9.1). /ucnepcronmbre
3 deKTh UCUe3IN U3-3a IPEJIIOIOKEHIUS, YTO BOJIHBI JIOCTATOYHO JJINHHDIE.
Konkperno sto 66110 cenano B ypasuenun [lyaccona (4.37), rue mosoxuim
Pre = 0. Pu3MYeCcKHn 3TO O3HAYAELT, UTO IJIA3Ma HEHTpasbHA.

Sanaua 4.2. [Tokaxure, 9T0 XapaKTepUCTHKY J7Is cucTeMsl (4.38), (4.39) zama-
I0TCsl yPABHEHUSIMHE

d
d—f:vj:cs,
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7 YTO HA XaPAKTEPHUCTUKAX COXPAHAIOTCH MHBAPHAHTHI Pumana

Ti:v:ﬂ:csln(n>.
No

31ech 1y — IPOU3BOJIbHAS HOPMUPOBOYHAS [TOCTOSTHHASI, B KATECTBE KOTOPO Pa3yMHO
BBIOPATH KOHIIEHTPAIMIO YACTUI] B HEBO3MYIIIEHHON IIa3Me.

4.5. BoJ/siHBI B aBTOMOOUJILHOM ITOTOKE

Haxkomer, paccMoTpuM erre oiTH HECKOJIBKO IK30THIECKUN TPIMep — BOJI-
HbI B aBTOMOOMJIBHOM IOTOKE. ByjieM cauTarTh, 9TO JBUKEHUE MAIIUH OJHO-
psiHOE, a cBeTOMOPBI OTCYTCTBYIOT. ey 1mocce He 1iepecekaercs ¢ JpyTUMHE,
HA KOTOPbIe MOTJIX ObI CBOPAYMBATH ABTOMOOUJIM, TO ODIIEe YUC/IO MAIIUH HA
Tpacce COXpaHseTcs U CIPaBEJINBO YPaBHEHUE HENIPEPBIBHOCTU

pt+qz =0, (4.40)

rje p — IJIOTHOCTb (KOHIEHTpAIWsi) MAIlUH, a ¢ — HOTOK, T.e. YHUCJIO aBTO-
MOOMJIEH, IPOXOISAIIUX Yepe3 JAHHYIO TOUKY II0CCe B €JUHUILy BpeMeHu. Ecin
[PEJIIIOJIOKUTD, 9TO HOTOK siBJIsieTcst pyHKImeii mwiornoctu g = ¢(p), ypasHe-
uue (4.40) npuHUMAET BUJ| ypaBHEHUsI IPOCTON BOJIHBI

pt + u(p)ps =0,
rne u(p) = dq/dp.

q(p)
g ----—>

0 P px p

Puc. 4.6. 3aBucumocts ¢(p) B 337a19¢ 06 ABTOMOOHIBHOM IOTOKE

Kaxoit Bux moxker umers dbyuxiust ¢(p)? TIpexe Bcero, 09eBUIHO, UTO
q(0) = 0. IIycTs cymecTByer ere 0JHO, IIPeJe/IbHOe, 3HAYEHUE LIIOTHOCTH P,
upu KoTopoMm ¢(p*) = 0. D10 Ta MIOTHOCTH, IPU KOTOPOI MAIIMHbI Y ITUPAIOTCSI
JIpYyT B JIpyra OaMiiepamu, TakK 9TO JBUKEHHE HEBO3MOXKHO. 3aMETHM TaKXKe,
gro BesmauHa V' (p) = q/p, nupejcrapisionias coboil CKOPOCTb MAIIUH, JI0JIXK-
Ha ObITh yObIBatomeil dbyukimeii p. Takum obpazom, ¢(p) npeacrasisier coboii
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BBINYKJIYIO DYHKINIO, N300parkeHHyio Ha puc. 4.6. OHa JjocTUraeT MakCuMyMa
IpU HEKOTOPOM 3HAYEHUU py,. LIpu p > pp, dyuknus u(p) cranoBurcs orpura-
TEJILHOM, T.e. BO3MYIIEHUE PACIPOCTPAHSAETCsI B IIPOTUBOIOJIOKHYIO CTOPOHY,
Toryia Kak V(p) Bcerga IOJIOKHUTEIHHO (MAIIMHBI HE MEHSIOT HAIPABJICHUSI
JIBUKEHUsT ). 3aMeTHM TakKe, 9To u < V.

Kak nokasbiBaroT HaOJIIOIEHNs, JIJIs OJIHOPSIIHOTO JIBUKenus p* ~ 140 ma-
HIAH /KM, ¢, ~ 1500 mMamus /4, npudem JOCTHraeTcsi CTOJb OOJIBIION MOTOK
upu JIOBOJIBHO Madioii ckopoctu V'~ 30 kM/4. 3aBucuMocTs ¢(p) MOXKHO 1IpH-
6mzkenHo onmcarh dyukuueit ¢(p) = apln(p*/p). llpu Takoit anmpoxkcnmanum
V —u = a upu mo6oM p. Cunryssiproe nosejenue dbyukmuu u(p) npu p — 0 He
SIBJISIETCSL CYIIECTBEHHBIM HEJIOCTATKOM, TaK Kak 00J1acTh MAJIbIX ), OYEBHUJIHO,

He npeacraB/ideT mHTepeca.

p P
X X
t=0 t=1t,>0
p p
X X
t=t,>1, t=t,>1,

Puc. 4.7. OupokuipiBanue BOJIHbI B aBTOMODUIBHOM TIOTOKe (0Opa3oBaHue 3aTopa)

[Mockonbky u(p) — yb6bIBatommasi MyHKIUs, pa3pbiB (T.e. 3aTOp) 00pasy-
ercst Ha 3ajHeM (GponTe Bo3myIneHus (puc. 4.7). MammHbl JOrOHSIIOT CKAY0K
YIUIOTHEHUSI U YBEJIMYUBAIOT €ro. dTo0bl He YIUIOTHATL 3aTop, modep 10
JKeH PE3KO TOPMO3UTDL B HEPEXOHOI 00JacTh, a 3aTeM ILJIABHO yBEJIMYNBATH
CKOPOCTh, Bble3zKasl U3 3aTOpa. SHAYUTEIHHO GoJiee TIOPOOHOE PACCMOTPEHIE
JIAHHOM 3a/1a4¥, BKJIIOUasi HAJIM4Ie cBeTOhOPOB Ha Tpacce, MOXKHO Haifitu B [8].
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4.6. I'paHuYHbIe yCJIOBUsI Ha pa3pbiBe U UX CBS3b C
3aKOHAMU COXPaHEeHUd

B zakrouenue erre pa3 06CyauM BOIIPOC O TIOCTAHOBKE TPAHUYIHBIX YCJIOBUIA
Ha pa3phIBe, KOTOPBI yKe 3aTparuBajics B § 3.1 IpUMEHUTETHEHO K YPABHEHUIO
pocTOoit BoJIHBL. [Ij1sT IOy deHns 9TUX yCJIOBUI HEOOXOIUMO 3aIlCaTh YPaBHEe-
HUsSI B BUJIE 3a4KOHO6 COTPAHEHUSA,

P+ Q, =0, (4.41)

riae P apnserca naommocmuvio COXpaHHIOH],efICH BEJINYNHEBI, a Q — NOMoKrKom.

Kazkiprit 3akoH coxpanenusi Bujia (4.41) IpuBOAUT K TPAHUTIHOMY YCJIOBUIO
—UP] +[Q] = 0, (4.42)

rae U — ckopocTh pa3phiBa, a KBaJIpaTHbIE CKOOKM O3HAYAIOT CKAYOK COOTBET-
crByroleii Besimunubl Ha paspbie. CoorHomenus (4.42) cBsI3bIBAIOT MEXK/Ly CO-
60il BeJIMYMHBI CJIEBA U CIIPaBa OT Pa3pbIBa; B ra30BOI JIMHAMUKE X HA3BIBAIOT
coommowenuamu Panxuna—Irozonuo. BeiBojy ypasrenust (4.42) u3 ypasHeHust

(4.41) abCcoMOTHO AHAJIOTWYEH MTPOBeIeHHOMY B § 3.1 /71T ypaBHEHUs [IPOCTOIH

u?
ug + <2> =0, (4.43)

IIO3TOMY OH 3/1€Chb He ITPUBO/IUTCHA.

BOJIHBI

OHaKo, Kak y?Ke OTMEYasioCh, CUTYaIUsl ¢ BHIOOPOM I'DAHMYHBIX YCJIOBHIA
He npocra. Tak, u3 ypasHeHusi (4.43) MOXKHO IOJIyYUTh OECKOHEYHOE UHCIIO
3aKOHOB COXPAHEHUsI BUA

)

Kakue n3 anx (I/I CKOJH)KO) ciaenyer BbI6paTb JJId IOCTaAHOBKHU I'DAHUYIHBIX YCJIO-

Buit? OTBET Ha TOT BOIPOC B KAXKJ0W KOHKPETHON CUTyaIluu JUKTYeTCsT (PU3u-
YEeCKUMU COOOPAXKEHUSIMI; IPUA STOM UUCJIO0 TPAHUIHBIX YCJIOBUI JTOJIZKHO OBIThH
PaBHO HOPHAAKY CUCTEMBI ypaBHeHuil. B wacTHOCTH, ecjiu BhIOPAThL T'PAHUTHOE

yCJIOBUE B BHUJE

—Ulu] + {“22] =0, (4.45)

TaK 9TO 3aKOH coxpaneHus (4.43) GyJer ocraBaThCsl B CHJIE U TIOCTIEe 00pa3oBa-
HUsI pa3pbiBa, TO OCTAJIbHbBIE 3aKOHBI cOXpaHeHus (4.44) yxke He GyJIyT BBIIOJI-

HaTbes. [IpogeMoncTpupyeM 3T0 1jist N = 2, YTO IPUBOJIUT K yPABHEHUIO

(Do
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Yuuokast coornomenne (4.45) na (u; + u2)/2 (HAIOMHEM, 9TO HHJIEKCH 1
U 2 OTHOCSATCs, COOTBETCTBEHHO, K BEJIMYMHAM CIPAaBa M CJieBa OT pa3pbiBa),
HOJTy 9UM

u1 + U2 u? w1 + uo u? ud u%ul —u%ug
U] ——+ | = | ——=-U ||+ ||+ 22— =0
=5 4{2] 2 [2]+[4 + 1

[pubasiss u Borautas seuauny [ud/12], moc/te HeCTOXKHBIX TTPeobPa3OBAHMIA
[PUBEJIEM TO BBIPAXKEHHNE K BUJLY

U [lﬂ n [f] _ W’ (4.47)

OTKY/1a BHJHO, 9TO 3aKOH coxpanennst (4.46) me Boimosaserca. OTmerny, 9To
€CJIM U UMeeT CMBICJI CKOPDOCTH JIBUZKEHUSA KaKOH-TO cpeJibl U 9Ta Cpe/la HeCXKU-
MaeMa, TO ypasHeHusi (4.43) u (4.46) SABIAIOTCS 3aKOHAMH COXPAHCHUS M-
IyJIbCA U SHEPI'UU, COOTBETCTBEHHO. TakuMm obpasoM, coorHomenue (4.47) mo-
Ka3bIBaeT, YTO Ha Pa3phIBe UMEEeT MeCTO JUCCHIIANNS SHepPIun. JleficTBUTE/IBHO,
nepexojisi B (4.46) B cucTeMy KOODJMHAT, JBUXKYIILYIOCSI BMECTE C PA3PBIBOM, U
HHTErpHupysl 110 Beeil och x, MoIydaeM

d 7 u? u? ud (ug — ug)?
@i <2>dx_U[2]_[3}_12 :

[TockombKy Ha paspeiBe U1 < U, 9TO BBIpA’KCHHE OTPHUIATEIBHO, TaK UTO
HOJIHAS SHEPI'Hs C TeYeHHEeM BPEMEHH yMEHBIIAeTCs.

Ananornanast CHTyaIus IMEET MECTO JJIsl yPaBHEHHI «MeJIKoii Boibl» (4.26)
u (4.27). st Hux TakykKe MOXKHO HOJIy9NTh OECKOHETHOE THCIIO0 3aKOHOB COXPa-
Henus suja (4.41), rne P = P(v, h), Q@ = Q(v, h). eiictBurenbHo, U3 3aKoHA
coxpanenusi (4.41) ciemyer, 4To

Povy + Pohy + Quug + Quhy = 0.
[Moncrasiss cioma vy n hy u3 ypasuenuit (4.26) n (4.27), nosydaem
—Py(vug + ghy) — Pr(hvg 4+ vhy) + Quuy + Qphy = 0.
Cobupast 4jeHbl UpU Uy U Ay, IMeeM
(Quv —vP, — hPp)vy + (Qn — gPy — vPy)hy = 0.
[TorpebyeM, 4T0OBI UI€HBI B 00€MX KPYIVILIX CKOOKAX OOPATH/INCH B HYJIb, TOIJIA

Qy, =vP, + hPy, Qn = gP, +vPy. (448)
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Uckmiogas orciofa () nmepekpecTHbIM 1udHepeHInpoBaHueM, MOy IaeM
hPhh = ng,. (4.49)

JIroboe P(v, h), yaosiersopsitoiree ycioBuio (4.49), IpuBoUT K 3aKOHY COXpa-
HEHUs, TaK 9TO OUYEBUJIHO, UYTO UX IUC/I0 OeckoHneuHno. Bynem nckats P B Bue

IIOJINHOMOB 110 h

P(v,h) =Y pm(v)h™
m=0

Torna ypasuenue (4.49) naer

p8207 szoa

gplrln—lzm(m_l)pm7 m=2,...,n.

B ciayuae n = 1 umeem P = py(v)h + po(v). Herpynno mokaszars, uro mpu
po = 0, p1 = 1, npuxoaum K ypasHenuo (4.27), KOTOpOe SIBJISIETCS 3aKOHOM
coxpanenus maccol, a upu pg = v, py = 0 — K ypasaeruto (4.26). Buibop
po = 0, p1 = ¥ UPUBOIUT K 3aKOHY COTPAHEHUA UMNYALCA

2 gh®
€T

Ipu n = 2 mmeem P = poh? + p1h + po. Ecm B3ats pg = 0, p1 = v2/2,

p2 = g/2, To u3 ypasuenuii (4.48) cienyer 3akon corpanenus IHEPUL

v’h  gh? v3h 9

Jpyrum 3akoHaM COXpAHEHUs HE yJAeTCsl IPUJIATh OUYEBUJHbIH (hbusmiecKuii
CMBICJL.

Ecyin mocraBuTh rpaHUYHBIE YCIOBUS Ha Pa3pbiBe, UCXOJS U3 3aKOHOB CO-
xpaneHust Maccol (4.27) u umnysbca (4.50), To OHE Oy/LyT UMETb BUJIL

—U[R] + [vh] =0, (4.52)
—U[vh] + [th - 9}212] = 0. (4.53)

MokHO 1MOKa3aTh, ITO IPU TOM OyIeT UMETb MECTO JIUCCHUIAIUs dHepruu. B
foJtee CIIOXKHBIX ypaBHEHUsIX ra3oBoit auuamuku (4.11)—(4.13) sueprus coxpa-
HSETCs], & HA PaspbIBe [IPOUCXOUT CKAYOK SHTpouH |8].
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Sazaua 4.3. [Tokasarb, 9TO U3 yPaBHEHUN «MEJIKOH BOJBI» C FPAHUYHBIMHA YCJIO-
BusiMu Ha paspbise (4.52) u (4.53) He ciegyeT coOXpaHeHHe SHEPTUH.
Pewenue: Ymuoxas ypasaenue (4.52) va g(hy + he)/2, nosyaum

2 2 —

Tenepb ymuozkuM (4.53) Ha (v1+v2)/2. TTocie HECTIOKHBIX IPEOOPABOBAHUI TT0JLY ITUM

U [”2}1} i [’“3}1 n gth] _py va(he — ) .

2 2 4 2
U1U2(U2h2 — Ulhl) g(’Ulh% — ’Ugh%)

=0.
2 4

3amernM, 9TO € y4eToM cOOTHOIeHus (4.52) 3T0 ypaBHEHHUE yIPOIIAETCsL:

U [U%} {Ugh gth} N 9(v1h3 — vahi)

2 2 4 4 =0

IIpubaBum u BeIYTEM [gvh2 / 4]. 910 maer

U{U%} {”3’1 *"”ﬂ+g(”1h3_”2h%+”1h%‘”2h3)—o. (4.55)

2 5 T3 4

CkaanpiBag ypasaenus (4.54) u (4.55), nosrydaem

U {1}2}1 + QhQ] {"’Bh Jrgvhz} _ g(vz —v1)(he — n)?
4

2 2 2 ’
CJIeIOBATENILHO, 3aKOH coxpaHeHusi sHeprun (4.51) He BbinosHsiercsi. [I0CKOJIBKY Bbl-
paXkeHue, CTOMAIIEE B MPABOM YACTHU, MOXKET OBITh TOJBKO ITOJIOKUTEIbHBIM, OISITh
y6e}K,ZLa(3MC$I7 Y9TO IIOJIHadA IHEPrud ¢ TeICHUEM BPEMEHH YMEHbIIAETCH.
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Hesmmneiinbie BOJIHBL B cpejax C
auccunanueii (ypaBHeHue
Bioprepca)

... TIOJIXOJI SIBHO YYUTBIBAET HEJIOKAJILHBIN XapaKTep B3a-
UMOJIEHCTBYS BOJIHBI CO CPEJIOA B OKPECTHOCTSX Y/IAPHBIX
GbPOHTOB ... YUeT IUCCUTIAIIIN B TPOCTERIIIEM TPUOJIIKE-
HUM BeJIeT K ypaBHEHUIO Broprepca, KOTOpOe OMMCHIBA-
€T IPOIECC MOTJIONIEHNUsI SHEPIUU KaK IPOIecc, obaia-
FOIUI KOHEYHOM CKOPOCThIO. BesreicTBue 3Toro 061acTh
GbpoHTA MOXKET PaCCMATPUBATHCHA KaK 00JIaIA0IIast TPo-
TS2KEHHOCTBIO W CTPYKTYPOIA.

C.H. I'ypbamos, A.U. Cauves, U.I. Hdxywrun. Hemuueit-
HbIE BOJIHBI ¥ OHOMepHasi TypOysenTHocTs (YPH. 1983.
T. 141, Ne 2. C. 225)

Hacrosmas riapa nocesiieHa yTOYHEHUIO TEOPUH 32 cueT 0oJiee CTpOroro
yaera JUCCUTTATUBHBIX 3¢ dekToB. OCHOBHON MOJEJBIO JJIsi 9TOTO SIBJISIETCSI
ypasHenue Broprepca [26]

Up + Uly = Vlgg. (5.1)

Bropouem, Yuszem ykaswiBaer (8], 94T0 OHO BIiepBble, BEPOSITHO, OBLIO BBEIEHO
Beiirmenom eme B 1915 1. Crporwuii BeiBoJ ypasHenus (5.1) u3 ypaBHeHuii razo-
BOU IMHAMWKU C YYETOM BI3KOCTH M TEILJIOIIPOBOTHOCTHU OTJIOXKUM 10 IVI. 9, r11e
OyIyT M3ydIaThCsd ACUMIITOTUYIECKNE METOJIbI, TIO3BOJISIONINE TIOJIYIaTh «IJINH-
HOBOJTHOBBIE» ypasHenusi (Broprepca, Kopresera—ne Bpusa u jp.). 3amerum

JIMIIb, 94TO ypaBHeHne Tuia (5.1) MOXKHO IOJIydUTh U3 3aKOHA COXPAHEHMsI

pt+Q$:O7
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rJe p — IJIOTHOCTb COXp&HHIOH],CfICH BEJIMYUHDBI, ¢ — IIOTOK, ITIOJIarasd

q=Q(p) — vpa.

Hampumep, st 3amaqm 06 aBTOMOOMILHOM IMMOTOKE, PACCMOTPEeHHO# B § 4.5,
9TO 03HAYAET, UTO MOMEPhI CHUKAIOT CKOPOCTD IIPHU YBEJINIEHUH TUCIA MAITAH
BIIEDEIN.
Urak, ypasuenue (5.1) umeer BuJI 3aKOHA COXPAHEHUSI
u2
u+ | — —rvu, | =0.
2 xX

S:/uda:

ABJIAETCA MHTEr'paJjioM JIBU2KEHUSA U, KaK U B CJlIydae YPpaBHCHUA HpOCTOfI BOJI-

Orcroa ciiefiyer, 9To BeJIMIMHA

HBI, OIIPEJIE/ISeT aCUMIITOTUIECKYIO (hOpMY ITPODUIISd PEIICHUSI.
B rn. 9 yBuaum, uro ypaBuenme Bioprepca MOXKHO MOJIYyIUTb U B MHOM
dopwme:
Uy — QUUE = OUgs. (5.2)

Terieps 0HO CONEPKUT TPOUIBOJHYIO IO KOOPJIMHATE TOJBKO MIEPBOT'O MTOPSIIKA
1 oToMy 0oJiee yI0OHO JIJIsl aHAJIN3a 33/1a4i ¢ TPAHUYHBIM YCJIOBHEM (3aja9u
0 PaCIPOCTPAHEHUN CUTHAJIA), TOT/Ia Kak ypasHenue (5.1) 6osiee moaxoauT jjist
3a/1a4M ¢ HaYaJIbLHBIM ycjIoBreM. Y pasuerue Broprepca B Bujie (5.2) gacto uc-
[I0JIb3YEeTCsl B HEJIMHEHHOM aKycTuKe U 0000IIeH0 Ha CIydail MUINHIPUIECKUX,
cdepuueckux BOJH U BOJIH B CpeJlaX ¢ pejakcanueit [14, 47].

Kax nmokazano Ha KadecTBEHHOM yPOBHE B V1. 1, muccurnaTuBHBIE 9DPEKTHI
CIOCOOHBI IIPUOCTAHOBUTH YKPYUIEHHUE U IIPUBECTU K 00PA30BAHUIO YIapHOT 604-
Hot. Panee B 1u1. 3 Mbl (haKTHIECKU PACCMATPUBAJIA YPABHEHUE [TPOCTON BOJIHBI
KaK IpeJies1 ypaBHenus bioprepca npu v — 0, a yJapHyIO BOJHY TPaKTOBaJIn
IIPOCTO KaK MaTeMaTUIecKuil pas3pbiB. Tenepb BBISCHUM, K KAKUM OTIHIUSM
IPUBOJIUT HOJIee CTPOTHil yIeT BJIUSHUS JUCCUITAIUU.

5.1. Tounble peineHusi ypaBHeHusi bioprepca.
IIpeobpazoBanne Koyma—Xomnda

Ouesnyino, uro ypasuenne Broprepca (5.1) npejcrasisier coboil HeTMHEl-
HY0 MOJIN(MUKAIUIO YPABHEHUS TEILJIOIPOBOIHOCTH

O = Vgz. (5.3)
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Topaszno BazkHee, OJIHAKO, TO, UTO €r0 YJIAETCs CBECTH K JIMHEHHOMY ypaBHe-
auo (5.3), IpuMeHsisi CrieruaJbHoe Ipeobpa3oBaHue, Haii/leHHOe He3aBUCHMO
Koynowm [57] u Xondowm [58]. IIposeaem sTo npeobpazosatue B jiBa srana. CHa-
qaJjia moJIOKIM

U= Py.
ITpu sTom ypassenue (5.1) mocse 0JHOKPATHOIO UHTEIPUPOBAHKS IPUHUMAET
BU
L o
¢t+§¢x = Z/w$x'
Tenepn, nostarast ¥ = —2v In ¢, HaxoUM
Pt 1 (2vpy 2 2 [ Pz 9 Pz — 902
w=4+-—]—=] === ] =-2v 72:”
AN P/ P

Yensr, comepxkamue (¢, )2, B3aHMHO YHIYTOXKAIOTCA U ypaBHEHHe JIJIs (9 CTa-
HOBUTCS JITHEHHBIM.
Takum obpaszom, ypasuenue Broprepca (5.1) pu moMoru 3aMeHbl

I(Inp)

- (5.4)

u= —2U

IepexXouT B YpaBHEHNE TEIIJIOIIPOBOJAHOCTHU (53) Ecsiu Mbl mMeeM HadaabHOE
ycioBue

TO u3 coorHomenus (5.4) cieayer yciaoBue jist (DYHKIMU ©:

x

plast =0) = 0(a) —exp |~ o [ Fln)dn| (5.5)

0

Pemenne YpaBHEHHA TEIIJIOIIPOBO/JIHOCTU C HaYaJIbHBIM YCJIOBUEM (55) unmeer

Bt (cM., Hanpumep, [59])

p(z,t) = \/ﬁ 7<I>(77) exp [— M} dn.

Orciona naxonnm u(z, t):

e}
/ L ; U exp(—G/2v)dn

u(x,t) =

o) )

/ exp(—G/2v) dn

— 00
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n

G(n; x,t) = /F(n’)dn’ +
0

(z=n)?*

> (5.7)

Coornommenus (5.6) u (5.7) HO3BOJISIOT, B IPUHIIUIIE, IOJIYIUTh PEIIEHNe YPaB-
Henusi Bioprepca, COOTBETCTBYIOIIEE MPOU3BOJILHOMY HAYAJIBHOMY ITPOMUIIO
BoJIHBL. Koneduno, Jaeko He BCerja MHTErPaJibl, BXOAAIIUE B 3TH (DOPMYJIbI,
MOYKHO BBIYHCIUTH aHauTHIecKu. OHAKO B Psijie BayKHBIX CIYUYaeB 3TO y/la-

eTCd cAejaTh.

5.2. IloBenenue pemniennii ypaBaeHus broprepca B
npezaese v < 1

B sTom maparpade mocrapaemMcst OTBETUTD Ha OJNH U3 Hanbojiee BaXKHBIX
BOIIPOCOB: CTPEMSATCS JIN pellleHns ypaBHeHus broprepca B mnpemesne v < 1 K
COOTBETCTBYIOIIMM Pa3PBIBHBIM PeIleHusIM, HaiimeHnubsiM B 11, 3. [Ipex e Bce-
IO 3aMETUM, 9TO IKCHOHeHTa exp (—(G/21) B OIBIHTErPATTBHBIX BHIPAYKEHUSX,
Bxoganmx B dopmyay (5.6), B 9ToM ciaydae Maja BCIOJY, 3a HCKIOYCHHEM
okpecTHOCTEll TOYeK, e dyHKius G uMeeT MUHUMYM (HA3BIBAEMBIX TaKKe
CMAYUOHAPHBLMU MOYKAMU), B KOTOPBIX

oG Fln) r—n

on g t
[TpeamosnokuM, 4TO0 UMEeTCsl eJIMHCTBeHHAs CTalMoHapHast Touka 1 = &(x,t),
YJIOBJIETBOPSIIONIAST Y PABHEHUIO

= 0. (5.8)

Torma moxkHO pasznoxkuth G(n) B psag Teitiopa B OKpecTHOCTH TOYKHY & ¥, B3SIB
JABa He O6paHLaIOHLI/IXCH B HyJII) YJIeHa paBJIO}KEHI/IH, HOJIy‘II/ITb
2
(n—2¢)

Gn) ~ G(e) + L2 6 (g).

Bamerum, uTo 11OCKONIBKY & — Touka MuHmMmyMma, G (€) > 0. Temepb MOKHO

HpI/I6J'II/I)K€HHO BBIYUCJINTL MHTErpaJ Buia
oo o0

I'= / g(me =G/ dy = g(€)e= GO/ / GO/t g

—00 —0o0

rie g(n) — dyHKIUs, MeIJICHHO MEHSIOMASICS 10 CPABHEHUIO C SKCIIOHEHTOM.
Brojist oboznaueHue
2
_G"Om=9)
- )

2
¢ 4v
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IIOJIY UM

I~ g(€)e O \/GTZS) / e~ d¢ = \/57(2) g(€) e~ G2,

B,ZLQCID HCIIOJIB30BaHO TOXKIECTBO

0o
/ e’ d¢ = /7.
“o0
Taxum o6pazom, u3z dopmyssl (5.6) nomydaem
r—§
P

C ygerom Toro, uro £ yJaoBiaeTBopsier ypasHenuto (5.8), mocieinee paBeHCTBO

u~

(5.9)

MO2KHO IIepeliucaTb B BUJE JIBYX COOTHOIIIEHUI
u=F(),
=&+ F(&t,

(5.10)

B KOTOPBIX HETPY/HO y3HATDH perenne (2.6) ypaBHEHHsI IIPOCTOIl BOJIHBIL.

B ornudne oT 0/HO3HAYHBIX U HEIIPEPHIBHLIX PEIeHnil ypaBHeHus Bioprep-
ca, oupezessieMblx coorHontenusamu (5.6) u (5.7), dopmyist (5.10) mpeackasp-
BAIOT ONpOKHbIBaHne BOJIHBL. OJHAKO, KaK ObLIO MOKA3aHO B IVI. 2, OIPOKH-
JIBIBAHHIO COOTBETCTBYET IIEPECEUCHIE JIBYX XapaKTEPUCTHUK M, CJIE/I0BATEILHO,
HMEIOTCSI JIBe CTAIMOHAPHBIE TOUKH &) 2, YAOB/IETBOpsIONHe ypasuenuio (5.8).
Takum o6pazom, B Beipazkeruu (5.6) Ternepb HEOOXOIUMO yUeCTh BKJIA OT 0be-

UX 3THX TOYEK, UTO JIAeT:
(x — &) exp(—G1/2v) / ty/ Gl + (x — &) exp(—Ga/2v) / ty/GY

exp(—G1/2V)/@+GXP(—G2/2V)/\/672/
(5.11)

riae Gi2 = G(&12). Ecin G < G, To B opmyite (5.11) 1OMEHEPYIOT “I€HEL,

u =~

)

conepxkamye G, u
r—&
o
B mporusHOM cilydae JOMUHUDYIOT 4jleHBI, cojepzkainne Go, u

u ~

53—452.

u ~

Takum obpasoM, pereHne COCTOUT U3 ABYX UacTell, IPUOJINKEHHO YIOBIETBO-
PSIIONINX YPABHEHUIO IIPOCTOHN BOJIHBI, U COEIUHEHHBIX IIEPEXOIHON 00JIaCThIO,
ITPUHA KOTOPOI IIPOIOPIIMOHATbHA V.
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5.3. CrammoHapHas yaapHas BOJIHA

Haifinem perienne ypaBHenusi Bioprepca B Buie cmayuorapHoti yoaprot
804Hbl. PaccMoOTpuM 337184y ¢ PAHUYIHBIMU YCIOBHSAMU
u=1{"" T e (5.12)
Ug > U1, T — —OQ.
AHaI0roM 3TOr0 perenns B CIydae YPaBHEHHs IIPOCTO BOJIHBI ABJISIETCS, OUe-
BUJIHO, OJIMHOYHBIN pa3pbiB (§ 3.1). Hamomuum, 9To cranuoHapHbIME HA3bIBa-
I0TCsl BOJIHBI, KOTOPBIE PACIPOCTPAHSIOTCS BJIOJIb OCH T C IIOCTOSTHHOM CKOPO-
cteio U, He m3MeHsst cBoeit HGOPMBI. DTU PEIIEHUsT 3aBUCIAT OT & U t B KOM-
Gunaiuun ¢ = x — Ut. Torpa us ypasuenust (5.1) mosrydaeM OOBIKHOBEHHOE
nuddepennuaibHOe ypaBHEHNE

u\’
—Uu' + <2> = v,
rie mrpuxu obo3nadaroT guddepennuposanue 1o . aTerpupys 310 ypaBHe-

HEE OJIMH pa3 C y4eToM I'PaHMYHbIX yciaoBuil (5.12), moiaydaem mpu & — oo u

IIpU T — —O00, COOTBETCTBEHHO

—Uu+ u; —vu' = —-Uu; + u;’
e 2 (5.13)
“Uu+ 5 —vu ——UU2+7.
Orcro1a HAXOIUM
U= w (5.14)

T.€. CKOPOCTH YJIAPHOI BOJIHBI OIMUCHIBAETCA B TOYHOCTU TEM K€ BLIPAYKEHUEM,
9TO M CKOPOCTh paspeiBa (cM. dopmyny (3.4)). Temeps coornomenus (5.13)

IIPUHUMAIOT BU/T

r_ (u—w)(u—up)

vu =
2
Nurerpupys 3170 ypaBHEHHE, TIOIyIaeM pelleHrne B HESBHOM BHJIE:
— 1 Uy — U
§—b _ ln< 2 > (5.15)
2v U9y — U U — Up

[Tocrosunas &y ompemensger mojoxkeHne (GPOHTa yAAPHON BOJIHBI. be3 orpa-
HUYEHUsT OOIIHOCTU ee MOYKHO IIOJIOXKUTH paBHOI Hy/I10. Paspemiast ypasHeHue

(5.15) oTHOCHTENLHO U, HAXOJIM

Ug — U1

1+ exp <U22—VU1 5)

u=u+ (5.16)
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[Ipoduis sToro perienus: npusesien Ha puc. 1.5.
Eciin BBeCTH aMILTUTY Ly YIAPHO# BOJHBIL Uy, = (U —u1)/2, TO BeIparXKeHUe
(5.16) npuHEMaeT BuT

w=U — up th (“2";5) U — t th (2) (5.17)

rae A = 2v/u,, — XapakTepHas IMUPUHA (PPOHTA YIapHON BOIHEL Bumo, 1aro
3Ta BeJIMYNHA OOPATHO MPONOPIHOHATIbHA AMIUIATY/E BOJHBI U HPSAMO IIPO-
nopruoHajbHa V. TakuMm o6pa3oM, MOATBEPKIAeTCS CIPAaBEIJINBOCTD OIEHKH
(1.26), ciesannoil B i1 1 U3 KadeCTBEHHBIX COOODaZKEHHI.

3anmadya 5.1. ccnemoBars mporece TpanchOpMaIui HAIAILHOTO TPOMUIS B BU-
Jie CTYIIeHbKHU

Uy, x>0,
u =
ug >uy, <0,

B CTAIMOHADHYIO yaapHyio oy (5.16).
Pewenue: Ipexne Bcero naiinem G(n; x,t) no dopmyse (5.7):

2
G, = (& —n) 2tn) +uin, n>0,
G =

_ 2
Gy = @) t") +ugn, 7 <0.

Bgenem obosnauenus

rae ¢ = 1,2, Torga

G; -z + u;t)?
exp <—2y> = FE;exp <_(n4yt)> .

Boruucium unTerpas B 3uamenaresie popmyist (5.6):

[on(-g) o [on(-52) i foon(-52) o

[Ipu nomomu 3amenst (2 = (9 — x + u;t)? /4vt omyaaem

/ exp (—5/) dn = Vrut {El erfc (— x%t> + Es erfc (xjﬁt)] .

3aeck erfc — rak HazbIBaeMBll donoarumesvhoLl urmezpan seposmuocmeti (I O~

Gox) [46]: .
/ e

erfc(z) =1 — erf(z

E\w
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Teneps BbuucauM uHTErpasbl B yuciaurese gopmyist (5.6). [ocie HecmoxubIx
Ipeobpa3oBaHmit MOXKHO HANTH, 9TO

0 0
- — t
/ 220 orp (C;z) = / n-wtust o <Gz> s / exp <G2> .
v t 2

v 2v

Bropoit naTerpa 6bL1 yKe BBITHUCIEH HAMU paHee, a IepBblil Tpeodbpa3yeTcss B WHTe-

Ipajl OT SKCIIOHEHTBI IPH HOMOITH 3aMenbl ( = (7 — o + ugt)?/4vt. Takum obpasom,

oJIydaeM
r G
517—77 2
—— 2 ) dn=
[ e ()

— 00

x — uat (x — ugt)2>
= vavtusEyerfc | ——— | + 2vFEsexp | ————— | =
2 ( m) 2 p( vt

T — ust m2>
= vVavtug B erfe +2vexp | —— | .
oBrerte (T2 ) e (0

AmnajiornaHoe BhIparkeHHe HAXOJIUM JJIsl MHTEerpaJia, cojepzxkariero Gi:

_ _ 2
/I . 1 exp <—§;) dn = Vrvtu Ey erfe <_a: u1t) —2vexp <— - ) .
0

VAavt 4vt

Takum o6pazom, uncauresb B opmyne (5.6) nmeer Bu

—uqt T — ust
Vvt {u FE erfc (_:rul) Ny erfc( 2 )] .
i . Vavt e Vavt

OxoHYaTeJILHO IIOoJIy9a€eM BbIpazKeHUe

U — U
t = _—
u(@,?) N T AR By

erfc (_;v — u1t>
A= Vvt .
erfc <:c — u2t>
Vvt
Herpyano nokazars, 4To
2 2
% — exp <(:c uqt) 4yt(:c ust) > = exp <U22VU1 (z— Ut)) 7

rue U no-nipexkaemy omnpegessierca dbopmysioi (5.14), ciemosaresbHo,

e

u(z,t) = up + Y2t .
1+ Aexp <u22yul (x—Ut))

Tockonbky A — 1 ipu t — 00 st GUKCUPOBAHHOTO &/t U3 MHTEpBaa U1 < &/t < us,

pellleHne ¢ TeUeHneM BpeMeHH IIPEBPAIAeTCsl B CTAIINOHAPHYO yaapHyo BosHy (5.16).
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5.4. PacnpocTrpaneHne rapMOHUYECKOT'O CUTHAJIa B
HEJINMHENHON cpejie C AucCcurialuyen

B § 3.2 MBI IOKa3a/11, 9TO TapMOHUYECKUN CUTHAJ BUIA
u(z = 0;t) = up + asin(wt),

PacCIpOCTPAHAIONINNACA B HEJIMHEHHON HeqUCIIeprupyIonei cpeie, ¢ TeYeHueM
BpPeMeHH IIpeBpaInaeTcs B nuioobpasueiii (3.11). [TumoobpasHyio BoJHY MOXK-
HO IPEJCTAaBUTh KaK CyMMYy JIMHEWHO#l u crynendaroit dpyuknumii. ITockosnbky
[IPU KOHEYHOM IV aHAJIOI'OM CTYIIEHYATOI'o IPOMUIIA SABJSAETCH CTAIMOHAPHAS
yZapHas BOJIHA, MOXKHO CKOHCTPYUPOBATH IIEPUOANIECKOE DEIICHNEe, CKJIa/Ibl-
Basi BbIpazkenue (5.17) ¢ smneiinoit dbyHKIHEI:

0 0
_ AT 1<6< 1
u um[ W—i—t (A)]’ m™<6<m, (5.18)

riae 6 = w(t — z/ug), A = 2wv/uy,. Ecan nogcrasurs ciona Beipaxkenue (3.9)
JUTSL Uy, TO TIOJIY UM

a mRef
_ _ _r<h< .
U 1+X[ 9+7Tth<1+X>], T<0<m, (5.19)

rie Re = a/2wv. ®opmyna (5.19) onucsiBaeT muaoo6pa3Hy0 BOJIHY CO CIyla-

uAh

@y

-7 0 T

Puc. 5.1. IIpoduas pemenus (5.19) npu pasnuvHbIX 3HAUEHUsIX apaMerpa Re

JKeHHBIM pporTOM (puc. 5.1). D10 pemmenne 6b110 Haiigeno P.B. XoxiaoBbim
B 1961 r. |60, 61|. Hamomumm, uro B Bbipaxkenun (5.19) a siBiasiercst aMium-
Ty/10i BXOJHOTO curHasa, X — 6Ge3pasMepHasi KOOpAUHATA. YINBUTEIBHO, HO
CKOHCTPYHMPOBAHHOE TAKMM 006Pa30M BbIPazKEHUE SIBJISIETCSI TOUHBIM PEIlleHUeM
ypasaenusi Broprepca (5.2) ¢ o = ug 25 = v/u?, B wem MoxHO ybemuThCs
IIPAMOI IIOJICTAHOBKOI.
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Bemmuuna Re B akycTrke u ru/ipoitHaMUKe Ha3bIBAETCH YUCAOM Petinoiso-
ca |14, 42| u xapakrepusyer OTHOIIEHUE HEJTMHEHHOrO YjIeHa K JUCCHIIATHBHO-

My:

2/2  a?)2
u/ ~ / -2 Re.
zm rwa 2wy

Beruncium crekrp pemtenusi (5.19). Kosdbdunuentsr pasioxenus: B psij

Qypbe 110 CHHyCaM UMEIOT BHUJL

™

/(—0+7Tth,39) sinnfdf, [
0

B mRe
14+ X

2a

A ="
" a1+ X)

[Ipomuddepennupyem naTerpas mo napamerpy (. Torma

™

0A,, _ 2a 0 sinnf
o  1+X /) ch?p0
0

db.

Bsuty Toro, 9To mo/ibIHTerpabHOE BBIPAXKEHUE €CTh OBICTPOYDOBIBaOIast (DyHK-
st 6, MOXKHO PUOJIMKEHHO 3aMEHUTh BEPXHUIL 1Ipejiest Ha beckoneunbrit. [1o-
JIyIMBIIACS UHTErPAJ yAaeTcst BeIaucauTh 62, 1. 4.118|. deiicrBurensHo,

ﬁAn /9s1nn9 L 8( 1 )
0B 1+X ch230 1+ X 88 \ Bshirn/28] )

OxoHYATETEHO II0JIyv9aeM BbIpazKEeHHe

a sin nd
_a 5.20
“ Re ; sh[n(1 + X)/2Re]’ (5:20)

KOoTOpOe HOocUT HasBaHue pewenus Doz [63]. IIpu Re — oo, (T.e. mpu v — 0) u
HE CJINIITKOM 60.HI:)HII/IX HOMEpaX 'apMOHHK 71 IMeeM
A~ 2a
T+ X)

YTO B TOUHOCTHU COBIIAJ@eT ¢ BbipaxkeHnueM (3.13) jyisi ciiekrpa muioobpasHoii
BosiHbl. OnmHAKO 171t o >> 1 370 HNpuOIMKEHNe yKe HecIpaBeInBo. Takum
06paszoM, paspbIBHOE PEIICHUE HEJOCTATOYHO IPABUILHO MEPEIAET 3aTyXaHue
BoIcinx rapMmonuk. leiicrBuresnnbro, coornomenue (3.11) me y4aursiBaeT, ITO
MMUPHUHA YAAPHOro (PPOHTA PACTET ¢ YMEHBIICHHEM aMILIATYALI W BOJIHA Ha
J000i1 cTajsuu ocraercs muI000pasHoii. B To ke Bpewmsi pemenue (5.19) Ha
GOIBIINX PACCTOAHUAX HMEPEXOIUT B SKCIOHCHIMAILHO 3aTYXAIOMIyI0 rapMo-
HUYECKYIO BOJIHY. DTOT IMPOLECC WLIIOCTPUPYET PHUC. 5.2, T IPeCTaBJ/ICHLL
pe3yIbTaThl YUCJIEHHOIO peIlleHrsl YpaBHEHHsl Bioprepca ¢ CHHYCOMIAJIbHBIM
BO3MYIIIEHMEM Ha I'paHuIie. BoJsiee cTporoe paccMOTpeHHE 3aJla9d O PaCIpo-
CTpaHEHUM TapMOHMYECKOTO CUTHAJIA, OCHOBAHHOE Ha NpeobpasoBannn Koyma—

Xonda, moxHO HaiiTh B [14].
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UA

0 x

Puc. 5.2. Pacupocrpanenrne rapMOHUYECKOTO CUTHAJIa B HEJIMHEHHON JTUCCUTTATUBHOMN
cpere

5.5. B3aumogeiicTBue ygapHbIX BOJIH

PaCCMOTpI/IM BOIIPOC O BBaI/IMO‘HeﬁCTBI/II/I YAapHbIX BOJIH. Hpexge BCero 3a-

METHM, YTO CTAIMOHAPHYIO yIapHyIo BOJHY (5.16) MOXKHO IIpEeJICTABUTEL B BUJIE

_wmfitusfy
i+ fo

2
o _uiw | ugt
f,exp( 2u+4u>'

Ofi _  uifi .
HOCKO.HI)Ky 8x = — y 9TO BpraH{eHHe MO2KHO HepeIII/IC&Tb TaK:

2v

(f1 + f2),

u=—2p -t

fi+f2

Taxkum o6pasom, npeobpazosanne Koysna—Xonda (5.4) nepeBojur perienne B
BH/Ie CTAIlIOHAPHON y/1apHOU BOJIHBI B

o= fi+ fo

Temeps paccMoOTpuM (PYHKIUIO 0 BHUIA

o= fi+ fo+ f3

TaK 94TO
_whi tusfstusfs
fi+fo+f3
3xecn
2
wxr Ut
fi=exp|——=+-"——b; ], wui <ug<wus, b;=const’s.
2v 4v
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Bes orparnmyenust oOITHOCTH MOXKHO TTOJIOXKHUTL b1 = by = (.

Ha puc. 5.3a npexncrasnensr rpacdukn dbyukiuii f;(z) B MOMEHT BpeMeHH
t = 0. Buano, aro dbyuknus fi gomuaupyer B obsactu x > 0, dyukmnusa fo —
B obsact g < = < 0, a f3 — B obiactu x < xy (cauraem, uaro xy < 0), rue
Lo — OIPEEJISeTCs U3 yCJIOBUS

U2TQ u3xQ

w 2v

— bs.

Orcrona MOXKHO BbIpa3uTh by depes xg: by = xg(ug — ug)/2v. IlockonbKy npu
fi> fik

U~ U,
HaYaJIBHBIN TPOMUIL IMeeT BUI, M300PaKeHHbIH Ha puC. .30, & X OIpeIessaeT

ITOJIOZKEHME 33 THETO yIapHOTO (PPOHTA.

Puc. 5.3. Ipadurn dyuxuuii f;(z) (a) n savansabii npoduis u(z) (6) B 3azade o
B3aMMOJIEHCTBUN YIAPHBIX BOJIH

PacemorpuM jimHaMuKy 3Toro npoduiist Bo BpeMent. [lepexo/aast 061acTh
MEXKJy U1 U Ug B II0CKoCTH (2,t) (T.e. (DPOHT 1IepBOil yIapHOil BOJIHBI) JIBU-
JKETCS TI0 TPAEKTOPUHU, KOTOPasd OIPEIENISACTC U3 yCIOBUS

wmr | udt _ ux u3t
20 4 2 4u’
4TO JIAeT
up +u
x = % t. (5.21)

AHaoruuHO HAXOUM TPACKTOPUIO JIBUKEeHUsI PPOHTA BTOPOIT yIapPHOl BOJIHDLI
(1epexo/iHOM 06JIaCTH MEXKY Uz U U3):
U2 + U3

T=mo+ =t (5.22)
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IIpsivpte (5.21) n (5.22) nmepecekatorest B Touke (x*,t%), rae

2.%0

="
ul—u;),’

U1 + U
ot = LT 22 2m0.

Ul — us

Ilpu t > t* obisracTu, B KOTOpOil jJloMuHUpYeT fo OoJjiee HE CYIIECTBYET. DTO
03HAYAET, UTO JBE y/apHbIE BOJHBI CJIUBAIOTCA B OJIHY, (DPOHT KOTOPOH pac-
[IpOCTPaHsieTCs BAOJb JIMHUK, Ha KoTopoil f1 = f3, T.e.

usr  uit  (uz — u2)wo uLT n u?t
2v 4y 2v 2v v’
OTKY/1a, HAXOJMM
us — U U + us3
Xr = 0
us — u1 2

=y

Puc. 5.4. Tpaekropun GbpoHTOB yIapHBIX BOJH Ha IJIOCKOCTH (1)

Puc. 5.5. Ciusinue ynapHbIX BOJH

[Tocteinee ypaBuenue ymo0HO IEpeNncaTh B BUJIE

x—x*:m(t—t*).
2
CilesioBaTeIbHO, CATYAIlUs aHAJOMMIHA 3a/ade O B3auMOJIEHCTBIN Pa3pbIBOB
(§ 3.6), 3a uCKIOYEHHEM TOrO, YTO (DPOHTHI YJIAPHBIX BOJIH 3aHUMAIOT HA
iockocTu (,t) KOHEUHYIO 06J1acTh, IIMPUHA KOTOPOil MPOIOPIMOHAIBHA U
(puc. 5.4). Ha puc. 5.5 npejcraB/ienbl pe3yabTaThl KOMIBIOTEPHOIO MOJIEIUPO-
BaHUsl, UJUTIOCTPUPYIOIINE MPOIECC CAUAHUS YIAPHBIX BOJIH.
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5.6. PacnpocTtpaHeHue OMHOYHOIO UMITYJbCA B
HEJINMHENHON cpejie C Auccurialyen

PaCCI\/IOTpI/H\/I IIoBeicHne HavaJIbHOT'O BOSMyH_IeHI/IH B BUJIe yHI/IHOHHpHOFO
nMIyibca. Kak mokasano B I1. 3, INHAMUKA MTOJ00HBIX BO3MYIIEHUN 0018/ 1a€T
YHUBEPCAJIBHOM aCUMIITOTHKON Ha OOJIBIINX BPeMeHaX, KOTOpasi OIIPeIe/IsieTCsl

BeJIMYNHON
0

S = /u(ac)d:v,

—00

ABJISIONIENiCI UHTErpajoM JBuxkKeHus. [losTomy paccMoTpum HamboJiee Ipo-
CTOM CJTydaii, KOrja BO3MYIIEHHE UMeeT BUJ] 0-00pa3HOI0 UMITYJIbCA!

F(z) = Si(x).

Borancium G(n; x,t). Bes orpanndennsi 06IIIHOCTH MOXKHO BKJIIOUUTH d-DyHK-

o B uHTerpas B dopmysie (5.7) ciaea or HyJIst, TOrIA

o
2
x—1 (z —mn)
+ exp | ————— | dn. 5.23
J— ( “7Y 4y (5.23)
0
Baech Re = S/2v — Benuunna, KOTOpasi B JJAHHON 33/1a4e UI'PAET POJIb YHUCIa
Peitnosibca. [leiicrBuTesibHO, IIyCTh BO3MYIIEHIE NMEET XapaKTEPHYO aMILIU-
TYJly G U XapaKTepHBIi mpocTpancTBeHHblii Macitab [. Torga u, ~ a/l, orkyna

a?/2 al S

- va/l T w

Re
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[Tyrem samens ¢ = (z — n)?/4vt materpannl B Boipakenun (5.23) mpeobpasy-
I0TCS B MHTErPaJIbl OT SKCIIOHEHT ¥ OHO NMPUHUMAET BU/I

z2 /4vt oo
—2v | exp(Re) / exp(—¢) d¢ + / exp(—()d( | =
00 x2/4vt

= 2v (exp(Re) — 1) exp <—f;) . (5.24)

Buamenaresb B dopmyiie (5.6) BbIpasuM depe3 JOMNOJHUTEIbHBIN HHTErpaJl

BEPOSITHOCTEH CJIEIYIOMIM 00Pa30M:

r G
/ exp <—2y> dn =

= exp(Re) / exp <(:U4_V;7)2> dn + 7exp <(x4_mz7)2> dn =
0

*ZL"/\/H o]
= V4ut | exp(Re) / exp(—¢?) d¢ + / exp(—¢2)d¢ | =
% e

= Vvt [2 + (exp(Re) — 1) exfe ( (5.25)

7l

[Moncrasiss Beipaxkenus: (5.24), (5.25) B dopmyiy (5.6), OKOHYATEIBHO TOJIY-

_ |v 2(exp(Re) — 1) exp(—22/4vt)
ua1) = \/; 5+ (exp(Re) — 1) erfe(x/v/Avt) (5.26)

@opmyity (5.26) MOXKHO IepernucaTh Tak:

u= \/fg(Re, z), (5.27)

exp (Re) — 1 exp (—Rez?)

VRe 2+ (exp (Re) — 1) erfc <z\/@) 7

JaeM

(5.28)

rae z = x/ V/2St.

PacemorpuM ciry4dait, korma ancio PeifHobIca BeJIMKO, 9TO COOTBETCTBYET
npesiesty Maibix v. Torma, mockoibKy exp (Re) > 1, Boipaxkenue (5.28) npu-
HUMAaeT BHT

exp (Re(1 — 22))
VRe (2 + exp (Re) erfc (m/@)) .

~
~

(5.29)
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Paccmorpum obsacts z < 0. B aToM citydae [MONOJHATEIBHBIR HHTErPAJI BEpO-
sraocreit B dopmyste (5.29) B upeznene Re — oo crpemurcst k erfc(—oo) = 2,

cjieJ0BaTeJIbHO,

. _oXP (Re(1 — 2%)) . &XP (—Rez?)
g 2v/Re (exp (Re) + 1) 2VRe

Taxum obpazom, dpyukius g npu z < 0 cTpeMuTcd K HYJIIO 10 KpaliHeil Mepe
kak 1/vRe.

IIpu z > 0 MOXKHO UCIOJIL30BATH ACUMITOTHIECKOE BhIpayKeHue it PyHK-
nuu erfc mpu GOJIBIIMX 3HAUEHUSIX apryMeHTa, KOTIa

exp(—2?)
erfcx ¥ ————~ npu v — oo.
T

D10 naer

exp (Re(1 — 22)) 2T

B . (5.30
VRe (2 n exp (Re(l - 22))) 1+ 22v7Re exp (Re(z2 _ 1)) ( )

g=

zVmRe

Eciu z > 1, o MoxkHO nipeHeGpeus enununeii B suamenaresie (5.30) 1 oy IuTh

1
97 2vRe exp (Re(z2 - 1)) 7

OTKyZJa BuAHO, 9T0 g — 0 mpu Re — oc.

CrenoBaresibao, u ~ 0 Bciojy 3a uckioueHuneM obsactu 0 < z < 1) rre
BTOpOE cjiaraeMoe B 3HameHaresie opmysibt (5.30) Mo O CPABHEHUIO C €11~
aureit. Takum 06pazom, g & z4/7 u u3 ypasuenus (5.27) nosydaem

25 T
uR A\ —z=—.
t t

[Tonoxkenune GppoHTa yIapHOH BOIHBI HAXOANTCA U3 YCJIOBUA z = 1, 9TO maer
xr = V25t.

Torma ckopocTh, ¢ KOTOpOIT ABU>KeTCS (DPOHT, paBHA

dx S

U=%~Var

HetrpyHo BuIeTh, YTO 9T BBIPAXKEHUSI IIOJTHOCTBIO COBITAJIAIOT C MOJIY Y€H-
HBIME B § 3.3 Jyis ypaBHeHHUs pocToil BoaHbl. OnHako ypaBHeHne Bioprepca
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[IO3BOJISIET MPOJIBUHYTHCS JIAJIBIIE U YCTAHOBUTL CTPYKTYPY HepeHero hbpoH-
Ta uMmIyJbca. Paccmorpum obsiacth, rie z S 1. Torna, monarasi B BhIpaskKeHUU
(5.30) z =~ 1, 22 — 1 =~ 2(z — 1), Haxomum

~ VT
77 + 2v/7Re exp (2Re(z — 1))

[Moxcranoska 3Toro BhIpaxkeHus B dhopmyny (5.27) maer

. 25/t
1+ exp |(1/20) /28]t (x = V2St) + (1/2)In (275 /v)|

YTO COBIIQJIAET C PEIIeHUeM sl CTAMOHApHON ymapHoii BosHbl (5.16), rme
u; = 0, ug = 1/25/t. Pagymeercsi, 310 pelleHne He sIBJISETCs CTAIMOHADHBIM,
TaK KaK ero aMIUIUTYJa YMEHBIIAETCs, a IMUpuHa (ppOHTA PaCTeT.

77 \

Puc. 5.6. Bosmonus HaYaJIbHOIO BO3MYIIEHUS B BUIE OJAMHOYHOIO UMILYJIHCA,

Eie omna repexoinast 00J1aCTh PACIOIOXKEHA Ha 33 HEeM (DPOHTE UMITY/ILCA
npu z ~ 0. B arom ciaydae B 3namenarese ypasenust (5.29) MOXKHO HOJIOXKHUTD
erfc(zvVRe) ~ 1 u mosryanThb

_ exp(—Re- 2?)

9= ———F
v Re

1% .'1:2
u =~ — X _— .
¢ P\ T

P63yJH)Ta.TbI YUCJICHHOT'O MOJICJINPOBaAHM A HpOCTpaHCTBeHHO—BpeMeHHOfI JMHa-

OTKYJIa

MUKU OJIHOIIOJIAPHOI'O UMILYJIbCA, IIPEeJICTaBIeHbl Ha puc. 5.06.
AnajioruuHO MOXKHO HaiTH pelleHue B BUjie [N-BOJIHBL CO CIVIAZKEHHBIM IIPO-
dbuitem [8]. BaxxHo ormernTh, 4TO B 000X CilydasiX ¢ T€UeHUEM BPEMEHU IIH-

puna ppoHTa YIAPHON BOJHBI YBEJIUINBACTCHA, 8 KPYTU3HA YMEHBIITACTCS.
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5.7. ABTOMOIEJIbLHBIE penieHns ypaBHeHusi Broprepca

B 3akiioueHe pacCMOTPHM €IIe OJIMH BaXKHbIi KJIACC PelleHnii ypaBHeH st
Broprepca, naspiBaeMbIx asmomodeavrowmu (camononobusivm) (14, 64|. Drum
TEPMHUHOM OyJieM 0003HAYaTh PEIICHNUs], 3aBUCSIINE OT T U t B OIPEJICJICHHO
KOMOMHAINH, TaK YTO yPABHEHHE B YACTHBIX IIPOM3BOJIHBIX MOXKET OBITH CBe-

neHo K obbikHOBeHHOMY!. PaceMoTpuM MacmitabHOe mpeobpasoBanue
u(x,t) — A% </\b:v, )\Ct> , (5.31)

rae A\, a, b u ¢ — napamerpsl. 3ameTuM, 4ro ypauerue (5.1) ocraercs mHBa-
PHAHTHBIM OTHOCUTEJIbHO TipeobpasoBanust (5.31), ecin

c=a+b=2b.

Beibepem ¢ = 2, a = b = 1. Takum obpasom, Bbipazkenue (5.31) npuauMaer
BUJT

u(z,t) — v (Az, )\Qt) .

Tenepn BbIOEPEM A = % 1 pacCMOTPUM pPEIIeHUs B BUJIE

u=—1(z), 5.32

7 ( (5.32)

e z = x/+/t. Tlopcrasnas coornomenue (5.32) B ypasnenne Broprepca (5.1),
nostyuaeM oObIKHOBeHHOe JiddepeniaibHoe ypapHenne jyist byHKiuu 1(z):

/
_¢ + 21} n KQ —
2 2 ’
rJie MTPUXK O3Ha4a0T auddepeHInpoBanne 1o z. THTerpupyst 310 ypaBHeHUe
OJIUH Pa3, MPUXOINM K ypaBHeHUio Pukkaru
P2 =z

= (5.33)

[Mocrosinnast nHTErpupoBanus B ypasaenuu (5.33) BbIOpaHa paBHOil HYJTIO, Tak
KaK MbI pacCMaTpuBaeM JIOKAJIM30BaHHBIEC B IIPOCTPaHCTBE pEHIeHUsd, IJid KO-
TOPBIX w CTpEeMUTCHd K Hy.HIO Ha 66CKOH€“IHOCTI/I BMeCTe CO BCeMHr CBOUMU IIPO-
M3BOJHBIMMU.

VYpasHuenne PukkaTu peraercst Ipyu MOMOIIN 3aMEHbI

/

v
=2 (5.34)

lpocTeitmmum IpuMepoOM ABTOMOZIEIBHEIX PEIIEHMH SIBIISIOTCS CTAIMOHADPHDLIE BOJIHEL,

paccmoTpenHble B § 5.4.
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OTMeTuM C€XOJICTBO ITOTO COOTHOIIEHH: ¢ IpeobpasoBanuem Koyra—Xonda
(5.4). Iloacrasuss coornomenue (5.34) B ypasaenme (5.33), mosrydaeM ciie-

aylolee ypaBHEHUE:
/

2 = =20, (5.35)

Beegem w = v'. Torga unrerpuposanue ypasuenust (5.35) gaer

22
w = exp <_4y> .

Takum o6pa30M, IJId v UMeeM

v—/z (z')dz' +C = \/E//ﬁ ¢+ C = m[erf<\@>+c],

0

rae C' — IOCTOsIHHASI MHTErPUPOBAHMUSI,

2 2
erf(z — / 1 dt
\F

— unmezpan eeposmnocmets [46]. VI3 ypasnenust (5.34) caemyer, 1aro

o w v exp(—zz/4u)
V= QVU_ 2\/;erf(z/\/éﬂ)+c'

[Toscrasisist HafiieHHOE 9 B cooTHOIIeHuE (5.32) 1 epexo/is K HePEeMEHHBIM

T, t HaXOAUM OKOHYATEJIbHO

v exp(—x?/4vt)
ulet) = 2\Eerf (2/ VA0 + C (5.36)

Ouesnio, uro pemenne (5.26), OMUCHIBAIOIIEE JUHAMUKY 0-UMILY/IbCA, SIBJIsI-

ercst 9acTHBIM cirydaeM dopmyist (5.36) ¢

1 + exp(Re)

¢= 1 —exp(Re)’

Pemenue (5.36) onucbiBaeT HECUMMETPUYHBIH KOJOKOJOOOPA3HbIH HUMILYJIbC,
KOTODBIil ¢ TeYeHHEeM BpPEMEeHM pacIlibiBaeTcst u 3aryxaer (puc. 5.7). Orme-
TUM, 9TO UMILYJThC MOYKET UMETh KaK MOJIOYKUTEJIbHYIO, TAK U OTPUIATEJLHYIO
HOJISIPHOCTD, B 3aBUCHMOCTH OT 3HaKa nocrostuHoit C' (moapobuee cm. [64]).
VYpasuenue Broprepca uMeer u jApyrue aBToMOIeIbHbIE PelieHnsl (CM., Ha-
upumep, [65]). CyuiecTByer KpacuBblil 110/[X0J1, OCHOBAHHBLII HA MEOPUU 2pYnn
JIu, KOTOPBIH TIO3BOJISIET OTBICKATH BCE ABTOMO/IE/IbHBIE MOJICTAHOBKH, KOTOPbIE
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JIOIYCKAeT TO WM WHOE ypaBHeHue (CM., HanpuMmep, |66]; B kadecTBe ajieMeH-
TApPHOTO BBEJICHUsT MOYKHO TAKKe MOpeKoMeH10BaTh [67]). OmHako HeobXommmo
OTMETHUTh, YTO aBTOMOJIEJIbHbIE DEIIEHUsI SIBJISIIOTCS YACTHBIMU (XOTSl M TOY-
HBIMH), U, BOOOIIE MOBODsI, 3apaHee HEesICHO, OYJyT JIM OHU BO3HUKATH B XOJIE
SBOJIIOIAN TIPOM3BOJILHBIX HAYAJbHBIX BO3MYINEHNH. B dacTHOCTH, HET Jake
rapaHTuil, 9To Takue perreHus: OyJIyT ycToHYuBbIMU. TeM He MeHee, [0 Kpaii-
Hell Mepe HEKOTOpbIe U3 HUX UIPAIOT YPE3BBIYANHO BarXKHYIO POJIb, SIBJISIACDH
CBOEr0 pOJIa ATTPAKTOPAMHU, MOCKOJIbKY OKa3bIBAETCs, UTO MOBEJIEHHE Dele-
HUsT Ha GOJIBIIMX BpeMeHaX, Kak MPABUJIO, HOCUT aBTOMOJIEJbHBIH XapaKkTep.

X

Puc. 5.7. [lpoduin aBTOMOIETBHOIO perieHnsi ypaBHeHns Bioprepca B pa3jndHbIe
MOMEHTBI BpEMEHU

Bapmaua 5.2. Paccmorpure macmitabHoe npeobpasosanue, aHagornduoe (5.31),
nns ypasaenus Kopresera—ne Bpusa

Up + Ulg + Ugge = 0

U HOKayKHUTe, 4TO aBTOMOJENbHOE perrenne uMeeT Bug u = (3t)~2/31(2), tne z =
x/~v/3t. Tomnyuure s bynknum (2) obbikHOBeHHOE JuddepeHnuaibHoe ypaBHeHye

" =2+ zp — Y. (5.37)
3amaya 5.3. Pemure 38121y, aHAJJOrTIHYO TIPEABIAYINEH, 11 MOIUMDUTTAPOBAH-
noro ypasuenust Kopresera—ue Bpusa
g + uug + Upgy = 0.

IokaxKkure, 4T0 ABTOMOIE/IBbHOE pernenne umeeT B u = (3t)~1/34)(2), rae no-npexnemy
2z = x/v/3t, a bynkiust (2) yjI0BIeTEOPSET yPABHEHUIO

3
V=2 - o+ 0 (5.38)
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rge C' — NpOM3BONIbHAST IIOCTOSIHHAS. DTO yPABHEHHE M3BECTHO B MATEMATHKE KaK
ypasnenue Ilenaese II muna. Ormernm, aro (5.37) ceogures k (5.38) mpu momoru
nupeobpasosanusi Muypel, Koropoe Gyzer obcyzkaarbest B ril. 10. B orimawe or (5.33),
perennst ypaHenuit (5.37), (5.38) Hesnb3si BBIPA3UTh Yepe3 KaKHe-JIMOO M3BECTHBIE
9JIeMeHTapHble WM crerpaibable dyakunn. ITogpobHee 0 posn, KOTOPYI0 HIDAIOT
ypasrenus Ilennese B Teopun HeJIMHEHHBIX BOJH, ¢M. B [19].
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IIpuMepnl yaapHbIX BOJIH

DKcTpeMasibHbIE COCTOSIHUSI BEIECTBA OCOOEHHO MIPUBJIE-
KaTeJIbHBI I (PU3UKH, TOCKOJIBbKY B HUX HamboJiee sic-
HO TIPOSIBJISIFOTCSI 3aKOHBI Tpupobl. Cpean pasindHbIX
GbU3NYECKUX SBJIEHUN TaKWe YCJIOBUS OCYIIECTBIISIOTCS
B yJapHBIX BOJIHAaX, JJIg KOTOPBIX XapaKTePHbI BbICOKHE
3HAYEHUS TEMIIEPATYPbI, CKOPOCTH, JaBJIEHUs, OOIBIINE
rpaJineHTsl U T.7. Ha mpakTuke yJiapHbIe BOJIHBI BCTPE-
YalOTCs B CAMBIX Pa3HBIX O0JIACTAX HUCCIEIOBAHHUII — OT
acTpodU3UKN, BOIPOCOB, CBA3AHHBIX C IIPOUCXOXKIEHU-
eM U YCKOPeHHeM KOCMHUYECKHX YaCTHUI], CBEPX3BYKOBBIX
JBUKEHUN B aTMocdepe T0 CaMbIX Pa3sHOOOPA3HBIX Jia-
6OPATOPHBIX IKCIEPUMEHTOB.

A.JI. Beauxosuu, M.A. Jlubepmarn. Pusnka ymapHBIX
BOJIH B razax u miasme (M.: Hayka, 1987. C. 4)

C ymapHBIMHE BOJIHAMH 3HAKOMbBI BCE, XOTsl M He BCe, MOJ00HO repoio Mo-
JIbepa, 10JI03peBaT 00 3ToM. B cosHanuu OOJIBIITMHCTBA JIIO/IEHl OHU acCOIH-
HAPYIOTCs, B IIEPBYIO OYepeb, ¢ aTOMHLIM B3pbIBOM. OHAKO yJIapHbIE BOJIHbI
BO3HUKAIOT W B I'Opa3Ji0 MEHee JIpAMATUIECKUX CATYyaIUIX: IIPHU yJape rpoMa,
IMMCTOJIETHOM BBICTPeJIe, JIBUKEHUU CBEPX3BYKOBOrO camosieTa. Jlake peskuii
XJIOIIOK IMACTYIIeCKOTO Onda — 9TO TOXKe yAapHasi BOJIHA.

Yro ke Takoe yjapHas BojHa? ABTop [55| NpeiaraeT HAIISIIHO TIpeICTa-
BUTH €€ KaK KPYTOi 1 TOHKUIT BOJIHOBOI (bpoHT. « ToHKuits o3nagaer, 9To, Ha~
IIpUMeD, IIPU PACIPOCTPAHEHUH YJIAPHOM BOJIHBI B BO3/LyXe Ha YPOBHE MOPS €TI0
TOJIIKIHA, cocTaBjsieT Bcero okoyo 0.025 MKM. DTo Ha HOPSIIOK MEHbBIIE JIJIH-
Hbl BostHBL BuguMmoro ceera (0.4 — 0.76 mxm). Ilpu pacupocrpanennn CuibHOMN
yJIapHO# BOJTHBI B HEBO3MYIIIEHHO Ccpejie JaBjeHne, TeEMIIEpPaTypa U IJIOTHOCTD
BO3MYIIIEHHOTO COCTOSIHUAS YBEJIMYNBAETCSI BO MHOTO pa3. MIMeHHO u3-3a 3TOro
rubHYT MONABIINE B 30HY ASHCTBHUS yIapHON BOJIHDLI JIIOAW U YKUBOTHBIE, Pa3-

pyIIaioTcs 37aHUS W COOpyXKeHus. B macTosmel rjape OymeT JaHO KpaTKoe
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OIIMCaHue yaIapHBbIX BOJIH €CTECTBEHHOI'O 1 NCKYCCTBEHHOI'O IIPOUCXOXKICHUA Ha
SGMJIG, a TaK2Ke yJapHbIX BOJIH B KOCMOCeE.

6.1. CuapHbIil TOUeYHbIl B3pbIB. KadecTBeHHas

KapTUHA U aHAJIN3 pa3MepHOCTell

Paccmorpum B KadecTBe mpuMepa JUHAMUKY yIapHOU BOJIHBI IIpU cdepu-
YECKOM B3pbIBE, KOTJIa XUMUIECKas WA si/IEPHAS SHEPIUs 38 MUJLJIA- WU MUK-
POCEKYH/IBI, T.€. [0 CYIIECTBY BHE3AITHO, BHICBODOXKIAETCST B TBEPION, 2KUIKOM
win ra3oobpasnoit cpejse. Ilpu aTom obpasyercsi cepudecknii 00beM packa-
JIEHHOTO Ta3a, KOTOPBI HAXOUTCs MO BBICOKUM JIAB/JIEHUEM U, PACIIAPSISICh,
BBI3BIBAET B OKPYKAIOIIEil cpejie yaapHyo BosiHy. OHA JIBUKETCST CO CBEPX3BY-
KOBO# CKOPOCTBIO U ITPAKTUIECKU MIHOBEHHO TIOBBIIIAET JaBJIEHUE, IIJIOTHOCTh
U TEMIIEPATYPY CPEJIbl, & TAKXKe CO3/IaeT MOTOK BEIEeCTBA, CJIEILYIONUi 3a Hell.
[To mepe pacmpennst CKav4oK JABJACHUS (& ¢ HIM BMeCTe — CKadKH CKOPOCTH,
IUIOTHOCTH, TEMIIEPATyPbI) Ha (DPOHTE BOJHBI YMEHbIIACTCS. YapHasi BOJIHA
3aTyXaeT, IMOCTEIEHHO IPEBPAIasiCh B 3BYKOBOW UMITyJibC. HarssaHoe mpej-
CTaBJICHUE OIMCAHHBIX BBIIIE IIPOIECCOB JlaeT puc. 6.1, Ha KoTopoM n300pake-
HBI ITOJIOYKEHUST YJAPHON BOJIHBI B TPH IOCJEI0BATEILHBIX MOMEHTA BPEMEHU
pu cepraeckoM B3phIBe B ra3e. Ha 3ToM pucyHKe TakKe IIPeJICTaB/IeHbI PAC-
HpeJiesieHnsl JaBJIeHNs B IPOCTPAHCTBE MEXK, 1y (DPOHTOM BOJIHBI U KOHTAKTHOM
[OBEPXHOCTHIO (MMOBEPXHOCTHIO, OIPAHUYUBAIOIIEH 00J1aCTh, B KOTOPOH cocpe-
JIOTOYEHBI Ta3000pa3HbIe MPOYKTHI B3PbIBA). 3aBUCUMOCTH JIABJIEHUSI OT KO-
OP/JIMHATHI BHYTPHU TOJIKAIOIIEr0 ra3a UMEIOT 0ojiee CJIOXKHBIN XapakTep U Ha
PUCYHKE HE ITOKA3aHBbI.

Pacmnpenune narperoro BelecTBa MIpOJIOJIKAETCS JI0 TEX 10D, IT0Ka JIaBJie-
HIE TTPEBOCXOJIUT MaBJICHNE OKPYIKAIOIIeH cpeibl po. OMHAKO, KOTIA TaBICHUE
CpaBHSETCs ¢ Pg, cepa MpoosIKaeT 110 MHEPIUH eIlle HeKOTOPOe BPEMsi Pac-
IMUPATHCS, KaK Obl «IIPOCKAKUBast» I0JIOXKeHue paBHoBecus. [Ipu sTom jrasire-
HUe y2Ke MeHbIe pg. Hakoner, paciupenue cMEHSETCSA C2KATUEM, & JIABJIEHUE
HAaYMHAET HapacTaTb. B pe3yibrare cdepa, B KOTOPOil 3aK/TI0UEHBI Ta3000pas-
HBbIE TIPOJIYKTHI B3PbIBa, HAUMHAET IYJbCUPOBATH OKOJIO IOJIOKEHUS PABHOBE-
CHsi, KOTOPOE OIIPEJIE/ISIeTCS BHEITHUM JIABJICHUEM. DTHU IyJIbCAIUU TOCTEIIEHHO
3aTyXaroT, & [a30BbIil IIy3bIpb pacnajaercs. [Ipu B3peIBe B ra3000pas3Hoii cpejie
MEXaHU3MOM 3TOTO paciafia saBjsgercs quddy3us. B KugkocTn HarpeTsbiii ra3
JIpOOUTCsT Ha Iy3BIPBKHU, B TBEPJOM TeJIe 3aII0JIHSIET MOPhI U TPENTUHBI.

ITocie Toro, Kak JJaHO Ka4eCTBEHHOE OIMCAHUE IIPOIECCa PACIIPOCTPAHEHUS
VJIaPHOI BOJIHBI, TIOJIy YUM HEKOTOPBIE KOJMIEeCTBEHHBIE 3aKOHOMEPHOCTH. Pac-
CMOTPHUM 33139y O MOYEYHOM 83Pbi6e, T.€. O B3PbIBE 3aPsijla, IMEIOIIEro MaJlble
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r ¥ r

Puc. 6.1. PaciipocTpanenue yaapHOit BOJIHBI IpU C(hepUIECKOM B3phIBE: | — pacIimpsi-
foIrecs ra3000pa3Hble MPOJAYKTHI B3PbIBa; 2 — MOJIOXKeHne (DPOHTA YIAAPHON BOJIHBI

pa3Mepbl u Maccy, HO obJiajaroriero 0oJbioil sueprueit. [Ipoctoe u uzsiimoe
pellerne 3Toi 3a/a4i, OCHOBAHHOE Ha MeTOJe pa3MePHOCTEl, OBLJIO ITOJIy IeHO
JI.L. CenosbiM, a Takxke Hesapucumo k. dpon Heitmanom n Jxx. Teitnopom
8, 42, 68].

IIycrbs B TedeHme oYeHb KOPOTKOI'O IIPOMEXKYTKA BpeMeHH B armocdepe
BBIIEINIACh, O4YeHb Oosiblmasi sHeprusi F. Bymem paccmarpuBaTh Ty CTaIUIO
pacipocTpaHeHus BOJIHBI, KOTJIA JIaBJieHne 3a ee (PPOHTOM MHOTO OOJIbIIE aT-
MOC(EpHOro, a CKOPOCTH MHOTO DOJIbIIe CKOPOCTHU 3ByKa. Haiijgem 3aKoH 1BU-
JKEHUSsI yJIapHOii BOJIHBL, T.€. 3aBUCUMOCTB T (t), rje r — paccrosinue oT hbpoHTa
BOJIHBI JIO IIEHTPA B3PBIBa, t — BpeMsl. ByieM ucKaTh 1 Kak PYHKINIO ¢, SHEPrun
B3pbiBa F, a Tak:ke IIOTHOCTH OKpy:Karoleil cpenbl p. Ilosaras, 4ro 3akoH

JABUXKCHUA UMeeT BUL

r=CE*p°t, (6.1)

e C' — 6e3pa3MepHast IOCTOsTHHAS, (¢, (J ¥ 7Y — UCKOMBbIE ITIOKA3aTe N CTEIIeHel,
u Tpebysi, 9TOOBI Pa3MEPHOCTH MPAaBOil U JieBoil dacreii B coorHormerun (6.1)
COBIIAIAJIN, IIOJIyYaeM CJAeAYIONNe yPaBHEHUsI:

200 — 303 =1,
a+ =0,
v —2a =0.

Orcrona vaxomuM, uro o = 1/5, 3 = —1/5, v = 2/5. Takum obpasom, 3aK0H



IIpumepn! ytapHBIX BOJIH 119

JBUKEHUS YIapHOI BOJTHBI IMEET BU]T

B\ /5
r=C () 2/ (6.2)
p
CKOpOCTh IBUKEHUS yIAPHON BOJHBI MOXKHO HAWTH KaK
B\ /5
v~ L= <> £3/5, (6.3)
t p

Bostee Touno ciaegoBaio 661 HaMCATD, ITO

=820 (E) s,
dt 5 p

I[TostyyeHHBIE COOTHOIIEHUS] OKA3AJIUCh BECbMa IOJIE3HBIMH, TAK KaK KO-
HOMNJIN YCUJIUSI U CPEJICTBA SKCIIEPUMEHTATOPOB. JleficTBUTEIBHO, JOCTATOTHO
IIPOM3BECTHU €JIMHCTBEHHBIII B3PBIB C U3BECTHBIME F U p, U3MEPHUTB, 10 KAKOTO T
JOMIET BOJIHA 38 BPeMsI £, — U MOXKHO OIIPEJEINTh Ge3pasMepPHyIO IOCTOSIHHY IO
C'. Tlocne sroro coornomienue (6.2) MOXKHO HCIIOJIB30BATH JIJIsl BbIUUC/ICHUST
SHeprum B3pbiBa E, ecim Bo BpeMmsi B3pbiBa u3MepsTh 7(t). Pasymeercs, npu
9TOM B3PBIBBI JTOJIZKHBI 6bITI) OJHOTHUIIHBIMI (HOCTOHHHaH C JJIgd BCE€X B3PBIBOB
JOJIKHA OBITH OJMHAKOBOI).

IMokazarenn creneneii B popmynax (6.2), (6.3) MOryT moKa3aThCs HECKOJIb-
KO cTpaHHbIMH. UTOGBI CHATDL TIOJO3PEHNs, HaiieM Tpousseaenne pv? ma
€ TOYHOCTBIO JI0 MOCTOSTHHOMN (OYEBUIHO, YTO HOJLYYMBIIASICH BEJUINHA JIOJIK-
Ha MMeThb pa3sMepHOCTb sHeprun). Kak u ciie1oBajo 0KuaTh, MOJIYIHM, 9TO
pv’r3 ~ E.

Ucnonb3yst nosmyuenHbie GopMyJIbl, MOKHO OIEHUTD ¥ JIABJICHHE yIapHOIi
BoJIHBL. Ec/in 3aKoH JBUKeHUs! JaeTcs BbipazxkenueM (6.2), IJI0THOCTD SHEPIun
B MOMEHT BpeMeHHU ¢ MOYKHO OIeHUTb Kak F/ r3. DTa BeMYUHA HMEET pasMep-
HOCTDH JaBjieHus. [[09TOMy MOXKHO HPEAIIOI0KUTh, UTO 9TO U €CTh HEKOTOPOE

XapaKTepHOe JlaBjieHre Ha (PPOHTE YIAapHON BOJHBI. Takum oOpa3oM,

E _
P~ E2/5 3/54=6/5 (6.4)

Paccunrars JaBienue yJapHON BOJIHBI MHOIO CJIOXKHEE, ITOCKOJIBKY 9HEpPIUst
HE paciipejiesieHa paBHOMepHO Ha cdhepudeckoMm dporTe. OTHAKO JIIOOOIBITHO,
9TO U B TOUHYIO opmyny F, p u t BXOJAT B HaliJJeHHONH KOMOUHAIIIH.

Coornomenus (6.2)—(6.4) MOKa3bIBAIOT, 10 KAKOMY 3aKOHY IIPOMCXOJUT 32~
Me/|JICHIE JIBUKEHUS] U 3aTyXaHUe yJIapPHON BOJIHBI, KAUECTBEHHO ONMCAHHOE B
HavaJe JlaHHoro naparpada. OTMeTnM elre pa3, YTO OHU CIPABEJIMBLI TOJBKO
Ha TOfi CcTajuu, KOIJIa JIABJIeHHe P BCE ellle MHOIO 6OJIbllie BHEIIHErO JaBJIeHus
D0, & CKOPOCTH U IIPEBOCXOUT CKOPOCTH 3BYKA.
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Bosee nmogpobnoMy ananmsy JUHAMUKHA yAAPHBIX BOJH IIOCBSIIEHA OOIIUp-
Hag jureparypa (cm., Hanpumep, |42, 69] u ap.). [Tosromy B nasbueiinem Mbt
COCPEIOTOYNMCSI Ha TIPUMePaxX (PUBNIECKUX SBJICHUI, TIPU KOTOPBIX BO3HUKAIOT

YaapHbl€ BOJIHBI.

3agaua 6.1. Anajiuz pazMepHOCTEl O3BOJIAET UCCJIE0BATH U JPYIHUe IPOIECCHI,
CBSI3aHHBIE C PACIPOCTPAHEHUEM YyIApHBIX BOJH. Haiiamre ¢ ero moMOIMIBbIO TEPHO
KOJIe06aHUit TA30BOTO My3bIpsi, KOTOPBIH 00Pa3yeTcs MOCIe 3aTyXaHus YIAPHON BOTHBI
pu B3pbIBe B KugKocTu. Ilepuon T’ ciemyer ucKaTh Kak (PYHKIIUIO BBIIEIUBIIEHCS
sHeprun F, TJIOTHOCTH p W JABJCHUS B HEBO3MYIIEHHON cpese po.

Omeem: T ~ EV/3p1/2p 516,

6.2. Y,z[aprIe BOJIHBI €CTE€CTBEHHOT'O ITPOUCXO2KACHNA
Ha 3emJIe. FpOM, 3eMJIeTPACEHN A, N3BEP2KEHNA
BYJIKAHOB, IIa/JleHrne MeTeoOpuToB

Besyciosno, Hanbosiee 9acTo BCTPEYAIONUMUCS B IPUPOJIE CJEIYET MPU-
3HATD yJIapHbIC BOJIHBI, BO3HUKAIOININE [IPU Berbiike MoyiHun. CoryiacHO JaH-
HbIM KHUTH [55], HA Bemiie exkeroHo ObiBaeT GoJsiee MIECTHAIATH MUJLIHOHOB
rpo3, a B arMocdepe eKeCeKyHIHO TPOUCXOAUT Oojiee C¢Ta IPO30OBBIX pa3psi-
noB. TemmepaTypa KaHasa pa3psga MOXKET JIOCTUTATh JTeCITKOB TLICIY IPaJLy-
COB, CHJIa TOKA — COTEH ThICAY amiep. Taxkoil pa3psi] MIHOBEHHO HATDEBAET,
CXKUMaET U MOHU3UPYET BO3AyX. [1o cyTu jesa, mpoucxoauT B3PbIB, U KAPTUHA
0Opa30oBaHuUs U PACIIPOCTPAHEHUS yIAPHON BOJHBI OYEHb HATIOMUHAET OIUCAH-
HYyIO B IIPeJIbLIyIIeM maparpade, ¢ Toil b Pa3HUIEeil, YTO BOJIHA SBJISAETCI
He chepuIecKoil, a MUINHIPITIECKO.

B knure [55] onucan sKcrepuMeHT, Ipu MOMOIIH KOTOPOTO MOXKHO OCYIIe-
CTBUTH JIAOOPATOPHOE MOJETUPOBAHUE ITPOIIECCOB, IIPOUCXOJISIIIIUX [IPU BCIIBIIII-
Ke MoJiHuHU. B sKcrnepuMenTe MemgHas TpoBosiovuka auaMerpoM .05 MKM B3pbI-
BaJIach IIPU MIPOTEKAHUU 110 HEll TOKA, /IS CO3/IaHUSA KOTOPOT'O UCIOJIb30BAJICS
KOHJIEHCATOP, 3apsizkaBiiuiicss mo Hanpsikenus 2000 B. B pesynbrare B3pbiBa
IIPOBOJIOYKA MCIAPSIACh C 00PA30BAHUEM CBETSIIEr0Cs MOHU3UPOBAHHOTO Ka-
HaJjia paspsa. VloHn3upoBaHHbIE TaPbl ME/I PACIINPAJINCH, CO3/IaBasi B OKPY-
JKAIOIIEM BO3IyXe yaapHyio BoHy. OHa TOCTEMeHHO 3aTyXaa, TPEeBPaIasch B
3BYKOBYIO BOJIHY, HaroMuHaoILyto rpoM. [To muenunio asropa [55], sror kanas
MOXKHO CUUTATh AHAJOIOM ydYacTKa 0oJjiee JJIMHHOTO KaHAJa Paspsjia MOJTHUU
BO BpeMsl T'PO3LI.

FEie onno pacnpocrpanentoe IpupoOIHOE sIBJICHUE, IIPU KOTOPOM BO3HUKA-
0T yJlapHbIe BOJIHBI — 9TO 3eMJjierTpsicerus (cM., Harpumep, [70]). Exxeromauo Ha
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3eMJie TPOUCKO/IUT HECKOJILKO COT ThICSY 3eMiteTpsiceHuil. OHAKO T0JIABJISIO-
1ee OOJIBITMHCTBO U3 HUX OTHOCUTCS K CJIaOBIM, U JIUIIb €JIMHUATIBI IIPUBOJIST K
KaTaCcTPOMDUIECKUM TTOCTEICTBUSIM.

[To coBpemenHbiM mpejcTaBieHusM (cM., Hanpumep, [71]) 3emus BHyTpH
yCTpOEHa CJIeAYIONMM 00pa3oM. f1po nMeer pajuyc IyTh OOJIbINE ITOJTOBUHBI
pajamyca Bcero 3eMHOro mapa (okoso 3500 KM) U COCTOUT U3 COeJMHEHUIT Hi-
KeJIst U 2KeJie3a. BHyTpeHHsisl, MeHbIast 9acTh sapa, paguycom okosio 1200 Kk,
TBepas u uMeet remueparypy ~ 4150°C. BremHsist 9acTh sijipa MO-BUIUMOMY
JKUJIKAst. DTOT BBIBOJ, OBLI CJeJIaH Ha OCHOBAHUM TOT'O, UTO HOIEPEUHBIE Ceii-
CMUYECKUE BOJIHBI HE IPOXO/ISIT Yepe3 siIpo 3eMJId, a, KaK HU3BEeCTHO, IOIIe-
peUYHbIe BOJIHBI B KUJIKOCTU 3aTyxaioT. KoHedHO, CTPOro roBopsi, BEIECTBO,
HAXO/JISIIIeecs] [IPU CTOJIb BBICOKOI TeMiepaType u jaBieHun (HopsiIKa 3 - 101t
ITa) Hesb3st HA3BATD KUJIKOCTHIO. HO BO BCSIKOM Cilydae BEIIECTBO B sijipe BeJleT
cebsl KaK »KUJIKOCTb.

HO‘—ITI/I BCIO OCTaJIbHYIO YaCTb TOJIIIA BGM.HI/I 3aHUMaeT TBepdasd MaHTHI,
Temiieparypa Kotopoii ~ 3900°C. Hakowrerr, BHeIIHsIs, caMasi TOHKast 000104~
Ka HazbiBaeTcst Kopoii. Tosmuna ee Bapbupyercst or 5-8 KM (110/] OKeaHaMu) J10
60-80 km (moz BbIcOUaiimmmu ropubiMu xpebramu [lamupa n 'mvasmaes). Ilo-
PO/JIbI, U3 KOTOPBIX COCTOUT 3eMHAasi KOpa, 3HAYUTEIbHO JIerde MOPo/i MAHTUU, &
CKOPOCTB PACIPOCTPAHEHUs] CEHCMUYECKUX BOJIH B HUX 3HAYUTEILHO MEHbIIIE.

[Ton nmeiicTBHEM OPOMHBIX JABJIEHUN B TUIyOMHAX 3€MJIM BO3HUKAIOT Me-
XaHNMYIeCKHEe HalIPA2KEHHNsA, KOTOPbIe HaKallJIMBaIOTCA B TEYCHHE JIJINTEJIbHBIX
1epuo/10B BpeMmenu. Hakomerr, IpoucxoauT pa3pbiB IOPOJIbI U B T€YEHUE KOPOT-
KOI'0 IIPOMEXKYTKa BPEMEHU BBICBODOXKIaeTCst orpoMHasi sHeprust. Hampumep,
3eMJIeTpsiceHre cuiioft b 6asIoB 110 mkasie Puxrepa sSKBUBaJEeHTHO B3PBIBY 1 KT
rporwia, 7 6astoB — 1 M, 9 6amtos — 1000 M. [Ipu BbicBOOOXK IeHUN TAKOTO
KOJIMYECTBA SHEPI MU BO3HUKAET yJlapHas BOJIHA, KOTOpast, 3aTyXasi, IpeBpalia-
erTcs B CefCMUYECKUEe BOJIHBI PA3JIMYHBIX TUIIOB: IPOJOJIbHBIE U IOIEPEIHbBIE
O6'beMH]::Ie BOJIHBI, a TaK2Ke ITOBEPXHOCTHBIE, PaCIIpOCTpaHdomnecsd BJI0JIb KO-
PbI. DTHU BOJIHBI BBI3BIBAIOT COTPSICEHUSI IIOBEPXHOCTU U PA3PBIBBI 36MHOI KOPHI,
NPUBOJIA K PA3PYIICHUSIM U THOEIN JIIOIel.

Ucrounnku (TUIONEHTPDI) 3eMJIETPSICEHUI MOI'YT PACIOIaraTbCs Ha DyOu-
Hax ot 30 10 70 kM. [lo coBpeMeHHBIM TPEICTABICHUSIM OOJIBIITTHCTBO 3€MJIE-
TPsICEHUIT 3aPOKIA€TCsl B MAHTUH (& HEe B KOPe, Kak cauTaan panee). [loHsITHO,
YTO OY€HBb IVIyOOKIE 3eMJIETPSICEHUsT COITPOBOKIAIOTCSI MEHBIITMMU Pa3pyIIIeHU-
sSIMH, 9eM ITOBEPXHOCTHBIE. BIpoueM, JI0CTOBEPHO HEM3BECTHO, BOSHUKAKOT JIU
[PU KaXKJIOM 3eMJIETPSICEHUH Y/apHbIE BOJIHBI, IOCKOJIBKY BBICBOOOXKIaeMast
SHEPTUs pacipeeeHa B OOJILIIOM 00beMe.

PezysnbraToM MOABOAHBIX 3€MJIETPSICEHUI SIBISIETCS OOPa30BaHUE OrPOM-
HBIX BOJIH — I[yHAMH, KOTOPBIE IIPOU3BOMIAT CTPAIIHBIE pa3pyIeHus Ha bepery.
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[Lynamu, 0lHAKO, HE OTHOCATCS K YJapHBIM BOJHAM, a, CKOpee, IPEeJICTaB/IsI-
IOT IPUMED JIPYTOro KJIacca HEJUHEHHBIX BOJH — COJUTOHOB, BOSHUKAIONIUX B
cpesax ¢ jaucnepcueii (§ 7.2).

HpI/I U3BEP2KECHUAX BYJIKAHOB, KOT/la paCKaJIECHHbIEC I'a3bl U 2KUJKOCTH, Ha-
XOJAImuecd 110/ BBICOKUM JaBJIeHUEM BHYTPpU BeMJII/I7 IpaKTNIeCKN MI'HOBEHHO
BBIPBIBAIOTCST B aTMOChEpPY, TaK»Ke BO3HUKAIOT yaapHble BOJHBI. Hampnmep,
[pY U3BEPXKEHUN ByJiKaHa Ha HeobuTaemoMm octpose Kpakaray (Mumgonesusi) B
1883 r. B arMocdepy 6bLI0 BLIGPOIIEHO TOPsIKa 4.6 KM® ByIKAHHUECKOTO TIel-
Jla U JPYTUX IPOJYKTOB M3BEPXKEHUs. JHEPIrus B3PhIBa ObLIa SKBUBAJEHTHA
npubsusureabuao 5000 M1 Tpormita, npudeM caM OCTPOB IMPAKTHIECKU Iepe-
CTaJI CyIIecTBOBaTh. B3phiB ObLI cJibliieH Ha paccrosiuuu 6ojee 4800 kM oT

HUCTOYHUKA, & yJapHas BOJHA TPUKJIbI 0OOTHYJIA 3€MHOM Iap.

YiaapHble BOJHBI 00pa3ylOTCs W IPH TaJeHUN MEeTeOPUTOB — KaMEeHHBIX
WM YKEJIE3HBIX TeJI, BTOPTaIONUXCS B 3eMHYIO aTMOChEpy U3 MEKILJIAHETHOrO
npocrpatcTBa. CKOPOCTh JIBUMKEHUST METEOPUTOB, OYE€BU/IHO, IIPEBLINIAET BTO-
PYIO0 KOCMUYECKYIO cKopocTh (11.2 KM/c), a Macca TakKe JIOCTATOYHO BEJTHKA
U MOXKET JOCTUTIaTh HECKOJbKUX JECATKOB TOHH. MeJKue acTHIlbl CroparoT
B IJIOTHBIX CJIOSX aTMOCGeEpbl U JI0 MOBEPXHOCTU 3eMJIM He joseraior. IIpu
BXOXKJICHUH METEOPHUTA CO CBEPX3BYKOBOI CKOPOCTBIO B aTMOC(EPy BOZHUKAET
yJapHast BOJIHA, TI0J00HAsT TOi, 9TO 0OpasyeTcs IpH JIBUYKEHUU apTUJLICPHii-
CKOT'O CHApsJIa WM CBEPX3BYKOBOI'O CAMOJIETA, — TaK HA3BIBAEMBI 3BYKOBOI
yaap (6osee moapobHo oH Gyuer pacemorper B § 6.3). Ilo mMepe jBukenus: B
IJIOTHBIX CJIOSAX ATMOC(EPBI METEOPUTHI TOPMO3SATCS, & UX MOBEPXHOCTH Pac-
KaJISeTCsd. 3eMJI OHU JIOCTUTAIOT, KaK IPABKIIO, C JO3BYKOBOIl CKOPOCTBIO, TaK
YTO yJapHas BOJIHA IPUXOJUT HA TIOBEPXHOCTH PAHbIIE, YeM BbI3BaBIIN ee Me-
reoput. Tem He MeHee, IPH yjape 0 3eMJII0 KHHETHYeCKasi SHEPIHsi METEOPHUTA
ele OYeHb Besnka. [109ToMy, KOrjia 9Ta SHEPIrusi BHICBOOOKIAETCS B MOMEHT
CTOJIKHOBEHHUsI, 0Opa3yloTCsl HOBBIE YJapHBIE BOJHBI, KOTOPbIE PACIPOCTPaHS-
IOTCS KaK B 3eMJIe, TaK U BO3JyXe, & Ha MeCTe IaJIeHus 00pasyloTcs KpaTephl.
ITo coBpementbiM JlaHHBIM [55] Ha 3emite nmeercs He MeHee 50 TAKUX KPATEPOB,

JAUaMeTP KOTOPBIX MOKET JOCTUT'aTh HECKOJBKUX KMJIOMETPOB.

Ilo omnoit U3 runores 3HaMeHUTHIN TyHrycckuit METEOPUT, KOTOPBIA B30-
pBavicst uHay Cubupbio B 1908 1., npejcraBisii coboil JieJsTHOE PO KOMETHI.
Omno pacnasochb, He goseres 10 3emyn. OHAKO yaapHas BOJHA, KOTOPas BO3-
HUKJIA, KOIJa METEOPUT BXOAUI B arMocdepy, IpuBeia K TOMY, ITO OBLI IO-
BaJIeH U CropeJt Bech Jjec Ha mwiomaan 2000 kv?. 1o oreHKaM IIpu 9TOM BbLIE-
JINJIACh SHEPTHs, IKBUBaJIEHTHAS B3PBIBY 25—250 Mt TpoTumia.
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6.3. YagapHbIe BOJIHBI, ICKYCCTBEHHO CO3JaBaeMble Ha
SemJie

CustbHbIE YJApHBIE BOJHBI Y€JIOBEK HAYUMJICS CO3/ABaTh, KO/ U300pes
IIOPOX U COBPEMEHHbIE XUMUYECKNE B3PbIBUATHIE BEIIECTBA, & 3aTEM U SJEePHOE
opyxkue. Pusndeckasi KAPTUHA IPOIECCOB MPU CUJILHOM B3PbIBE ObLIa JI0CTa-
TOYHO T10/IpobHO onmcana B § 6.1. [TosToMy paccMOTpUM HECKOJIBKO ITPUMEPOB

caabbIX YAapHBIX BOJIH, C KOTOPBIMU MBbI CTAJIKNBAE€MCA HauboJIee JacTo.

Ap

Puc. 6.2. Ygapuble BOJIHBI, CO3aBaeMble CBEPX3BYKOBBIM CaAMOJIETOM

[Moxkautyit, camblit TPOCTO# MpPUMEDP — 3TO PE3KUil XJIOIMOK ITacCTyIIeCKOTO
6uua. Kak ussectHo (cM., Hanpumep, [72]) cKopocTh pacipocTpaHeHus [ole-

PEYHBIX YIPYTUX BOZMYIICHUI 110 HATAHYTOMY IITHYDY €CTb

T

v = 25@) (6.5)
rye T — cuila HATSsKEHUs], p — IUIOTHOCTD, S — IIONA/[b IIOIEPETHOrO CeeHH s
IIHY DA, KOTOPast MOZKET 3aBHCETh OT IIPOJIOJIbHOI KoopmHaThI 2. Kak Bu/HO 13
dbopmyist (6.5), CKOPOCTH BO3MYIIEHHsI pacTeT pu ymeHbiennu S. [Ipu yaape,
KOT/Ia BO3MYIIEHHE IIPOXOJUT CyKAIOIMIICs KOHEl| Ohda, OH yCKOPSIeTCsl JI0
CBEPX3BYKOBOI CKOPOCTH, CO3/IaBast yAApPHYIO BOJIHY, KOTOpasi OBICTPO 3aTyXaeT
VI [IPEBPAINAETCST B 3BYKOBOIT NMITYJIbC.

Eme oquu mpuMep yIapHOil BOJHBI, KOTODBIH 3HAKOM BCEM — 36YK0607
ydap (sonic boom), BO3HUKAIOMIUI DU CBEPX3BYKOBOM JIBUZKEHHHU CAMOJIETA.
Korja caMoJieT JIeTUT ¢ JI03BYKOBOII CKOPOCTBIO, BOJIHBI JIABJICHUS PACXOISITCSI
OT HEro IO BCEM HAIIPABJICHUSIM, [0J00HO KOHIEHTPHIECKIM KDPYIaM, Pacxo-
JSIIIMMCST OT MECTa TIaJIeHHs] KaMelllKa B HelloJIBIKHY0 Bojy. 1Ipu nepexoze K
CBEPX3BYKOBBIM CKOPOCTSIM BOJIHBI OTCTAIOT OT CAMOJIETA U OKA3bIBAIOTCSI CO-
CPEeJIOTOYEHHBIMU BHYTDH KOHUYECKOIl [OBEPXHOCTH, PACIOJIOKEHHON M03a/11
nero. Ha sroit moBepxaocTH, HasbiBaeMoil konycom Mazxa, crabple BO3MYIIEHNST
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JIABJICHWST CKJIQIBIBAIOTCS, TIPUBOJIA K 00PA30BAHUIO IBYX KOHUIECKUX YIaPHBIX
BOJIH — T'OJIOBHO# 1 XBOCTOBOi. O6e BOJIHBI MTaJ]AI0T HA MIOBEPXHOCTH 3E€MJIA U
orpazkatorcs obparHo B armocdepy (puc. 6.2). [TpocrpancTso nepe roy1oBHOM
BOJTHOI He BO3MYIIEHO, a, CJIeJIoBaTeIbHO, 6e33By4H0. CBEPX3BYKOBOI CAMOJIET
MOXKeT OBITh BUJIEH, HO 3ByK OT HEro He CJIBIIIEH J0 TeX IOp, HMOKa yIapHas
BoJiHA He jocTuraer 3emyin. CUTyalusi HAITOMUHAET KAPTUHY IMOBEPXHOCTHBIX
BOJIH 32 JIBIPKYIIIUMCsI 06'beKTOM Ha BoJie [8]. Yrous Mex 1y obpasyiolieil Konyca
u TpaekTopueil (yroa Maxa) onpe/iesisieTcst COOTHOIEHHEM

. Cs
sina = —,
v
rJie ¢s — CKOPOCTB 3ByKa, U — CKOPOCThb camoJiera. OTHOIIEHNE v/ ¢y HA3bIBAIOT
yucaom Maxa:

M=—.
Cs

losioBHAST BoJIHA sIBJISIETCST BOJIHOM CXKATHS, & XBOCTOBasi — BOJIHOW pas3pe-
xeHust. Takum o6pazom, npoduiib JaBIEHUS HATIOMUHAET JIATUHCKYIO OyKBY
N. Onucanve guHamukn N-BosHbl ObL1o jgano B § 3.3. Ha camom gmerne Ha
HEDOJIBINIUX PACCTOSIHUAX OT CAMOJIETa PaCIpeie/ieHNe JTaBJIeHUs UMeeT DoJiee
CJIOYKHBII BUJ: OHO XapaKTEepu3yeTcd HECKOJIbKUMHN CKavKaMHi, KOTOPbIE BbI-
3BaHbI PA3JIMYHBIME BBICTYHAIOIIUME YacTsMu camostera [55]. Oxuako 1o Mepe
PACIIPOCTpAHEHNs BOJHBI B HANPABICHUN 3€MJIN TPOMUIL CTIIAKUBACTCS 34
CYeT IUCCUIATUBHBIX 3(p(HEKTOB M MPUHUMAET OKOHUYATEILHBIN [N-00pasHbIi
Bu. [lepenas gaBienuii, co3maBaeMblii COBPEMEHHBIM CBEPX3BYKOBBIM CaMO-
JleroM y noBepxuocTu 3emutn, He mpebiiraer 100 Ia.

AnaylornuHble SIBJIEHUsT TPOUCXOISIT U TIPU CBEPX3BYKOBOM JIBUKEHUU JIPY-
TUX TeJI, HAIPUMED, IyJb WIH apTUJJIEPUICKUX CHAPSIOB, XOTS IPOIECCHI
3JIeCh HECKOJIbKO cyioxkHee [55]. JlBurasick B KaHajie CTBOJIA, IIyJisl CXKUMAeT U
HarpeBaeT BO3JIyX repe/t coboil, co3/taBast IJIOCKYIO YIAPHYIO BOJIHY. BBIX0/s n3
JLyJia, 9Ta BOJHA Ju(parupyer, MpeBpaliasichb B chepuieckyro. 3areM, BCJIE 3a
ITyJIeii, U3 CTBOJIA BBIXOST IOPOXOBbBIe ra3bl. OHU BO3DYKIAIOT €I1le OJIHY YIap-
HYIO BOJIHY, KOTOpas OBICTPO OOI'OHSIET IIYJII0 U HACTUTAET IEPBUYHYIO YIapHYIO
Bostay. O6e BOJIHBI TIPW 9TOM CJIMBAIOTCS B OJHY, TTOIOOHO TIJIOCKUM YIAPHBIM
BOJIHAM, paccMOTpeHHBIM B § 3.5 m 5.5. DTa BoJiHa OBICTPO 3aTyXaeT, a ee
JIBUKeHUe 3amejjisgercs. Kpome Toro, BO3HUKaeET elle cucrema 0oJiee cjaabbix
yAapHBIX BOJIH, 00pa3yeMbIX TypOyJIEHTHON cTpyeil BbITeKaorero rasa. Ha-
KOHEII, IyJisi 0OroHsieT (DPOHT YJIAPHON BOJIHBI U, JBUTASICh CO CBEPX3BYKOBOIt
CKOPOCTBIO, CO3/IAET CUCTEMY KOHUYECKUX YJAPHBIX BOJIH, AaHAJOTMIHBIX TEM,
KOTOpbIe BOBHUKAIOT IIPU JIBHKEHUN CaMoJieTa. JesIoBeK, Haxoadaruiicss BOm-
3W TPACKTOPHUU IIyJId, CJBIINAT BHAa4YaJe 3ByKOBOH ynap, BbI3BAHHBIN IIyJei, a

3aTeM — XJIOIIOK OT YAapHON BOJIHBI, CO3/IaBAE€MOIl MOPOXOBBIMU ra3aMu. UTo
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KaC&€H§IXHOHKOB,BHSB&HHHXIDHOBHOﬁIIXBOCTOBOﬁyﬂ&pHBMHIBOHH&MH,TO
nHTepBaJl MGXQD7HHMH(HHHHKOMﬁMaH,QTO6BIHX MOXGH)6BUK)paSHHQHTb 110

OTAEe/JIbHOCTH.

6.4. O6 ygapHBIX BOJIHAX B KOCMOCE

V1apHO-BOJTHOBBIE SIBJIEHUSI TOCTOSIHHO ITPOUCXOJISIT U B KOCMUYECKOM ITPO-
CTpaHCTBE CpeIM 3Be37, TYMaHHOCTell W rajakTuk. lIpexkie Bcero, ciemyer
VIIOMSIHYTb OECCTOIKHOBUTEIBHYIO YAAPHYIO BOJIHY, KOTOPasi BOBHUKAET IIPU
00TEeKaHUN 3EeMJIA COAHEUHBLM GEMPOM, T.€. TTOTOKOM ILJIa3Mbl, KOTOPBIH ITOCTO-
stHHO mciyckaeTcss COJTHIIEM BO BCE CTOPOHBI M COCTOUT U3 3JIEKTPOHOB, sLIED
BOJIOPOJIA, TeJIUsl U HEKOTOPBIX 0ojiee TSKeJbIX 3JeMEHTOB. DTOT IOTOK 00-
JyBaeT 3eMiio co ckopocThio mopsika 400 km/c. Ilmasma comsednoro Berpa
B IIEJIOM JIEKTPUYIECKN HelTpasbHa M UMeeT KOHIeHTparuio ~ 10 gacTui Ha

em® 1 Temmneparypy okosto 10°°C.

.

Puc. 6.3. ObpazoBanue ymapHOil BOJHBI IpU OOTEKAHUU 3€MJIU COJTHEYHBIM BETPOM: [
— CoJIHEYHBIH BeTep; 2 — (DPOHT yJapHOU BOJIHBI, § — MATHUTONAY3a; 4 — 3eMJIs; &
— Jlyna

Korma wactunpsl cosHedHOro BeTpa HaJeTAlOT Ha MarauTocdepy 3emiin
[EePUEHIUKYIAPHO CUJIOBBIM JIMHUSAM, OHU OTKJIOHAIOTCA MArHUTHBIM II0JIEM U
JBUZKYTCS 110 BUHTOBBIM TPACKTOPUSIM, HABUBAIOIAMCS HA CUJIOBBIE JIUHUU 110-
Jisi. B pesysibrare obpasyercs rpaHUYHAsT MOBEPXHOCTD, 38 KOTOPYIO IaCTHUIBI
BOODIIE He MOI'YT IPOHUKHYTH, HA3bIBaeMas Mmaznumonayszol. OJIHAKO TaCTb
U3 HUX BCE JKe TMPOHUKAET B aTMOcdepy 3eMJIH OKOJIO MOJIIOCOB, BHI3BIBAS TI0-
JIIpHBIE custHust. MarauTHoe (aumosibHOe) 1101e 3eMJIu [IPU B3aUMOJIEHCTBUM ¢

COJIHEUHBIM BeTPOM siepopMupyeTcst: co cropoHbl COJTHIIA OHO CXKIMAETCsI, a ¢
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IPOTHBOIIOJIOXKHON — BhITsirnBaercs (puc. 6.3). B mpocrpancrse 3a mpenena-
MM MarHUTOIAY3bl HAXOJIUTCS yJapHas BoJHA. B 310t 0bacTu yropsijilodeHHOe
JBU2KEHNE YaCTHI] TIEPEXOIUT B XaOTUIECKOe, & UX TEMIIEPATYPa MOBLIIIAETCS
110 MenbIteit Mepe B 10 pa3. @poHT ynapHOit BoJHBI co croponbl CoJtHITA yraieH
or 3emyin Ha paccrosinue nopsiika 30 Rg (Rg =~ 6400 kM — pasguyc Semin),
MarHUTOIIay3a — Ha paccTrosHue rnopsjka 20 Rg. Tommmunaa dpoHTa cocTasiisier
HECKOJIbKO TBICSAY KUJIOMETPOB. XBOCT MarHuTOCEPhl TAHETCH HA PACCTOSTHUS
nopszika 1000 Rg.

JluccumaTuBHBIN MEXaHU3M, IPUBOISIINN K 00PA30BaAHUIO YIAPHOM BOJIHEL,
B JAHHOM CJIy'Uae He CBSI3aH CO CTOJKHOBEHUSIMU YaCTHI], & IMeeT JIeKTpOMar-
HUATHYIO TpupPojy. [losToMmy Takas BosHA MoOJIydmia HA3BaAHUE OECCMOAKHOBU-
meavnol. JIyHna xKe He UMeeT MAarHUTHOTO TIOJISI, TIO3TOMY YaCTHITHI COJTHETHOTO
BeTpa 3axXBaTbIBAIOTCs JIYHHOH IMOBEPXHOCTHIO, a yIapHas BOJIHA HE 0bpa3yer-
csl.

Puc. 6.4. YaapHas BojiHa Ha I'PaHUIE COJTHEYHOI CUCTeMbl: 1 — MeXK3Be3/IHbII BeTep;
2 — QpoHT ynapHOil BoJIHBL;, 3 — coyiHeuHbIN Berep; 4 — CostHile

AHajiorUUHBbIE SIBJIEHNS, XOTsI ¥ B ropa3o O0JIbIIUX MaciTabax, MPOUCXO-
a4T Ha paccrosHun nopsiaka 100 a.e. or ConHual, rje 9acTHUIbl Me¥K3Be3IHOMI
cpejibl (MeXK3BE3/IHBIN BeTep) CTATKUBAIOTCS C COTHEYHBIM MAIHUTHBIM IOJIEM.
CoJiHeuHasT cuCcTeMa JIBUXKETCsI OTHOCUTEIFHO MEXK3BEe3IIHON Cpejibl CO CKOPO-
cThI0 0KOJI0 20 KM/ ¢, T.€. KaK ObI 001y BaeTCst MEXK3Be3IHBIM BeTpoM. PopMupy-
eTcsl yJlapHas BOJIHA, COCTOSIIASA U3 JBYX CJI0€B: BHYTPEHHU CJIOH COCTABIIAIOT
YACTHIBI COJTHEYHOTO BeTpa, BHEIIHUIT — MeXK3Be3Horo (puc. 6.4).

Ee oimu npumep 6eccTO/IKHOBUTEIBHON YIaPHOI BOJIHBI — BOJIHA, BO3HU-
karorast mpu Benbimke Ha Couane. Kak u Bestkast 3se3ma, CoJtHIe IpecTaBiis-
eT coboil TypOYJICHTHBIN IIA3MEHHBIH T1ap, HAXOMIAIUNACS TP OYEHb BBICOKOI
Temieparype. Hanbojiee MHTEHCUBHBIME MIPOIECCAMU B COJTHETIHON aTMocdepe

13a acrpoHoMmueckyio equmuIy (a.e.) IPHHEMAETCA PAIMYC OPOUTHI 3EMITH, MPHOIH3M-
TebHO paBHbI 1.5 - 108 k.



IIpumepn! ytapHBIX BOJIH 127

SABJISIIOTCSI TAK HA3bIBAEMBIE COJTHEYHBIE BCIIBIIIKH, KOTOPbIE BOSHUKAIOT 38 CYET
BBIJICJIEHUS SHEPIUU MATHUTHOT'O II0JIs [IPU TIepe3aMbIKAHUU MATHUTHBIX [TOJIEH.
ITo cyTn, Benbliika — 9TO B3PbIB, BRI3BAHHBIN BHE3AITHBIM C2KATUEM COJTHETHOMN
miasMbel. [Ipu aTOM Macca BelecTBa, pa3orpeToro J10 TEeMIEPATYPHI MOPSIKa
1 muta °C, u3BepraeTcst B OKPY2Karolee MpOCTPAHCTBO B BUJIE KAILJIEBUJIHOT'O 00-
pa30BaHUsl, KOTOPOE PACIIUPSIETCsI CO CKOPOCTHIO 0K0J10 990 KM /¢ 1, seficTByst
IOI00HO MOPIITHIO, CO3/1aeT OECCTOIKHOBUTEIBHYIO VIAPHYIO BOJIHY TOJIIIMHON
BO MHOT'O TBICAY KHJIOMETPOB. OHa YBJIEKAET 3a CO6OI71 MEXKIIJIAHETHOE MAalr'HUT-
HO€E II0JIe W YaCTHUIbl COJIHEYHOI'O BETPA U $IBJISETCH CUJbHBIM YIIOTHEHHUEM
MEXKIIJIAHETHOTO IIpocTpancTBa. Jepe3 40-50 4acoB ymapHas BOJIHA JTOCTHUTA-
eT opOuThl 3eMJIM U BLIZBIBAET OBICTPOE CKATHE MATHUTOCHEDHI, IPUBOJIS K
FEOMATrHUTHBIM Oy PSIM.

OTMeUYeHO TaKKe, ITO COJTHEUHAsI KOPOHA MMeeT aCUMMETPUIHYIO (hopmy
BO BpeMs MUHUMAJLHON COJTHEYHON aKTUBHOCTH, & IIPU MaKCUMaJbHON aKTUB-
HOCTH CTAHOBUTCS cuMMeTpu4HOi. [losiaraior, 9To 9T0O CBA3aHO C HArPDEBAHUEM
U YCKODEHUEM YACTHUIL yJIADHBIMU BOJIHAMHU.

BspeiBaMu oncTuHEe KOCMUYECKUX MaCIITabOB 00YCJIOBJIEHBI BCIIBIIITKH CBE-
PXHOBBIX 3Be31. OKOHUYATETBHOM sICHOCTH B BOIIPOCE 00 3BOJIIOIUE 3BE3]T JI0 CUX
[IOp HET, HO IIPE/III0JIOKUTENHHO (busnka B3pbiBa Takosa |73, 74]. ITo mepe uc-
qeplaHusd SHEPIUU TePMOANEPHBIX PeaKIUil JaBjIeHue BHYTPHU 3BE3/bI 11a/1a€T.
Ilom neficTBreM CHJI IPABUTAIMN 3BE3/1a CXKUMAETCH M PA30TPEBAETCS JI0 TEX
0P, TIOKa ee TeMIlepaTypa He IMOJHUMETCS HACTOJIBKO, YTO HAYMHAETCS IUKJI
pPeaKIuii ¢ IpyruM TorInBoM. BHavasie ujlyT peakiuu, B X0/ie KOTOPBIX ITPOUC-
XOJIUT IIPEBpallieHre Bofopoaa B resuit. [locse ucromenus Boopoga mIpoIoJi-
JKAIOTCS PEAKIUHU C YIACTUEM TeJIHsi, B PE3y/IbTaTe Yero obpasyercs yriaepoJ.
Hastee mocsie10BaTe/IbHO MIPOUCXOIUT CHHTE3 OOJIeE THAKEIIBIX JIEMEHTOB (KHC-
JIOPOJIA, HEOHA, KPEeMHHUsI). Y JIOCTATOYHO MACCUBHBIX 3BE3J, MACCa KOTOPbIX
npesbimaer 8 — 10 Mg (Mg =~ 2-10%° kr — macca Connna) 311 mporecch 3a-
KAHIUBAIOTCA 00pPA30BaHUEM KEJIE3HOTO si/Ipa, MacCa KOTOPOIr'o B OIPE/Ie/IeH-
HBIIT MOMEHT IPEBBICUT TaK Has3bIBaeMbIil mpemen JaHmapacekapa (HpI/IMepHO
1.4 Mg). ocse sT0oro HAYMHAETCS TPABUTAIMOHHBIN KOJIIAIC, T.€. KATaCTPO-
dudeckoe cxkaTHe spa 3Be3/bl O/ JielicTBueM cuii tarorenusi. [lo cymecTy-
IOIUM OIeHKaM KOJLIAIC IIPOUCXOJIUT 38 BpeMs mopsijika 1 ¢. [Ipu sTom aTombr
2KeJie3a paclaIaloTcs Ha IPOTOHbBI, HEUTPOHBI U aJibda-JacTuilpl. B ¢Boio ode-
PeJib IPOTOHBI COEJIUHSIIOTCS C JIEKTPOHAME, 00pa3yst HEUTPOHBI U JIEKTPOH-
Hble Heiirpuao. Kosurarc 3aBepimaercss obpa3oBaHueM HEHTPOHHON 3BE3/IbI, B
KOTOPOU I'PABUTAIIMOHHDIE CUJIbI YPABHOBEITUBAIOTCS JTABJIEHUEM BBIPOXK ICHHO-
ro BemiecTBa (T.e. CHJIAMU OTTAJKUBAHUS, KOTOPbIe 00YCIOBJIEHbI IPUHITUIIOM
HayJH/I, SallpeIIaioM JaCTUIlaM HaXO/JUTHCA B OJMHAKOBOM KBaHTOBOM CO-
crostiun). IlioTHOCTL BelecTBa B HEHTPOHHON 3Be3/€ IOCTUIAET OIPOMHBIX
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sesmmann (mopsiaka 1017 kr/M?), a paguyc Beero okono 20 ku. ITocie Toro, Kax
KOJIJIATIC OCTAHABJMBAETCS, CXKaTHUE OTPAYKAETCS OT IEHTPa, MOPOXKAAsd yaap-
HYIO BOJIHY, CKOPOCTB JIBHKEHHsI KOTOpOil Moxker joxoauth 70 30000 xm/c.
[Tox neficTBueM yaapHOI BOJIHBI BHEIHsIsT 000JI0UKA 3BE3/IbI BHIOPACHIBACTCS B
OKpy2Kalolliee MIPOCTPAHCTBO, 00pa3ys pacIIupsionieecs 06J1aKo.

MBI onmcasm TOJIBKO OJIMH TUII CBEPXHOBBIX (Tak HA3BIBAEMbBIE CBEDXHOBBIE
IT tuna). Ceepxuosble | Tuna 110 ojHON U3 HauboOJEe PACIPOCTPAHEHHBIX I'M-
II0TE3 POKIAIOTCA U3 OEJIbIX KAPJIUKOB: MAJECHBKUX MEJJIEHHO OCTLIBAIOIIIX
3Be3/l, KOTOPble 00Pa3yIOTCH B Pe3yJIbTaTe BBHIOPAHUS 3BE3[[ C MACCON MEHb-
meit 8 M. Macca 6esibix KapsukoB menbine 1.4 Mg, ux sapa He COIepKaT
»Kejle3a. ['paBUTAIIMOHHBIN KOJIJIAIIC B 9TOM CJIyvdae HeBO3MOXKEH, a CHJIBI TsI-
TOTEHUSI YPABHOBEIIMBAIOTCS JIABJIEHUEM BBIPOXK/IEHHBIX 3JIEKTPOHOB. OJIHAKO
MHOTUE GeJible KapJIUKUA UMEIOT 3Be3/bI-CIIyTHUKHU (10 OIeHKaM, [IPUBEICHHBIM
B [74], oxono 50% 3Be3s Bo BeesieHHOMN SIBIASIOTCST JBONHBIMEU U JIAIIB OKOJIO
15% — opmHOYHBIMU, OCTAIBLHBIE BXOJST B 60JIee CJI0KHbIE KPATHBIE CUCTEMBI).
Benwrit kap/uk, BXOASIUH B ABOHHYIO 3BE3/ly, TPUTATUBACT BEIIECTBO CITyT-
HUKa, KOTOPOE OCeIAeT Ha IMOBEPXHOCTH, YBEJIUYINBAs TEM CAMBIM €0 MAacCCy.
Hakomnen, macca jjocturaer Kpurudeckoro snadenus 1.4 My, mocsie 4dero na-
YUHAETCS TPABUTAITMOHHBIHN Kosutamc. CyKaTne TPUBOIUT K PE3SKOMY PA30TPEBY
BEINECTBA 3BE3IbI, B PE3YJILTATE TOI0 HAUMHAIOT NHTEHCUBHO UITH TEPMOSIIED-
Hble peaknuu. 1o cyTn mesra MponCXOANT TepMOsIIEPHBIN B3PBIB, TPUBOIATIINM
K IIOJTHOMY PAa3JIeTy BEIECTBA 3BE3/IbI.

Tunuanbiii TpuMep B3pbIBa CBEPXHOBOI mpejicTanisier KpaboBuHast Ty-
MaHHOCTH B cOo3Be3/nu Tesblia, KOTopas HaxomuTcs Ha paccroguun 4400 cse-
TOBBIX JieT OT 3emuin. Bermbimika Oblia 3auKCHpoBaHa KATAHCKIMHI aCTPOHO-
mamu B 1054 r., ciiesjoBaTeibHO, caM B3pbIB mpousories okoJio 3400 jer mo
H.3. ['a3000pasHble OCTATKN CBEPXHOBOI BCE €Ile MPOIOIKAIT PACIIHPITHCS
€O CcKOpocThIO Topsiyika 1300 km/c.

IIpu B3pBIBaX CBEPXHOBBIX B MEXK3BE3J/IHOE IIPOCTPAHCTBO BBHIOPACHIBAET-
cst OOJIBINIOE KOJIMIECTBO yIVIEPOJA, KUCJIOPO/Ia U JPYTUX 00Jiee TSAKEJbIX dJie-
MEHTOB. 3aMaHYUBO MPEIOJIOKHUTD, 4YT0 Haia CoJiHeuHas CUCTeMa BO3SHUKIIA
IyTeM CKOILJIEHUsI BBIOPOIIIEHHOI'O B3PBIBOM T'a3a ¢ 00pa30BaHUEM ILIAHET U3
BBIOpOIIIEHHBIX BeliecTB. Hampumep, kejesnoe sijipo 3eMiin, BO3MOYXKHO, BO3-
HUKJIO U3 gJIpa B30PBABIIENCS 3BE3IbI.
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HcTopust OTKpLITUS COJIMTOHA

I'maponunamudeckuit comuToH, OTKPBITHIN PaccesioMm,
— 3TO yeAWHEHHas BOJIHA Ha BOJle, JABMXKYIIAsICS C IIO-
CTOsSTHHOM cKopocThio. OHa mpecTaBiisieT cO60i pesyib-
TaT ABYX KOHKypupytomux 3ddekros. C ogHON cTOpO-
HBI, CBOHCTBEHHAs yPaBHEHUAM TI'HIPOAWHAMUKU HEJIH-
HEWHOCTH MPHUBOJUT K BO3PACTAHUIO KPYTH3HBI (DPOHTA
BOJIHBI ¥ K ee onpokuabiBanuio. C JIpyroil CropoHsbl, Jiu-
HeliHoe onucanue (IPUTOIHOE JJIS MAJIBIX AMILIUTYL BO3-
MyIIeHNii) TPUBOANT K JAUCIIEPTUPYIOMIM BoHAM. Jlmc-
TEepCHUsl ABJISETCS MPUINHON TOTO, UYTO JIOKAJIN30BaHHBIE
BO3MYIIEHNS HAYMHAIOT PACIoI3aTbcs. VIHTYyUTUBHO siC-
HO, 4TO I aMILJIUTY/, XapaKTepU3yeMbIx cj1aboil Heym-
HEWHOCTBIO, KOHKYPEHIUS 9THX JABYX d9MDHEKTOB — BO3-
pacTaHusi KpyTU3HBI (DPpOHTA W PACIOJI3aHUS BO3MYIIE-
HUN — JOJIXKHA IIPUBOJUTH K PaBHOBECUIO, B Pe3yJIbTa-
Te KOTOPOrO BO3HHUKHET yeJMHEHHas BOJHA. 1aK OHO U
MIPOMCXOMINT, ¥ BO3HUKAIOIIEE YCTOMINBOE 0OpA30BaAHNE U
€CThb COJIUTOH.

Jotc. Jlom (v, JI. Maxaapaun. AcnekTbl COTMTORHON
dusukn. B ku.: «Commronsr» (M.: Mup, 1983. C. 78,79)

7.1. Ix. Ckort Paccesst u OTKpbITHE COJIUTOHA

DTa W MOCJEYIOINE [VIABBI IOCBANIEHbI U3YYEHUIO HEJIMHEHHBIX BOJIH B
JIUCIIEPTUPYIOIINX CPeliaX, IPUYIEeM OCHOBHOE BHUMAaHUE Oy/eT yIeJaeHO yedu-
HEHHBIM BONHAM T COAUMOHAM (MEYKILy STUMHU TEPMUHAME CYIIECTBYET HEKO-
Topasl pasHUIA, KOTopas OyJier nposicieHa Huzke). TPyIHO JlazKe Iepednc/inTh
BCce OOJIACTH NPUJIOXKEHUS COJUTOHOB: T'UJIPOAMHAMUKA, HEJIUHEHHAsS ONTHUKA,
dusuka 11a3Mbl, CBEPXIIPOBOIMMOCTD, MATHETU3M, TEOPUSI TI0JIs U (PUKUKA, dJ1e-

MEHTAPHBIX IACTUIL, OMO(MU3NKA, — CJIOBOM, COJIUTOHBI UTPAIOT UCKIIOUNTE b~
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HO BaXXKHYIO POJIb B COBpeMeHHOH ¢dusuke. Brepsble HaOIIOMAT Ve IUHEHHY IO
BOJIHY OpUTaHCKUIl yueHbIil U mHKeHep-kKopabiecrpoutesb xon Crorr Pac-
CeJIJI Ha OJ[HOM W3 KaHaJIoB Ojin3 Dauubypra B 1834 r. XoTsd onmcaHue 3TOr0
siBJIeHUsI, KoTopoe naJs Paccesur B cBoeM 3HaMeHnToM «JloKiiaje o BosHax» (3],
IIPUBOJIUTCS TIOYTHU B KaKJI0M KHUTE O COJIMTOHAX, TPY/IHO YIAEPKATHCS OT €TI0

u3jio0KeHns. Bor Kakyio kapruny pucyer Paccesr!:

« 4 mabsromast 3a IBUKeHHEM DAPXKH, KOTOPYIO OBICTPO TSHYJIA, IO
Y3KOMYy KaHAaJIy Hapa JoIajeld, Korja 6aprka HEOXKHUJAHHO OCTAHO-
Bwiach. Ho Macca Bojibl, KOTOpyio Oap:ka IpuBeJia B JBH2KEHUE, He
OCTaHOBHUJIACH, & cOOpAJIACh ¥ HOCA CY/IHA B COCTOSHUN WHTEHCUBHOIO
JIBUDKEHUS, 32T€M HEOXKUJIAHHO OCTABUJIA €r0 [1033/1, KATICh BIEPe]]
C OI'POMHOI CKOPOCTBIO U TpuHUMast (OpMy OOJIBIIIOTO OJIUHOTHOIO
BO3BBIIIEHUSI, TO €CTh OKPYIJVIOrO, IVIAJKOTO U YETKO BBIPAYKEHHOI'O
BOJISTHOT'O XOJIMa, KOTOPBIH MIPOI0JIZKAJI CBOH IIyTh BIOJIb KaHAJA, HE
MeHsisl CBOeil (DOPMBI U He CHUKasi CKOPOCTH. 91 mocsieioBas 3a HUM
BEPXOM, ¥, KOTJIa HAIEJ]I €10, OH O-TIPeXKHEMY KaTHJICS BIIEPEJT CO CKO-
POCTBIO HpI/I6HI/ISI/ITeJIbHO BOCEMb MJIN J€BATH MHUJIb B YaC, COXpPaHUB
CBOH epBOHAYAJIBHBIN MTPOMUIL BO3BBIIMIEHUs JJIMHON OKOJIO TPUI-
maTu (pyTOB W BBICOTOI OT OJHOIO J0 moJiyropa ¢yToB. Ero BeicoTa
[IOCTEIIEHHO YMEHbBIAJIACh, U TOCJIe OJIHOW WJIA JIBYX MUJIb IIOTOHU S
moTepsit ero B m3rubax kaHasa. Tak B aBrycre 1834 r. MHe BIiepBbIe
JIOBEJIOCH CTOJIKHYTHCs C HEOOBIYARHBIM U KPACUBBIM SIBJIEHUEM, KOTO-
poe st HazBaJl yEeIMHEHHON BOJTHOW TPAHCJISIIIAN; TEIEPh 9TO HA3BAHUE

OOIIEITPUHSITO>.

D710 OTKpHITHE HE OBLIO CIIydailHbIM (BepHee, ero MOXKHO Ha3BaTh 3aKOHO-
MEpHOH CJIy9ailHOCTBIO): B Te€UeHNne MHOIUX JIeT Paccesiyl 3aHUMAJICsT UCCIIe 0
BAHUSIMU [TOBEPXHOCTHBIX BOJIH B €CTECTBEHHBIX U JIAOOPATOPHBIX YCJIOBUSIX.
Ero maTepecoBali, B 4acTHOCTH, BOIIPOC O Hambojee obTekaeMoit (popme Kopab-
gst. ITosromy Pacces, B oT/imdme oT CBOMX COBPEMEHHUKOB, CPa3y YK€ OIEHII
BasKHOCTH CJIEJIAHHOTO UM OTKpbiTua. On mcan [75]%:

«DTO caMoe 3aMedaTeIbHOe U HEOOBIYHOE ABJICHIE U3 BCEX: B IIep-
BBIll K€ JIEHb 1 IOHSJI, YTO 3TO CUHACTJIMBEHIINN JeHb B MOEU »KU3HU.
Hukomy j10 MeHsT He IMOCYaCTINBUIOCH HAOJIIOIATD €10 U, BO BCSIKOM

ciaydae, IIOHAThb, YTO OHO 3HAYUT».

Pasymeercs, Paccemn st 060CHOBaHUS CBOMX BBIBOJIOB HMCIIOJIB30BAJI HE
TOJIBKO IIPUBEIEHHOE BBIIIE OIUCAHNE, HO U PE3YJILTATHI TIATEIbHO BBIITOJIHEH-
HBIX UM 9KCIIEpUMEHTOB. TeM He MeHee, ero nien MoHadYa 1y ObLIN CKEITHIeCKT

"Murupyercs no xkuure [16].
*Murupyercs mo kuure [16].
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U JlaxKe BPaxkJeOHO BCTPEUYEHBI HAYYHON OOINECTBEHHOCTHIO, B 9aCTHOCTH, Ta-
KUMH aBTopuTeTamu, Kak ditpu u Crokc. Ditpu BiiepBbie mosyumi B 1845 1.
YPaBHEHUSI «MEJIKOI BOJIbl», KOTOPbIE IIPEICKA3bIBAIOT OIPOKU/IbIBAHUE BOJIHBI
(§ 4.3); Crokc B 1849 r. Haes peleHne B BUJIE CIa0OHEIMHERHOI TIeproiae-
CKOI1 CTAIIMOHAPHOM BOJHBI, YaCTOTa KOTOPOIl 3aBUCUT OT aMILIUTYIbI. B 0benx

TEOPUsIX He OBLIO MecTa JJIsT YeJINHEeHHBIX BOJIH.

7.2. YpaBHenusa byccunecka u KopreBera—ae Bpusa

OkoHuaTebHOE HOATBEXKIeHHe Pe3y/IbraThl Paccesia oty dum JIuib B
1870-e roapr B paborax Byccunecka [76] u Pasest [77], koropsle He3aBHCHMO
HAIIUIE PELIeHNe JIst IPoduiist CBOGOIHOMN IIOBEPXHOCTH Ha BOJE B BUJIEC KBaJl-
paTa ruinepOoInIecKOro ceKanca. VI3 ux pesy/IbTaToB CJIei0Balo, B 4aCTHOCTH,
9TO HPUYNHON, OCTAHABINBAIONICH YKPYUCHHE BOJIHDI, SABJSETCS JIACIEPCHUS,
KOTOpasl He YUUTLIBAETCS B TEOPUH «MEJIKOii BOJBI». 3ameTuM, 4ro Byccnneck

IOJIyInJI YpaBHEHUE, HOCAIIECE TEIIEPb €ro UM
2
Ut — C Ugy — (uux)x — Bugzze = 0, (71)

KOTOPOE y2Ke BCTpevdasioch B IJI. 1. OHO OIHUChIBAET pacpoCTpaHEHUE BOJIH KaK
B IIPSIMOM, TaK M BO BcTpedHoM Hampassienun. Hakowerr, B 1895 r. /I.1. Kop-
teser u I'. 1e Bpus BeIBesn ypaBHeHMe OJHOBOJIHOBOIO HpubMKeHust |4

U + Uy + BUgee = 0, (7.2)

CBITPABIIEE BIIOCJCICTBUU B TEOPUU HEJIUHEWHBIX BOJIH 0COOYIO, BBIIAIONLYIOCS
posib. Ero ouens Jierko nmosyuuth u3 ypasaenus (7.1), paccMaTpuBasi BOJIHBI,
pacupocCTpaHdonnuecsa TOJIBKO B OJHOM HallpaBJE€HUU U, BUJIUMO, ypaBHEHNE
(7.2) BmepBble BcTpedaeTcss B paborax Byccmmecka. Brpouem, Kopresery n
e Bpusy 06 sTux pesynbrarax HHYEro He ObLIO M3BECTHO.

Ceﬁ‘lac YV2Ke HUKTO H€ COMHEBaETCs B CYIIECTBOBaHUHN YECIWHEHHbBIX BOJIH.
Haubosiee BrieqaTIsiionuM MpuMepoOM TAKOTO POJia sIBJISIETCsT 0Opa30BaHue IIy-
HaMu. B pe3sysibraTe MOABOMHBIX 3EMJIETPSICEHUN WM M3BEPKEHUI BY/JIKAHOB
B OTKPBITOM OKeaHe 00pa3yroTcsl yeINHEHHBIe BOHBI. BBICOTa 9TUX BOJH OT-
HOCUTETLHO HEBEJIMKA — MOPSIIKA HECKOJIBKIX METPOB, 384T0 WX XaPAKTEPHBIH
IIPOJIOJILHLIN Pa3Mep NOCTUraeT cTa KuaoMeTposS. TakmM o6pasoM, IyHAME
MEPEHOCSAT OIPOMHBIE MACChl BOJIBI. [Ipoduiib BOJTHBI HACTOIBKO TOJIOTHH, ITO
3aMEeTUTh €€ C KOpadJisd WU CAMOJIETA TPAKTUIECKA HEBO3MOXKHO. CKOPOCTh,

3BupoueM, HEOGXOIMMO OTMETHTH, YTO XAPAKTEPHBIE MACIITAOBI IIPOSIBJICHIMS HeJIMHEH-
HBIX U JINCIIEPCUOHHBIX 3(MOPEKTOB B OTKPHITOM OKEaHe TaKKe 0UeHb Beuku: mopsaka 10 000
KM. [78].
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¢ KOTOpOH IyHaMU JIBUKYTCsS IO OKeaHy, TaKXKe BeCchbMa BeJInKa. e MOXKHO
OIEHUTD, UCIOJIB3Ys (DOPMYJILY TEOPUU «MEJIKOI BOJIbI»

v~ \/gh, (7.3)

rae h — ray6unat. [IoHATHO, YTO JJIsl BOJIHBI TAKIX MACIITA00B OKEaH BCErIa
MOXKHO CHUTATH MEJKUM. Eciu 1mojioKuTh, Hanpumep, h = 1 KM, 10 dhopmysia
(7.3) maer v &~ 100 M/c. DTH BOJHBI MOI'YT PACHPOCTPAHSATHCS HA OIPOMHBIE
paccrosiuust. [lyHaMu, BBISBAHHOE 3€MJIETPSICEHUSME Y TO6EpekKbs AJISICKU B
1946 1., nocrurio Tapaiickux ocrpoBoB (uepes 4 waca) u Yuau (uepes 18 ga-
COB), HPOIiJIst, TaKUM 00pa3oM, CBbIme 13 Thicsd KHJIOMeTpoB. Bosee Toro,
I[yHaMU CIIOCOOHO OTPA3UTHCS OT IMOOEPEXKbsl UJIU MOJIBOIHBIX PUOPEKHBIX
CKJIOHOB 1 IIPOJOJIZKATh JBU?KECHHNE B IIPOTUBOIIOJIOZKHOM HallpaBJICHUM.

Haubosee karacrpodudecKkuM B COBPEMEHHOI UCTOpUH, OE3YCIOBHO, OKa-
zaJjioch myHamu 26 nekadbpst 2004 rojia, KOTOpoe YHEC/IO 110 PA3HBIM OI[eHKAM OT
225 000 mo 300 000 wemoBeveckux Ku3Hei. B To ke BpeMsi, ¢ HAyIHON TOUKHU
3peHusd OHO JaJio yHI/IKaHbeIﬁ MaTepuaJi, BKJIIo49asgd Cb€MKU CO CIIyTHHKa, 9TO
ITO3BOJIMJIO IIPOBEPUTH CIIPABE/INBOCTD CYIIECTBYIOIIUX TEOPETUYECKUX MOJIE-
neit mysamu [78].

Korya yenunennast BosiHa npubinkaercs K O6epery, ee CKOpoCTb, B COOT-
BercrBun ¢ opmysioii (7.3), yMeHbIIaeTcsi U BBICOTAa BOJIHBI pacreT. BosiHa
BBIPACTAET JI0 OTPOMHBIX Pa3MepoB U, Haberas Ha Oeper, TPUBOJIUT K 2KepTBaM
u paspymenusaM. MoXKHO TOKa3aTh, 9TO BOJHBI B KaHAJe C U3MEHAIONIeHCs
rry6uHON h(x) HOMYMHSIIOTCS TaK HA3BIBAEMOMY G03MYUWEHHOMY YDABHEHUIO
KaB

U + Uy + Bugze = YU, (74)
rae v ~ —O0h/O0x. Herpyano BT, 9TO WIEH B MPABOil 9aCTH OTBEYAET 3a

POCT aMILIUTY/IbI coauToHa. Joctarouno moapobHblil BeiBOj, ypaBHeHus (7.4)

U aHAJIN3 JIMHAMUKN COJINTOHOB MOXKHO HailTh B KHure [16].

7.3. 1Ipob6aema Pepmu—Ilacra—Yiaama

ITocse Toro, Kak mpoTuBOpedrst MexK 1y paboramu iipu, Crokca u Paccer-
JIa 6I)IJII/I CHATDBI, UHTEPEC K YEAMHEHHBIM BOJIHAM 3HAYUTEJIbHO YIIaJI 1 BO306HO-

BUJICS JIUIIB citycTst 60 Jrer, mmocJie TosIBJIEHNsT 3HaMeHUTOl paboThl . Pepmu,

4Ha camom geite, Kak GymeT IOKA3aHO B IVI. 8, CKOPOCTH YeJIHHEHHBIX BOJIH 3aBHCHT OT
MX aMIUIATYAbL U Beera Goibiie ha30BOi CKOPOCTH JIMHEHHBIX BOJIH, KOTOPAasl OIPEIeJIsieTcs
dopmymnoii (7.3). B wacraoctn, emé Pacceniom 6puia ycranoBiaeHa smmnupudeckas dhopmysa
v =/ g(h+ a), rme a — MaKCUMaJIbHAS BBICOTA HAJT TIOBEPXHOCTHIO BOABI. OIHAKO, TOCKOJIb-
Ky BBICOTa BOJIHBI MHOTO MEHBIIE TJIYOMHBI OKEaHa, STUM Pa3/IndreM MOYKHO IpeHeOpeYb.



Hcropnst otkpprrust commrona 133

. IMacra u C. Yaama (PIIY) [5], otHOCAIE ICS, Ka3aI0Cch ObI, K COBCEM JIPY-
roit obsractu Hayku. OHa ObLIa BBIIIOJHEHA HA OJJHOM U3 IEPBLIX KOMIIHIOTEPOB
«Manmnak—I» B Jloc-Anamocckoit HarmonabHO Jraboparopuu u ObLIa CTUMY-
JINPOBAHA TOSIBJIEHUEM BBIMUCIUTEIHLHON TEXHUKM, KOTOPast CIEIaJIa BO3MOXK-
HBIM YHCJIEHHOE MOJEJIMPOBAHUE CUCTEM C OOJIBIIUM YUCJIOM CTeleHeil cBobo-
1el. ITo muennio A. Hetossuta [16] @ITY unrrepecoBas Bonpoc: ouemy TBep/ible
Tesia 00JIQJIAI0T KOHEYHOU TeIJIONPOBOIHOCThIO? BrpoueM, B opurmHajbHOI
pabore OITY ynomuHanms 06 9TOM HET, IOCKOJILKY OHU UCXOIAT U3 HEIIPEPhIB-
HOJ MOJe/M HeJMHEHHOW CTPYHBI U JIUIIb pemeHne Ha DBM 3acraBisieT ux
JUCKPETU3NPOBATD 3aaY.

B kagecTBe npocreiiieit Moesin TBEPOTO TeJIa YACTO PACCMATPUBAIOT Iie-
HOYKY MJIM PEIIeTKY U3 MACCHBHBIX YaCTHUIl (ATOMOB), COEJMHEHHBIX MDY KIHA-
MU, KOTOPBIE UTPAIOT POJIb CUJI YIIPYTOro B3anuMoeiicTBusi. Eciu nmpyKuHbI Jiu-
HEIHBI, T.€. BBIIOJIHSIETCSI 3aKOH ['yKa, TO 9Heprusi IepeHOCUTCsT HOPMAJIBHBIMI
MOJIaMU TIEMTOYKH, KOTOPhIE He B3aUMOJIEHCTBYIOT MexK 1y coboii. CiretoBaTeib-
HO, JIJIsl TI€PEIav SHEPIUU C OJHOIO KOHI[A IEMOYKN Ha JPyroil He Tpedyercs
HUKAKOrO IIeperaja TeMieparypbl. dd@EKTUBHAST TEIIOIPOBOIHOCTh OKA3bI-
BaeTcsi OecKoHeYHON m ypaBHeHus audysun Temia He moaydaercs. Eime B
1914 r. II. [ebait mpemamo/oKuI, 9TO KOHEYIHAsT TEIIOPOBOIHOCTD 00yCIOB-
JIEHa, aHTAPMOHUYIHOCTLIO HPY2KUH. ECan mpyKuHbI HEeJIMHEWHBI, T.e. BO3Bpa-
IAIOIIAS CUJIa HE TTPOIIOPIMOHAJIBbHA JeOPMAIINU, TO MOSBISETCS B3anMOIeH-
CTBUE HOPMAJIBHBIX MOJ. llebail mojiaraji, 910 HEJUHEHHBbIE B3aUMOJIEHCTBUS
(Ha sI3bIKE KBA3UYACTUIL — COyapeHusi (GOHOHOB) OrPAHMYAT [EPEHOC SHEPIUK
U TIPUBEIYT K KOHETHOCTH KO(D(MDUITHEHTA TEILIOPOBOIHOCTH.

Urak, ®ITY paccmarpusasn nenouky u3 N gacrur (N He npesbimaio 64).
YacTurbl coeTUHEHbI IPYKIHAMEI, BO3BPAIAIONIAd cuia F' KOTOPBIX HeJInHEeH-
HBIM 00pa3oM 3aBucuT OT Aedopmarun x. KoHKpeTHO paccMaTpuBajInuCh IIpy-
KUHBI C KBQIPATUIHON U KyOMIHON HETNHEHHOCTSIMU:

F(z) = vz + az?, (7.5)
F(z) =y + Ba?, (7.6)

npudeM Koa(hPUIueHTsl « U 5 BBIOUPAIICH TAKUMU, YTOOBI HEJIMHEHHBIE TJTe-
HbI 6611 MaJsbl’. OBO3HAYMM CMeIeHIe N-Hi YaCTUIIBl U3 HOJIOKEHH PABHO-

Becusl KakK Uy, TOTJIa yPABHEHUE €€ BUKEHUS NMeeT BUJL

d?u,

proa F(ups1 — un) — F(up — tup—1). (7.7)

SHTepecHo, UTO aHAJIOIMYHAS 33ada PaHee PACCMATPUBAJIACH TEOPETHIECKH B pabore
, TJie ObLTa TOJIyYeHa OIleHKa K03 UIMEeHTa TeIIOMPOBOTHOCTH.
79 o
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Ypasuenus (7.7), tae n = 1,2,..., N, HHTerpUPOBAJIICH YUCIEHHO DU HYJIe-
BBbIX IPAHUYHBIX YCJIOBUSX (CTPYHA C 3aKPEIIEHHBIMU KOHIIAMH):

ug = un+1 = 0.

B 60i1ee mo3mHUX ncciiefOBAHNSIX WHOTIA UCIIOIb30BAINCEH IEPUOINIECKNE TPa-
HUYIHBIE YCJIOBUS

Uyg = UN-

B ciyuae ymuneiinoit nenouku (o, # = 0) KaHOHMYECKOE TIPpEOOPa3OBaHUE

Un(t) = f: Qum(t) sin (;Tl)

m=1

IIPUBOJUT K CUCTEME HE3aBUCUMbBIX ypaBHeHI/Iﬁ OTHOCHUTEJIbHO aMILIUTYI HOP-

MAALHOT MO0 Qy (1)
Qm+w72an:07 m=1,2,...,N,

rae wy, = 2¢/ysin[rm/2(N +1)] — cobcTBeHHbIe YACTOTHI. DHEPIUH HOPMAJIb-
HBIX MO
)2 2 2
o M (7.8)

SIBJIAIOTCS MHTErpajaMn ABMKeHns. Takum oOpas3oM, pereHne I Uy, TPe-

CTaBJIIET COOOM CYIEPIIO3UITUI0 HOPMAJIbHBIX MOJT

m™mn

N
Up = Z Am COS (wmt + @m) sin Ni—i-l s

m=1
re aMIuTyasl A, u dasbl @, — KOHCTAHTHI, ONpeeisieMble Hada bHBIMU
VCJTIOBUSIMH.

B cnabonenuneiinoM cirydae 3TU MOJIBI B3aUMOJIEHCTBYIOT MeEXKIy cOOOH u
ux 3Heprun F,, HaumHaioT 3aBuceThb oT BpeMmenn. PIIY paccamTwiBaam, ITO €c-
JIM B HAYAJIbHBIA MOMEHT BO30YIKJIeHa, HAIpUMeD, Husias Mojga (m = 1), o ¢
TeYeHneM BPEMEHH SHEPIrusi Oy/IeT MEPEXONTD B BBHICIITHE MOJIbI, ITOKA HAKOHEI]
HE YCTAHOBUTCSH COCTOSHWE, B KOTOPOM SHEPIHUsl BCEX MOJI IIPUMEPHO OJIMHA-
KOBa. DTO COCTOSTHUE MEPMOJUHAMUUECKO20 DABHOBECUSA, KOTOPOMY COOTBET-
CTByeT paBHOMEpPHOE paclpeejieHne SHEPIun 10 cTeneHsIM cBoboabl. OaHaKo
pPe3yIbTAThl MOAEIUPOBAHUS OKA3aJINCh COBEPIIEHHO HEOXKUIAHHBIMHA. JHEP-
rust He TepMaJjin3oBajiack. BHadase Bo30yXKIa/JIlCh HECKOJIBKO HUBIINX MO, a
3aTeM SHEPTHs MOYTH IMOJHOCTHIO BO3BpAaIlaJach B repByio Moay. Ha puc. 7.1
[IPUBEJIeHa 3aBUCUMOCTD HEPIUil TATH HUSIINX MO/, OT BPEMEHU JIJIsI IeIOUKN

n3 32 YacTull, pacCUUTaHHAas ITPUMEPHO JJIs TeX »Ke 3HA4YeHUil ImapaMeTpoB,
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9TO M B opuruHasbHoit pabore PIIY [5]. DHeprum Mo HOpMUPOBAHBI Ha Ha-
JaJbHYIO SHEPIMIO0 OCHOBHOI MOJBI, BpeMsl — Ha HEepHoJ, KoIebaHuit OCHOBHOM
Mogibl T = 27 /wy. XOpomo BUIHO, YTO SHEPTUU MOJL BeyT cebst OYTH II€PH-
omuuecku. Takum obpazom, BosuukIa npobaema PI1Y (nmm napagoke OITY):
MIOYEMY B HEJUHEWHBIX CHUCTEMaX C OOJIBIIUM YHUCJIOM CTeleHeil CBOOOILI He

HAOJTIOIAeTCsT TEPMATH3AIUS !

OHEpruy Moj

Bpewms, /T,

Puc. 7.1. BaBucuMocTh AMILTATY T HU3IIMX MOJT OT BpeMeHu B 3aade Pepmu—IlacTbi—
Viama

B mocnemyroriiue rosibl psiJioM aBTOPOB OBLIN BBIOJHEHBI pabOTHI 110 MO-
JIeTUPOBAHUIO Pa3HOOOPA3HBIX HEJMHEHHBIX IEI0YeK C PA3JIMIHBIMUA I'DAHUY-
HbIMU 1 Ha4YaJIbHbBIMU YCJIOBUAMMN. B HEKOTOPBIX YHCJIEHHBIX 3KCIIEpUMEHTaX
HaOJII0/IATI0Ch TIEPUOINIECKOe BOCCTAHOBJIEHNE HadaIbHOTO Ipoduist (6036pa-
waemocmos PITY) B Apyrux obHapy:KUBAJACh TepMaau3anus (CM. KPaTKHit
0630p s1ux pador B [80]). OTMeTHM, UTO eciiu NPOJIOJIKUTH PACYUET, PE3Y/IbTa~
ThI KOTOPOT'O IIPEJICTABJICHBI HAa PHUC. 7.1, HA CyIIEeCTBEHHO OOIBINX BPEMEHAX,
BHU/HO, UTO IEIIOYKA JEMOHCTPUPYET ropasjio 0oJiee CJIOKHOE ITOBEJIECHUE, U
3aBHCHMOCTD SHEPIuil COOCTBEHHBIX MO/ OT BPEMEHHU SIBJISIETCSI, CKOpee, KBa3H-
nepuoandeckoit (puc. 7.2). Tem He MeHee, B Olpeie/ieHHbIE MOMEHTBI BPEMEHI
SHEPI'Usl MPAKTUYEeCKU MOJIHOCTBIO BO3BPAIAETCsI B OCHOBHYIO Moiy. OObsic-
HUTH BO3BPAIIAEMOCTb HE Y/IaBaJIOCh BILIOTH J10 cepesimHbl 1960-x 10J10B, TpU-
YeM OKa3aJI0Ch, 9TO MPUIUHA 3aK/I0YAETCSI B CHEIU@PUIECKUX CBOMCTBaxX Co-

JINTOHOB.
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Puc. 7.2. 3aBucumoctu aMImTy T TpeX HUIIIUX MOJ OT BpeMeHU Ha OGJIBIINX Bpe-
MEHHBIX MacIiTabax, deM Ha puc. 7.1

7.4. BzammMmopeiicTBue COJIMTOHOB 1 pabora 3abycKu u

Kpyckana

Kaxk ke cazannl npobiiema @ITY u cosmmronni? st orBeTa Ha 9TOT BOIIPOC
paccMOoTpuM 11enouKy (7.7) B HEIPEPBIBHOM IIPE/IeJie, YTO MOYKHO CAEIATh, €CJIN
XapaKTePHBI IPOCTPAHCTBEHHBIH MaciTab BO3MYIIEHHST MHOIO OOJIbIIE pac-
CTOSIHUS MexKy dacTumaMu d. Torma BMeCTO HUCKPETHOro HabOpa CMEIeHMil
YACTHIL Uy, (1) MOKHO MPHUOJIMKEHHO PACCMATPUBATH HEIPEPBIBHYIO (DYHKIUIO
u(x,t). Paznaras ee B psig Teitsiopa B coceiHuX y3/ax, HaleM

ou d*> 9*u  d® Pu  d* tu
ou  d?> *u 4 dPu  d* tu

T T2 G ol T Mgt

Up—1 = u[(n — 1)d, t] = u(nd) — d
rJie BCe IIPOU3BOAMBIE BHIYUCIAIOTCH B Touke = = nd. [loxcrasiss st pasio-
JKeHUsI B COOTHOIIenust (7.7) 1 OrpaHNYUBAasCh JJIsl OLPEJIeJICHHOCTU IIEeIIOYKO
C KBaIPATHIHON HEJIMHEHHOCTHIO (7.5), Moty M

0*u o O%u  yd* Otu 3 Ou 0%u

gU _ 2T 10 T,
oz ot gt gt
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OcrabHbIMU HEJIMHEHHBIMU “JIeHAMU [IpeHebperaeM BBU/LY MAJIOCTU ITapaMeT-
pa «. Ilpuxomum K ypasaenuto Byccunecka (7.1), KoTopoe B OJIHOBOJHOBOM
npubszkeHnn cBoauTcst K ypasaenuto KnB (7.2).

u u
t=0 t=1.2
2} 2|
1 1}
0r 0l
-1 . . . -1 . /
0 /2 T 3n/2 x 0 /2 n 3n/ x
u
t=0.6
2L
1L
0k
—1 1 1
0 /2 T 3n/2 x
u
t=1.0
2L
1k
oL
_1 ! 1 ! —1 ! 1 1
0 /2 T 3n/2 x 0 /2 n 3n/2 x

Puc. 7.3. Pacnas KocuHy COMIAILHOIO HAYaIBHOTO Ipodusist Ha couronsl (3 = 0.005)

B 1965 r. H. 3abycku u M. Kpyckaj mpoBesn YucjeHHOe pelleHre ypaB-
uerns (7.2) ¢ nepuopmdeckuMu rpanudHbiME yeaosusamu u(0) = w(27) u Ha-
JasibHBIM yeaoBueM u(x) = cos z [6]. Kapruna, koropyio onn Hab/IH01a/11, BOC-
[pou3BeeHa Ha puc. 7.3. BHadaje mponcxoamio yKpyJeHue BOJIHbI. 3aTeM, 110
Mepe TOro, Kak JIUCIEePCUOHHBIA YJIeH CTAHOBUJICS BCE DOJIEE CYIIEeCTBEHHBIM,
Ha PPOHTE BOJIHLI BOZHUKAIN OCHUJLISIIN, KOTOPbIE POCIU U B KOHIIE KOHIIOB
[PEBPAIIAIUCE B IOCIEI0BATEILHOCTL BOJIH, KaXKIasd U3 KOTOPLIX HAIIOMIHA-
JIa, COJINTOH U JIBUTAJIACH CO CKOPOCTBIO, ITPOITOPITMOHAIBLHOM aMiuTyte. Han-
boJiee yIUBUTEIbHBIM OBLIO TO, UTO OOJiee OBICTpasi BOJIHA, HacTurasi Oojee
Me/IJIEHHYI0, TIPOXOJIJIa CKBO3b Hee, MPAKTUIECKH He U3MEHsIsI CBOI (pOpMy
U CKOPOCTh. B TO 2Ke BpeMmsi, B IIpPOIECCe B3AMMOJICHCTBUS YeIUHEHHBIE BOJI-
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HBI BeJin ce0sI CYIeCTBEHHO HeJMHEHHBIM 00pa30oM, HUYEM He HAIlOMUHAS Cy-
[IEPIIO3UIINIO JIMHEHHBIX UMITY/IbCOB. 3abycku n Kpyckas Ha3Bajy 9TH BOJIHBI
«COJINTOHAMHU», YTOOBI IMOMIYEPKHYTh MX YaCTHIEIOI00HBIE CBOMCTBA. TakuMm
06pa3oM, MbI MOXKEM JIaTh TaK Ha3bIBaeMoOe «pabouees» OIpee/IeHIe COTUTOHA
[81]: coaumon — amo yedunennas 6oana, KOMOPas COTPaHAem c6010 Hopmy U
cKopocms npu s3aumodeticmeun ¢ dpyeoti makot srce 60anol (WM, KaK ro-
BODAT, B3auMmoieiictyer ynpyzo). CymecTByer Tak:ke 6ojiee CTporoe orpe/e-
JIEHWe, OCHOBaHHOE Ha, (haKTe IMTOJHONH MHTErPUPYEMOCTH YPABHEHUSI METOIOM
obparHoil 3ajaun paccestuust (ri1. 10). Kak Gyaer nokasaHo jajiee, MHTErpu-
PYEMOCTD O3HAYaeT HAJUYNE y YPABHEHUsI BeCbMa CIEeNNMUIeCKUX CBONCTB, B
TOM 9HCJIe, CYIeCTBOBaHNE OECKOHETHOIO YMC/Ia 3aKOHOB COXPAHEHHUS.

a 6 x

Puc. 7.4. BaaumogeiicTBrue AByX COJTUTOHOB: G — KOMITBIOTEPHAS KAPTUHKA B3aUMO-
JeficTBus; 6 — TPAEKTOPHU COJIMTOHOB HA IJIOCKOCTH (X,t) B IPOILECCE B3aUMOJICH-
CTBUA

Pazymeercs, comuToHbl B3aUMOJIERCTBYIOT YIIPYI'O HE TOJIBKO B CJIy4ae Iie-
pUOIMYECKUX I'PaHnYHbIX yeiaoBuit. Ha puc. 7.4a, riie npejicraBiena mpocTpaH-
CTBECHHO-BPEMEHHAA KapTHHA B3aNMOJECHUCTBHUSA JIBYX COJINTOHOB, BHUJHO, YTO
OHH ITOJTHOCTBHIO BOCCTAHABJIUBAIOT CBOM (DOPMY IOCJE CTOJIKHOBeHUs. EjimH-
CTBEHHBIM CBUJIETEJILCTBOM B3aUMOJEHCTBUS SIBJISETCS HEOOBINON (ha306bil
cdsue: 6osiee OBICTPBIN COJIMTOH OKA3bIBAETCS CIIBUHYTBIM 9yTh BIIEPEI, & MEJI-
JIEHHBIIT — Ha3aJ1 110 CPABHEHUIO C HEBO3MYIIEHHBIM JiBuyKeHneMm. Ha puc. 7.46
[PUBEJIEHBI TPAEKTOPUH COJIMTOHOB (TI0JIOYKEHUsI MAKCUMYMOB) JI0 U TIOCTIe B3a-
umoeiicrsusi. B obyractu B3anuMo1eicTBUS UIeHTUMUITNPOBATE COTUTOHBI HEJTh-
34. O6pa.TI/IM BHUMaHHE, 9TO IIPpU CJINAHHNUN COJIMTOHOB B OJIMH IINK €I'0 MaKCHU-
MaJIbHAs BBICOTA YMEHBINAETCS, B OTJINYHNE OT TOTO, IYTO HADJIIOIAIOCH OBl IpH
JIMHEHHON CyTEePIIO3UITNN IBYX UMITYJIbCOB. DTO €Ile pa3 MOTICPKUBACT CYIIIe-
CTBEHHO HEJIMHEWHBIA XapakKTep B3auMOAEHCTBUA COJIMTOHOB.

FEime 6os1ee c10:KHO IPOTEKAET MPOIECC B3AUMOACHCTBUSA ABYX COJTUTOHOB C
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6mskuMu aMiuTyaaMu (prc. 7.5). B arom ciaydae oguHOYHBI THK HE 00pa-
3yeTcsl ¥ OJIUH COJIUTOH KakK Obl «ImeperekaeT» B Jpyroit. na ypasuenus KB
CJI0Ba. «OJII3KIE AMIINTYIBI» O3HAYAIOT, 9TO NX OTHOIIEHIE He IPEBBIIAeT v/3
(cMm., Hanpumep, [34]).

Puc. 7.5. BzaumoseiticTBue IByX COTUTOHOB C OJU3KUMU aMILIATY/IaMU

Bosspamasice ¥ ipobseme @ITY, ykaxkeMm, 9TO 3BOJIONUsST KOCUHYCOUIAIb-
HOT'O BO3MYIIEHNUs, N300parkeHHas Ha pucC. 7.3, mocje DOJIBIIOTO YUCIA CTOJIK-
HOBeHHII 3aKaH4YNBaeTCd TOUYHBIM BOCCTAHOBJIEHIEM HAYaJJIbHOTO l‘[pO(i)I/I.J'[f{7 T.€.
Habusonaercs: Bosppamniaemoctb PITY (it mapameTrpoB, KOTOPBIM COOTBET-
CTBYyeT pHC. 7.3, BO3BPAIIAEMOCTh IPOUCXOAUT 3a BpeMs t ~ 30). Crporo sror
pe3yJIbTaT MOXKHO OOOCHOBATD, pelas s ypaBHerus KaB zamgady ¢ mepuo-
JUYEeCKUMU TPDAHUYHBIME YCJIOBUSMHU METOJIOM OOPATHON 3a/1a4u PacCesiHUs.
BossparmaemocTh nipucyiia He ToJIBKO ypaBHeHuto KnB, HoO u apyrum noaro-
CMBI0 UHMe2PUPYeMmovLM YPaBHEHUSIM. B 9acTHOCTH, aHAJIOTUYHBIE PE3YJIbTATHI
ObLIN TOJIYUIEHBI JIJIsi HeJIMHEHHOro ypaBHeHus [IIpénunarepa, onmchIBaOIEro
IpaBUTAIMOHHBIE BOJIHBI HA M1y6OKOit Bojie (cM. [82] u npusenennyio tam 6u6-
smorpaduio). Takum o6pazom, napajiokcanbhbie pesysibrarbl OITY Gbuiu 06y-
CJIOBJIEHBI GJIM30CTBIO UX CHCTEMBI K IIOJHOCTBHIO mHTerpupyemoi®. Ecim ke
IeI0YKa JIOCTATOYHO JlaJieKa 0T HHTerpupyeMoil (rpybo roBopsi, 370 03HAYAET,
YTO HAYATBHOE BO3MYIICHHUE JIO0JIZKHO OBITH IOCTATOYHO HHTEHCUBHBIM ), TO TEP-
MAaJIM3AIIsT BCE K€ IMPOUCXOIUT. YcaoBust 3toro oban Haiimernsr .M. zpaii-
sesbiM u B.B. Yupukosbim [84] Ha ocHoBe meopuu Koamozoposa—Aproavda—
Mosepa, KoTOpasi ONKUCHIBAET PA3BUTUE CTOXACTUIHOCTH B HEMHTEPUPYEMBIX

raMIUIBTOHOBBIX crcreMax [11, 19].

SIrTerpupyeMoii AHCKpeTHAS IIETOUKA (7.7) 6ymer B ciIyvae SKCIOHEHIMATHLHOTO B3aU-
MoJieficTBHsI MexXK Ly JacTunamu (nenodka Tozna) [83].
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B zakirouenme 3aMeTnM, UTO HeJWHENWHBIE IMEMOYKN SBIIAIOTCS KJIACCHAYIe-
CKUMU OOBEKTaAMU HUCCJIEIOBAaHUS B HEJIUHEHHOW JIMHAMUKE W IIPOJOJIZKAIOT
OCTaBaThCsl B IEHTPE BHUMAHUS B CBA3UW C PsJIOM IPoOJeM (DU3UKU TBEPIIO-
ro teja, ouopusuku u T.7. B 2005 1. BhIIIET CHEIUAIBHBIN BBIITYCK KypHAJIA
«Chaos», nocssimennsbii 50-sernio npobiaemsr GITY [85].

BouJree mospobHO McTOpHS pa3BUTHS IIPEJCTABICHHI O COTUTOHAX OCBEIIEHA

B [81] (cM. Takke mcropuyeckue KommeHTapuu B [21]).



I'maBa 8.

CralnuonapHble HeJIMHeliHbIe

BOJIHDBI

B ciydyae BoSIHOBBIX cucTeM KOHEYHO-MepHOe (a30Boe IpO-
CTPAHCTBO MOXKET OBITH IIOCTPOEHO TOJIBKO JJIsi T€X MJIA MHBIX
YaCTHBIX KJaccoB pertenuii ... Cpenu $ha30BbIX TPAEKTOPHl HA
BOJIHOBOI ha30BOil MIIOCKOCTH 0COGOTO BHUMAHUS (IIPY PACCMOT-
PEHUU C TIPUHATBHIX 3J€Ch TO3UIMI) 3aC/Ty?KUBAIOT CElNapaTpH-
CHI. ... B Teopun Konebanunii cenaparpuca — B CyI[HOCTH, HEpea-
JIM3yeMOe peIlleHue, TPAHUIa MEXK Ty obtacTaMu hpa3oBOro mpo-
CTPAHCTBA C TOIOJOTHYECKH PA3IMIHBIMU TUITAMU TPACKTOPHIA.
B pacnpenenennnix ke cumcreMax «CermapaTpUCHBIE» BOJHBI, K
KOTOPBIM OTHOCSITCsI, BOOOIIE 'OBOPSI, BCE JIOKAJIM30BAHHBIE CTa~
[MOHAPHBIE IBUKEHUS — yJIapHbIE BOJIHBI, COJIUTOHBI, AT aBTO-
BOJIH U @BTOCTPYKTYP, HE TOJIBKO CYIIECTBYIOT, HO U IIPHHA/IIE-
KaT K HamboJjiee XapaKTEPHBIM CTPYKTypaM, KOTOPbIe OOHAPY-
JKUBAIOT WHOT/IA YAUBUTEIBHYIO YCTONYUBOCTH IO OTHOIIEHUIO
K BO3/IEICTBUIO PA3JIMYHOIO POJia BO3MYIIEHUI, TOOY K TAIOILY IO
TOBOPHUTH 00 UX CXOACTBE C MATEPUATBHBIMY YaCTUALIAMY ... EcTe-
CTBEHHO, YTO (DA30BOE MPOCTPAHCTBO CTAIMOHAPHBIX BOJH —
BCEro JINIb <«BepInHa aiicbepray, MHOXKECTBO MEPHI HYJb IO
OTHOIIIEHUIO KO BCEMY MHOXKECTBY PEIeHUI UCXOIHBIX HECTAIN-

OHApPHBIX ypPaBHEHUIA.

JI.A. Ocmposckuti. OT HeJIMHERHBIX KOJIEOAHUN — K HeJIUHEH-
HbIM BostHaM. B ku. «Hesmnnedinsie Bouer> (M.: Hayka, 1989)

8.1. CranmoHapHbIe penienus ypaBHeHusa KaB:

KHONAJaJIbHbIE€ BOJIHBI 1 COJINMTOHDBI

B kauecTBe IIepBOI'o IIara IIpu UcCcjaeJ0BaHnn HeJIMHEHHBIX BOJIHOBBIX YpaB-

HEHUil 0OBIYHO PACCMATPUBAIOT PEIIEHUS B BUJIE CMAUUOHAPHHLT DELYUUT 60NN,
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Hanomuaum, 910 cTanuoHapHbIMU HA3BIBAIOTCS BOJIHBI, KOTOPBIE DACNPOCTPa-
HAIOMCA € NOCMOAHHOT CKOPOCMBIO, He udmenasn ceoeti opmor. Martemarmde-
CKHU 9THU PEIIeHus 3aBUCAT OT x U t B Kombunaiuu £ = x — Ut, rjae KoHCTaHTa
U — ckopocth Bojiabl. C OJIHON CTOPOHBI, MHTEPEC K CTAIIMOHAPHBIM BOJTHAM
0OyCJIOBJIEH TEM, YTO YPABHEHUs B YACTHBIX ITPOU3BOIHLIX CBOIATCI K OOBIK-
HOBEHHBIM JTdepeHInaabHbIM YPABHEHUSIM, KOTOPBIE B PSIJIE CIYyYIACB MOLYT
OBITH perieHbl aHaguTudecku. C JIpyroil CTOPOHBI, HEKOTOPBIE CTAIIMOHAPHBIE
pelenus, TaKue KaK COJIMTOHBI, CTAIMOHAPHbBIE YIAPHBIE BOJIHBI U T.JI., UTPAIOT
B TEOPUU YPE3BBIYAITHO BayKHYIO POJIb CBOET'O POJIa COOCTBEHHBIX MOJI, HEJIMHE-
HOW CpeJpbl.
Wraxk, OymeMm nckaTh pertenust ypapaerus KB

U + Uy + BUgry = 0 (8.1)
B Buge u = u(§), £ = x—Ut, rue U = const. Torna ypasuenue (8.1) npunumaer
BHT
u? '
&W+<2—U0:ﬂL (8.2)

rie mrTpuxu obozuadaoT auddepenrmposanue 1o . Murerpupys ypaBHeHue
(8.2) onuH pas mosyvaeM ypaBHEHUE KOHCEPSAMUBHO20 HEAUHETHO20 OCUUNNA-

mopa |2, 10]
dW
M= —— 8.3
w =2 (5.3
HOTEHIMAIbHAS HEPIHst KOTOPOrO PAaBHA
Uu?  u?
W=—|(Cu+———
50 5-5))

re C' — nocTosHHasi UHTErPUPOBaHUsA. DTa MYHKIUA UMEET J[Ba IKCTPEMYMa, B
TOYKaX, onpejieisgeMbx ypapaenueM dW/du = 0. Bes orpanndenus obuHOCTH
MokHO moJsiokuTh C' = 0, Torma

Wz—%(%ﬂ—f), (8.4)

U TOYKH 9KcTpeMyMoB ectb u = 0 u u = 2U. Basucumocrs W (u) npusenena
Ha puc. 8.1a, a dazoserit moprper ocrigTopa (8.3) — Ha puc. 8.16. Takum
00pazoM, MMEIOTCSI JIBa COCTOSIHUS DPABHOBECHsI, OJHO M3 KOTOPBIX (u = 0)
SIBJISIETCS CeNJIoM, a Apyroe u = 2U — IeHTpOoM.

UccienoBanne (Ha3oBOro moprpera IMO3BOJISET HA KAYECTBEHHOM YPOBHE
[IPOAHAM3UPOBATH BO3MOXKHBIE THUIIBI CTAIIMOHAPHBIX pernennii. Pazymeercs,
pusrIecKuit CMBICJI UMEIOT TOJBKO TPACKTOPHUH, JIEXKAINE BHYTPHU cerapa-
TPUCHO TIeT/n, e ABuKenne puHUTHO. BOIM3M yCTONYINBOrOo COCTOSHIST PaB-
HOBECHsI KOJIEDAHMST OCIIMILIISITOPA, SIBJISTIOTCS CTIA00HETNHEHHBIMU, CJIEIOBATE b
HO, PETTeHne MPEeJICTABIIIET COO0M KBA3UTAPMOHNIECKYIO CTAITHOHAPHYTO BOJHY
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U A
33U+
U AVAVAVAVAVAVAN
W -
a 0 &
u
0 2U_3U) U
| | u
/ v 2U
a : i
du/de i i .
i | : 6 ’i
| u
~\! Ut
- i
/
v _
6 g 0 3

Puc. 8.1. Iorennuanbuas sueprust (a) u das3osbiil moprper (6) jid CTAIMOHAPHBIX
pemenuit ypasuenus KiaB

Puc. 8.2. Pazmuanble TUIIBI cTanmoHapHbIX perrennit ypasuenns KaB: ¢ — kBasurap-
MOHHUYECKasl IEPUONIECKAst BOJIHA; 6 — KHOUJIAJIbHAS BOJIHA; 8 — COJUTOH

(puc. 8.2a). B6imsu cenapaTpuchl JBUZKEHIE HOCUT XapakTep CUJIbHOHEINHE -
HBIX Iepuojnvyecknx BosH (puc. 8.26), Hazpanubix Kopreserom u e Bpusom
KHOUOAAbHOLMU (CMBICIT TOrO TepMUHA OyJIeT MOsICHEH HECKOJIBKO 11032ke). Ha-
KOHeIl, IBUKEHUIO IO CENnapampuce COOTBETCTBYET PEIlleHre B BUIAE YeINHEHHON
BOJIHBI — cosinToHa, (puc. 8.26). OueBHIHO, YTO aMIUIATY/a coanToHa a = 3U,
T.e., 9eM ObICTpee IBUXKETCsI COJIMTOH, TeM OH BBIIIIE.

CenapaTpUCHYIO MET/II0 HA3LIBAIOT FOMOKJIMHUYECKONH WM JBOSKOACUMII-
TOTHUECKON TpaekTopueil [2, 10], npuBosgIIeil K OJHOMY U TOMY ¥Ke IIPEJIeITy
(cocrosiHIIO paBHOBECHSI ) C JIBYX CTOPOH (§ — +00). Beckonewno joaromy npu-
OIMZKEHUIO K CeJIJIOBOI TOUYKe U YIaJeHUIO OT Hee COOTBEeTCTBYIOT OeCKOHeUHbIe

«XBOCTBI» COJINTOHA.



144 I'taBa 8

Haiiem aBHBIN BUJI CTAIMOHAPHBIX peHIGHI/Iﬁl. NurerpupoBanue ypaBHe-
uust (8.3) JjaeT 3aKOH COXPAHEHUs] SHEPIUH

=€ - W), (8.5)
TJe £ — mocrostHHaA UHTErPUPOBAHUA, UMEIOIasd CMbBICJ IOJIHON SHEPIrum oc-
IIAJLJIATOPA. OTCIO,ZL&
3 U 2
' U U
U =442 — — + —. (8.6)
\/ 3B

BHaK «+» COOTBETCTBYET JBUKEHUIO B BEPXHE(T IOJIYIIIIOCKOCTH, 3HAK «—» — B
mkuedt. Pacemorpum cneyiomue nadanbibie yeaosust: u(0) = ug, u/'(0) = 0.
Torna

u ypasuenue (8.6) mpuHuMaeT BuJ

3

\/Bu'::l:\/U(uQ—u%) — u3gu0.

PaCK.}IaﬂbIBaH IIOZKOPEHHOE BbIpazKeHNe Ha MHOXKHUTEJIN, ITOJydaeM

V38U = /(o — u)(u— ur)(u —up), (8.7)

rue

U2 = % |:3U —ug £ \/S(U + Uo)(SU — ’LL())] .

JBrkenne ocHuIATOpa MPOUCXOIUT B obsactu u] < u < Ug, TaK UYTO B
(8.7) mosKOpeHHOE BhIpasKeHUe BCErIa HeOTpUIaTeabHo. VHTerpupoBanue 51o-
ro ypaBHEHUS JlaeT

u
d
& / “ . (8.8)
vsg S V(1o — u)(u — ur)(u — up)
[TOCKOJIBKY U U3MEHSIETCSl OT U] JI0 Ug, IPEJCTABAM DEIeHNe B BUJIE
u = u; + acos® o, (8.9)

e a = ug — uy. Toryma mocse HecJTOXKHBIX MpeobpasoBanuii ypasaenue (8.8)
[IPUMET BUJT

£ __ 2 j g
\/% \/UO_UQ0 1 — k2 '

(8.10)
sin? ¢

'Boitee mompo6HBIl aHAIN3 TOYHBIX PEINEHHIT YPABHEHHS OCIAJLIATOPA C KBAPATIIHON
HeJIMHEHHOCTBIO CM. B [2, ruI. §].
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3nech k? = (ug — u1)/(up — uz). Vnrerparn B npasoit qactu ypasuerns (8.10)
€CTBb HenoANbIl 2anunmuveckuts unmezpan 1-20 poda F(p; k) ¢ momynem k [46].
TakuMm 06pa3oM, peleHre B HesIBHOM BHJIE TAKOBO:

§= %F(sﬁ;k)-
ug — U

C y4erom coorHomienust (8.9) HAXOIUM OKOHYATEJIbHBIN BUJ| PElleHusl JJIsl U,
KOTOPOE BBIPAXKAETCS 9epes3 assunmuueckue Gyuruyuy Axobu

=

_ 2
u=u +acn < 12ﬁ 5, )
Baeck am(x; k) — ammmryaa fdxobu (dbyukuumst, odparnas dyukuun F(p;k)),

(8.11)

a cn(z; k) = cos(am(z; k)) — ssmnruydeckuii kocunyc fkobu [46] — kaomua.
HOSTOI\AY 9TU BOJIHBI U Ha3BaJIM KHOUJIAJILHLIMM. q)yHKLH/IH Cn OT BeleCTBeH-

HOT'O apryMeHTa sIBJIsIeTCsl epuojndeckoii ¢ nepuogom 4K (k), rae

w/2

K= [ =
0

\/1—k2sin? ¢

— noanwvill aasunmuveckud unwmezpan 1-20 poda. Taxkum obpasoM, perieHue
(8.11) mpezcrapisier cobOil EPHOMUECKYIO BOJIHY C aMIUIATYION @ M JIIMHOI

30

AN=4,——
ug — U2

B simneiinom npejiene (a — 0) Mojyib iuminTHaeckoi byHKIUN k TakxkKe
CTPEMUTCS K HYJIFO. DTOH CHTyallMl COOTBETCTBYIOT CJIADOHETNHENHHbIE KOJIe-
OaHnst BOIM3M JHA HOTEHIMAIBHON siMbl Ha puc. 8.1a, rae up1 ~ 2U + a/2.
Herpyauao naiitu, aro ug ~ —U. Takum obpasom coornormenue (8.10) mpumu-

u ~ uy + acn? <\/z£; 0) :2U—|—g coS <\/g£>

B npyrom npegenbaom ciydae k — 1 (u12 = 0,49 ~ 3U) nosydaeMm perenne

MaeT BH/I

B BHJA€ COJIMTOHa

u = asech? (€/A), (8.12)

e A = \/m — XapakTepHas IUPUHa couTona, a = 3U — ero aMInTy-
na. IIpoduis pemenus: npusejien Ha puc. 8.2a (cMm. Takxke puc. 1/9). Takum
00pa3oM, 4YeM BBIIE COJIUTOH, T€M OH Y»Ke, W OlleHKa, ciejaHHas B § 1.4.1,
[TOJTHOCTBIO TTOATBEPIKIAETCSI.
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8.2. MoandunnupoBannoe ypaBaenne KaiB

Momndunupoannoe ypapuenne KB
up + ulug + Puggs =0 (8.13)

SIBJISIETCST 9TAJIOHHBIM yPABHEHUEM Ui CPeJl ¢ KyOMIHOM He/TnHeHOCThIo. Vc-
cJIejlyeM PeIieHNs B BUJIC CTAIOHAPHBIX BOJIH. Y paBHenue (8.13) npuBomnTest

u3 !
ﬂu”/ + <3 - UU) =0.

O,Z[HOKpaTHOG UHTErpupoBaHue€ IIOJIYyYE€HHOI'O COOTHOIICHUA HdaeT ypaBHEHUE

K BHUJLY

HEJIMHEITHOTO OCHUJLIIATOPA € MOTEHIIMAJIBHON dHepruen

Wz—%(%ﬂ—?). (8.14)

31ech BHOBB TIOCTOSTHHASI HHTEIPUPOBaHMs BbIOpaHa paBHOil Hy 0. Dopma 1mo-
TEHIUAJIBHON sIMBI 1 (DA30BBIN MTOPTPET OCIULISITOPA TPUBEIEHBI Ha puc. 8.3a, 6.
B nannowm ciaydae, 09eBUIHO, BO3MOXKHBI JIBA THIIA COJTUTOHOB: TIOJIOXKUTETLHOMN
¥ OTPUNATEHHON MOJIAPHOCTH, aMILIATY/Ia KOTOPBIX paBHA +V6U. TpaekTo-
PUH BHYTPHU CeMapaTPUCHBIX IETeNb COOTBETCTBYIOT IEPHOINTIECKIM KBa3W-
TapMOHWYIECKUM WM KHOWJIAJBHBIM BOJHAM, IOXOKHUM HA COOTBETCTBYIOIINE
perenus ypasaenust KnB (puc. 8.4a,6). Tpaekropun BHE cenmapaTpUCHBIX Ie-
TeJIb OINUCHIBAIOT PENIeHNs B BUJE 3HAKOIEPEMEHHBIX IEPUOINIECKIX BOJIH,
MHOT/Ia HA3bIBAEMBIX CBepxHejmHelHbiMu (puc. 8.42). Kak u st ocruiiisro-
pa ¢ KBaJ[paTUIHON HEJIMHEHHOCTHIO, BCE 9TH PEIIeHUs MOXKHO BbIPA3UTDh Yepe3
sumunTHaeckre GyHKwn [2, 1. 8]. O1HaAKO MbI OPPAHUYIMMCSI TEM, 9TO Haii1eM
SIBHBII BUJI PENIEHUS B BUJIE COJIMTOHA.

U3 puc. 8.3 BusHO, uro cosmroHy coorBercrByer £ = 0 B ypaBHenun (8.5).
[Moxcrasisist Tyga coorHommenne (8.14), Haxoaum, 9To

I/IHTerI/IpyH 9TO ypaBHE€HHE M pacCMaTpuBad AJid OIIPpEeAe/JIEeHHOCTU COJIMTOH
TOJIO2KUTEJIbHOI IIOJIAPHOCTH, IIOJIyYaeM

u
§ / du
\/ 60 u\/6U — w2’
VoU
OTKY/Ia CIeIyeT pellleHre B HessBHOM BH/IE:

¢ 1, V6U + V6U —u?

5 VU u




CrarnuonapHble HeJTHHEHHbIE BOJHBI 147

0 J3U NeUu

T
| u

<)

Puc. 8.3. ®opma norennnanbuoii smsl (8.14) (a) u daszosslit moprper (6) s cray-
OHAPHBIX pelrennit Moanduimposannoro ypasuennsa KaB

du/dt.

6

Ul uA
Jeut J6U
0 g 0 g
a 6
u ul
Jout Jou
Ut
0_
. —J6Ut
0 3 3
8 2

Puc. 8.4. Pazmunble Tumnb! cTaninoHapHBIX pernennit ypasHerns MKaB: a — kBazurap-
MOHHIYeCKas: epuojiudecKas sosHa (€ ~ —3U2/4/3); 6 — knounanbuas somna (€ <0);
6 — cosuton (€ = 0); 2 — cBepxHesuHeitHas BosHa (€ > 0)
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Paspernms ero OTHOCUTENBLHO U, NIMeEM
u = asech ({/A), (8.15)

rjie a = VU , A= \/@ /a. Kak u jyist ypasaenust KnB, uem 6osibie aMmmTy-
JTa COJIUTOHA, TEeM MEHDIIE ero IMMUPUHA U OOJIBITIE CKOPOCTh, XOTS CBI3b MEXKITY
9TUMH IIapaMeTpPaMHU HECKOJIBKO HHasl, deM y ypaBHeHust KiB. 3amerum, 4To
ITOCKOJIBKY a/A = const, mioraab Bcex coauToHoB MKaB onnnakosa.

8.3. YpaBHeHue ByccuHecka

Ypasuenue Byccunecka

Ut — gy — (utg), — Buggzs =0 (8.16)

SIBJISIETCST JIBYXBOJTHOBO# Bepcueit ypapHenus KB, momyckatoreil pacipocTpa-
HeHHUe BOJIH KaK B NPsIMOM, TaK U BO BCTpedHoM Hamnpassenusix (§ 1.4.1). Ero

CTallMOHaPHbIE PDEIIEHUA OIIMCBHIBAIOTCA YpaBHEHUEM
u2 "
1V 2 2
ﬁu +<2+(C —U)U> :0,

Y9TO JaeT IIoCJIe JIBYKPaTHOI'O MHTCI'PUPOBaHU YPpaBHEHUE (83) C IIoTeHIuaJIb-

HOII sHeprueit

g (U2—02)u2—u—3 (8.17)
55 . .
st Toro 9TobBI TTOTEHITHAIbHAS SHEPTUsT MMeJia BUJ, MOIO00HBIN m300pa-
JKeHHOMY Ha puc. 8.1, HeoOXoanMO, ITOOBI

U? > %, (8.18)

T.€. CKOPOCTH COJINTOHA, JIOJIKHA OBITH 00JIbIE (ha30BOI CKOPOCTH PACIIPOCTPA-
HeHUsl JIMHEeHHbIX BosiH. JleficrBuTesibHO, 13 ypaBHeHus (8.16) B simHeiiHOM 1Ipu-
OJIMKEHUU HETPY/IHO IOJIYIUTh, ITO
2 _ 2 2 2
v (k) = ¢ = Bk* < c”.
[ToHsTHO, YTO AHAJIOTUYHBIM CBOWCTBOM O0JIaIaloT TakxKe ypaBHeHust KB
(8.1) m MKaB (8.13), juist KOTOPBIX vy, = —Bk>, a COMUTOHBI JIBUKYTCHA B
ITOJIO2KUTE/ILHOM HAIIPABJICHUU. ¥ TBEPXKJIEHUE O TOM, UTO COJTUTOHBI HE MOLYT
PaCIIPOCTPAHSITHLCS C TEMU K€ CKOPOCTSAMU, 9TO U JIMHEHHBIE BOJIHLI, HOCUT J10-

cTaTovHO oOmuit xapakrep. JleTaabHbIil aHAJIN3 3TOH MPOOIEMbI COTEPIKUTCST
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B pabore [86], rae ycinosue U = vpp(w) mHTEpIpETHpYETCH KaK yCJAOBHE “e-
PEHKOBCKO20 PE3OHANCA HA YACTOTE W, TIPU BBIIOJHEHUH KOTOPOTO COJIUTOHDI
CTAHOBSITCsI HEYCTONIMBBIMU U OTIAIOT CBOIO SHEPTUIO BOJIHAM Ha, 9TOM 4acToTe.

[Tpn Bemonsaennu yenaosus (8.18) Beipaxkenue (8.17) comagaer ¢ (8.4) ¢
TOYHOCTBIO J10 KO3 duiineHToB. 1103TOMYy MOXKHO cpa3dy BOCIIOJIB30BaThCS pe-

sysabraTamu § 8.1 1 3ammcarsb pelieHne B BIIAE COJIUTOHA,
u = asech? (€/A),

e a = 3(U? —c?), A? = 123/a. ComuTonn! coBnaaaioT 1o popme ¢ COMMTOHA-
mu ypasHerust KaB (8.12), oHaKO MOTYT PaCIpOCTPAHSATLCS KaK B HPSIMOM,
TaK 1 BO BCTPEYHOM HallpaBJICHUAX.

OJiHaKO K COJIMTOHAM ypaBHeHUsI ByccuHecka cjie/lyeT OTHOCUTBCS C Olpe-
JIeJIEHHOH OCTOPOYKHOCTBIO, MOCKOJIbKY 1pu (3 > 0 JinHeiiHble BO3MYIIEHUSI C
BosHOBbLIME umcyiamu k? > /3 meycroitament (cM. samauy 1.2). Us6asuth-
C4d OT HEyCTOMYMBOCTUA MOXKHO, PACCMOTPEB CPeJ/ly ¢ aHOMAaJIbHOU Jucliepcueil
(6 < 0). OHAKO U B 9TOM CJIy4dae COTUTOHBI JJEMOHCTPUPYIOT BeCbMa crienudu-
4eCcKOoe MOBEJIeHNe, TIOJIHbIH aHAIN3 KOTOPOro KaK BO3MOXKEH Ha OCHOBE METOJIA
obpaTHOli 3a7a4n paccestuus [87]. B dacTHOCTH, OKA3bIBAETCSI, UTO MIPU OIPE-
JIeJIEHHBIX 3HAUEHUsIX IIAPAMETPOB OHU MOI'YT PACHaJAThCsl HA JIBA COJUTOHA
MEHBIIEH aMIUIUTY/Ibl, & DU B3aMMOJIEHCTBIN MOIYT CJAMBATHCS C 06pa3oBa-

HUEM CHUHTYJIAPHOCTHU.

3anaua 8.1. Haiiiure perienust B Bujie yeIMHEHHBIX BOJH YJIYYIIEHHOTO YpaBHe-
nus Byccunecka

U — gy — (uug), — (B/cH)ugzse = 0. (8.19)

Kosddurment npu AucmepcroHHOM WIeHe BLIOpaH TaKUM 00pa3oM, U4TOOLI 3aKOHBI
jucnepcun ypasaennit (8.16) u (8.19) coBnajianm B JUIMHHOBOJHOBOM IIpE/IeJIe.

Omeem: Pemenne B BUjie yeJINHEHHOM BOJHBI IMEET TOT YK€ BH/I, UTO U B IPEJIbI-
aymem ciaydae, u = asech? (€/A), tae mo-npexnemy a = 3(U? — ¢2), omHAKO CBsI3b
MeKTy eé aMILTMTY/IOH W MHUPHHOi HecKobKo apyras: A2 = 128U2%/(ac?). O6patum
BHUMAHMWE, UTO TPW BO3PACTAHUU AMILIATYIBI MIAPUHA YETUHEHHONW BOJHBI yXKe He
CTPEMUTCS K HYJIIO.

8.4. CranmmoHapHBbIE yaapHbIe BOJIHBI B CpeJie C
aucnepcueil u auccurialyen

PaccMoTpuM BOJIHBL B Cpejie ¢ IUCIEPCUeil W IUCCUTIAIe. DTa CUTYAIHsT
onmchiBaercs ypasnennem KiaB-Broprepca (§ 1.4.2).

U + Uy + BUprr = VUgs. (8.20)
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Hutst crarmonapubix perennii ypasuenus (8.20) Bmecro (8.3) mosydnm ypas-
HeHue HEJMHEHHOro OCIM/IIATOPa ¢ OTPUIATEIBHBIM TPEHUEM

v aw
o =L = (8.21)
I5] du
riae W(u) oupenensiercst ypasaenneM (8.4). Y ocnmsuisitopa (8.21) mo-mpex-
HEMY JIBa COCTOSIHUs paBHOBecus: u; = (, KOTOpPOE SIBJISIETCSI CEJIJIOM, H Up =
2U. Uccnemyem 1ocse/iHee COCTOSTHIE PABHOBECHs! Ha ycroiiauBocTs. [Tosaras

u=2U + 1, |u| < 2U, nuneapusyem ypasaenue (8.21):

- v U_
u' ——=u +—=u=0.
6 g
OtpickuBasi perierne B Buje 4 ~ exp(A€), mojydaeM XapaKTepUCTUIECKOe
ypaBHEHHE
v U
M——A+—-=0
B g

KOPpHU KOTOPOT'O CyTb

Ipu v? > 44U KOpHE A4 BEIIECTBEHHDI I COCTOSHIE PABHOBECHSI Uy SIBJIsI-
eTcst HeyCTONIMBLIM y3j10M. PazoBblil MOPTPET U NPO(UIbL BOTHBI JJIA JTaHHO-
ro cJydasi IpUBEJEHbI Ha puc. 8.5a,6. OcuuuisaTop crapryer npu € — —o0 U3
HEeyCTONYMBOrO COCTOSAHMS PABHOBECHS Ug, IPUOIMKAACH IpU € — 00 K CeJIJI0-
Boit Touke u; = 0. Pemenue npejcrapiser coboil yIapHyIo BOJHY, aHAJIOTHY-
HYIO CTAI[MOHAPHON yjapHOii BosiHe ypaBHenusi Broprepca (§ 5.3). 3amernm,
YTO CKOPOCTH yIAPHOI BOJHBI CBA3aHA CO 3HAYCHUSAMHI, K KOTOPBIM CTPEMHUTCS
u pu £ — 00, TeM Ke COOTHOIICHUEM, UTO U JJIs ypaBHeHns Broprepca,

Ul + U
—

Taxum 06pazoM, B 3TOM CjIyvuae JTUCCUTTATUBHBIE 3(DMEKTHI JOMUHUPYIOT U Ha-

U =

JIMane JUCIIEepCUuMr He IIPUBO/IUT K KaYCCTBEHHBIM U3MEHCHUAM.

Unas curyanus ckiaajeiBaercs, Korja 12 < 43U. B aToM ciydae KOPHE A4
KOMIIJIEKCHBI I COCTOdAHNE PABHOBECUA U2 ABJIACTCH HeyCTOﬁqI/IBbIM CI)OKYCOM.
Pertenne npescrasiisier coboii CTallMOHAPHYIO YAAPHYIO BOJIHY C OCIMJIADY-
IONUM TePeTHUM (PPOHTOM, HATOMUHAIOIIUM TOC/IEI0OBATEILHOCTh COJTUTOHOB
(puc. 8.6). Ha 3agnem dponTe perienne, 09eBUIHO, MPEICTABISAET COOON IKC-
[TOHEHITNAJBHO HAPACTAIOINUE FADMOHUIECKIE OCIIAJLISAIIAN

u =~ 2U + C'exp <;§) cos
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du/dg ulh
2U u,=2U
u
u =0
a 6 g
au/dg Z
\ o ——
\\ /// \\
N - \
d m \ 2U
/ / I u
/ X /
/ X y
/ AN
/ \\\__,//
0
a 6 s

Puc. 8.5. ®azossiii noprper ocumuisropa (8.21) (a) u upoduis cralmoHapHoii yaap-
Hoit Bostabl (6) ypasnenuss KnB-Broprepca npu v? > 43U

Puc. 8.6. ®azossiii noprper ocumuisropa (8.21) (a) u upoduisb craimoHapHoii yaap-
Hoit Bosabl (6) ypasnenus KnB-Bioprepca npu v? < 43U

ViapHble BOJIHBI TAKOT'O THIIA HAOJIIOMAIOTCS B IJIa3Me, IJe HOCAT HA3BAHUE
bececmonkrosumenvhuix (B 3HaK TOrO, UTO JIUCCUIIAIIAS 00YCIOBICHA HE CTOJIK-
HOBEHUSIMU YACTHUIl, & UHBIMU MeXaHu3MaMmu). K HUM OTHOCSITCsI, B 4ACTHOCTH,
HOHHO-3BYKOBbIE ¥ MArHUTO3BYKOBBIE yJapHble BosiHbI |11, 13|. Buepsble onn
o uccaenosanbl P.3. Carmeepsim B 1960-x rogax. Kpome Toro, yiaapHbie
9JIEKTPOMATHUTHBIE BOJIHBI C OCIUJLIMPYIONMUMEA (PPOHTAMU HAOJIIONAIOTCA B
Pa3IMYHbIX HEeJUHEHHBbIX JuHusX nepejgadn [88]. Ormerum, 4ro yacrora oc-
ISR MOXKET OBITh BeChbMa BeJInKa. TaKuM o0pas3oM, ecn MoAaTh Ha BXO/I
TAKOH JIMHUHU BBICOKOBOJILHHBIN UMITYJILC HAIIPSXKEHUSA 0€3 BBICOKOYACTOTHOTO
3aI0JIHeHUs (BUJEOUMILYJIBC), [T0 Mepe PACIIPOCTPAHEHHsI OH Oy/IeT OCTEIEeHHO
peoOPa30BBIBATBCS B PAJIMOUMITYJIBLC. Ha OCHOBe TOro mpuHuUia paspadarbi-
BalOTCsl T€HEPATOPBI KOPOTKUX BBICOKOYACTOTHBIX HMITYJIbLCOB. Ha cerommsiii-
HUI JIEHb PeaJIn30BaHbl T€HEPATOPHI UMITYJIHLCOB HAHOCEKYHIHOM JITUTE/IHHOCTH
C MKOBOI MOIIHOCTBIO Nopsijika corer MBT u wacroroit nopsiika 1 I'T'i (em.,
HanpuMmep, [89]); o6cyKaeTcss BO3MOXKHOCTD CO3/[aHUsI T€HEPATOPOB B KOPOT-

KOBOJIHOBOIi 4acTi MUJLUIMMETPOBOro juaiasona [90].
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8.5. ¥YpaBHeHnue Sin—I'opaoHa

8.5.1. CranmmoHapHbIe BOJIHBI

HccnemyeM cTaluoHapHBIE pelleHus ypaBHeHus Sin—Iopaona
Ugt — gy + w% sinu = 0, (8.22)

KOTOPOE SIBJISIETCS STAJOHHBIM [IJIsi CPeJl C JIciepcueil B obJacT HU3KAX Ya-
cror (§ 1.4.2). OueBUIHO, YTO OHU MOJUUHSIOTCS YPAGHEHUIO MAATIHUKG

— N Sinu = 0. (8.23)

PaccyorpuM cnygait U? < ¢?. DT0 HepaBeHCTBO rapaHTHDYET, 9TO CKOPOCTh
PaCIPOCTPAHEHUS] CTAIIMOHAPHON BOJIHBI HE COBIAIAET C (baaoBmMH CKOPOCTSI-
MU JIMHEHHBIX BOJIH, TaK KaK B JIAHHOM CJIydae Uﬁh(kﬁ) = ? + wi/k? u nmana-
30H $a30BbIX CKOpOCTeli orpannden causy. Tora ypasaenue (8.23) onucbiBaer
MadTHHUK, HaqHHaIOH_[Hﬁ JABHXKEHUE U3 HeyCTOﬁqI/IBOFO IIOJIO2KEHU I PaBHOBECH.

HOTGHLLI/I&.HI)H&H QHEePIrus OCHUJIJIATOPa JaeTCsdA BbIpaKE€HHEM

2.2
W (u) = “’(g (cosu — 1),

rae y = (1 - U?/ 02)71/ 2, DopMa HOTEHIUAIBHON sAMbI U (PA30BBINA IOPTPET
npuBejieHbl Ha puc. 8.7a,0. TpaeKTopun BHYTpPH CeNapaTpPUCHBIX MIETEIb COOT-
BETCTBYIOT TIEPHOIMYECKIM CTAIMOHAPHBIM BOJIHAM, a CEIapaTPUCHI, WLYIIHEe
U3 CceJIa B CEJJI0, — COJIMTOHAM.

B obmemM ciaydae ToUHbBIE pemenus ypaBHEHHs KOJeOaHMi MasTHUKA BbI-
pazkatoTcst yepes sjumunrudeckue yHknuu |2, rr. 7]. OrpanndaumMcst aHAT30M
COJTMTOHHBIX PEIIeHUi, KOTOPbIM OYEBHJIHO, COOTBETCTBYET HyJIeBasi HOJIHAs

SHeprus OCIUJLIATOpa. TakuM oOpa3zoM, uMeeM

2w2~2
u = i\/w%’y (1 —cosu).
¢

Orcroia HaXOIUM

ng i/m \}50/5111(5/2)

3HaK «+» COOTBETCTBYET COJIMTOHY, JIJIsi KOTOPOTO U Bo3pacraeT or 0 j0 27,
3HAK «—» — COJINTOHY, JIJIsi KOTOPOro u, HaobopoT, yopiBaer or 27w 10 0 (aH-

TUCOJIUTOHY ). BbIYKCIIsIst MHTErpaJl, MOy daeM

woy
u = 4arctgexp (:i: ) (8.24)
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/4

6

Puc. 8.7. Iorennuanbuas sueprus (a) u dasossiit moprper (6) jid CTAIMOHAPHBIX
perienuit ypasuenust Sin—I'opjiona

[Tpoduns perrerns nzobparker Ha puc. 8.8. Takwme COMUTOHBI OJYIUIN
HA3BAHUE <«KUHK»>. BHEIIHe OHM HAIIOMHHAIOT, CKOpPee, YIAPHYIO BOJIHY, XOTS
SIBJISIIOTCSI COJIMTOHAMHU B CAMOM CTPOTOM CMBICJIE, B YaCTHOCTH, YIPYI'O B3au-
MojieficTBYIOT JIpyT ¢ jipyroM (puc. 8.9). 3aMeTuM, 94TO MPOM3BOJHAS OT perle-
Hust (8.24) uMeeT TUIMYHBIN Jjisi COJTUTOHOB KOJIOKOJIOOOPA3HBIH MPOMUIIb.

OueBnyino, uro y ypaBHenus (8.22) mmeercst erre OHO ceMeficTBO COmuTo-
HOB, 11 KOTopeiX U2 > ¢?. Omnako crnenmanbubiii amamns (cM. [91]) mokaser-

Bae€T, 9TO 9TU PCIICHUA HeyCTOfI‘{I/IBI)I.

3anmaya 8.2. [IpoananmmsupyiiTe cTarimoHapHbIE BOJTHBI KyOUIHO-HEJINHETHOTO ypaB-
nenns Kireitna—Topmona

Ut — gy = wgu — Bud.

HaIU/I,/II/ITe penienus B BUJi€e KUHKOB.

Omeem:

u = Fath Loy ,mea:wo/ B, 7:(1*U2/C2)_1/2'

V2

20t anrmmiickoro «kinks, UTO 3HAUMT «IIETJIST» WIIH <IIEPEruG».
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Puc. 8.8. Conuronnbie perienns ypasHenus Sin-lToppona (KUHK U aHTUKWHK )

8.5.2. ®usuveckue nNpuMephbl

Ecnn npuunnabl yauBepcaibHocTu ypaHenuit tuma KnB, Broprepca nim Byc-
CHHECKA JIOCTATOYHO OYEBUIHBI (c/1abasi HEJTMHEHOCTh, THITHIHASL JIJIsT MHOIHX
[POIIECCOB JINCCUIIAIIAS U JIUCIIEPCHsi), TO ypaBHeHue Sin—IopioHa umeer, Ha
[IE€PBbI B3TJIsi]I, JIOBOJILHO crienududecknii Buj. Tem He MeHee, OHO BCTpeUa-
€TCsl IIPU OTTUCAHUYT MHOYXKECTBA Pa3HOOOPA3HBIX (DUBUIECKUX CUCTEM, TIOITOMY

OCTaHOBHMCA HO,Z[pO6Hee Ha ero cBoOiicTBaX.

Puc. 8.9. CronkHOBeHME IBYX KUHKOB (@) U KHHKa C aHTUKUHKOM (6)

Briepsbie ypashenune (8.22) Bo3HUKIIO He B (buU3MKe, & B T€OMETPUH B CBSI-
31 ¢ U3yYEHUEM TOBEPXHOCTEN MOCTOSTHHOM oTpuiaTebHoil KpuBu3Hbl. Ocobo
CJIEIYeT BBIJIEJINTD PE3YIbTATHI, [TOJIy YeHHBIE TIBEJICKUM MaTeMaTukKoM A. Bak-
ayuzgom (1875 r.), KOTopblii HaIIes TPeobPa30BaHs, CBA3BIBAIOIINE MEXKLY CO-
Ooii J1Ba perenus: 3roro ypasnenns. C momompio peobpa3oBannii BakiyHa,
KOTOpBIe OynyT paccMOTpeHbl B 1. 10, MOXKHO moJiydaTh u3 00Jjiee MPOCTHIX
perrenuit 6ojee CI0XKHBIE.
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B 1958 r. ypasuenue Sin—Topmona 6bu10 ucross3oBano T. CkupMom B Ka-
9ecTBe MOJIEIBHOIO B HeJinHelHoit Teopun ouist [92]. Kak ussecrro, jnneiinoe
ypaBuenne Kieitna-I'opaona—Poka

RPuy — WPV 4+ m2ctu =0 (8.25)

ABJIACTCA OJHON M3 OCHOBHBIX MOJIEJIell KBAHTOBOI TEOPUM I10JIA, KOTOPAas OIIH-
ChIBaeT PeJISITUBUCTCKYIO0 OeCCIMHOBYIO YacTuily Macchl m [93] (3mecs h — mo-
crosinHas [lmanka, mesennast Ha 2w, ¢ — CKOPOCTh cBeTa). CKUPM TIPeIOKIIT
ypasHenue (8.22) kak HenmHeitHoe 0600mmenne ypasrenus (8.25). B ero reo-
PUU COJIUTOHBI UHTEPIIPETUPOBAJIUCH KAK 3JIEMEHTAPHBIE YACTHUIII, a CJIabOHe-
JIMHEIHbIE BOJIHBI (T.e. HECOJMTOHHAsI YACTh PEIleHMs) — Kak GO30HbI, Iepe-
HOCYUKU B3auMoJieiicTBus. Braseke oT ajileMeHTapHON YacTUIIbL, TIe U A2 const,
ypasHeHue Sin—l'op/loHa MOKHO JINHEAPU30BaTh U MEPERTH K OOBITHOI TEOPUH,
ommceiBaeMoit ypaBaennem Kiteitna—l'opmona—®oka. Takum criocobom Crupm
[IBITAJICS TOCTPOUTH TEOPUIO, 00 bENMHSIONTY 0 6030HbI U dhepMuonbl. B 1962 T
[eppuur n CKupM TPOIEMOHCTPUPOBAJN B YUCIEHHOM SKCIIEPUMEHTE YIIPYTHit
XapakTep B3anMojeiicTBust coMMTOHOB (cM. puc. 8.9) u Jarke HAIIIN aHAJINTH-
YecKoe pellleHre, OuchIBaolee Takoe B3anmo/eiicrsue [94|. Ha cerommstiamit
JIEHb TPUJIOXKEHUE UJIefl TeOPUU COJTUTOHOB B (PUBMKE 3JIEMEHTAPHBIX JaCTHUIL
U TEOPUH TOJIS TPOJIOJI2KAET BBI3BIBATH 3HAYUTE/IbHBIN uHTEpec. [logpobHbIit
0630p COBPEMEHHOI'O COCTOsIHUSI 9TOI POOJIeMbl MOYKHO HaiiTu B padore [95].

Puc. 8.10. Ilenouka cBsizanabix MaaTHUKOB CkorTa: I — mpyx)uHa; 2 — MasTHUK; 3
— CTpyHa

Becbma moste3noit npu m3yuenuu ypaBaenusi Sin—lopiora okazasiach Mo-
JIEJIb [IEMOYKY CBA3AHHBIX MAsTHUKOB, PACCMOTPEHHAs, HarpuMmep, 9. CKkoTToM
[91]. Pacemorpum Bejies 3a HUM HEMOYKY MJICHTUIHBIX MAsTHUKOB Macchl M,
HAHU3AHHBIX HA CTPYHY U CBsI3aHHBIX npy:kuHaMmu (puc. 8.10). Magrauku mo-
IyT COBEPINATH KOJIeOAHUS B IIJIOCKOCTHU, IEPIIEH UK YJIIPHON ILIOCKOCTH PUCYH-
Ka. Ecin 0603HaYUTh YO/ OTKJIOHEHUS $-T'0 MAATHUKA YEPE3 ;, TO YPaBHEHUE
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JBUZKEHUA OyJIeT UMEeTh BU/I

d? Pi

1
dt?

=T +Ti1,; + T (8.26)

Baecy I — MOMeHT mHepIuU MadTHHKA, 1j ;41 1 T;_1; — BO3Bpallaiomue Mo-
MEHTBI KPY4Y€eHNs IPYKIH, CBA3BIBAIONINX MAATHUK C OIMKANIITIMU COCESIMH,
Ty = —Mglsin ¢; — BO3BpAINAIOIINI MOMEHT CHJIbI TsizKecTH ([ — paccrosHue
oT ocu J10 1eHTpa Macc). Ecin caurarh, 970 MOMEHT KPYYeHHsl IIPOIOPIOHA~
JIEH PA3HOCTH YIVIOB OTKJIOHEHUsI, HAIIPUMED,

Tiit1 = K (Pit1 — ¥i),
[le K Ha3bIBACTCS IOCTOSHHOM KpydeHwsi, TO ypaBHeHue (8.26) mpuHuMaeT BU/T

d*pi .

1 gz = (Yir1 — 2@; + wi—1) — Mglsin ;.

Ecnu orpanmanThbes pacCMOTpPEHNEM BO3MYIIIEHUIT, IJTMHA BOJIHBI KOTOPBIX MHO-
1o OOJIbIIE PACCTOSTHAS MEXKIY MasgTHUKAMU d, MOYKHO BBECTH HEIIPEPBIBHYIO
dbyukuuio p(z,t), KoTopas moguMHsAeTCs ypaBHeHno Sin—l'opgona

%0  kd® 0% Mgl

o2 I 022 I

CouTOH COOTBETCTBYET BOJIHE, B KOTOPO MAATHUKHA COBEPIIAIOT ITOJIHBINA 000-
por (¢ mensiercst or 0 o 27, puc. 8.11).

?

s
IR

Puc. 8.11. Vemumennas: BoJiHA B IEMOYKE CBA3AHHBIX MAaSTHUKOB, COOTBETCTBYIOIIAS

cosmmToHy ypaBHeHusi Sin—lopjiora. MasgTHUKM KOJIEOJIFOTCS B IIJIOCKOCTH, II€PITEH U~
KYJISIDHO# ILJIOCKOCTU PHCYHKA

OkasbIBaeTCst, 9TO MEMOYKY CBA3AHHBIX MAATHUKOB MOXKHO TPAKTOBATH KAK
IIPOCTEHIITYIO0 MOJIE/Ib MHOIUX HEeJIMHEHHBIX cpejl. OIHUM U3 TPUMEPOB SIBJISIET-
s 3aJ1a49a 0 JIMHAMUKE JucAokauutl B Kpucrasiax. HamoMHuM, 9T0 JIUCTOKATTIH
— JinHeHbIe TepeKThl KPUCTAJLIMIECKON PEIIeTKN, HaPYIIAIOIIe ITPABUIHLHOE

JepeoBaHe aTOMHBIX ILIOCKocTell. Ilmacruieckast medpopmaliust KpUCTAIIOB
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OOBIYHO CBSI3aHA C TAKUM KOJUIEKTHBHBIM [IEPEMEIEHIEM aTOMOB, KOTOPOE MO-
2KeT OBITh OIMCAHO, KaK «JIBUXKEHHUey jucjokaruu. lIpocreiimmas Momersb quc-
JIoKanuu, npemioxkennas eme B 1930-x rogax A.1. ®Openkesnem u T.A. Kon-
Toposoit [96], TakoBa. TBep/i0e Tesl0 paccMaTpUBaeTCsi KaK COBOKYIHOCTH CJIO-
€B aTOMOB, CBS3aHHBIX YIPYTUMHU CUJIAMU, POJIb KOTOPBIX UT'PAIOT IPYKUHDIL.
Biusnue cocemHux ¢/10eB IpyT HA APyra MOJIEJIUPYETCH MEPUOIUIECKUM ITOTEH-
[IMaJIOM, B KadecTBe KOTOPOIO IPOIIEe BCEro BLIOpAThH TrapMOHUYECKYIO (DYyHK-
0. Takum 06pa3oM, MPUXOIUM HEIIOCPEJICTBEHHO K Mojen CKOTTa, KoTopast
B JIIMHHOBOJTHOBOM Tipefiesie jaeT ypasuenue Sin—lopmona. Comuronnoe pe-
IIIEHNE OIUCHIBAET OJIMHOYHYIO JIMCJIOKAIUIO, B KOTOPOW aTOMbI OJIM3JIEXKAITNX
CJIOEB CABUTAIOTCS Ha OIWH MEPUOJ, PEIeTKH, KaK 3TO MOKa3aHo Ha puc. 8.12.
Jucnokaisi MOXKET MEPEMEIAThCA BJOJIb KPUCTAJJIA C ITOCTOSHHON CKOPO-
CTBIO.

Hecmotpsa ma cBoro mpoctoty, Momenb Ppenkesns—KoHTOPoBO# okazaaach
YPE3BBIYAITHO COJEPKATEIBHON; OHA HAXOJIUT IITUPOKOE NMPUMEHEHUE B COBPE-
MeHHO# (pusnKe HU3KOpa3MepHbIX cucreM [97]. B wacrHoCTH, 110/106HBIE MO/IE/TH
UTPAIOT BaXKHYIO POJIb B M3YUEHWHU JIUHAMHUKHU MOJIeKyIapHbIX 1ernodek JIHK

[98].

Puc. 8.12. Yenunennas AUCIOKAIAS B TBEPIOM TeJe

Ypasaenue Sin—l'0pjoHa ONMUCHIBAET TAKXKe JUHAMHUKY TDAHUI] JJOMEHOB B
deppomarnerukax. B deppomMarnuTHOM MaTepuaJe IpPU TeMIepaType HUXKe
KpUTHYIECKOi (Temiieparypbl Kiopn) MarHUTHbIE MOMEHTHI ATOMOB ODHEHTH-
POBaHbI HAPAJLIEJBHO JPYT JAPYTY B JIOCTATOYHO OOJIBIITHX (10_3710_2 cMm)
00J1aCcTSIX, Ha3blBaeMbIX domenamu. OOBIMHO BEKTOPHI HAMArHUYEHHOCTH Ha-
[IpaBJ/IeHbl BJOJIb TaK Ha3bIBAEMON OCH JIEFKOTO HaMarHWYWBaHuWs. B orTcyT-
CTBUE€ BHEITHEr0 MAIHUTHOI'O II0JII OHM OPHEHTHPOBAHBI TAKMM 00pa30M, UTO
cyMMapHasi HaMarHHIeHHOCTh 0O6pa3iia paBHa HYJII0. [ paHUIIbI JOMEHOB, HA3bI-
BaeMble TaKzKe CTeHKaMu BJioxa, MMEeoT KOHEUHYIO MIPOTSZKEHHOCTD (TIOpsiiKa
COTHM aTOMOB). MOXKHO OKa3aTh, YTO OHU [IPUOJINKEHHO OIMUCHIBAIOTCS COJIH-
TOHHBIMU PeIeHUusIMUA ypaBHeHust Sin—1opaoHa.

[Moxkautyit, mpocTeiieii MOAe b0 (PePPOMATHUTHOTO KPUCTAJLIA SIBJISETCS

peleTka MArHUTHBIX JiUIoJiell (MArHUTHBIX cTpesokK). [ToreHnuanbHas sHep-
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s JUIOJS JIOJPKHA OBbITh MEPUOANIEcKON (DYyHKIMEH yria OTKJIOHEHHUS OT
OCH JIETKOTO HAMATHUYNBAHUS (0, UMEIONel MUHUMYMBI TIPH ¢ = 7Tn. ATIpok-
CUMUPYs 3Ty 3aBHUCHMOCTb I'apMOHHYECKON (DyHKIIMEl, [TOydaeM B KadeCcTBe
ypaBHEHMSI ABUXKEHHS OTIEJIHLHOIO JINUIIOJISA YpaBHEHHE MAATHUKA, a yIeT B3a-
AMOJIECTBUS JUIIOJIe BHOBL IPUBOAUT Hac K Mogean CKorTa.

FEine onnoit pusudeckoit cucteMoil, mpu onucaHuu KOTOPOi BOSHUKAET yPaB-
Henue Sin—lopjioHa, siBJIsIeTCsT pacupesesieHHblil kxonmaxm Jowcosegcona. Pac-
CMOTPHM BHaYaje€ TOYEUHBIH KOHTAKT, IIPEICTABJISIONI coboit aBe obyiacTu
CBEPXIIPOBOJISAIIEr0 MaTeprasa S, pas3jiejleHHble TOHKUM (TOJIIUHA TIOPSIKA
10 A =10"" M) caoeM nzossitopa I (puc. 8.13). Ilpu oueHb HU3KHUX TeMmItepa-
Typax B CBEPXIIPOBOJHUKAX JIEKTPOHBI OOPA3yIOT CBSI3aHHBIE COCTOSHUS, Ha~
3bIBAaEMbIE KYNEPosckumu napamu. CHIIbI, CBI3BIBAIONINE KyIEPOBCKYIO Iapy,
SIBJISIIOTCS CHUJIAMU IPUTAXKEHUS MEXKLY JIEKTPOHAME U KPUCTAJIMIECKON pe-
merkoit. CyIecTBeHHO, YTO KyIIEPOBCKHE Hapbl ABJISIIOTCA O0O30HAMU U IIOTOMY

UMEIOT TEHACHIINIO HAaKAIlJIMBATbCA B HAMHUIIIIEM 9HEPTE€TUYICCKOM COCTOAHNHA.

SIS

1% SIS
a 9) Vv

Puc. 8.13. Toweunsrit (a) u nporsizkenusiii (6) konrakTsl JI:xo3edcona

DddekT, npenackazanubiii B 1962 r. B. JIxko3edcoHOM, COCTOUT B BO3MOK-
HOCTH TYHHEJIMPOBAHUS JIEKTPOHOB Uepe3 n3o upyromuii cioit. MoxkHo moka-

3aTh [99, T. 9|, YTO IPU STOM B KOHTAKTE BO3HUKAET TOK
I = Iysinp, (8.27)

rme Iy — Tak Ha3bIBaeMmblil Kpurtmdeckuit Tok Jlkozedcona, ¢ — pasHOCTH
¢da3 BOJIHOBBIX (hyHKIMIT 1I0 00e CTOPOHBI OT KOHTaKTa. Korma pasHoctsh ¢as
3aBHUCUAT OT BPEMEHM, BOSHUKAET PA3HOCTD ITOTEHITNAIOB

h dy
= — — 8.28
2e dt’ (8.28)

rme 2e — 3apsj KyIepoBCKO mapbl, h — mocrosinHas llnanka, neienHass Ha

27. BBOISI TOTOK MArHUTHOTO IIOJIsT

o~ [va,
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nostydaeM u3 coornorrennii (8.27) u (8.28) ypaBHeHne MasATHHKA

d>® n Iy . 27d 0
— + — sin— =
a2 C dq ’
e &g = h/2e = 2 - 10713 B6 — KBaHT MATHHTHOrO IIOTOKA. 11pOTSI?KEHHBII
KOHTaKT OITMCHIBAETCSI yPAaBHEHNEM
o’¢ 1 90 N L . 2r®
— — — ——+ — sin—— = 0.
o2 LC 0z2 C g
S,ZLGCB L n C — IIOI'OHHbIE THAYKTHUBHOCTH 1 €MKOCTH KOHTaKTa, COOTBETCTBCH-
HO.

Dd ekt JIxozedcona HAXOAUT MHOIOUYKUCIEHHBIE IPUMEHEHNS] B CBEPXBbI-
COKOYACTOTHBIX I'eHeparopax, JaTdhKaxX, IpHeMHUKax u T..1. Hampumep, us
dbopmya (8.27), (8.28) ciemyer, UTO eCIu MOIEPKUBATH HAIIPSIKEHNE Ha, KOH-
TaKTe IMOCTOSHHBIM, BOSHIKAET [IE€PEMEHHBII TOK, IIOPOXK JAIOIINI 3JIEKTPOMAr-
HUTHOE M3JIyYEeHHEe C YaCTOTOMI

_ 2eV
==

B ri1. 12 6ymer paccMOTpeH erie OJuH IPUMED: PACIIPOCTPAHEHUE JIA3EPHBIX

w

HUMILYJIbCOB B Cpe€Jie U3 JIByXyPOBHEBBIX YACTUI], KOTOPOE TaKKe OIUCHIBAETCS
ypasuenueMm Sin—T'opsona. Bosiee mogpobHbBI 1 CTPOruil BHIBOM 3TOrO ypaBHe-
HUsI JJIsl YIOMSIHYTBIX 33/[a9 MOYKHO Haiitu B KHure |[15].

8.6. CrammoHapHbIe JJEHI'MIOPOBCKIE BOJIHBI B
XOJIOAHOI ILJIa3Me

JIeHrMIOpOBCKIE BOJIHBI B IIJIa3Me CBI3aHBI C BBICOKOYACTOTHBIM JTBUXKEHU-
em s71ekTponoB |1, 10, 11, 13|. Cunras miasmy X0JIOHO, 3aluIIeM ypaBHEHHsI
JBUKEHUS U HEIPEPBIBHOCTH JIJIsl SJIEKTPOHHOIT KOMIIOHEHTHI B BHUJIE

e
Ur + 0V = - P, (8.29)

pt+ (pv)s =0, (8.30)

rae v m p, COOTBETCTBEHHO, CKOPDOCTDb U IIJIOTHOCTDH 3apdIa SJIGKTpOHHOfI KU~
KOCTU», ¢ — IIOTC€HIUAJI II0JId IIPOCTPAaHCTBECHHOI'O 3apd/a, € U 1M — 3apsdald U
MaccCa 3JJIEKTPOHA. By,ZLGM NHTEepEeCOBaATbhCHA 6bICTpI)IMI/I JABU2KCHUAMU DJIEKTPO-
HOB, XapaKTe€pHasd JaCTOTa KOTOPLIX IIOPAJIKA SJIeKTpOHHOﬁ JIa3MEHHOU 4Ya-

CTOTHI
€p0

We = )
eom
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TJe pg — CPeNHss IUIOTHOCTH 3apsjia JIeKTpoHoB. Ha TakmxX BpeMeHHBIX Mac-
mrabax MOHHYI0 KOMIIOHEHTY MOXKHO PAaCCMATPUBATDL KaK HEIOJBUXKHBIN HOH-
HBII (HOH, IWIOTHOCTH 3apsijia KOToporo pasua (—pp). Torma norenmast ¢ noj-
unHseTcd ypaBHeHuio [lyaccona

Prax = P /)0' (831)
€0

Ypasuenust (8.29)—(8.31) yzke BCTpedauch B IVI. 2 IPH PACCMOTPEHUHU BOJIH B
9JIEKTPOHHOM TI0TOKe (3aza4a 2.3). B jaHHOM cilydae cumrTaercsi, 9YT0 HEBO3-
MYIIEHHOE JIBUKEHHUE 3JIEKTPOHOB CO CKOPOCTBIO Uy OTCYTCTBYET, T.€. pACCMaT-
PHUBAETCsT XOJIO/IHAST HEMOABUZKHASI [1JIa3Ma.

Byznem mnckarh perenus B BUJIe CTalMOHAPHBIX BOJIH. Y paBHenus (8.29) u

(8.30) maror
€
(U - U)U ~m @

[(v—U)p]" = 0.

Kak u npexie mrpuxu o3uadator auddepennupoanne mo & = x — Ut. IIpo-
WHTErPUPYEM IOJIyUeHHbIe ypaBHeHus, cuutas, 94ro v = 0, ¢ = 0 Tam, rie

p = po (HeBo3MyIeHHOE cocTostHue). Torya mosyyaem

v—U)? e U?
LTL:%+7, (8.32)
U
p= . (8.33)

3amernmM, 9T0 U3 PUBNIECKUX COODPAKEHUl p U pg JOJKHBI MMETb OJMHA-
KOBbIe 3HAKH, CjeJoBaTesbHo, u3 dopmysbl (8.33) umeem, uro v < U (Mbl
OrpaHMYMBAEMCS] BOJIHAMU, OETYIIMMU CJIeBa HAIPABO, Juist KOTopbix U > 0).
IToncranoska Beipazkenuii (8.32) u (8.33) B ypasuenue Ilyaccona (8.31) mpu-
BOJIUT K YPABHEHUIO HEJIMHEHHOTO OCIM/LIATOPA

QOHZ@ 1 _1.
€0 \ V14 2ep/mU?

Baenem 6espaszmepnbie TepeMennbie v = v/U, p = p/po, ¢ = ep/mU?,
€ = wt/U. Torma ypasuennsa (8.32) n (8.33) mpuauMmalor B (4epTy Hajl
6e3pa3sMepHBIMU [IePEMEHHBIME OyJIeM OIyCKATh )

o=z 1 (8.34)

(8.35)
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a ypaBHEHUE HeJIMHEITHOT O OCIIUJLIIATOPaA IAJId IMOTEHIINAJIa BBITVIAIUT CJIEIYIO-

M 0O6pa3oM:

1
S (8.36)

V1429

HOTGHL[I/IaJIbHaH QHEPIr'us 3TOI'O OCHUJIJIATOPaA OIIPpEAE/IAeTCA BbIpazKE€EHUEM

W =1+¢—/1+2¢. (8.37)

[MocrosinHas uaTerpupoBanus B coorHomexnu (8.37) Beibpana Tak, arobsr W (0)
= 0. ®opma noTeHIMAILHON AMBI 1 (PA30BbIA HOPTPET OCIUILIATOPA, IPUBEIE-

HbI Ha puc. 8.14a,6.

< l----—-=-=-=—-—---

w
N
©

Y/

6

Puc. 8.14. TlorennuasnbHas sHeprust (a) u das3opblii mopTper (6) JUIst CTAIMOHAPHBIX
JICHTMIODOBCKHX BOJIH

SaMeTI/IM, 9TO JO0JIZKHO BBIIIOJIHATBHCA HEPaBEHCTBO

>1
¥ 5%

HapyHmieHrue KOTOPOTo COOTBETCTBYET OIIPOKUIBIBAHNIO BOJIHDBI. Du3n9IecKu 3TO
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O0BSICHSAETCS T€M, YTO JIUCIIEPCUS] B CUCTeMe cyiaba U MOXKET OCTAHOBUTH YKPY-

YeHue JIMIIb B CJIy4vae, KOr'Jla dHEPrud BOSMYIIECHUA HE CJIUIIKOM BGHI/IKa3.

JI1s HaXoXKJeHUs TOYHOIO PEIIeHUsl CJIejlyeT MPOMHTerpUPOBaTh ypaBHe-
Hue (8.36) ofuH pa3 U MOJIyYUTh 3aKOH COXPAHEHUs SHEPIUU

O =2 - W(p)). (8.38)

3HaK «+» COOTBETCTBYET JABUYKEHUIO B BEPXHE MOJIYILIOCKOCTH, 3HAK «—» —
B HIDKHe. UTOOBI IpoMHTErprupoBaTh ypasHenue (8.38), BbIpasuM ¢ depes v
upu nomoru coorromntenus (8.34). INoxyunm

(v — 1) = £V/2E — 02,

OTKY/1a

= /W

Brerunciisis UHTErpaJi, HaXOoAuM peIleHrne B HEesABHOM BUJIEC

£=+ (@ — V26 — 02 — arcsin V%‘:) . (8.39)

v E
0.5F 05F
0.0 ; 0.0} ;
0.5 —0.5
195 - m 3r 4m & 105 - m 3n 4n &
a 6

Puc. 8.15. IIpodusn craimoHapHbIX JEHIMIOPOBCKUX BOJIH ipu v 2E = 0.25 (1), 0.5
(2), 0.75 (3): a — cKOPOCTH; 6 — HAIPSAKEHHOCTH JIEKTPUIECKOIO TOJIst

Pemmenue (8.39) mpejcrasisier coboil NEPpUOANIECKYIO HEJUHEHHYIO BOJIHY,
AMILTHTYZIa KOTOpoil pasHa V/2E (puc. 8.15a). BHaK «+» COOTBETCTBYET TOIi
gactu npoduis, tiae v' < 0 (coorserctsenno ¢’ > 0), 3HaK «—» — TOii, TJe
v/ > 0. Korma 26 — 1 BoJIHA ONPOKUBIBACTCS; IIPU 3TOM HPOMUIL BOJIHBI
CKOPOCTH B TOYKAX MakcumyMma 3aocrpsiercss (v” — 00), a MIOTHOCTH 3apsi-
Jla, KaK BUJIHO U3 ypasHeHus (8.35), obpammaercs B 6eckonednocTsb. [Ipoduis

3Kak u B c/Tydae BOJIH MPOCTPAHCTBEHHOTO 3apsaa (3amada 2.3).
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BOJIHBI 3JIEKTpUYecKoro noisa B = —¢', npusenennsrii na puc. 8.156, npuobpe-

TaeT BUJI, THUIIMYHBIN JIJIsi BOJIH B HEJIMHEHHBIX cpefiax 6e3 jucnepceun (rit. 2):

XOPOIIO BUJIHO, KaK IPOUCXOANT YKPYUeHUe IepeaHero (opoHTa BOJIHBL.
JIroGomnbiTHO, UTO KOJIebaHus HesmHeiHOro ocnuuisTopa (8.36) siBiIstroTcst

M30XPOHHBIMU, T.€.
—1)d
(v—D)dv _,

\V2E — 02 a

Taknm O6pa3OM, JJINHAa CTaHI/IOHapHOfI JIeHI‘MIOpOBCKOﬁ BOJIHBI HE 3aBHUCHUT OT
€e aMIIJIMTY/ZIbl 1 PaBHa 27 B HCIIOJIb3YEMbIX 683paSMeprIX IIEepEMEHHBIX.

8.7. YeamHeHHbI€ BOJHBI IPOCTPAHCTBEHHOTO 3apdA/ia
B JIEKTPOHHOM IIy4YKe

Bouabr npocrpancTsentoro sapsiga (BII3) B ssiekTpoHHOM yUKe yKe 00-
cyxJamuch B . 2 (cMm. 3azgady 2.3), rje Ul UX ONMCAHUSI ObLIN IOJIyde-
HBI ypaBHEHHUsI, coBraaaorue ¢ (8.29)—(8.31); equHCTBeHHOE OTIMYINE CBONT-
¢ K HaJMYHUIO Y 3JIEKTPOHOB IIOCTOSIHHOI ApeiichoBoit ckopocTu vg. OaHaKO
9TU ypPaBHEHUS 10 CYIIECTBY OIHUCHIBAIOT OE3rPAHUYIHYIO JIEKTPOHHO-MOHHYIO
IJIA3MY, TOTJIa KaK PeaJIbHbIE JIEKTPOHHBIEC IYyYKH ONPDAHWYCHBI B IOIEpPEd-
HOM cedeHnu. PaccMOTPUM IUJIMHAPUIECKUN 3JIEKTPOHHBIHN Ty YOK PaUyCca I'p,
JIBUZKYIIUTCS BJIOJIb OCH IIMIHMHIPUYIECKOTO METAINIECKOrO BOJIHOBOJA (TPY-
Ob1 Jpeiicda) ¢ uea bHO IPOBOMSIIMMU CTEHKAaMU. ByJieM cuuTaTh JIBUKEHME
9JIEKTPOHOB OJHOMEPHBIM, YTO, KaK IIPABUIO, 00ECIIeUNBACTCA HAJIUINEM CUJIb-
HOT'O ITPOJIOJILHOTO MATHUTHOTO 10/, TakKasi MOCTAHOBKA 33J[a9U SIBJIAETCS J0-
cTaTOIHO TUIHIHOM 11 Bakyymuoit CBY snexrponuku. [Ipu caemanubix mo-
IYIEHUSX TI0-TIPEsKHEMY MOXKHO I10JIb30BAThCsl YPABHEHUSIME JBUKeHus (8.29)
u venpepbiBHocTH (8.30), onHako ypasuaenue IlyaccoHa Hy»KIaeTcst B HEKOTO-
poii MomuUKAIIN.

Crporoe perieHne 33291 O MOTEHIIUAJIE TOJIsl IPOCTPAHCTBEHHOTO 3apsijia
IUIMHIPUYIECKOTO IIy4YKa B TPyDOe mpeiida MOXKHO HAHTH C IOMOIIBLIO METO-
na dynknuu 'puna (cum., nanpumep, [100]), oxHako mosydatommeecst Ipu 3TOM
BbIparkKeHHE OKA3bIBAETCS BECbMa I'POMO3IKUM. Ero MOXKHO CyIIeCTBEHHO yIIPO-
CTUTD, €CJIM CIUTATH BO3MYIIEHUS AKCHAJIHHO CHMMETPUYHBIMA, & 3aBUCUMOCTH
dbyuknuu ['puHa oT NPOMOIBLHON KOOPIUHATHI AINMIPOKCUMUPOBATH SKCIOHEH-
nuaJIbHO criajatonieil dpyukiumeil. B pe3ysibrare MOXKHO HOJIYUUTH CJIEIYIONIEE
BbIpaKEeHUE

[e.9]

/ (p(z',t) — po) exp (k1 |z — 2'|) da’, (8.40)

—00

1

t) = ——
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e k. ~ a/ry, @ — KOHCTaHTa, KOTOpasi IpUHUMAaeT 3HadeHus 1 < a < 2
B 3aBHUCUMOCTH OT COOTHOITIEHWST MEXKJy PAJNyCaAMU Ty4IKa U TPYyOBI jipeitda
[100]. Benuunny a moabuparor Takum o6pas3oM, 4ToObI J100MThCs HanboJee
TouHoit annpokcumaryu dyukuun ['puna. Moxuo nokasars [101], uro Bbipa-
JKEHMeE JIJIsT TIOTEHIMAJIA TI0JIsl IPOCTPAHCTBEHHOTO 3apsijia (8.40) sKBUBATIEHTHO

cienytomieit mogudukanun ypasuenus [lyaccona:

Prz — ki@ = m (8'41)
€0

Wrak, ogHOMepHbIE HEJIMHEWHDBIE BOJIHBI B IIONEPEYHO OMPAHUYEHHOM 3JIEK-
TPOHHOM IIydYKe OIHCBHIBaIOTCS ypasuenusimu (8.29), (8.30) u (8.41). Exun-
CTBEHHOE OTJIMYUE OT ypaBHEHUI, PACCMOTPEHHBIX B § 8.6, COCTOUT B HAJTUIUU
anena —k? ¢ B ypasuenuu Ilyaccona. O/HaKo 9T0 NPUBOJUT K KaeCTBEHHBIM
M3MEHEHUsIM B OBeJieHnn cucteMbl. [Ipex e Bcero 3ameTuM, 910 AUCIIEPCUOH-

HOE COOTHOIIIEHUE JIJisl JIMHEWHBIX BOJIH UMEET BU]L

2 wik’

(w—kvg)* = m, (8.42)
TJIE We — DJIEKTPOHHAS ILJIa3MEHHAs 9acTOTa. ByneM Ha3bIBaTh k | MOMEPeIHBIM
BOJIHOBBIM 4ncjioM. B obmacru k > k) (8.42) mepexoaur B XOPOIIIO U3BECTHOE
JcrepcnonHoe coorHomnenue st BII3 B 6esrpannvno mmpokoMm noroke |1,

10, 43]

(w — kvg)? = w2

OsHako B 00J1aCTH JUIMHHBIX BOJIH IIOIIEPEYHAs] OIPAHUIEHHOCTD U3MEHSIET Xa-
pakTep mucnepcun BII3 u MoxkeT mpuBecTr K 00pa30BaHUIO YeIMHEHHBIX BOJIH.

OTbICKUBasT PEIIEHNsT B BIIE CTAIIMOHAPHBIX BOJIH, IIOJIYINM CUCTEMY OOBIK-
HOBEHHBIX I depeHnnaabHbIX ypaBHEHTI

(v=UW = % ¢, (8.43)
[(v=U)p]" =0, (8.44)
o — ko =P, (8.45)

[lepBnie jiBa ypaBHEHUS MOXKHO IIPOMHTEIPUPOBATH, OJIHAKO I'PAHUYHBIE YCJIO-
BHS [IPU 9TOM CJIEJyeT HECKOJIbKO M3MEHUTD 110 cpaBHenuio ¢ § 8.6. IleiicTBu-
TeJIbHO, JIEKTPOHHBIN ITOTOK UMEET ITOCTOSIHHYIO JIPeithOBYIO0 CKOPOCTD Vg, O~
9TOMY B HEBO3MYIIIEHHOM COCTOSAHUU v = Vg, ¢ = 0, p = po. Torma ypaBHeHust

(8.43) u (8.44) mocsie nrTerpupoBanus gaor (cp. (8.32), (8.33))
W=U)_ep  (-U)’

5 T m T 3 (8.46)
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_ po(U — o) 4
P="g—0 (8.47)
U3 coorromenust (8.47) BUIHO, YTO MOKHO BBIJICJIUTE JIBA TUITA BOJH: OblCmpole
BII3, mrsa xkotopeix U > v, vg 1 medaernovie, 1jist Koropbix U < v, vg.
Beenem Ge3pasmMepHbie ITepeMeHHBIE
v — g P ep = wed

U—w "~ oo SD_m(vo—U)Q’ g_]vo—U]'

v =

B noBeix nepemennnix ypasuennst (8.46), (8.47) coBmasaioT ¢ mOJIyIeHHBIMA B
§ 8.6 ypasnenusamu (8.34) u (8.35) coorBercTBeHHO, a ypaBHeHne (8.48) mpu-

HUMaeT BUJ (uepry y Ge3pasMepHbIX MEePEMEHHBIX JIajiee OIyCKaeM)
¢ —M*p=p—1,

rie
2 _ k3 (U —v)?

M
2
We

— Gespasmepnbrii napamerp. C yderom (8.34), (8.35) mosyuaem oTciojia ypas-

HEHNE HEJMHENHOT O OCIIUJIJIATOPA

1
=M+ —— 1. (8.48)

V1429

BamMeTM, 9TO U3 JUCIHEPCHOHHOIO CooTHOIIeHMs (8.42) cireyer BbIpazKe-

Hre it pa30BOi CKOPOCTH

We
V2 + R

rie 3Hak «+» coorBercrByeT ObicTpoit BII3, «—» — memrennoii. Takum obpa-

Upp = Vo

30M, da30Basi CKOPOCTDb JIEXKUT B Ipeenax vy < Uph < Ve JJIA opicTphix BII3
v < Upp < Vo — I MEIJIEHHBIX, TAE Ve = Vg £ We /k, . Torna Bbipazkenue
a1t M MoXKHO mepenucarh cjeayIonuM 00pa3oM:
2
2 (U — o)
M* = >,

(ve — o)

OTKY/Za BUIHO, 9TO 9TOT IMapaMeTp UrpaeT poJib wucaa Maza.

[Morennuasnbhas sHEprust ocnuiuisitopa (8.48) onpeesisiercs: BbIpaXKeHueM

2 .2

M
W:1+¢—T¢—\/1+24p. (8.49)
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IIpu M — 0 coornomenns (8.48) u (8.49), oUeBHHO, HEPEXOIAT B AHAIO-
ruvnble Bopazkenns (8.36), (8.37), momyuennsie B § 8.6. Takxke 3amernm, 4To
JIOJIZKHO BBILOJIHSITHCST HEPABEHCTBO

® > _57
HapylieHue KOTOPOro, Kak U B IPeJAblAyHIEeM Cjiydae, COOTBETCTBYET OIIPOKU-
JAbIBaAHWIO BOJIHBI.

w

|
|
[}
|
-12 o ?* Vo
a 6

Puc. 8.16. Ilorennuanbuast sueprust (8.49) mist cioyuas M <1 (¢) u M > 1 (6): 1 —
1<M<2;2—-M>2

Awnanus nmokasbIBaeT, YTO MOTEHIMAIbHAsT SHeprust W () umeer sKcTpeMy-
MBI B TOUKax ¢ =0 u

4M2 aM 7

PR e (e iR

npuuem npu M? < 1 umeercs MUHEMYM B TOuKe ¢ = 0 I MAKCUMYM B TOUKE
@* > 0. Ilpn M2 > 1, maobopor, p* < 0 u 310 TOUKA MUHUMYyMa, a @ = 0 —
Touka MakcuMmyma (puc. 8.16). B oboux ciaydasx cTpyKTypa HOTEHIHAJIbHON
sIMBI TAKOBa, YTO BO3MOXKHBLI PEIeHUs B BUJIE YEIUHEHHBIX BOJIH, KOTOPLIM
COOTBETCTBYET JIBIXKEHUE OCIUJLISITOpPa 1o cenaparpuce cepja. OHAKO Ipu
M? < 1 raxoe perrenue He 6yJIeT YI0BIETBOPSATH IPAHIYHOMY yCJIOBUIO (0 — ()
(u, coorBercrBenno, v — 0, p — 1) upu & — +00, T.e. yeJuHEHHAs] BOJIHA
He OyIeT MperCcTaB/IsITh COOOH JIOKAJTM30BAHHOE BO3MYIIEHNE Ha (DOHE OIHO-
POJIHOI'O HEBO3MYIIEHHOI'O MOTOKA. TaKuM 00pa30oM, CJeIyeT PacCMaTpUBaTh
yeJIMHEHHBIE BOJIHE! UMb B ciydae M? > 1. BaMeTuM, 4To 9TO 03HAYAET, YTO
yeInHEHHbIE BOJIHBI HE MOTYT PACIPOCTPAHSITHCS C TEMU YK€ CKOPOCTIMU, UTO
u juueiiabie BI13: ckopocTs OBICTPBIX yeIMHEHHBIX BOJIH BCErIa O0JIbIIe, 9eM y
JIMHEHHBIX BOJIH, & CKOPOCTH MeIeHHBIX — Menbire. Coryuaio M? < 1 coorset-
CTBYIOT MEPUOUYIECKHE CTAITMOHAPHBIE BOJHBI, KOTIa OCIILIATOD KojebeTcs
OKOJIO TIOJIO2KeHUsI paBHOBecus ¢ = 0.

O/1HAKO ISl CYIIECTBOBAHMS YeMHEHHBIX BOJIH yeaosus M? > 1 emre neso-
crarouno. HeoGxonumo, 4To0bI MOTEHIMaIbHAS SHEPIUs Ipu @ = —1/2 Obuia
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[IOJIOYKUTEJIbHON, TaK KAK B IMPOTUBHOM CJIyYa€ IPOUCXOJUT OIPOKUJIGIBAHUE
BoJibl. JleficrBurenbao, Kak BujiHO u3 puc. 8.166, (kpusas 2) dopma moTeHIm-
AJILHOI sIMBI B 9TOM CJIydae TaKOoBa, 4TO cenaparpuca Ha (HhazoBoil IJIOCKOCTH
He cymecrByer. Tpebosarue W(—1/2) > 0 npuBoguT K €mié OJHOMY YCJIOBUIO
M? < 4. Urax, yejuHEeHHbIE BOJHBI CYIIECTBYIOT TOJILKO mpu 1 < M < 2. D10
PaBHOCHJILHO TOMY, YTO UX CKOPOCTH (B HCXOJHBIX PA3MEPHBIX [IEPEMEHHBIX)

Jie2KaT B JHalla30He

2w,
o lﬂ k1
JJIA 6bICprIX BOJIH U
2we We
k1 k.

— JIJIS M€JIJIEHHBIX.

Haiinem TouHOe permrenmne st yeMHEHHON BOJHBI. 3aMETHM, UTO YeJIu-
HEHHO}I BOJIHE COOTBETCTBYET HyJIeBasl MOJIHAs dHeprusi ocrmiuiaTropa (8.48),
[09TOMY 3aKOH coXpaHeHus sHepruu (8.38) npuobperaer BHI

= i\/—2(1 + @) + M2p2 + 24/1 + 2.

Beipasum B 9TOM ypaBHEHHH ¢ Yepe3 U ¢ MOMOIIbI0 cooTHOIIeHus (8.34):

(v—l)v':iv\/W—l.

PaS,ZLeJIHSI IIepeMeHHbIe, ITOJIyIUM

(v—1)dv

+e= /\/ 0_2)

-1

Beraucssis unTerpast, HaXoauM pelenue B HesiBHOM Bujie [101]

ig:%ln[V—\/W—l]Jr
(8.50)
P S MV —14+/(M2—1)(V2—-1)
M2 — 1 M-V ’
rie
V:M(Z;Fv)_

3ech BepxHUii 3HaK coorBeTcTBYeT ObIcTPOit BII3, Huxkuuit — meyienHoii. [To-
crosiiHast naTerpuposanus B (8.50) BeiOpaHa TakKuM 06pa3oM, YTOObI BEpPIINHA
YeJIUHEHHO! BOJIHBI HaxoAmaach B Touke £ = (. BoicTpas yeanHeHHas BOJTHA
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[IPEJICTABIISIET COOO UMITYJIbC TTOJOKUTETHLHOM TTOJISIPHOCTH, ME/IJIEHHAS — OT-
punaTeabHON. 3aMeTUM, 9TO, MOCKOJIBKY i MejyieHHoit BII3 Bo3smymienus
CKOPOCTH M IIOTHOCTH 3apsija TPOTUBOMA3HBI, a Jijisi OBICTPOl — cuHMa3HbI,
yeJIMHEHHAsT BOJIHA B 000UX CJIydasX MPEJCTABIISET COOO CI'YCTOK 3JIEKTPOHOB.

Herpymuo maliTu 3HaveHns CKOPOCTH, TMOTEHIIAAIA U IIJIOTHOCTU 3apda B

BEpPIIUHE yEeIUHEHHOU BOJIHBI:

2(M — 1)
m=+20l)
v M

2M— 1
VES)

__M

P =5 M

N3 sTux cooTHOIIEHU CIIeLyeT, ITO YeM OOJIbIIE aMILIATY/Ia YeIUHEHHON BOJI-
HBI, TeM ObICTPEee OHA JIBUKETCs, XOTSI CBA3b MEXKTY CKOPOCTBIO U aMILIUTYIOM
HE CTOJIb IIPOCTast, KaK /)i MOJIEIbHBIX ypapuenuit Tuna KnB uwiun Byccunecka

(§ 8.1-8.3).

1) L
0.8 | 3
06 [
04 [

[ 2
02t ;

L . i n n n Il n n n Il n

-4 -2 0 2 4 ¢

Puc. 8.17. IIpodunm ObICTPBIX yeIWHEHHBIX BOJH IIPOCTPAHCTBEHHOI'O 3apsijia IIPU
M=13(1),1.5(2), 1.8 (3

IIpodun yemnHeHHBIX BOJIH IPU PA3INIHBIX 3HaYeHUSX unca Maxa mpu-
BeJeHbl Ha puc. 8.17. s onpemeieHHOCTH Ha PHUCYHKE IIPeICTABIEHBI Ipa-
duku nsa 6eicTpeix BII3, rpaduku i MeqIeHHbIX BOJIH MOYXKHO IOJIYIUTH
¢ TIOMOIIBIO 3aMeHbl v — —v. I[Ilpu M — 2 BeprmmHa BOJHBI 3a0CTPSETCH,
AHAJIOTMYHO JIEHTMIOPOBCKUM BOJIHAM, PACCMOTPEHHBIM BBIINIE; MPU 9TOM O,
obpartaercss B 66CKOHETHOCTb.

Kak 1mokaspIBaioT pe3ysibTaThl THCIeHHOro Mojieanposanust (cu. [101, 102]),
9BOJIIOIUsT BEChMa IITHPOKOI0 KJACCA HAYAJBHBIX BO3MYIIEHUN 3aBEPIIAeTCS
o0pasoBaHUEM OJHOW MJIM HECKOJbKHUX YEJIWHEHHBIX BOJH W HEDOJIBIIOIO 0C-
yuasupyrowezo xeocma (T.e. HECOJUTOHHOI YaCcTH pellleHHsl, KOTOpasi BeJIeT
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Lﬂ — pﬂgwa

Puc. 8.18. IIpocTpaHCTBEHHO-BPEMEHHBIE KAPTHHBI B3AMMOJIEHCTBUSA JBYX OBICTPBHIX
yenurennsix BII3 (a); 6sicTpoit u meennoit BII3 (6)

cebst MOJJOOHO JIMHEHHBIM JIUCIEPIUPYIOIUM BOJIHAM). BO MHOIMX acrnekTax
yenuaenabie BII3 BemyT cebst anajornvno cosuroHaMm ypaBaenusi KiaB. Tak,
CTOJIKHOBEHHE JBYX BOJIH OJIHOTI'O THUIIA SIBJSIETCS YIIPYTUM C BHICOKOI CTEIIeHBIO
TOYHOCTH, IPUYEM B3aUMOJIEHCTBUE BOJIH C OJIU3KUMU U CUJIBHO Pa3JInvaloniy-
MHUCS aMILJTUTY/IaMU HOCUT Ka4eCTBEHHO PA3JINYHBINA XapakTep, 9To ObLIO OIu-
cano B 171. 7 (cM. puc. 7.4, 7.5). B To ke BpeMsi, Ipu CTOJIKHOBEHUH OBICTPOI 1
me tennoit BII3 nabsonarorest cymecrBeHHO Heynpyrue 3hdeKkThl, BhIpaka-
IoIuecss B 00PA30BAHUE 3aMETHBIX OCIUJIITUPYIONINX XBOCTOB. DTO HEYIUBU-
TEeJbHO, TaK KaK YIIPYTroe B3anMOJIeHCTBIE, CTPOT'O TOBOPsI, UMEET MECTO TOJIb-
KO JIJIsI IOJIHOCTBIO HHTEIPUPYEMBIX CHCTeM?, K KOTOPBIM HCXOJIHbIE YPABHEHMST
He otHocsaTcsda. Ha puc. 8.18 nmpuBesieHbI TPOCTPAHCTBEHHO-BPEMEHHbBIE KAPTUHDI
pacIipe/iejieHusi CKOPOCTH U IIOTHOCTH 3aPsiJia, UJJIIOCTPUPYIONIUE POIECChH
B3anMoielicTBusl yeuHeHHbIX BostH [101, 102]. st ynoberBa oHU 1peicTaBie-
HBI B CHCTeMe OTCUeTa, ABUXKYIIENCsI CO CKOPOCTHIO HEBO3MYIIEHHOTO ITOTOKA
Vg, B KOTOPOil ObICTpas U MeJJIEHHAs] BOJIHBI JBUXKYTCS HABCTPEYY JAPYT JIPYTY.

“Tlompo6ree sTo MoHATHE Gymer 06Cy)KaaThcs B riI. 10.
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Bimsinue KOHEUHON TeMIIepaTyphl 3JIEKTPOHOB Ha CTAIOHAPHBIC HeJIUHET-
uble BII3 obcyxkaercs B padbore [103].

8.8. CT&HI/IOHapHI)Ie NMOHHO-3BYKOBbBI€ BOJIHBI

B ormmume oT J1€HrMIOPOBCKUX BOJIH, MOHHO-3BYKOBBIE BOJIHBI CBS3aHBI C
MeJIeHHbIME iBrKeHusiMu noHoB |1, 10, 11, 13]. XapakrepHble 4acToThl 1Ipu
9TOM He IIPEBOCXOJIAT MOHHOM IIa3MeHHO 9acToThl w; (w; <K we ). B TakoMm ciry-
ae MOXKHO IIpeHeOpetb NHEPIHUeil 3JIEKTPOHOB, T.€. CIUTATL, YTO IPU U3MEHEe-
HUU [IOTEHIMaIa UX KOHIEHTpalusl u3MeHsiercss MraoseHHo (eum. § 4.4). Torga
JUUTST 3JIEKTPOHHOM TIJIOTHOCTH 3apsijia CIPaBeIIHBO pacnpedesenue Boavuma-

Ha5

o e
= X _—
pe PO p kBTe )

rme kg — mocrosianas Bosbnvana, T, — Temieparypa 3J€KTPOHOB. Taxum
00pa3oM, cucTeMa ypaBHEHU, OITUCHIBAIOINIAS HOHHO-3BYKOBBIE BOJIHBI, COCTOUT

U3 YpaBHEHUA NBUXKEHUA
e
V¢ +'UU;1; = —M (Vo (851)

yPpaBHEHMSI HEIIPEPHIBHOCTH
pi + (pv)e =0 (8.52)

u ypaBHenus [lyaccona, KoTopoe Tenepb MPUHUMAET BUJL

1 ep
o = — — ) —p]. 8.53
14 €0 (PO xp <l€BTe> ,0> ( )

3nech v, p u M 03HAYAIOT CKOPOCTH, IJIOTHOCTH 3apsijia U MAacCy HOHOB COOT-
BETCTBEHHO.

WoHHO0-3BYKOBBIE BOJIHBI YK€ paccMaTpuBaJuch B § 4.4, rie mojarajioch,
YTO KOHIIEHTPAIUS SJIEKTPOHOB IPUOJIMKEHHO PaBHA KOHIIEHTPAIIMH HOHOB,
9TO T03BOJIUJIO TPUOJIMIKEHHO CYUTATh, UTO JieBas 4acThb ypaBHeHus (8.42)
paBHA HYJIIO; TIOCJIeIHEE PABHOCUIBLHO peHebpexkenuto qucnepcueii. [Tosromy
ObLIa IMOJyYeHA CHUCTEMa TUIEePOOJIMIECKUX YPaBHEHUIl, MMEIONas PeNIeHus
B BHJIe MPOCTHIX BOJIH. Temepb mccieayeM MOHHO-3BYKOBBIE BOJIHBI C yI€TOM

JAUCIIEPCUU U IIOKazKeM, 9TO BOSMO2KHO CYIIIECTBOBaHNE YyEeJIWMHEHHBIX BOJIH.

5B JIATEPAType TaKzKe pacCMaTPUBAaIOTCA CTalluOHapPHbIE NTOHHO-3BYKOBBIC BOJIHBI B I1JIa3-

Me C IPYIUMM 3aKOHAMM DaCIpeieIeHHsl 2JIEKTPOHOB (CM., Hanpumep, [104]).
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[Tepexosist K cTanuoHAPHBIM BOJTHAM 1 HHTErpupys ypaBuenus (8.51), (8.52),
HaxoauM (cp. ¢ (8.32), (8.33))

(U_U)Q_F%—UiQ
2 M 27

_ poU
P=TU=v

[Moxcrasnsist 3ru Beipazkenusi B ypasuenue [lyaccona (8.53), nosydyaem ypas-
HeHUe HeJINHEITHOrO OCHUJIISTOPa

S0//:@ exp<€4,0>_ U '
€0 kpTe VU? = 2ep/M

Brons Gespasmepnbie iepementvie 0 = v/U, p = p/po, ¢ = ep/MU?, & =
w;€/U, npuxonuMm K ypaBHeHHIO (4epTy HaJl Ge3pa3sMepHBIMU II€PEMEHHBIMI

OyJIeM OIyCKATh):
1

" = exp(M?@) — — .

Yucsio Maxa B JaHHOM CJIyda€ BBOJUTCHA CJIEYIOIMMUM O6pa3OMZ

v
Cs

(8.54)

M —

9

riae ¢s = \/ kpTe/M — CKOpPOCTH HOHHOTO 3Bykal. TloTeHIma bHas SHEPrus
ocnmasiTopa (8.54) paBHa

M2p) — 1
LV:1—\M—2¢—®W(Mf). (8.55)

Koncranra uarerpupoBanusi Boiopana tak, arober W(0) = 0. I3 ypaBuenuit
(8.54) u (8.55) ciemyer, 9TO JIOJIZKHO BBIOJHATHCS HEPABEHCTBO

<1
¥ 9"

Hapytenne sroro yciaoBus, Kak U B IPEJAbLIYIINX CIydasx, O3HA4YaeT OIPOKU-
JIBIBAHUE BOJIHBL.

UccnieyeM cTpyKTYpy BbIpakKeHHUs JJIsl HOTEHIMAIbHON sHeprum (8.55)
noapobuee. CoCTOsIHUSI PaBHOBECUSI OLPEJIEIAIOTCA U3 YCIOBUS SKCTPEMyMa
dbyuxiu W(p) n HaXoHATCS U3 ypaBHEHHUsI

1 — 2¢ = exp(—2M?p). (8.56)

5310 cKOPOCTB, C KOTOPOIt PACIIPOCTPAHAIOTCS JTHHEHHbIE BOIHBI B JITHHHOBOTHOBOM IIpe-
Jieste, Korja aucnepcnst orcyrersyer (§ 4.4).
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OsiHO M3 perreHuit MOJIy4eHHOTO ypaBHeHusi odeBujHO: (0 = (. OTBeTnM Ha
BOIIPOC, MOTYT Jil OBITH Jpyrue skcTpeMyMbl. [IponsBonnbie dyHKIMIT B JIeBOit
u 1paBoii Yactsix ypasHenus (8.56) B rouke ¢ = 0 paBHbI —2 1 —2M? coorser-
creerHo. CraemoBaresbHo, ipu M < 1 rpadukn 3tux GyHKIMI T€PECEKAIOTCS
B HEKOTOpoit Touke ¢* < 0, a mpu M > 1 B Touke ¢* > (. I'paduueckue
perienus ypasHenusi (8.56) u coorsercTBytonye hOPMbI IIOTEHITUAIBLHON SIMbI
IpeJicTaBJIeHbl Ha puc. 8.19.

o* 0 12 ¢ 0 ot 12 ¢

12 ¢

/ o 012 o
a 6

Puc. 8.19. IIpumepst rpadudeckoro pemenus ypasaenus (8.56) (BBepxy) u coorser-
cTByfommue rpaduKu HOTeHInaIbHO sHeprun (BHE3Y) npu M <1 (a) u M > 1 (6)

Kak BujumMm, cutyarys BIOJIHE aHAJOTMYHA OIMUCAHHON B IPEJBIIYIIEM T1a-
parpade, rje paccMaTpUBAJIUCh BOJIHBI IPOCTPAHCTBEHHOTO 3apsiia. B oboux
caydasx Ha (a3oBOM HOpPTPETEe MPHUCYTCTBYET CElapaTpuca ceija, CJIe0Ba-
TeJIbHO, BO3MOXKHbBI PEIIEHUs B BUJIE YeIUHEHHBIX BOJTH. OJIHAKO TOJIBKO B CJIy-
vae M > 1 5Ty perieHus: OHU YJIOBJIETBOPSIIOT I'PAHUYHBIM YCJIOBUSIM, T.€. 3HA~
YEHUs MTEPEMEHHBIX CTPEMATCS K HEBO3MYIIEHHOMY COCTOSHUIO TIpu & — $00.
Nrak, BHOBb MBI IPUXOIUM K BBIBOJY, UTO YEIUHEHHBIC BOJIHBI PACIIPOCTPAHSI-
I0TCsI OBICTPEe JIMHEHHBIX BOJIH (KaK CJIe/lyeT 13 JIMHEHONH TeOpHu, vpy < Cs).
Caygaro M < 1 cOOTBETCTBYIOT HEPUOIUIECKHIE CTAIlMOHAPHBIE BOJIHBI, KOTIA
OCIUJLIATOP KOJIEDJIETCsI OKOJIO TTOJIOYKeHusT paBHOBecust ¢ = 0.

OpiHakKo Jisi CYIIECTBOBAHUS YEJIUHEHHBIX BOJH HEOOXOIUMO BBITOJTHEHUE
emé oxauoro yciosuss W(p = 1/2) > 0, Tak Kak B IPOTHBHOM CJIy4dae IIPOUC-
XOJIUT OIPOKU/IBIBAHUE BOJIHBI ((hOpPMa MOTEHIMAIBHON SIMBI TIOJ00HA KPUBOI
2 ua puc. 8.16). Orcroza ciejyer, 94ro

M? + 1 > exp (M?/2),
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T.e. 9ncja0 Maxa JOJZKHO OBITh MEHbIIE HEKOTOPOIO KPUTHYECKOTO 3HAUEHUS
M, &~ 1.58. Takum 0O6pa3oM, OHO JOJIZKHO JiexKaTh B mpedenax 1 < M < M.
CoOoTBeTCTBEHHO, KaK U B CJIydae BOJIH IPOCTPaHCTBEHHOro 3apsiyia (§ 8.7),
JIMaIla30H CKOPOCTEH yeInHEHHBIX BOJIH OKa3bIBAETCsI OrPaHUYEHHBIM:

cs < U < U, =~ 1.58 cs.

IIpu U — U, B6m31 BePIIMHBI yeMHEHHON BOIHBI TPOduIIb ¢ () 3a0CTpsieTcs,
a 3Ha4YeHUe IJIOTHOCTHU 3apsia oOpalaeTcs B OECKOHEYHOCTb.

WuTepec npencrapiseT BOIPOC 0 XapaKTepe B3aUMOJIEICTBUSI ye IUHEHHBIX
MOHHO-3BYKOBBIX BOJIH. KaK 1oKa3aJu pe3y/ibrarsl IkciepuMenTos [105], crosk-
HOBEHIE ITOITy THBIX BOJIH IIPOTEKAET yIPYTO, TOTAa KaK CTOJKHOBCHIE yeITHEeH-
HBIX BOJTH, JBUZKYIINXCA HABCTPedy IPYT APYTY, COMPOBOXKIAETCA 0Opa30BaH-
€M OCIIUJITUPYIOMINX XBOCTOB. AHAJIOINYHBI XapaKTep HOCUT B3aUMOJeHCTBIE

YEJMHEHHBIX BOJIH IPOCTPAHCTBEHHOTO 3apsija (puc. 8.18).

3anmada 8.3. Paccmorpure 3a/1a4y 0 B3aUMO/IEHCTBUY JIEKTPOMATHUTHOTO U3JTy-
YeHus ¢ AaHCAMOJIEM HEB3aUMOJIEHCTBYIONINX UIEHTUIHBIX JIEKTPOHOB-OCITUJIISITOPOB,
JIBU2KEHHE KOTOPBIX TIOJT JAHCTBUEM BHEITHETO SJICKTPOMATHUTHOTO TM0JIst F 1o TauHsI-
eTcs YPaBHEHHIO

Ftwlr=—"E. (8.57)

m

IMonaras ocnuAIATOPH! HEJIMHEHHBIMH, T.€. CIATAA, UTO
w? =w? (1+ aPQ) ,

r7e wg, @ = const’s, P — mossipusaliys cpeibl, NCCIeayiTe BO3MOXKHBIE TUIIBI CTAIU-

OHapPHBIX BOJIH7 .

Pewenue: Yumuoxas ypasuenue (8.57) wa (—eN), rue N — 9HCI0 OCHUILISTOPOB
B enHUIE 00beMa, MOIydaeM Jis noJsipu3anun ypasaenne lyddunra

0?P

iz + wy (14 aP?) P = oQ°E, (8.58)

re 22 = (e2N)/(meg). Tose 3MeKTPOMArHUTHO BOJIHLI B HOJIsIPU3YIONIeficss cpe/ie
[O/[YNHSIETCs] BOJTHOBOMY ypaBHeHH0 Makcpesuia

PE 1E PP
022 2o Mo

(8.59)

Cucremy (8.58), (8.59) unorya naspiBaor ypasheruamu Makxcseara—lyddunea.

"B suneitHOM cilydae JJaHHad 3a/la4a BO3HUKAET IIPU IIOCTPOCHUM IIPOCTeiIneil Kiaccude-
cKoit Teopun mucniepenn csera [10, 99, 1. 3]. PasnooGpasuble HemMHEHHBIE BOJTHOBBIE TPOIIECCHI
B TaHHOH cHCTeMe, BKJIIOUYasi 00pa30BaHMe U PACIPOCTPAHEHNE YEIHMHEHHBIX BOJIH, PaCCMaT-
puBaschk B padore [106].
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Pemenus B Bujie CTalOHAPHBIX BOJIH 3aBucaT oT & = ¢ — Ut u ypasBuenue (8.59)

2
(1 _ [52) E// — MOU2P”~

HHTerI/IpySI 9TO ypaBHEHUE C HYyJIEBbIMU I'DAHUYIHBIMU YCJIOBUAMU Ha 66CKOH€‘{HOCTI/I,

naer

oJIydaeM COOTHOIIICHUE

g MU
2_yU27’
KOTOPOE TI0CJIE TTIOJACTAHOBKY B ypDaBHEHUE (8.58) IPUBOJAUT K YPABHCHUIO HEJIUHEHHOTIO
OCIIJLIIATOPA
U?P" + <w2 + Sty ) P+ awiP?=0 (8.60)
0T p2_¢2 ot '

OHoO y2Ke BcTpedasioch B § 8.2 mpu MCC/IeJOBAHUN CTAIMOHAPHBIX PEIIeHUN ypaBHEHUST
MKaB. ITosromy He Oymem mopoOHO €ro aHAJIM3UPOBATDH, 8 CPa3y HalJIeM pDerreHune
B BUJIE YeMHEHHON BOJTHBI. 3aMETUM, 9TO JIJIsI CYIIECTBOBAHUSI TAKUX PEIeHu HeoO-
xo1uMo, 4robbl Koaddurment nupu P B ypasuenun (8.60) 6bu1 orpuriareses. Takum
06pa30M, CKOPOCTH YeJIMHEHHOI BOJIHBI JIEXKHUT B IIpeJieiax

2.2
wyc

2 02 < U 2 < CQ.

wi + 8
O6parum BHUMaHME, UTO JieBas 9aCTh JAHHOI'O HEPABEHCTBA O3HAYAET, 9TO YeINHEH-
HBIE BOJIHBI PACIIPOCTPAHAIOTCS CO CKOPOCTSAMMU, ITPEBLIMAIONIME (Pa30BYI0 CKOPOCTH
JNHEHBIX BOJIH.

Bynem uckarb penieHue B Buie
P =asech (£/A).

Tozacrasngs ero B ypasuenue (8.60), moc/ie HECJIOKHBIX BBIYUCICHUI 10Ty daeM

2U?
A2 = == 8.61
awga®’ ( )
2 (2 +wdU? — wic?
=2 ( 620)_ S (8.62)

3anmaya 8.4. VcciemyiiTe BO3MOXKHBIE TUIBI CTAIIMOHAPHBIX BOJIH B HEJIUHEITHON
JIMHUW [IEPeJIAdr, OJHO 3BEHO KOTOPOil mpejcrasieno Ha puc. 8.20, nupuuem Q(V) =
CoV — CyV?2. Takas 3aBHCHMOCTH XapaKTepHa, HAIPHMED, JUIS P — 7 JAUOAA HPH
0OpATHOM CMEICHUH.

Pewenue: Obosnavas 3aps Ha n-ii eMKocTH depe3 (), HAIIpsPKeHUe Ha Heil de-
pe3 V,,, a TOKH, BTeKalolmue B N-l y3eJ W BBITEKAIONMEe U3 Hero 4deped [, w I,41
COOTBETCTBEHHO, 3amuiieM ypasuenns Kupxroda

oQy
In+1*1n:* g% 5

ol,

LO 87 == Vn71 - Vn
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—— o)

(e} O

Puc. 8.20. 3Beno HenmHEWHO#N paINOTEXHAIECKON JTMHIN T€PEIATN

Vckiouast orcriofia TOK U nogcrasiss 3asucuMoctb Q(V), mosydaem ypaBHeHue

9%V, 1 Cy 02(V;2)
i von (Vi1 — 2V + Vioy) — =2

Co oz

B JUIMHHOBOJIHOBOM NpUOJIMKEHUN TiepefijieM K HenpepbiBHOH dyukimn V(z,t) n,
paziarad e€ B pss B n £ 1-M y3max

oV d?® 9*V
Vie1 =Vint1)d, t] = V(nd) £ d Iz + T 0z 4+

a3 o3V d* 9tV
iﬁi@x‘s +ﬂ78934 +...,

(d — mepuon nenoukn), npuxoguM K JuddepeHnuaabHOMy YPABHEHUIO

PV L PV _a (V) OV

ot? oz2 2 0Ot Ox? 0-

Brech ¢ = d?/LoCy, a = 2Cy/Cy, B = d*/(12LoCy). Jna cTammoHapHBIX BOTH
HOJIy4aeM ypaBHeHue

V2 1
sVIV 4+ (aU2 -+ (2 -U?) V) =0,

KOTOpOe y2Ke BcTpedasioch B § 8.3, rye uccienoBaioch ypasuenue byccunecka. ITo-
9TOMY MOYKHO Cpa3y 3alllCaThb PEIeHNe B BHUJIE YEINHEHHON BOJTHBI

V =asech? (€/A),

rie a = 3(U? — ) /aU?, A? =128/ (aaU?).



I'maBa 9.

YpaBHeHUE
KopreBera—ie Bpusa B
KOHKPETHbIX (PU3NYUECKNX
3aJladax

Ypasrenne Kopresera—ne Bpusza (KaB), nepsoorkpoisa-
TeJIsIMU KOTOpOro cuuTaior oobraaHo Kopresera u e Bpu-
3a ..., OIKMCHIBAET PACIIPOCTPAHEHNUE BOJH HA BOJIE IIPHU Ma-
JIOH ucniepcun U Madioii HejmHeHocTH. OHO CILy?KUT MO-
JIeJIbHBIM YPaBHEHUEM JIJIsl JII00OH (PU3UIECKON CUCTEMBI
C TPUOJIMKEHHBIM JIUCITIEPCUOHHBIM COOTHOITEHUEM MEK-
JTy YaCTOTOM ¥ BOJHOBBIM urcyIoM Buja w/k = co(1—Bk?)
u c1aboi KBaJIPATUIHON HEJUHEHHOCTBIO. ... HAWIEHO
MHOT'O POJICTBEHHBIX IBOJIIOIUOHHBIX yPABHEHU, KaXK10€e
13 KOTOPBIX COOTBETCTBYET OAIAHCY MEXK/Ly HEKOTOPOTO
BHJIa [uciiepcueil (M M3MeHEHUEeM JIMCIIEPCUE B CIIydae
9BOJIIOIUH BOJIHOBOI'O IIaKeTa) U Caaboil HeJMHEHHOCTHIO
B IOJXOJAIIEH cucreMe oTcyera. JTH yPABHEHUS UMEIOT
CBOMCTBA, aHAJIOTUYHBIE CBOWCTBAM ypaBHenus KaB.

Jlorc. Matinc. Ypasuenne Kopresera—ne Bpusa (ucropu-
Jeckuil ouepk). B ku.: «CoBpeMeHHAasT MUAPOAMHAMIKA.

Venexn u npobaembr» (M.: Mup, 1984. C. 186)

Kaxk yzxe ne pas ormevasiocsh, ypasuenus tuna KB wian Bioprepca urpator
B TEOpUU HEJIUHENHBIX BOJIH UPE3BBIYAIHO BAaXKHYIO POJIb IPU MU3YUEHUU CJIa-
GOHEJIMHENHBIX JIIMHHOBOJIHOBBIX IPOILIECCOB B Cpejiax ¢ jauctepcueil u (wim)
muccunarnueit. MHOrMe cucTeMbl caMoit pa3Hoil (pU3UIecKOoit TPpUPOIBI B OIIpeIe-

JIECHHOM HpI/I6J'[I/I)KeHI/II/I OIINCBIBAIOTCHA HO;LO6HBH\/II/I YpaBHEHUAMU. B sroii riiase
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OyaeT moapOOHO M3JIOKEH METOJI, ITO3BOJISIONINI PEryIsipPHBIM 00pa30M IOJIY-
JaTh <«JJTUHHOBOJIHOBBIE» YPABHEHUsI B KOHKPETHBIX 3ajadax. OH SBIAETCS
PA3HOBUJIHOCTHIO TEOPUU BO3MYIIEHUN M M3BECTEH KaK PEIYKTUBHBIN METOJ
BosMymennit (reductive perturbation method)!. B oreuecrsennoit surepary-
pe MHOIJa UCHOJIB3yeTcs OoJiee cofiepKaTejIbHOe Ha3BAHUE <«MEMOd MEINEH-
Ho menaowezoca npopuany [12]. Ero cymHocTs cocTONT BO BBEJICHUN HOBBIX
IIPOCTPAHCTBEHHOT'O W BPEMEHHOTO MAaCIITa0O0B, MO3BOJIAIOIINX €CTECTBEHHBIM
00pa3soM ONUCHIBATH JJIMHHOBOJIHOBBIE IPOIECCH. PasHoobpasHble IpUMeEpbI
MOXKHO HaliTH, B 9acTHOCTH, B KHUTax |15, 22|, a Gostee noapobHyio uHbOpMa-
1m0 o Merozax Bosmyinennii — B [107]. Huzke nonyvenue ypasuenust KaB, a
TaKzKe HEKOTOPBIX JIPYTUX <«JJIMHHOBOIHOBBIX» ypasuenuii (MKaB u Broprep-
ca) OyjieT pacCMOTPEHO HA KOHKPETHBIX (DU3NIECKUX MIPUMEPaX, OTHOCAIINXCS
K (DUBKKE IJIa3MBbl, ra30- U THJAPOJIUHAMUKE, PAINO(MU3UKE.

9.1. I/IOHHO—BByKOBbIe BOJIHBI B IIJIa3Me

Haunem ¢ mpumepa, KOTOpBIN yke paccMaTpuBajcs B § 8.8, e uccieso-
BaJIUCh yeIMHEHHbIE MOHHO-3BYKOBbIE BOJIHLI. [[oKakeMm, UTO B OIpee/IeHHOM
npubIMKEHUH OHU ONUChIBaioTCs ypasHernueM KnB. Ucxoanas cucrema ypas-

HEHUIl, KoTopasi ObljIa MoJIyIeHa B § 8.8, uMeeT BU/I

vy + U, = —% Oa, (9.1

pt + (pv)z =0, (92)

e =+ |poexp (25 ) —p (9:3)
T £0 0 kBTe . .

Herpyano nokasarh, 94To JIMHEHHBIE FOHHO-3BYKOBbIE BOJIHBI OIIMCHIBAIOTCH JIC-
[ePCUOHHBIM cooTHOIIeHneM |1, § 12.5]

2 _ Cgkg
1 + k2r3)’

rie ¢s = \/kpTe /M — cxopocmsv uonnozo seyka, rp = \/eokpTe/epy — paduyc

Jebas, onpesieisionuii XxapakTepHbIil MacinTabd, B Ipejiesiax KOTOPOro IIa3My

(9.4)

y2Ke HeJIb3sI CYUTATh KBasuHelTpaabHoi. OTMETHM, YTO Cs = wiTp, TJe w; =

vV epo/eoM — noHHAsI IIA3MEHHAsT 9aCTOTA.
Brenem Gespasmephbie nepemennbie t' = wit, ' = x/rp, v' = v/cs, pf =
p/po, ¢ = ep/kpT.. Torna ypasuenust (9.1)-(9.3) npuanmaior By (MTpUXH

1970 Ha3BAHUE CBAZAHO C TEM, YTO OH MO3BOJIACT PEIYIUPOBATH UCXOMHYIO CHCTEMY yDAaB-
HeHUi K 60Jiee IPOCTOMY STAJIOHHOMY yDPaBHEHUIO.
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HaJ| 6e3pa3sMEepPHBIMI TIEPEMEHHBIMU GYJIEM OITyCKATh )

v+ VU = — Py, (9.5)
pt + (pv)e =0, (9.6)
Pze = exp(p) — p, (9.7)

a JUCIIEPCUOHHOE COOTHOIIEHUE (94) CTaHOBUTCA TaKHM:

2 k2

S =

B ofiactyu jiinHEBIX BOJIH (MaJbIX k) OTCIO/Ia MOYKHO HPUOJINKEHHO M1OJIY IUTh
JJ1s1 BOJIH, PACIIPOCTPAHSIONINXCS CJIEBA HAITPABO
kS
wak— — ... (9.8)
2
Cay4vaii, korma k HACTOJIBKO MaJO, YTO MOYKHO OTPAHUIUTHLCHA JIUIID ITEPBBIM
TJICHOM 3TOI'0O Pa3JIOZKEHUHA (T.e. CIUTAaThb, 9YTO HMOHHO-3BYKOBbLIEC BOJIHBI pac-
npocTpaHsoTest 6e3aucepcHo), 611 pacemorpen B § 4.4. Tlokaxkem, aro yuer
3¢ dEeKTOB JuUCIepcun B IEPBOM IIPHUOJINKEHUHU IPUBOUT K ypaBHeHuto KiB.
[Tonarast HeiuHEHHOCTD C€J1a0O0M, OYJIeM UCKATH PEIIeHUsi B BUJE PSJIOB 110
CTEIIeHAM MaJIor'o IrapaMeTpa &

0 .
p=1+ Z E'pi,
i=1
0 .
v=> e, (9.9)
i=1
0 .
o=y,
i=1

upudeM v;, pi, ¢; — 0 upu |x| — 00. D10 03HAUaeT, UTO Ha GECKOHEYHOCTU

3aJIaHbI TPAHUYIHBIE YCJIOBUSI B BHJI€ HEBO3MYIIIEHHOTO COCTOsTHUSA. PaceMorpum

JJIMHHBIE BOJIHBI, T.€. OyIeM cuuTarh, 9To k = Pk, rme kK — BeJIMYIUHA TOPSIKA

equHunbl. [lokasarens p onpegenum nosanee. logcunraem dasy BosHbL § =

wt — kx. C y4eToM JUCIEPCHOHHOIO cooTHOIIeHus (9.8) mosydnm, 9ro
k3t e3P K3t

0=k(t—xz)— — =¢ePr(t —x) — 5

5 (9.10)

Beipazkenue (9.10) mojickasbiBaer, KaKuM 00pa3oM BBECTH HOBbIE IIPOCTPAH-
CTBEHHYIO U BPEMEHHYIO IIEpEMEHHbIE, a UMEHHO,

T = ePt,
(9.11)
E=¢eP(z—1t).
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3aMeTHM, 4TO IIPH STOM OCYIIECTBJISETCH IIEPEXO]] B CHCTEMY KOOD/IHHAT, JIBH-
JKYIILYIOCS CO CKOPOCTBIO €y (B IPHHATONH HOPMHUPOBKE 9Ta CKOPOCTH PaBHA €11~
uure). Cile1oBaTeIbHO, HOBYIO IIPOCTPAHCTBEHHYIO HEPEMEHHYIO HY’KHO BBO-
JATH TAKAM 00Pa30M, ITOOBI COBEPIIATICS LIEPEXOJL B CUCTEMY OTCUETa, KOTOpAast
JBHXKeTCs €O (a30BOil CKOPOCTHIO JIMHEHHBIX BOIH B Ipeere k — 0. DTo mpe-
obpaszoBamie rapaHTHPYeT MeJJIEHHOCTh N3MEHEHUsT IPOMUIIS BOJIHBIL.

[Moxcrasum coornomenust (9.9), (9.11) B ypasuenust (9.5)—(9.7) u BbLgeIIM
WICHBl OJMHAKOBBIX HOPAAKOB MajocTH. OOpaTuMcsi BHaYaIe K yPABHEHUIO
(9.5). Homy M

Pt e+ e,
et —uge o + (07/2),, (9.12)
AR Vir.
Ypasuenue (9.6) maer
ePtl s —pre g,
P2 —pae + vae + (1) (9-13)
St o1

U3 ypasuenus (9.7) noaygyaem

€ —¥1 + P1,
g2 —p9 + p2 — @%/2, (9.14)
€2p+1 : 90155-

Ouesuiao0, uto p > 0. Torya HOHATHO, UTO WieHbI opsaKa P! B BhIpaskenmsax
(9.12), (9.13) u wiens! nopsizika € B Boipakeruu (9.14) He MOryT GBITH OJHOIO
HOPSAJIKA MAJOCTH ¢ KAKUMU-JIN00 JIPYTUME 9JIeHaMK B 9TuX ypasHennsx. Cire-
JIOBATEIHHO, UX HEOOXOAMMO MPUPABHATH K HYJIIO, YTO MOCJIE€ HHTErPUPOBAHES
C YYETOM I'DAHUYHBIX YCJIOBUil Jgaer

pP1 = V1 = Q1. (9.15)

Ecnu npenmnonoxkuts, uto 3p+1 > p+2, 2p+ 1 > 2, To HEOOXOIUMO TTPU-
PABHATDL K HyJIIO WIEHBI Mopsi ko eP2 B rpaskennax (9.12), (9.13) u wiensr
Hopsizka €2 B (9.14), uTo HOCIE HHTErPUPOBAHMUSI U TIO/ICTAHOBKU COOTHOIIEHHI
(9.15) npuBOAUT K ypaBHEHUSIM

—vg + 9 +02/2 =0,
—p2 +v2 + 02 =0,

—po + p2 —v3/2=0.
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Orciona maxonum, 1ro v; = 0. CiegoBaTenbHO, €INHCTBEHHDBI BADHAHT, Ja-
IONUIl HETPUBHAJILHOE DEIeHHe B IIE€PBOM IIOPSJIKE, COCTOUT B TOM, YTOOLI
BoiOpath 3p+1 = p+ 2, 2p+1 = 2, re. p = 1/2. Torna u3 ypaBuenuit
(9.12)—(9.14), BeIpaxKkast p; u @1 depe3 v; ¢ nomomipo (9.15), moxyvaem

2
Vlr — V2¢ + Y2¢ + <U21> =0, (9'16)
¢
— 2\ _—
vir = po¢ + v + (vf), =0, (9.17)
2

Ocraercst UCKTIOYUTD OTCIONA Vg, P2 U po. IIpomuddepennnposas ypaBHeHIe
(9.18) no & u caoxkuB nostydennoe ¢ (9.16), 6ymem nmernb

V1r — V¢ + p2c + vigee = 0.

Ckaagpisast 910 ypastenue ¢ (9.17), nosyunm ypasuenune KB

1
Vir + V1V1¢ + B Vigee = 0, (919)
COJIMTOHBI KOTOPOT'O HpI/I6HI/I)KeHHO COOTBeTCTByIOT yeﬂI/IHeHHbIM BOJIHaM, pac-
CMOTPEHHBIM B § 8.8, B ciIydae, KOrja HeJIMHEHHOCTDb ABJIAETCA CIaboii, a CKo-
POCTH U HESHAYUTE/JIbHO IIPEBBIIIACT Cg.

3agaua 9.1. [Tosb3ysicb METOJIOM MeJIEHHO MEHSIONIErocst TPOgUIsi, Oy IUTe
ypasHerue KnB u3 ypasrerus Byccunecka

Ut — C2uw: - (uux)x — Bugzze = 0.

9.2. JleurmiopoBcKue BOJIHBI B IIOHEPEYHO

OrpPaHUYEHHON IJIa3Me

Crenyromuii mpuMep Tak2Ke [M03auMCTBOBaH n3 (hu3uku mia3mbl. B § 8.6
pacCMaTPUBAJIUCH IJIOCKUE JIEHTMIOPOBCKUE BOJIHBI B O€3IDAHUYHON IL1a3Me,
KOI'Ja €AUHCTBEHHO BO3MOXKHBIM TUIIOM CTAIlMOHAPHBIX PEIICHUN ABIAIOTC I1e-
PUOMYECKUE BOJIHBI ¢ YKPYYEHHBIM TepeHuM GppoHTOM. OJTHAKO MTOTIepevHast
OIPaHUYEHHOCTb CUCTEMBI U3MEHACT XapaKTep AUCIIEPCUH, B PE3yJIbTaTe dero
CTAHOBHUTCsI BO3MOXKHBIM 00pa3oBaHUe yeMHEHHbIX BOJH (cM. § 8.7).

Bynem paccmarpuBarh TOHKHN IJIa3MEHHBIN MUIUHID, PACIIOJIATAIONTNN-
¢ BJIOJIb OCU NHUJIMHIPUIECKON MeTastmdeckoir TpyOnl. [lnasma momerrena B
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CUJIbHOE ITPOJIOJIbHOE MArHATHOE T10JIe, TIPEIATCTBYIONIEE ITOIEPEIHOMY JIBUZKE-
HUIO 3J71eKTPOHOB. HemmHeltHbIe BOJTHBI B TAKOH CHCTEME HCCJIEIOBAJIICH TEOPe-
TUYECKU 1 dKcrepuMenTaibHo B pabore [108]. ITo cymecrsy, 3ajaua B aHaJo-
TUYHOM TIOCTAHOBKE 00Cy2Kajiack B § 8.7, Tie paccMaTpUBAJINCh BOJIHBI TPO-
CTPAHCTBEHHOI'O 3apsjJa B 3JEKTPOHHOM IIOTOKE; €/IMHCTBEHHOE OT/INYNe 3a-
KJIIOYaEeTCs B TOM, YTO 3/leCh pacCMaTPUBaeTCs HEINOJBUXKHAs IJIa3Ma, TOIJia
KaK 3JEeKTPOHHBIN IMOTOK JIBUXKETCsT ¢ HEKOTOPO ITOCTOSTHHOM IpeitdoBoit cKo-
poctro. Kak 6bL10 mmokaszano § 8.7, Jisl HONEPEYHO OTPpAHUIEHHONW CHCTEMBI

MO2KHO 3allUCaTh CJIELYIONLyio Mojgudukamnuio ypasuenus [lyaccona:
1
(p—po) - (9-20)

2
Prx — kj_(p =
€0
Takum 06pa3oM, UCXOJHAS CHCTEMa ypaBHEHHI cocTONT u3 ypasHenus (9.20),

a TakKe ypaBHEHUil JIBUYKEHUS U HEIPEPBIBHOCTH, KOTOPbIE OCTAIOTCH 03 m3-

MEHCHUM, T.e.

O+ VUg = % D, (9.21)

pt + (pv)y = 0. (9.22)
I[TpezkJie BCEro 3aMeTHM, UTO JIJIst JIMHEHHBIX BOJIH CIIPABEIMBO CJIE/LyOIIee
JIICIIEPCHOHHOE cooTHOmIeHue (cp. (8.42))
2 _ w2k?
k2 + k27

TJIe We — JEKTPOHHAS IJIa3MeHHast vacToTa. B obmactu k > k| oHO nmepexoanT

(9.23)
B JUCIIEPCUOHHOE COOTHOIIIEHUE

JIJIsT JIEHTMIOPOBCKUX KOJIEOAHMI B XOJIOOHOM Oe3rpaHnvHoi mirasme. Hac na-
TepecyeT, Ha00OPOT, 00/IACTDb JIMHHBIX BOJH k < k|, I/le MOXKHO PA3JIOKUTH
npaByio 4acTh ypasHenus (9.23) B psiJi U HOJIYIUTH, ITO

koo 1k

Takoil 3aKOH JlcIiepcuy XapakTepeH Jyisi ypaBHenust KuB.

Bresiem 6espasmeprbie nepevennbie v = v/v., o' = p/po, ¢’ = ep/mu?,
t' = wet, ¥ = wex /e, THE Ve = we /K1 — dazoBas ckopoctsb B npenene k — 0.
Torna ypasrenust (9.20)—(9.22) npumyT Bu

Ve + VU = O, (9.25)
oo+ (p0)e = 0, (9.26)

Prx — P =P — 17 (927>
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a JIICIIEPCHOHHOE COOTHOIIEHNE COBIaiaeT ¢ coornorenneM (9.8). Kak u mpex-
Jie, Oyem nckarh pentenue B Buje psitos (9.9). CoobpazkeHnsi, B COOTBETCTBHI
C KOTOPBIMHU BBOJSATCsl HOBbIE IIDOCTPAHCTBEHHBII U BPEMEHHON MacIITaObI, B
JIAHHOM CJIydae HI4YeM He OTJINJaloTCs OT npuBeneHHbIX B § 9.1. IlosTomy cpasy

3alluiieM

=%, =2z —1). (9.28)

[lepeitnem B ypasrmennsx (9.25)—(9.27) k mepemenneiM (9.28) u mosjcra-

3/2

BuM Tya pasnoxkenus (9.9). Torga wiens! nopsika €2/ B ypaaenusx (9.25),

(9.26) u usens! nopsijika € B (9.27) IPUBOJAAT K yPABHEHUSIM

—V1g = ¥1¢, P1¢ = V1¢, —¥1 = pP1-

HpOI/IHTeI‘pI/IpOBaB IIepBbIe€ /IBa YpaBHEHUsA C HYJIEBBIMU I'DAHUYIHBIMU YCJIOBU-

AMU Ha 6eCKOHe‘{HOCTI/I7 IoJIyYuM
V1 = p1 = —P1- (929)

Ynens! mopsiaka £/2 B ypasrennsx (9.25), (9.26) i wiens: mopsiaka 2 B (9.27)

JTafoT:
’U2
V1ir + (21> — '1)25 — @26 = O, (930)
13
pir + (p1v1)g — pae + voe = 0, (9.31)
P1ee —p2 —p2=0. (9.32)

Beipazkast ¢1, p1 4epe3 vy ¢ nomoribio coorrornenuii (9.29), muddepennupyst
ypasrenue (9.32) no £ u BbrumTast pesysubrar u3 ypasaerus (9.30), mosyunm

2
v
V1 + <2l> — Vog + pog + Vigee = 0.
i3

CkJiaipIBast OJTy IMBITeecst ypasHenue ¢ ypasaenueMm (9.31), mpuxonnm K ypas-
Hennio KB
3 1
V1r + 5 v1v1¢ + B Vigge = 0. (9.33)
B skcnepumenTtax, onucaHHbix B [108], HabO/IIONAINCH YeMHEHHBIE JICHT-
MIOPOBCKIE BOJIHBI, ITOBEJIEHNE KOTOPBIX HAXOIWIOCH B KAUECTBEHHOM COOTBET-

CTBUU C TIOBeJIeHNEM perrennil ypasaenus KiaB.
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9.3. I'paBuTaIMOHHBIE BOJIHBI HA MEJIKOII BOJE

Broisox ypasuennst KaB jrst BoTH Ha OBEPXHOCTH BOIBI SIBJISETCSA JOBOJIb-
HO I'POMO3JIKHM, TaK KaK TPeOyeTcs BBIIOJIHUTL OOJIBLIIYIO IIPEIBAPUTEILHYIO
paboTy, 4T0oObI IPUBECTH HMCXOJHBIE YPABHEHHMSA K BUJY, YAOOHOMY IJIsl IIPU-
MEHEHHUsI METOJIOB TeOpUU Bo3MyIneHnit. Kpome Toro, arta 3aja4da J0CTATOTHO
1o/pobHo onmcana B jureparype [15, 34]. Ilosromy mocTymmMm ciieyommm
obpasoMm. PaccMoTpuM ypaBHEHUsT «MeJIKOW BOJBI», ITOJIyIeHHBIE B § 4.3 U J0-
OaBUM B IIEpBOE ypPABHEHUE UJIEH, TPOMOPIIUOHAILHBIN Aypypy. TOTTA

vy + VU + ghy + Bhyge = 0, (9.34)
he + (hv)y = 0. (9.35)

Kosdpdurment [ BoibepeM Tak, 9TOOBI JUCIHEPCHOHHOE YPABHEHUE CHCTEMBI
(9.34), (9.35) coBHaaIO ¢ TOYHBIM COOTHOIIEHUEM

w? = gkth(kH) (9.36)

upu kH < 1 ¢ TOYHOCTBIO JI0 YJIEHOB BTOPOIO HOpsiKa MajaocTh. Pasnaras B
ypasuenunu (9.36) th(kH) B psii 1 U3BJI€Kasi KOPEHb, [OJIyYaeM

k3 H?
i)

w=\/gH (k — (9.37)

Teneps smneapusyem ypasaenus: (9.34) u (9.35), nonarast v = v, h = H + h,
rje U, h — MaJjible BO3MYIIECHNUS:

Ut + g%:p + ﬁﬁxxz =0,
hy + H, = 0.

[Monaras v, h ~ expli(wt — kx)], HAXOUM JUCIIEPCHOHHOE COOTHOIIIEHNE

2
w? = gHFE? <l—m€).
g

W3Brnekast KOpeHb, NPUOJNKEHHO TIOJIyYaeM CJIe/IYIONIee BhIPasKeHHe:
k‘2
w=/gHEk (1—%) .
g

Comnocrasiisist ero ¢ coorrorerneM (9.37), HAXOIUM, YTO
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Bresiem 6e3pazmephblie mepeMentbie

/ v / h / g / x
Tl H’ Ve T H

Torna ypasnenus (9.34) u (9.35) mpuHEMAIOT BHT

1

vt—l—vvx—i-hw—i-g

J——) (9.38)

hi + (hv)y = 0. (9.39)

BBezier HOBBIC HesaBuCHMbIe TepeMennbie & = e'/2(x — t), 7 = %/t u Gynem

HUCKaTb pemeHue B BUJIEC PAI0B

U:Z€Z’Ui, h:1+Ze’hi.
i=1 i=1

IMoncrasiss ux B ypasaennst (9.38), (9.39), moxydaem

2
e3/2 (v + hyg) + /2 <—vzg + hog + v1r + (021>§> + %hlﬁéﬁ +...=0,
e3/2 (—hyge + vig) + €5/2 (—hzg + vog + hir + (Ulhl)g) +...=0.
3/2

[TpupaBHuBas K HYJIIO YIEHBLI TOPSJIKA €7/, HAXOIUM, ITO

vy = hy. (9.40)

YseHbl opsigka £5/2 JaioT
1
V1 + V11 — V¢ + hoe + 3 higee = 0,

hir + (viha)g — hae + voe = 0.

CkrazpiBast 9T ypasHenus ¢ yaerom (9.40), monydaem ypasuenne KiB

3 1
vir + B vV + 5 vigee = 0.

9.4. BoJyHbI B HeJIMHEHOI JIUHUN Tiepeaadn

Pajinorexnnveckue JUHAU TI€PEJIadn, CoJepKaliie HeJInHeiHbIe 3JIeMeHThI,
SIBJISIOTCS BEChbMa, YI00HBIMU OObEKTAMU /IS U3YYEHNs PA3IUIHbIX HeJnHel-
HBIX BOJIHOBBIX Iiporieccos [10, 91]. Bepuemcs K Mozenm, KoTopasi 06Cy kK ia-
nach B 1. 8 (3azava 8.4). Pacemorpum nenoukn ¢ kajgparudaoit (Q(V) =
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CoV —CoV?) u kybuamoit (Q(V) = CoV —C35V3) HemHeHHOCTAME I TTOKaYKeM,
YTO JIJIMHHOBOJIHOBBIE BO3MYIIIEHHSI ONMUCHIBAIOTCSI, COOTBETCTBEHHO, Y PABHEHH-
avu KaB n mKaB.

Ypasuenust Kupxroda, onucsiBarommye JaHHyO CHCTEMY, UMEIOT BH/T

Lo =V~ Vi (9.41)
o
LY A (9.42)

HerpymHo mokazars, 4TO AUCIEPCHOHHOE COOTHOIIEHUE Il JIMHEHHBIX BO3MY-

w? = 4w} sin? <k2d> ,

rie wo = 1/4/LoCop, d — paccrosinue MexKly y3JaMu IENOYKd. B 1yImHHOBOJI-

IIEeHN eCTh

HoBoM mpejiesie (kd < 1)

E3d3

T.€. JJUCIIEPCUs JeHCTBUTETBHO UMEET TOT K€ XapaKTep, YTO U JIJisl YPaBHEHUN!
KnB u MKaB.

ITepexossi K JJIMHHOBOJIHOBOMY IIDEJieJTy, BBEJEM HeIpPepBIBHbIE (DyHKINH
I(x,t), V(x,t) n 3annmem ypasuenus (9.41), (9.42) B Buje

2 3
LOIt:_d'Vm+%Vxx_%mex+---a
: d? d*
COW_(ijj)t:_d'Iw_ilmm_KIxzm"i'--'7

e j = 2 win 3. YI00HO MCKJIIOYNTEL oTciofa I mepekpecTHbiM muddepeHiim-
POBAHUEM, UTO JAET
4

, 1 d

Ynenamu, comeprKalliiMi IIPOU3BOIHBIE IIIECTOIO MTOPSIKA U BbIIIe, Oy1eM Ipe-
HebperaTh B CUIy UX MAaJIOCTH. BBegem 6e3pa3MepHble TepeMEeHHbIe

t'=wot, 2 =uz/d, V/—<g’(2)>VI/IJII/IVI—1/g§V

st j = 2 mwim 3 coorsercrBenno. Torma ypasuenue (9.44) npuHUMaeT BuL

(mrpuxu y 6e3pasMepHbIX [IEPEMEHHBIX OIIyCKAeM )

; 1
Vit = Vix — (Vj)tt - E Vizea =0, (945)
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a 3akoH Jucrepcun (9.43) OMUCHIBAETCS COOTHOIIEHTEM

k3
~k— —.
W 24

Kax o6brano, miepeiiiem B ypasaennn (9.45) K HOBBIM HepeMeHHBIM T = £°Pt,
¢ =eP(x —t), rorna

, . 1 :
e (V) g+ (2‘/75 —2(W) e+ 35 Vé&@) — P (V—VY)  =0. (9.46)

Bynem nckarh pernrenne B Buie psiiaa

V=> v (9.47)
i
Haunewm co cayuast j = 2. [Toncranoska (9.47) B ypasuenue (9.46) maer
g2pt2 (VIQ)55 + g% +3 (2V1V2)€§ + ... et <2V1T§ + % V1§§§§> +

1
+ et (2V2Tg + 79 Vaeeee — 2 (V12)Tg> +oo-

— PV — P2 (Vg — V) =0

T o

s oty deHust HeTPUBUAJIBLHOI'O PEIIIEHUS B IEPBOM ITOPSJIKE, OYEBUJIHO, HEOD-
XOJUMO TOJIOKUTH 4p + 1 = 2p + 2, uro naer p = 1/2. Takum obpaszom,

1, 5 1
Virg + 5 (V1) e + o1 Vigeee =0,
9TO IMOCJIe MHTEerpupoBanus 1Mo £ mpuBoauT K ypasuenuio KB
1
Vir + ViVie + 2 Vieee = 0.

[Tepeiizem Tenepsb K ciydato j = 3. 3 ypasaenusi (9.46) mosyuaem

1
L2p+3 (‘/13)55 12t (3{/121/2)55 + ... ettt <2V17§ t133 V1££$§> +

1 1
+ et <2va§ 1 V2£§££> e <2V‘9’T£ g Voo =2 Wﬁ)“) !

6p+1 6p-+2 6p-+3 3 _
o = PV — PV — P (V3 = V) — . =0

B mambnom ciaydae HEOOXOMMMO MOJOXKUTL 2p + 3 = 4p + 1, uro maer p = 1.
Torma mns Vy nosyaaercs ypasuenne MKinB

3 1
Vir + 5 ViVie + 5 Vieee = 0.
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3agaya 9.2. B 3a;a4e 8.3 paccMaTpuBaIoCh pacipoCTpaHeHNe JIeKTPOMATHUAT-
HOM BOJIHBI B CpeJie U3 HEJMHEHHBIX OCHUJIATOPOB. llosyunre Jijist 9TOM CHUCTEMBI
ypasuenune MKaB B JUIMHHOBOJIHOBOM NIPpUOJINKEHUN U CPDABHUTE €r0 COJTUTOHHBIE Pe-
MIIeHNs ¢ yeIMHEHHBIMA BOJTHAMHU, HAlJIEHHBIMU B 3aJ1a4e 8.3.

Pewenue: Jlannas cucrema onucsiBaercs ypaHeHusmu Makcsesnna—/lyddunra,
KOTODbIE OBLIN IIOJIYY€HBI B TI. 8:

Eyp — ¢ ?Ey = 1o Py, (9.48)
Ptt + w% (1 —+ O[Pz) P = 9260E, (949)

rae Q2 = (e2N)/(meg), N — uucsio ocuuisTopos B eiunuiie oobema. Buadase pac-
cMorpuM JmHeitHble BosHbl (o = 0). Boibupas E, P ~ exp [i(wt — kx)], u3 ypaBHeHuit
(9.48), (9.49) mosyIMM JMCIIEPCUOHHOE COOTHOIIEHNE

(w? —w}) (w? — Pk?) = w?Q% (9.50)

Puc. 9.1. ,HI/ICHepCI/IOHHaH JAuarpaMma 3a/Ja91 O pacClIpoOCTpaHeHNN SJIeKTpOMaFHI/ITHOﬂ
BOJIHBI B CpeJie U3 3JIEKTPOHOB-OCHUJIJIATOPOB

JucnepcronHasi auarpaMma ripejcraiera Ha puc. 9.1. OgeBuHO, YTO UHTEpE-
CYIOIMii HAC XapaKTep JUCIEPCUH MMeeT HUXKHsist BeTBb. Haiinem ¢a30Byr0 CKOPOCTH
B JIJIMHHOBOJIHOBOI o6/tacTh, cuntas w? < wi. Torga us ypasuenus (9.50) nosydaem

k
sz:Uck.

\Jwg + Q2

N3 pesynpraros § 9.4 ciesyer, 1o Jist oty denus ypasaenns MKaB Hy2KHO BHIOpaTh
p = 1. Takum 06pa30M, HOBbIE IIDOCTPAHCTBEHHASI U BDEMEHHAs lI€PEMEHHbIe NMEIOT
BH/1

E=ce(x—Us), T=e
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[Tepexonst B ypasuenusx (9.48) u (9.49) k nepeMeHHBIM &, T ¥ OTBICKUBasl PEIICHUE B

E= isE P = igipi,
=1 =1

BUJIE P/I0B

oJIydaeM

U U
’ ((UE — %) Bige + < P1§§> <(U3 — %) Egge + == Pz&&)
5 ((ch2 — 02) Eggg + % ngg — 2UCE17-§ - % Pl‘rf;“) + ... = 0,(951)

£ (w%Pl — 6092E1) + g? (wng — EOQ2E2) +

+ &3 (Wi Ps — e0Q%E3 + wiaPP + U2Piee) + ... = 0. (9.52)
Unensr nopsaka € B (9.51) u mopsaaka € B (9.52) gaior cass mexay By u P, a
MMEHHO,
wp
Ei=—P 9.53
! 5092 1 ( )

Unenwl nopsagka €0 B (9.51) u mopsyka €3 B (9.52) IPUBOAAT K CJIEYIONIAM ypaBHe-
HUSM:

U2 20,
(U2 =€) Eage + 25 Page = 2UeErre — ¢ Pire = 0,

w8P3 - 5092E3 + w%an + nglgg =0.

IlepBoe ypaBHeHMe MpOUHTErPUPYEM 1O £ C YUETOM HYJIEBBIX MPAHUYHBLIX YCJIOBUH HA
OGecKOHEeIHOCTH, a BTOpoe — mpomaunddepenmupyem. Kpome toro Beipasum F; depes
Py upu nomomu coornorrenus (9.53). Torga nosyanm

2 2
22U (wg + 2°)

U
(U2 =) B3¢ + = i o

Pl‘r:()a

w(z)ng — €0Q2E3§ + 3w§aP12P1§ + Uczplggg =0.
Uckmrouast orcrona F3, P3 mpu OMOINM HECJIOXKHBIX ajredpandecKux mpeobpa3oBa-
HOi, osryuaeM ypasHerne MKnB

3w0a(c - U?) Ud(c® —U?)
2U(wg + Q2) 2(w3 + Q?)

Pemenne ypapuernuss MKaB B Buge conmurona 6bumo mosydeno B § 8.2. B mammbix

P+ Pl Plg + Plggf 0. (9.54)

0003HAYEHUSIX OHO UMEEeT BU T

Py =asech[(§ —UT)/A],

rie
o AUU(wE + Q%)
@t = o (9.55)
a2 = Uel€@ = U) (9.56)

2U (wi + Q%)
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3necy U = const — ckopocTh comuToHa. HeTpyiHO moKas3aTh, 9TO MOJIyYeHHbIE B 3a-
nade 8.3 Boipaxkenus (8.61), (8.62) nyist aMIUIUTYIbI ¥ IIUPUHBL YEIUHEHHON BOJIHDBI
nepexondat B (9.55), (9.56), eciu B Hux nomoxurs U — U, +U’, U’ <« U,.. Takum 06-
pasom, ypasuenune (9.54) cupaBejIiBO B CJlydae, KOIJia CKOPOCTD YeAMHEHHOH BOJIHBI
HE3HAYUTEJIbHO NPEBBIIaeT KpuTuiecKyio. CpaBHeHue pereHuil UCXOMHbIX YPaBHEe-
uuit (9.48), (9.49) u ypasuenust MKaB (9.54) npu HOMOIIM YUCIEHHOTO MOJIEINPOBa-

HUsI TIPOBEJIEHO B cTaThe [106].

9.5. I'a3oBas JuHaMuKa U ypaBHeHue Bioprepca

PaccmaTrpuBaeMblil B HACTOSIIIIEH I1aBe METO, M€ IJIEHHO MEHSIIONIEroCs IIPO-
dbuist IPUMEHNM He TOJIBKO K JIUCIEPTUPYIONIMM CUCTeMaM, HO U K CUCTEMAaM
¢ muccunamueii. B mociemnem ciydae OH TPUBOJIUT K ypaBHEHUIO Bioprep-
ca. Paziuynbie pereHusi 3TOr0 ypaBHEHUs MOAPOOHO OOCYKIAJIUCH B TJI. D,
rae, OJHAKO, He ObLIO MOKa3aHO, KAK OHO BO3HUKAET B KOHKPETHBIX (busmte-
ckux 3ajadax. ObpaTuMcs K ypaBHEHUSIM I'a30BOI JUHAMUKH, KOTOPBIE Y¥Ke
paccmarpuBanuch B § 4.2. Cucrema ypaBHEHWIT, KOTOPYIO TPUMEM B KAUECTBE
UCXOJIHOM, OYJIET COCTOATH U3 YPABHEHUS JIBUKEHUS C YIETOM BSI3KOCTU

p (v + vvy) = —pe + NV, (9.57)

1 HEIPEPbIBHOCTHA

pr + (pv)z = 0. (9.58)

3/echb p — IUIOTHOCTD ra3a, v — CKOPOCThb, P — JaBJjeHue, 1 — Koddduiment
Bs3KocTH. /laBiieHne cBA3aHO C IJIOTHOCTHIO YPABHEHUEM COCTOSHUS

p=rkp'. (9.59)

KoneuHo, B JAHHOM cJlydae TeYeHHe HeJlb3si CIUTATh H39HTponuiHbM. O THAKO
B AKyCTHYECKOii BOJIHE U3MEHEHNUs SHTPOIUK MaJIbl i B PAMKAX HHTEPECYIOIIEro
HAC MPHUOJIMZKEHHsT MOZKHO BOCIIOJIB30BaThes ypasHenueM (9.59) [47]. Orpann-
IMBAsICh CJIA00HEIMHEHBIME IIPOIECCAMHE, PA3JIOZKIM JaBjenne B psiyt Teiinopa
BOJIM3H HEBO3MYIIEHHOTO COCTOSIHUSL p = po C TOYHOCTHIO JIO KBaJPATHIHBIX
WICHOB

gy —1)

2
—00)%+..., 9.60
3 (0= p0) (9.60)

p=po+ci(p—po)+

rje ¢s = \/Op/0p — CKOPOCTDH JINHEHHBIX 3BYKOBBIX BOJIH.
Brauasie paccMoTpuM pacnpocTpaHenne JUHEHHBIX BOIH. JIuneapusyst ypas-

aernst (9.57), (9.58) o MaJIbIM BO3MYIICHHSIM U, p ¥ [I0JIarasi, 9To

~ ~ i(wt—kx
U?pNe( )7
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MTOJTy9aeM JUCIEPCHOHHOE COOTHOIIEHNE
in
w? = c2k? + = wk?, (9.61)
Po
Paccmorpum ciydait ciraboit auccumaium, KOTia BTOPOW YJIEH B IPaBOil da-
cru ypasHenusi (9.61) mas, Torja Jyisi BOJH, PACIPOCTPAHSIONIMXCS BIPABO,
MTOJTy IUM, 9TO
ivk?

w Csk' + T, (962)

rje v = 1/py — KHHEMaTH4IeCKasl BA3KOCTb.
YT0b6b! BBISICHUTD, KaK B JAHHOM CJIydae CJIeIyeT BBECTH IIepeMeHHbIe &, T,
rojcyuTaeM gazy

vkt
szt—kx:k(cst—x)+ZV2 . (9.63)
Beenem Ge3pasmMepHble ITepeMeHHBIE
vV =v/cs, p=p/p, t' =cty, 2 =ce/v.
Torna ypasuenus (9.57) u (9.58) ¢ yuerom (9.60) npuHIMAaOT BU
—1)2
pw+vu) = — |p+ (=)L) o (9.64)
T
oo+ (p)e =0, (9.65)

a coornomtenue (9.63) 3amuirercs Tax:
0 = k(t —x) +ik*t/2.

Honaras k = ePk, nomygaem 6 = ePr(t—x)+ie?Pkt /2. Takum 06pazoM, HOBBIE
IepeMeHHbIE CjlejlyeT BhIOpaTh B BUIE

E=eP(x—t), T=c"t

[Moncrasiss B ypasuernust (9.64), (9.65) pazioxemnus

o0 o0
v:Zévi, p:1+ZEZPi,
i=1 i=1

U TIEePEex0/is K IMePEeMEHHbBIM &, T, MoJIyvdaeM

g+l (—v1e + p1g) +
+ ePT2 (—prure + vivie — vog + poe + (v — D)p1pie) + ...
...—I—82p+1(1}17—2}1§£)+... =0,

5p+1 (_Plg + Ulg) —+ ...+ €p+2 (—pgg + voe + (plvl)g)
e+ =0,
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Ynens! nopgaxa eP! mocse nnTerpupoBanus ¢ HyJIEBHIME IPAHIYHBIME YCJIO-
BUSIME Ha OECKOHEYHOCTHU JIAI0T

pP1 = V1. (9.66)

JList oty aeHrsi HeTPUBUAJIBHOI'O PENIEHUS B CJIEITYOIIEM [TOPsiJIKe HeOOXOIMMO
BBIOpATh p = 1, uT06EI 2p + 1 = p + 2. Takum 06pa30OM, UIEHBI HOPsIKA £ C

yuaerom (9.66) maror
V1r — Vige + (v — 1)vivie — voe + pog = 0,
V17 + 20101 — pog + v2e = 0,

CkJa/ibiBast 9TH ypaBHEHUS, [IOJydaeM ypaBHeHue Broprepca

+1 1
V1 + <’Y2> Ul’l)lg = 5 1}155. (9.67)

Bostee cTporuit BeIBOI, yINTHIBAIOININ, B YACTHOCTH, HEIIOCTOSTHCTBO SHTPOIINN,
JaH B KHure [14].

BameTHM, YTO BMECTO JUCHEPCHOHHOrO coorHomenus (9.62) MOKHO ¢ Toif
JKe CTEIleHbIO TOYHOCTHU 3aIlNCaTh

w ivw?

cs  2e3

Torma 0 = w(t — x/cs) — ivw?x/2¢3. Eciu BBecT Ge3pasMepHble KOODIHHATY

U BpeMs
L ecs(cst — :c)7 ¢ = 5208:107
v v
TO MOXKHO ITOJIy4InuTh ypaBHeHnne Bioprepca B mHo#t dopme
v+1 1
V1g — <2 > V1V1r = ) Ulrr- (9'68)

B Takom Buae ypaBHEHUE boJtee yﬂO6HO JJId aHaJIn3a 3a/Ja9id C 'PaHUYIHBIM
ycjioBueEM (Baﬂa‘II/I O paclpoCcTpaHE€HUU CI/II‘Ha.Ha).

3amaya 9.3. B § 9.4 6pum mosyvensr ypaBuenuss KaB u MKaB nns Bomn B
HEJTMHENHON panoTeXHNIECKOt JUHAN TTepenadn. PaccMOTpuTe JTMHUIO Tepeaatdn ¢
BBICOKOYACTOTHBIME 1OTepsiMu (puc. 9.2), cunrasi HeJUHEHHOCTh KBAIPATHIHOI, T.€.
Q = CoU — CyU?, rne U — najieHue HAIPSIKEHWsI HA, HEJIMHEHHOM 3JleMeHTe. BoJIHbI
B TAKOMW JIMHUU [O-IIPEXKHEMY OIMCBHIBAIOTCS ypaBHeHusiMu (9.41), (9.42), npuyem V,
u U,, cBsI3aHbI COOTHOIIIEHUEM

V,, = U, + ROQ,,.
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R

o) —

(e} O

Puc. 9.2. 3seno mesuneiinoii pa,ZLHOTeXHquCKOﬁ JIMHUN IIepe/iadl ¢ BBICOKOYaCTOT-
HBIMU IIOTEPAMU

[epeiigure B ypasuenuax (9.41), (9.42) K HenpepbIBHOMY [IpeJIesly U, IIpeHebperast
JIACTIEPCHET, IOy IUTE YPABHEHHS

LI =—d-Vy+...,
ColUy — (CoU?), = —d - I, + ...,

V=U+R [CoUt — (CQU2)t] .
VcKIIounB U3 3TUX ypaBHEHMiT TOK, IPUBEJUTE UX K Ge3pasMepHOMY BUILY

Utt - (UQ)tt - V;cacy
(9.69)
V =U+v(U —-U?),,

rne v = R\/Cy/L — Gespasmepnerii napamerp juccunarmun. OTBICKHBasT PeIIeHHs
ypasrenuit (9.69) B Bune panos V = > ¢'V;, U = Y, £'U; u BBOAS HOBbIE IIEPEMEH-
HBbIC

=%, E=¢(x—1),

MIOJTyInTe ypaBHEeHNe Broprepca

v
Vir +ViVig = 5 Viee.

3ama4da 9.4. Pemmre npeasiaymyo 3amady, He mpeHedperas aucrepcueit. luc-
CHIIAIMIO cYuTaiiTe cyiaboii, nojaras, yro R./Cy/L = e!/2y. Tlokaxure, 9TO B 3TOM
ciyaae BMecto (9.69) mosyuaroTcst ypaBHeHUsI

1
Uy — (U, =V, —V
tt ( )tt Tx 12 TTXTIT

V =U+ V20U - U?),.

(9.70)

BBesinre HOBbBIE IPOCTPAHCTBEHHYIO M BDEMEHHYIO [IePEeMEHHBIE
r=e2t, =Yz 1),

U nokazkure, 4ro u3 ypasuenuii (9.70) cienyer ypasuenne KaB-Broprepca

1 v
Vir + ViVie + — Vigee = — Vige.
1r+ V1 1§+24 1eee = 5 Vige



I'maBa 10.

Tounble MeTObI
MHTEerpUpPOBaHUA HeJIMHENHbIX
BOJIHOBBIX ypaBHEHWUII

. XOTE€JIOCh OBl ... OTMETHUTH 3aMEUYATETbHYI0 U300pe-
TaTEJbHOCTh PA3JIUIHBIX HCCJIeA0BATEeH, KOTOPBIM MbI
06sI3aHBI JIOCTUXKEHUSIMUA TIOCTETHUX JieT. [losiyueHHbIe
pe3yJIbTaThbl B OIPOMHON CTEINeHU CHOCOOCTBOBAJIM H3Y-
YEHMIO HEJIMHEHHBIX BOJIH M HEJUHEHHBIX IIPOIECCOB B
mesioM. Pazyindanable TOAXOMBI yKe BHEC/H IeHHEHITHi
BKJIQJ] B apCEHAJI «MaTeMaTUIeCKUX METOJIOB», HO IJIaB-
HbIe OTKPBITHUsI, HECCOMHEHHO, €ellle Briepeau. HemaaoBaxk-
HBII yPOK COCTOUT B TOM, UYTO TOYHBIE PEIIECHUs BCE eIle
OKPY?KAI0T HAC CO BCEX CTOPOH U HE BCET/IA CIEIYET CPA3Y
YCTPEMJISITBCST Ha TTOMCKH MAaJIOTO €.

Jotc. Vuszem. Jluneitabie u HesuHeliHble BosHbl (M.: Mup,

1977. C. 591)

Heynuelinble ypaBHEHHST B YaCTHBIX [IPOM3BOIHBIX, HA KOTOPBIX OCHOBBIBA-
eTCsl MATEeMATUIEeCKOe OIMMCAHNE IIPOIECCOB PACIIPOCTPAHEHUST BOJIH, SIBJISIIOTCS
BeChbMa CJIOKHBIMU JIJISI MCCAEIOBAHNSI OObeKTaMM. 1eM He MeHee, JJIT OOJIh-
IINHCTBA TAJOHHBIX ypaBHeHUi, Takux Kak ypasaenus KB, mKaB, Byccn-
Hecka, Sin—lopmona, HesmHeiiHoe ypaBaenue llIpénmarepa m ap., oKas3aIoch
BOBMOXKHBIM Pa3paboTaTh Ype3BbIYARHO MOIIHBIE METOIbI AaHAJTUTHIECKOIO pe-
IIIEHUsI, KOTOPbIE IO3BOJIAIOT, 10 KpailHeil Mepe, B IPUHIMIIE, [I0Jy4aTh TOY-
HbI€ PEIeHns IIPHU IIPOU3BOJILHBIX HAYAIbHBIX YCJIOBUSIX. JlaHHast TiiaBa KpaTko
3HAKOMHUT C 9THUMHU METOIAMH, [IEHTPAJILHOE MECTO CPEJIU KOTOPBIX 3aHUMAeT
MeTo/1 00paTHO 3a1auu paccesinust. Kornedano, naie u3JjoxkeHue OyIeT T0BOJIb-
HO TTOBEPXHOCTHBIM. J[j1s1 6oJiee T/ryOOKOTO 03HAKOMJIEHUS C MATEMATUICCKIMU
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METOJIAMH DPEIEHUs] «COJTMTOHHBIX» YPABHEHUI MOXKHO MOPEKOMEHJ/I0BATH Ta-
K¥e KHUrM, Kak [15, 16, 17, 34, 109].

Cremysi ©CTOPUYIECKON TPaIUIIANA, OCHOBHBIE UJIECU [IPOJIEMOHCTPUPYEM HA
npumepe ypasaenus KnB

up + 6uty + Uppe = 0. (10.1)

Takast dpopma 3anmcu Haubosiee yaoOHa I HAIMAX IEJIEH.

10.1. 3akoHbI coxpaneHus ypaBHenus KaB n
npeobpa3zoBanne Muypbl

Becbma BazKHYIO HH(bOpMaL[HIO O CBOMCTBaX HEJIMHENHBIX BOJTHOBBIX YpaB-
HEHUI MOXKHO NMOYEPIIHYTh, aHAJIU3UPY A NX 3aKOHBI COXPpaHEHN A, KOTOPbIE IIPEI-

CTaBJSIIOT cOOOI COOTHOINIEHUST BUIA
P+ Q. =0,

npudeM P Ha3bIBAeTCs COXPAHSIONIENHCs IIOTHOCTBIO, & () — COOTBETCTBYIO-
M TOTOKOM. MBI y2Ke HEeOJHOKPATHO OOpaIlajuch K 3TOH TeMe B Ipebl-
Jynmx riaBax. Pacemorpum jyist ypasaenusi KaB (10.1) 3agady ¢ HyseBbiMu
IPAHUIHBIME yCJIOBUASIMU Ha OecKoHedHOCTH. OUeBHUIHO, 9TO OHO CaMo 10 cebe
IIPEJICTABIISIET 3aKOH COXPaHEHUS

U + (3u2 + um)x = 0.

MoxkHO HaliTH U ApyTHUe 3aKOHBI coXpanenus. Hampumep, yMHOXKUB ypaBHEHUE

(10.1) Ha u, HETPYIHO MOJIYIUTH

2 2
(u) + <2u3 + Ulgy — ux> =0.
2 t 2 x

QuznyecKuil CMBICJ ITUX COOTHOIIEHU TOHATEH: HAIIPUMED, IPUMEHUTETHHO
K BOJTHAM HA [TOBEPXHOCTHU BOJIbI OHU O3HAYAIOT COXPAHEHUE MACCHI U UMITYJIbCA.
B cepenune 1960-x ro/oB pas3imdIHBIME UCCJIEI0BATEIsIMUA ObLIIO OOHAPYKEHO
boJiee JIeCATU HE3ABUCUMBIX 3aKOHOB COXPaHEHUsI, OOJIBIMMHCTBO U3 KOTOPBIX
He MMeJIo OoueBHIHOM (usndeckoit uaTepnperaruu [110], 1 6bL10 BBICKA3AHO
MIPEITIOJIOKEHNE, YTO UX YHUCJIO HEOTPAHUYIEHHO.

[MoareepauTs 31y runoresy yiaanaock P. Muype [111], koropbiii o6HApY KL,

4TO IIpeobpazoBaHme

u:v2—ivw
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NPpUBOAUT K MoaudumumpoBanHoMy ypasaennio KiaB mis yakiun v
vy + 6@21)35 + Vpzr = 0.

BamernmM, UTO 00pATHOE YTBEPKJIECHHE HECIPABEIJINBO. DTOT (DAKT, cam IO
cebe JOCTATOYHO IPUMeYATEeIbHBIN, UMeeT Pl yIMBATEIbHBIX cyieacTBuil. Mbl
PacCMOTPUM 3/1eCh HECKOJIBKO OoJiee o0IIMiT BapraHT peodpa3oBanus Muypsl,

npeioykeHHbIit [apanepom:
u = w + icw, + 2w?, (10.2)

rie € — MPOU3BOJILHBIN mapameTp. HeTpynHo moka3ars, UTO MOICTAHOBKA BbI-

paxxenust (10.2) B ypasuenne (10.1) naer

.0
U + 6UUy + Ugry = (1 + 282w + ZE&U) (wr + 6 (w + *w?) Wy + Wegs) = 0.
Wrak, GyHKINSA W yI0BIETBOPSIET YPABHEHHUIO
wy + 6 (w + 62w2) Wy 4+ Wegy = 0. (10.3)

[TockosbKy st DYHKIME W T'PAHUYHBIE YCJIOBUsSI HA OECKOHEYHOCTH TAKXKe
HyJIeBble, nHTerpupoBanne ypasuenus (10.3) 110 Beeil ocu o TPUBOJIUT K 3aKOHY

COXPAHEHHUsI
d o0

7 / wdzr =0, (10.4)
—0o0

o]
T.e. BemunHa I = f w dx ABJIgeTCS HHTErpaJjioM IBUKECHUA. BpraBI/IM TeIepb

W vepes u B BUJE Psia 110 CTEIeHsIM €:
w = wo(u) + ewr (u) + 2wau) + ... (10.5)

[Moxcranoska Beipaxkenus (10.5) B (10.2) maer

wo = u,
W) = —1Uy,
2
W2 = —Ugy — U,

n
Wn+2 + Z'(U)n+1)3; + Z WEWp— = 0.
k=0
OueBnHO, 9TO B CHILy MPOM3BOJIBHOCTH € U3 ycaosus (10.4) cienyer
d oo
— Wp(u)dr =0
5 | wn(w

—0o0
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qst Beex creneneii €. [Tockombky psiz (10.5) GeckoHeveH, O/MH 3aKOH COXpa-
Henust jist ypasrernus (10.3) naer 6eCKOHEUHOE YHUCIIO MHTEIPAJIOB JIBUKEHMSI

Jutst ypasaenust KaB (10.1)

o0

I, = / wa (1) dz.

—00

,ZLJIH HEYETHBIX 1 THTErpaJibl TOXK/IECTBEHHO PaBHbLI HYJIIO, OHAKO Y€THbIE IIPU-
BOOAT K HETPUBHUAJBHBIM COXPaHAIOIMINMCA BEeJIMINHaAM, HECKOJIBKO II€PBBIX U3

KOTOPbBIX UMEIOT BU/T

oo
Iy = /udaz,
—oo
0o
I, = /u2d:b,
—oo
oo
Iy = / <u3—ui> dz.
2
—oo

3 knaccuyieckoil MeEXaHUKN U3BECTHO, UTO FAMUJIBTOHOBA cucTeMa ¢ N cTe-
IIeHSIMU CBOOO/IBI, nMeroInast /N He3aBUCUMBIX HHTEIPAJIOB JIBUKEHUS, SBJISIETCS
uHMe2pUPYemot N JOMyCKAeT TOYHOE PeIlleHne MyTeM BBEJeHUS IePEeMEHHBIX
«jeiicrsue—yros» [11, 19]. EcrecTBeHHO BOBHHKAET BOIPOC: YTO O3HAYACT Ha-
Jindre GECKOHEYHOI'O YNCJIa 3aKOHOB COXPaHEHUSs JIJIs CUCTEMBI C OECKOHEYHBIM
qicIoM creneneit cBo6oapr!? OKa3aaoch, 9TO B 9TOM CIIydae HMEeTCsl BO3MOK-
HOCTH IIOJIy9IeHUSI TOYHOTO aHAJIUTHYeCKOro pemennst ypasuenns (10.1) mpu
TTIOMOIIN MeToia, OTKpbITOro B 1967 1. 'apmarepowm, ['purom, Kpyckamom n Mu-
ypoit [113] u nostyuuBIiiero HasBauue MeTOIa OOPATHOl 3a/Ia9Hl PACCESTHUS.

10.2. Metoa obpaTHOii 3aga4n pacceaHUs JIJIs
ypaBuenuss KaB

Bepremcst k ipeobpazosanuio (10.2). Ilpu momoru mocraHOBKY

I iy

Yt 9a T

'Nnrepnperamus ypasnenns KaB Kax MOJHOCTBIO MHTEPHPYEMO# GECKOHETHOMEDPHOI
raMIJILTOHOBOH cucTembl npuHasyiexkut B.E. Baxaposy u JI.Jl. ®amneesy [112]. Ilogpobree
0 raMHJIBTOHOBOI CTPYKTYpe MHTErPUPYEMbIX HeJIMHEeHHbIX BOJHOBBIX ypasHeHHil cuM. [19].
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OHO IIPUBOAUTCA K BUIY

re A = 1/4¢2. Ypasuenne (10.6) aHATOTITHO CTAIIMOHAPHOMY KBAHTOBOMEXa-
urdeckomy ypasaenuto [IIpéaunrepa ¢ noreanuanom V = —u(x,t) u sneprueit
A, TipudeM BpeMsi t BXOJIUT B HErO MPOCTO Kak mapamerp. Vcrnonb3yst ujien u
MaTeMaTHIeCKUii almnapar KBaHTOBOI MexaHuku, aBTopbl [113] paspaborasin
METO/JT TOYHOro pelenus ypaBuenus: KnB, Ha3BaHHBIN UMU 06pambim npeod-
pazosanuem paccesnus (inverse scattering transform). B oreuecrsenHoii sinre-
paType yTBepIMnJICSI TEPMUH «MeTOJ 0OpaTHOM 3a1a4u paccesiHusiy. AHAJIOTHS ¢
KBAHTOBOH MEXAQHWKON sIBJISIETCST YUCTO (DOPMAIBLHON, HOCUT MaTEMATHICCKUIH,
a "He usmdeckuit xapaxrep. [locmemyomme 060b6menns MeTosa 00paTHOR 3a-
Jlady Ha MIUPOKUN KJIACC HEJIMHEHHDBIX BOJIHOBBIX yPaBHEHUI OKa3aJuCh CBO-
OOMHBIMU OT KBAHTOBOMEXAHMYECKOW MHTEpHpeTannu. TeM He MeHee, UIMEHHO
9Ta aHaJIOrUs Mo3BOJIMIa aBTopaM |113] mpeomosieTs cyliecTBeHHBIE MaTEMa-
THUYECKUE TPYIHOCTU, BCTPETUBIIUECS] HA UX Iy TH.

Urak, ypasuenue (10.6) npejcrasisier 3a0auy Ha coOCMEEHHBLE 3HAMEHUA
nu1st oneparopa d? /dx? 4-u(x), npudeM ee HeTpUBHAIbHOE perenue ) (z) Has3bl-
BaeTcst cobcmeenHoll Pynryueti, a COOTBETCTBYIONEE A — COOCMEEHHBIM 3Ha-
yenuem omeparopa. [lomobubie 3ama4n urpaioT OOJBIIYIO POJIb B KBAHTOBOM
MeXaHuKe, TaK KaK CO6CTB€HHBI€ SHaYCHUA MHTEPIIPETUPYIOTCA KaK 3HAYCHUA,
KOTODbIE MOXKET NpuHUMaTh pusmdeckast Beauanna [114]. CoBokynHoCTh Beex
BO3MOKHBIX COOCTBEHHBIX 3HAYEHUI HA3BIBAETCS CIIEKTPOM OIIEPATODPA.

BaxxHo ormeTuTn, uTo oneparop Ipénuarepa dBiigeTcs spmumosvim. Ha-
[IOMHHUM, YTO OIIEPATOP L nasbiBaercst SPMUTOBBIM HJIM CaMOCOIPSKEHHBIM,
eCJI Jyid JIIOOBIX JBYX KBaJPaTUIHO HHTEIPUPYEMBIX MYHKIHIA 11 2

[e.o]

/ (01 (L) = s (T01) ] do =0,

—0o0

BHaK «x» 371eCh U jlajiee 0003HAYAET KOMILIEKCHOE compsizkerue. CrekTp cob-
CTBEHHDBIX 3HAYEHHUH SPMUTOBA ONEPATOPA ABJISAETCS YUCTO BENECTBEHHBIM.

C rouku 3peHusi KBAaHTOBON MexaHuku yHkuus 1)(x) B ypasaernu (10.6)
IPEJICTABIACT CO0O0H BOTHOBYIO (DYHKINIO YACTHILI, IBUXKYINEHCS B CHIOBOM
noJsie ¢ noreHpansoMm V = —u(z), wim, Kak TOBOPST, pacCenBalolieiicss Ha mo-
rerrmase V. [ajee orpaHmaunMcs pacCMOTPEHIEM CIIydast, Korja u(z) mocTa-
TOYHO OBICTPO CTPEMHUTCS K HYJII0 Ha OecKoHedHOCTH. Bostee cTporo, Heobxo-
JIFIMO BBIIIOJIHEHHE yCJIoBus (CM., Hanpumep, [15])

o0

/ (14 2%) u?(z) dx < oco.

— 00
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B sT0M citydae CieKTp OTpUIATEIBHBIX COOCTBEHHBIX 3HAYCHUIT Oy/IeT JUCKPET-
HBIM, & COOTBETCTBYIOIME COOCTBEHHBIE (DYHKIUHM HA GECKOHEYHOCTH TaKXKe
obpaImaioTcs B Hyslb. Takue COCTOSIHUS HA3BIBAIOTCS CEA3AHHbIMU, TOCKOIBKY
JacTHIlA JIOKAJTU30BaHa B IIOTeHIMAIbHOM sive V (x). CHekTp MoI0XKUTe TbHBIX
COOCTBEHHBIX 3HAUEHUH HEINPEPBIBEH M COOTBETCTBYET MH(MDUHUTHOMY JIBHZKE-
Huto [114].

IIpuHIIUIIIAIBLHBI UHTEPEC MPEACTABISET BOIIPOC O TOM, KAKUM 0OPA30OM
saBucAT OT ¢ yHKIWMK 1) u A, ecan GyHKuus u(x,t) SBOMOIUOHUPYET COrIac-
Ho ypasHeruio KnB (10.1). Beipasus u3 ypasuenus (10.6) u depe3 ¢ u A u
HOJICTaBUB HOJTydeHHoe B ypasHenue (10.1), Haxommm

At@bZ + (er - QZ)CEQ);U =0, (10'7)

rie Q = Y + Yppe — 3(A — u)1),. Paccmorpum BHAYAJIE HEKOTOPOE JINCKPETHOE
cOOCTBEHHOE 3HAYEHUE A, U COOTBETCTBYIOIIYIO €My COOCTBEHHYIO (DYHKIIHIO

Un(x,t), Ha KOTOPYIO HAJIOKUM YCJIOBUE HOPMUPOBKU

/ [t |* dz = 1. (10.8)
Torma u3 ypasuenus (10.7) cieqyer BayKHbIH pe3ysibTarT
d\,
Zrm 10.
pralall (10.9)

T.e. JUCKpEemHble COBCMBERHDIC 3HAYEHUA ABAAOMCA UHMELPAAAMU OGUHCEHUA.
Kak 6yzer mokazaHo majee, KaxKI0My JUCKPETHOMY COOCTBEHHOMY 3HAYEHUIO
COOTBETCTBYET OJUH cOUTOH B perennn ypasaenus (10.1). [Tostomy coorno-
mrerre (10.9) BbIpazkaeT CBOCTBO yCTOWIMBOCTU COJTUTOHOB, UX HEYHUUTOXKH-
MOCTD IIPU JIOOBIX B3AUMOJEHCTBUSX.
Ypasuenue (10.7) 1mocjie ABYKpaTHONO MHTErPUPOBAHUST IIPUHUMAET BUJ
o
dx

(wn)t + (wn)m’z - 3()\71 - U) (wn)x = ApYn + By 5 (10.10)

n
— 00

rie Ay, By, — KOHCTaHTBI MHTErpUpoBaHus. B cuity Toro, uro |1, | crpemurcs k

HYJII0 Ha OECKOHEYHOCTH, HEOOXOINMO oI0KuTh B, = 0. Beibepem 1, Taxum

0bpaszom, 9TobObl 1, ~ exp(kpT), IpH T — —00, IJie BBEIEHO 0DO3HAUECHIE

2

o = —\,. Orcrona ciemyer, aro A, = 45%. 3armiiemM i, Ipu T — 00 B BUIE

U ~ cp(t)e” e,

[oycranoska 3Toro Bhipaskenus B ypasuenue (10.10) naer (c,); = 8k3 ¢y, o1-
Ky/ia

K

cn(t) = cn(0)edFat, (10.11)
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Tenepb paccMOTpUM COOCTBEHHBIE 3HAYEHUSI HEMPEPBIBHOIO CIIEKTPA A =
k% > 0. Pemenne ypasnenus Ipémunrepa (10.6) npu || — oo mpeacrapaser
coboii JmHeliHy0 KoMOuHaIMIO SKcrnoHeHT exp(+ikx). Hamoxum ciemyrorme
IPAHUYHBIE YCJIOBUSA:

Y~ e R L Rk, t)eRr 2 — oo,
. (10.12)
Y ~ T(k,t)e ke, T — —00.

Coorromienust (10.12) o3HauaroT, 9TO 1) BHIOMPAETCS B BHJE IapMOHHYECKOI
BOJIHBI, Haberaromeil Ha morenrmas V. = —u(z) uz z = oo. Hacrb BOHBI
MIPOXOJIUT CKBO3b MOTEHIHMAJ ¢ KO3 MPUIIMEHTOM IIPOXOXK,ieHusi T, 9acTb oTpa-
2KaeTcsi ¢ KodDUIMEHTOM OTpaKeHnst [, mpuieM mMeeT MecTO COOTHOIIEHUE

|RI? +|T” = 1.

[TockonbKy A HIPUHA/JIEKUT HEIPEPHIBHOMY CIEKTPY, MOXKHO IIO-IIPEXKHe-
My TOJOXKUTH Ay = 0 u mosyuntsh anasor ypasaenus (10.10). IlogcraBus B
nero soipazkenus (10.12), maiizem, uto A = 4ik3, a R u T mOm4uHAIOTCS ypas-
HEHUSIM aT OR

— =0, — =S8ik’R.
ot ot

CJIe,ZLOBaTeJH)HO, KOSd)(bHHHeHT IIPOXOKJICHU A sABJIAETCA MHTErpaJioM JIBHZKE-
HUA, a KO3Cb(1)I/IHI/IeHT OTpazKEHN A N3MEHACTCA BO BPEMEHU KaK

R(k,t) = R(k,0)e*". (10.13)

HermpepniBHBIIT CIIEKTP COOTBETCTBYET HECOJUTOHHOI YACTH DEIIeHus, MIPE/-
craBJiAroINIeil coboil cmaboHeMHeHbIe BOZMYIIECHNUsI, HA3bIBAEMbIE MHOTIA, OC-
yuarupyrowumy, reocmamu. Bermauny |R(k)| MOKHO MHTEPIIPETHPOBATH KaK
AMILTUTY/Ly TPYIIIbI BOJH, CBS3aHHYIO C BOJTHOBBIM YHUCJIOM K.

Takum 06pa30M, MOXKHO MPEJIOKHUTD CJIEIYIONIYIO CXEMY IMOCTPOCHUS pe-
merusi ypasuerust (10.1) ¢ HAYATBHBIM yCIOBHEM

u(x,0) = ug(z).

Brawasie peraercs 3a/jada Ha coOCTBeHHbIE 3HAaUeHHs /711 ypasHeHust (10.6) ¢
HOTEHNNATIOM Ug(Z) U OIIPe/IeIISIeTCsl COBOKYITHOCTD BEJIMUNH, KOTOPasi B KBaH-
TOBOII MEXaHUKE Ha3BIBACTCHA JAHNBIMU PACCEANUA

S={Xn, o, n=1,...,N; R(k), k* > 0} .

Barem no dopmysam (10.11), (10.13) maxozsrest ¢ (t), R(k,t) B 1pon3BoIbHbILIA
MoMeHT BpeMmenn t. Ocraercsi BOCCTAHOBUTH HOTeHIa ypaBHenust [IIpéun-
repa 1o JJaHHBIM paccesiHust S(t), T.e. pemuTsb obpammuyro 3adawy. Ilo caacTbio,
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B KBaHTOBOI MeXaHUKe perieHne ObLI1o HaiizeHo eme B kKonme 1950-x romos.

711 9TOM Ten CIyKUT JIMHEeITHOe NHTErpaIbHOe YPpaBHEHNE

K(z,y;t) + B(x + y;t) + /B(y + 2)K(x,z;t)dz = 0, (10.14)

x

HasbiBaeMoe ypashenuem Ieavanda—/Iesumara—Mapuenro. 3mech

N o0
B(z;t) = Z cn(t)e™ T 4 o / R(k, t)e*® dk, (10.15)
n=1 0o

npudeM ¢ BBICTyIaeT nMpocTo Kak napamerp. V3 ypasuenus (10.14) maxomurest
dbyukuust K(z,y;t), 10 KOTOPOii BOCCTAHABIMBAETCS TOTEHIUAI

d
u(z,t) =2 T K(x,z;t). (10.16)
DopMyIIBI
S(0) — S(@)
(10.11), (10.13)
A —
3
< o LI =
= Bl = % g2
Qo = \D_ o [ Q
B E S 225 E
S 0| = (]
& >SS B
p=
Y
u(x,0) u(x,t)

Puc. 10.1. Cxema pereHnst METOIOM OOPATHOHN 3aa91 paCCEesTHUST

Harnsanoe npeacrapieHne OMMCAHHON BLIIIE IPOLEAYPLI JaeT CXeMa, Ipe/l-
crasiaendas Ha puc. 10.1, KoTopas HaIIOMHHAET PelIeHre JUHEHHBIX BOJHOBBIX
ypaBHeHUil pu momoru npeobpazopanusi Pypre. B jreiicTBUTEIBHOCTH MEXK LY
9TUMHU METOAMHU CYIIECTBYET ITybOKast AHAJIOTUsI, I MOXKHO CTPOTO ITOKa3aTh,
9TO ypaBHEHHUsI MeToja OOpaTHO 3a/1a9u B JIMHEHHOM IIpeJiesie MTePexXo/aT B
ypasHaenusi meroza Pypewe [16, 17].

Pazymeercst, He Bceria BO3MOXKHO HaiiTu pelnenue B siBHOM Buje. OIHAKO
9TO yJaeTcsl CIAeJaTh sl psifia BAXKHBIX JACTHBIX CJIyYaeB, HAIPUMED, JJIst
MHO20COAUMOHHBLT PeuteHutl, KOTOPBIM ITOCBSIIIEH CJIeAyomuii naparpad.
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10.3. MHoroco/JnToHHbIE peHIeHUs

PaCCMOTpI/IM 3a1a4y C Ha4YaJIbHBIM yCJIOBHEM

a

u(z,0) = m

(10.17)

Permenne 3ajaun Ha cobcTBeHHble 3HaUeHUs st ypasHerust (10.6) ¢ morenmu-
asiom (10.17) npuBoauTCsl B JIMTEpAType 110 KBAHTOBOI MeXaHUKe (CM., HAIIPU-
Mep, [114]). YpoBHU SHEPrUM JUCKPETHOrO ClEKTPa JAaroTcst hopMyJIoii

(s —n)?
AZ

rae s = (—1 +v1+ 4aA2) /2. Orciona ciemyer, aro npu aA? = 2 (uMeHHO

9TO COOTHOIIIEHHE COOTBETCTBYET coyuToHy ypasHenus (10.1)) s =1, n=0nu

Ap = — n < s,

MMeeTCs eJIMHCTBeHHOe cOBCTBeHHoe 3Hauenne \g = —1/A2.

HawuGoJiee BazKHBIM B 9TOM CiIydae siBisiercst To, uro R(k,0) = 0, To ectb
norennuas (10.17) siBisiercst Gesompastcamenvrovwm. Takum obpasomM, cOOTHO-
menne (10.15) npunnMaeT BU

B(x;t) = coeBrot—ror

rie ko = V=X = 1/A, a = 2x3. Toncrasnsas B(x;t) B ypasuenune (10.14),
HoJTy daeM

)
K(x,y;t) + Coe8n8tfno(w+y) + 6068H8t7110y / K(z, 2 t)e ™% dz = 0.
T

9T0 ypaBHeHI/Ie pemaeTCH HpI/I IIOMOIITM pa,S,ZLe.HeHI/Iﬂ HepeMeHHbIX. Honaraﬂ
K(z,y;t) = Ko(z;t)e™ ™Y,

[IPUBOJIMM €TI0 K BUJLY
[o@)
3 3
Ko(x;t) + coeProt—roT 4 coeBHOtKo(x; t) /6_2’“’2 dz =0,
X

OTKyda 6e3 TpyJa HAaXOINM pEeIlIeHre

2/60

K(z,z;t) = — T .
1+ 0 exp (2%01’ — 8/-{0t)

Torna dopmysa (10.16) naer

2%3
ch? (/4301‘ — 4m8t - 50) ’

u(z,t) =
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r7ie BBeJIeHO obo3Havuenue cg/2ky = exp(2dp). Takum ob6paszom, perenne mpe-
cTaBjsieT coboii COJIMTOH ¢ IPABUIHLHBIMU COOTHOIIEHUSIME MEXKJIY CKOPOCTDIO,
MIUPUHON U aMIIUTYIOMN.

Tenepb paccMOTpuM OOIIHIE Cilydail YUCTO JUCKPETHOTO criekTpa ¢ N cob-
CTBEHHBIME 3HadeHusiMu. Pemienue rernepb Oyjer onuchiBarb N B3auMOJEii-
CTBYIOIUX COJUTOHOB. VI3 ypasuenust (10.15) ciemyer, uro

N
B(z;t) = Y ealt)e ™,
n=1

Ie 3aBUCHUMOCTD KOI(MPUIMEHTOB ¢, OT BPEMEHH OIpeessiercs: (hopMystoi
(10.11). Ypasuenue lenndanna—/lesurana—MapueHko npuHUMaeT BUJ

N N o0
K(z,yit) + Z cn(t)emn(@ty) 4 Z cn(t)e Y / K(z,z;t)e "*dz | = 0.
n=1 n=1 >

[Monaras K(z,y;t) = > Ky(x;t) exp(—kny), IPUXOIUM K CHCTEME JIMHEHHBIX
n

aJIredpanvyecKnx ypaBHeHUI

N
Ko (w;t) +en(t) Y

m=1

<exp[_(ﬁn + o))

PR Km(x;t)) = —cp(t)e . (10.18)

[Tepenurtiem ee B Buie

DK =P,

rie K — Bekrop ¢ komnonenramu Ki, Ko, ... , Ky, [D] — marpuna pasmepa

N X N, a1eMeHTBI KOTOPOI OIPEHEIsIIOTCST BhIPAYKEHIEM

exp[—(kn + £m )]
Kn + Em

D = S + ¢n(t) : (10.19)

Onm — cuMBog Kponekepa, a P — BekTop, cocTosmuii u3 npaBbIxX dacTeil ypas-
nennii (10.18). Pemtenne 31oii cucreMbl uMeer BuL

Ko(z:t) = % det [D(ﬂ ,

rie D = det[D], a [D(”)] — MaTpHuIa, IMOoJIydYeHHasl 3aMEeHOH Mn-ro cToabIa
marpunpl [D] Ha BekTop P. OTciona Haxomum, 9ro

N
K(x,z;t) = % Z (det[D(")]e*”"z> = % (fl—f

n=1
I/ITaK, OKOHYATEJILHBIT BHUJ MHOTOCOJIMTOHHOTI'O PEIIEHUA TaKOB!:
2

d
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B wacrrOCTH, N8 B3aUMOJIEHCTBASA JIBYX COJTUTOHOB UMEEM
D=1+e 21 47202 4 o=20014024012) (10.21)

rie 0; = kix — 4k3t — §;, exp(26;) = ¢;(0)/2k; st i = 1,2; exp(—2812) =

2
_ [ k1 — R2
K1+ Ko )

[Tpoanam3upyem 310 Bhipaxkenue nogapobuee. [lycrs k1 > ko. Paccmorpum
Ha IJI0cKOCTH (Z,t) 06s1acTh, B KOTOpOit 01 ~ 0, T.c.
01

TR 4n%t +
K1

(10.22)

Torma HETPYAHO HOACUYUTATH, YTO Ho ~ 4ko (n% - Ii%) t + kod1/K1 — 62. Ilpu
t — 00 BuaHO, 9TO exp(—02) CTPEMUTCS K HYJIO, CJIEIOBATENHLHO, TPETHil 1
YeTBepTHIi 4ieHbl B Boipaykennu (10.21) masbt u

D~1+e 20,

Takum obpaszom, npu t — 0o BAosb auann (10.22) mveem
23
U(fl}', t) ~ — 5 4
ch 91
T.e. OJIMHOYHBINA COJIMTOH.

C apyroit croponbl, nupu t — —o0, Korja exp(—f2) BeJnKo, B ypaBHEHUH

(10.21) JOMHHHUDYIOT TPETHIl U YETBEPTHI TWICHDL:

D ~ 6_202 + 6—2(91+92+512)_

[Moxcrasisist 9170 Bbipazkenue B dhopmysty (10.20), mocse HECTOKHBIX BbIYUC/IE-

HUIl HAXOJIUM )
u(z,t) ~ #
ch (01 + (512)
BHoBb mosiydeHo pereHue B BHIE OJMHOYHOI'O COJIUTOHA, TPAEKTOPHUSI KOTO-
pOro, OJ{HAKO, CJBHHYTa BJIOJb OCH T Ha BeJn4InHy —O012/K1. Takum obpaszom,
COJIUTOH ¢ HOJIBINEH aMIJINTY/I0i TPUOOPEST CJIBUT BIIEPE]] TI0 CPABHEHUIO C TEM,
KaK 6]:)1 OH JIBHUTAJICA B OTcyTCTBI/Ie B3aHMOﬂeI>JICTBI/IH.
AmnaJjioruyno, B objacTu, rie

TR 4H%t + 6—2,

K2

T.e. O =~ 0, umeeM
2
2K5
ch? 6y’

2k2
)~ ——
u($7 ) Ch2(92 —+ 612) ’

u(z,t) ~
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OTKY/a BUJHO, YTO MEHBIIHUI COJTUTOH B PE3y/IbTaTe B3aUMOICHCTBUS CABUTA~
eTcst Ha3aJl Ha BeJIMIUHY 012/ K2.

Wrak, pereHue onuchbIBAeT CTOJKHOBEHUE JIBYX COJUTOHOB, KOTOPbIE Me-
HSIFOTCSI MECTaMH B IIPOIECCE B3aMMOJIEHCTBUSI, IOJHOCTHIO BOCCTAHABINBA
cBoro gopmy u ckopocTh. IIpn t — 400 COMUTOHBI HAXOIATCS JAJEKO JIPYT
or apyra u u(x,t) MOXKHO NPEJCTABUTH B BUJE CYNEPIO3UIUN JBYX HEB3au-
MOILeﬁCTByIOH_[I/IX COJIUTOHOB. E,ZLI/IHCTBQHHBIM CBUJIETCJILCTBOM CTOJIKHOBCHU I
ocTaeTcst HeDOJIBIION (pas06vili cdsuz. TpaeKTOPUN COJIMTOHOB HA ILJIOCKOCTH
(z,t) npusenensl Ha puc. 10.2. JIByXcoJuTOHHOE B3anMojIeiicTBIE yiKe 06Cy K-
JaJI0Ch B § 7.4, T/1e ObLIN IPUBEIEHBI JJAHHBIE KOMIIBIOTEPHOTO SKCIIEPUMEHTA.
Temepb 3Tu Pe3yAbLTATHI MOJYIUIN CTPOrOe 0OOCHOBAHUE.

A x =4t + 8,/x,— 8/, /

/

x =&t +8,/x, -8,/

x =41+ 3,/k,

X

Puc. 10.2. Tpaekropuu nByX B3aUMOJEHCTBYIONIMX COJIMTOHOB HA ILJIOCKOCTH (T, t)

B sakrouenue npuBeieM mose3Hyio popMyIry, MO3BOISIONTYIO OIIEHUTD IHhC-
JI0 00PA3YIOIIUXCsl COJIMTOHOB B CJlydae, KOIjla HadaslbHOEe BO3MYyIeHue ug(x)
BEJINKO B TOM CMBICJIE, ITO

S:/\/uo(x)d:z:>>1.

Mot ypasuennst HIpénunrepa (10.6) 9T0 COOTBETCTBYET CHTYyAIUH, KOTJIA CYIIe-
cTByeT OOJIBIITOE 9HC/I0 OJIM3KO PACIIOIOKEHHBIX JUCKPETHBIX IHEPreTUIeCKUX
YPOBHEI, T.e. CBOMCTBa KBAHTOBOM CHCTEMBI OJIM3KH K KJIAaCCHIeCKHM. Torma
MOKHO BOCIIOJIB30BATHCS NPAGUAOM KeaHmosanus Bopa—3ommeppervia [114],
KOTOPOE B JIAHHBIX 00O3HAYEHUSIX MMEET BHJL

%pdx:%\/mdx:27r<n+;>.
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Makcumasbnoe 3uadenue n = N coorBercTByeT Ay ~ 0. Takum obpazom, Mbl
HOJTy9aeM MPOCTYIO OIEHKY YHCJIa 0O6pa3yIoNXcst cOMUTOHOB [115]

s

Nwl/\/uo(a:)dmzs.
T

10.4. Ob6parHas 3ajJiava paccessHuss B (pOpMyJIMPOBKE
Jlakca

CymiectBenHoe 060011eHIe MeToa 00paTHOIl 3a1a4uu 66110 caenano Jlakcom [116].
IIpexxe wem mepeiiTn K W3JI0KEHUIO €0 PEe3yJIbTaToB, 3aMETUM, UYTO HAM YIAJIO0Ch
IIPOMHTErPUPOBAThL ypaBHenue KB, mpejcTaBuB ero B BUJIE YCIOBUS COBMECTHOCTH
JIBYX JIMHEAHBIX ypaBHEHUA

Lip = M, (10.23)

b = Ay, (10.24)

o~

rie JinHeiiHble oniepaTopbl L u A umeroT BuI

I=-— (132 + u(x,t)) , (10.25)

A= —4D3 — 3u, — 6uD + C, (10.26)

D= 0/0x, C = const. IIpomuddepennmpyem ypasrenne (10.23) mo t. ITockombky
coGCTBeHHbIE 3HAa4YeHusl onepaTopa L He 3aBUCAT OT t, Oy UM

Ly + Ly = M.
C yuerom ypasHenust (10.24) 3ro ypaBHeHNe IPHHAMAET BH/L
Lyb + LAY = NAy = Axp = AL

Urak, umeeMm ypaBHeHUE

L= [21, Z} : (10.27)

rie {ﬁ, f} = AL- LA — KOMMYMAMOP ONIEPATOPOB Aul. Vpasuenue (10.27) cie-
JIyeT pacCMaTpPUBATh KaK OMEPATOp, JeicTBytomuil Ha GyHKIUo . OHO HAa3bIBaeTCH
ypasrenuem Jlakca, a LuAd— onepamoprot napot Jlaxca.

IIpencrasiisier naTEpEC CAEAYIOMIAN BOIIPOC: CYIIECTBYIOT JIU JIPYTU€ OIEPATOPDI
E’ kpome (10.26), COXpaHSIONME CIEKTP OIEPaTopa L? st KarK10T0 TaKoro ore-
paropa ypasrenue (10.27) npuBosmiao Gbl K YPABHEHHIO B YACTHBIX IPOM3BOJIHBIX,
WHTETPUPYEMOMY METOJOM 00paTHOH 3ama4dn. JIakcy yaa/ioch OTBICKATD IIEJI0e CeMeli-
CTBO TOJO0OHBIX OIIEPATOPOB

A\n =—¢, B2n+1 + Z (bjﬁ2j71 + ﬁ?j*lbj) +C, (1028)

j=1
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rje b; — GYHKIMOHAIEI OT U 1 ee TMPOU3BOJHBIX IO T, KOTOPHIE BLIOMPAIOTCH TaK,
aTobbl ypasaenue Jlakca (10.27) He comepkaio oneparopa D. Hocrosunnas MHTErpH-
posanus C' (KOoTOpast, B IPUHIUIIE, MOXKET 3aBUCETH OT 1), OYEBUJHO, KOMMYTUPYET
C OLIEPaTOPOM L u ne naer Bkiaajga B ypasuenue (10.27). OHa HAXOAUTCH U3 YCJIOBUS
HOPMUPOBKH cobcTBenubix dyukimii (M. § 10.2). Hauee 6ynem nosarars C' = 0.

B upocreitiem ciaygae n = 0 u3 ypasuenus (10.28) nosiaygaem

A=D
u ypasrenue (10.27) maer juHeliHOe ypaBHEHHE [IEPEHOCA
up + ug = 0.

Beibop n = 1, by = 3u/4, ¢; = 4 npusomur x ypasaernto KaB (10.1). Ilpu n = 2
MOZKHO HOJIyUUTh CJIe/IyIolee ypaBHeHHe:

1
Up + 3 (umm + 5u920 + 10uuy,, + 1Ou3)m =0.

Bribupast onepatopst (10.28) co Bcé Gostee BHICOKMME HOMEpaMU N, Gy7eM MOJIydaTh
9BOJIIOIMOHHBIE YPABHEHUS, COJIEPKAIIIe IIPOM3BOIHbIE TI0 T U HEJIMHEHHOCTH Bee 6o-
Jiee BBICOKUX TTOPpAKOB. Takum o6paszom, ¢ 3ajgadeii na cobersennble 3uadennst (10.23)
aCCOIMMPYeTCd IeJIoe CEMEMCTBO NHTErPUPYEMBIX YPaBHEHUI, HA3bIBaEMOe HepapXue
ypaBuenus KaB.

MozkHo mo#iTi U Ha masnbHeinue 0606menusi. He o0s3aTelbHO OrpaHTINBATHCS
orepaTopoM L suza (10.25). JlroGoe ypasaenue, npejcrasumoe B Buge (10.27), r.e. B
BUJIle ycsioBusi coBMecTHocTH ypasHeHuit (10.23) (3aa4a Ha COOCTBEHHbIE 3HAYEHUS )
u (10.24), KoTopoe onpeesisieT BOIONUI0 COOCTBEHHBIX (DYHKIU BO BpeMeHH, Oyer
[TOJTHOCTBIO MHTErpupyeMbIM. VcxonHast aHAJIOTHA ¢ KBAHTOBOI MEXaHUKOI, KOTOpas
urpaJjia BaXKHymo poJib B pabore I'apauepa, I'puna, Kpyckana u Muypsl, Takum obpa-
30M, SIBHO OTXOJUT Ha, BTOPOH TIJIaH.

10.5. /danpHeiiniiee 060011IeHNEe MeToaa 0OpaTHOI
3a0a4n

Hecmorps na pesyiprars: Jlakca, mosiHast ”HTErpUPyeMocThb ypaHenust KB neko-
TOpOE BpEMsI BOCHPHHUMAJACH KaK CJIyYailHOCTh, CBOErO POJIa MATEMATUYECKHUN KY-
pbes. Tlonoxkenne uzmenuioch nocje nosiienus: paborsl B.E. Saxaposa u A.B. Ila-
Gara [117]. 3amernMm, uTO 3a7ady Ha cobcTBeHHBbIE 3HadeHus (10.23) mas omeparopa
IIIpéaunrepa MOKHO 3amMCcaTh B MATPUIHON dhopme

LV =ikV, (10.29)

rie V — BeKTop ¢ KommoHeHTamu (v1,v2), A = k2,
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3axapos u lllabar paccmoTpesn 3aja9y Ha COOCTBEHHBIE 3HAYEHUSI JIJIsT OLIEPATOPA

E_ 737 U(I7t>
“\ +u*(z,t), D ’

/e u — KOMILIeKCHas (DyHKIMs, 1 HaIlLIu onepaTop A, Takoii, uro ypapaenuem Jlakca
okazaJsioch HesmHeiiHoe ypasHenue [pénunrepa (HYIID)

. 1

iuy + 5 Ugy |u\2u =0.

Takum 06pa30oM, UM yJIaa0Ch PACIPOCTPAHUThL MeTO.I 00PaTHOH 33189l PacCesHus Ha,
HVIII [117], a 3aTreM u Ha psiji IPYIUX BasKHbIX ypasHeHuii [118].

Haxkomern, kioueByo posb chirpasia pabora Absosuna, Kayna, Heosmia u Cu-
rypa [119], koropsle paccmorpesn Hambosiee OONIMI BapUAHT MATPUIHOrO (2 X 2)

:< -D, q(%j))
—r(z,t), D ’

rie g u T, BooOIIe roBopsi, He3aBucuMble MyHKImu. Cremayst 9Toit pabore, mepenuriem

oriepaTopa BUA

=~

(10.29) B HeckosbKO uHOM dopme:
V., =PV, (10.30)

rie P — kBaJipaTHasi MaTpPUIA BUJIA

P~ (e, ")

IIycTs BekTOp V 9BOIOIUMOHUDPYET BO BPEMEHU COIJIACHO yPABHEHUIO

Vi =QV, (10.31)
Q= ( Z b ) (10.32)

rjae a, b, ¢ — GYHKIUOHAIBI OT ¢, T U UX IPOM3BOJIHBIX [0 . 3alUCHIBAs YCJIOBHE
coemectHOCTH ypasHeHnit (10.30) u (10.31), T.e. ycaoBHe pABEHCTBA CMEIIAHHBIX [IPO-
U3BOIHBIX V¢ = Vi, U Tpebysi, 9TO0OBI CIHEKTPAJBHBIN mapaMerp k He 3aBUCET OT
BPEMEHH, [OJIydaeM

P —Qa +[P,Q] =0. (10.33)

Vpasuenue (10.33) 10/2KHO NPUBOIUTH K MOJHOCTHIO MHTETPUPYEMBIM 3BOJIOIMOH-
HBIM YpPaBHEHUSIM OTHOCUTEIbHO DyHKIuNit ¢ u r. Pazymeercs, HeTpy/IHO IlepenucaThb
ypasuerns (10.30) u (10.33) B Buze 3amadn Ha COOCTBEHHbIE 3HAYEHUS U yPABHEHHS
Jlakca, COOTBETCTBEHHO.

BanuceiBas MaTpudHoe ypasHerue (10.33) IIOKOMIIOHEHTHO, IPUXOAUM K CJIEJIYO-

UM yDABHEHUSIM:
ay —qc+rb=0,

qr — 2aq — b, — 2ikb =0, (10.34)
re 4+ 2ar — ¢ + 2ike = 0.
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Bynem wnckarh pereHust 9TOil CHCTEMBI B BHJIE DsAJIOB [0 CTelleHsIM mapamerpa k:

n

a =Y k'a; u v.0. B upocreitimem ciyuae n = 1, npupasugas B ypaBuenusx (10.34)
i=0

YJICHBI IPH OJIMHAKOBBIX CTENeHdX k, Haiigem

by =c1 =0, by=1ta1q, co=1ayr,
(a1)z = (ao)z =0,
gt — 2a0q —ia1¢y = 0,
Tt + 2a0r — ta17; = 0.
Buibupas ag = 0, a1 = 7, IpuxouM K JIMHEIHHOMY YPABHEHUIO [IEPEHOCA
qt+ ¢, =0.

IIpu sToM mMaTpuiry () MOXXHO IPEICTABUTH B BUJIE

(1,0 0, ¢
(n=1) _ ) . 5
g (B 0 )- (% 1) w03

K HeTpuBHAIBLHOMY pE3ysbTaTy IPUBOJUT BHIOOD 1 = 2. B 9TOM cityuae u3 ypas-
Henwuit (10.34) mosyvaem

by =co =0, by =iazq, c1=1iasr,

) 1 ) 1
by = ia1q — 5 024z, Co =117 + 5 Q2T

(a2)z = (a1)z =0, (a0)z — (%2 (qr). =0,

. 1
Gt — 2a0q — 101Gz + 5 a2qzx = 0,

. 1
r + 2a0T — 1017y — 5 Q2Tas = 0.

Bei6op ag = igr/2, ap =0, as = i naer
qt — ’L.q27" + %sz = 07
X (10.36)

QTII = 01

= . ]-7 0 07 q i —qr, gz
(n 2): 2 _ v
Q=2 — ik (07 _1) k( 0) 2(_% qr). (10.37)

Ecim mojioxxuth r = +¢*, ypasuenus (10.36) npesparmaiorcs B HeJIMHEHHOE ypaBHE-
une [Ipémumrepa

ry —iqr? —

) L 1
iq £ ¢°q — 5 Qe =0,

Pacemorpum caryqait n = 3. Tlo ananoruu ¢ eeipazkernsmu (10.35), (10.37) MoxKHO
cpa3y 3amucarhb

_ 1 0 0 itk [ —qr ~
(n=3) _ ;1.3 ) 1.2 y 4 W qr, dx
Q " ( Oa -1 ) g < r, 0 > 2 < —Tz, (T > * Q
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Torna u3 ypasuenuit (10.34) maxonum, 4ro

1 1
bO = 1 (sz - 2(]27") y Co = 1 (Tmm - 2(]7’2)
1
ag = 1 (qu - er) ,

1

g + 7 (6q7q: — qux) =0,
1

ret g (6qrry — roze) = 0.

Buibop r = —1, oueBuano, mpuBoauT K ypasuenmio KB

1
qr = Z (6qqgc + qu) ,

a BBIOOp 7 = +q — K ypasuenuio MKaB

1

Haxomnerr, Heobs13aTeIbHO OrPAHTINBATHCS TOJIOXKUTEBHBIMU CTerneHamMu k. Bbi-

_ a—1, b—l 1
@= < c_1, —a_q > k’

IoJIy4aeM cJjelyloliue ypaBHeHNuA:

oupast

(a—1)s =qc—1 —rb_1, 2ga—1 = —(b_1)s, 2ra_1 = (c-1)a,

q = 2ib_1, 1= —2ic_;.

IMopcranoBka ¢ = —r = u, /2 naer
b_1=c_1 = —“fT‘“,
(co1)e = —a—1ug, (10.38)
(a-1)z = c-1Uq, (10.39)
U3 ypasuenwuii (10.38), (10.39) caeayer, uro
(21 +a%,), =0

DTO yCJIOBUE YAOBJIETBOPSIETCs, ecu BeiOpaTrh ¢y = C'sinwu, a_; = C' cosu, e C' —
koHcranra. [losaras C = —i/4, nosyuaem ypasuenue Sin—T'opmona

Uzt = SIN U.

Takum 06pazom, nosydaeM GECKOHEUHYIO IIOCIEI0BATEIbHOCTD (MePAPXUIO) UHTe-
IPUPYEMBIX YPABHEHUil, B KOTOPYIO BXOJIST CPa3y HECKOJIBKO STAJOHHBIX YPaBHEHUN.
Jpyroit Buj MmaTpuilbl P, cOOTBETCTBEHHO, IIPUBEJIET K JIPyroii nepapxuu. Hanpumep,
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ypaBHeHue Byccunecka n ypaBHEHHSI TPEXBOJIHOBOIO B3aMMO/ICICTBUSI HHTEPUPYIOT-
sl TIpU TIOMOITIA MATPUYHOM 3asa4m paccestus (3 X 3) [120].

Basepiuas 3101 naparpad, JauM OUpe/IeIeHIe HOJHOCTHIO HHTEIPUPYEMOTO yPaB-
nenns. [lox srum TepmuHOM OyJieM II0/Ipa3yMeBaTh ypaBHEHNE, KOTOPOE MOYKHO IIPE/I-
craBuTh B Buje (10.33), T.e. B BHJIe yCJIOBASI COBMECTHOCTH CHCTEMBI JIMHEHHBIX yPaB-
Henuit (10.30), (10.31). DKBUBaJEHTHOE ONPE/IEJIEHIE MOXKHO JIATh, OCHOBBIBASCH Ha
ypasrennn Jlakca. MozKHO TakzKe JaTh CTPOTrOE ONPEJIETCHIE COJMTOHA, KAK PEIICHHST
[OJIHOCTBIO UHTEIPUPYEMOrO yPABHEHHsI, KOTOPOMY COOTBETCTBYET CIEKTP, COCTOS-
Uil U3 eJMHCTBEHHOIO JIUCKPETHOIO COOCTBEHHOI'O 3HAYEHUsi. 3aMETUM, YTO CyIIle-
cTBOBaHHe GECKOHEYHOro HabOpa 3aKOHOB coXpaHeHus, obcyxkaasiieecs: B § 10.1, He
SIBJISIETCsI CHHOHIMOM IIOJIHON MHTErpUpPYeMOCTH. Bosiee TOro, moIHOCThIO HHTErPUDY-
€MbIe CHCTEMBI HE O0S3aTEeNIbHO SBJISIOTCA FAMIIBTOHOBbIME. Hanbosee nHTEpecHbIM
[PUMEPOM TAKOI'O POJia SBJIAIOTCA yPABHEHHUs CAMOMHJLYIIMPOBAHHOIN IPO3PAIHOCTH,
KOTOPBIE Oy/IyT 00CYKIAThCS B TUI. 12.

10.6. Metoa XupoThl 1 MHOTOCOJIMTOHHBIE pENIeHus

10.6.1. YpaBueaue KaB

Kpome merona obpaTHOl 3a/1a4u paccessHUs CYIIECTBYET PsiJi APYTUX CIIOCO-
0OB TIOJIyU€HUs] TOUYHBIX PEIIeHNI WHTErPUPYEMbIX ypaBHeHuit. B wactnocTn,
OpHUTHHAJIbHBIN MeToj 6611 tipesyiozker P. Xuporoit [121]. TIpogemoncrpupyem
ero npuMmeHenue Ha npuMepe ypasuenus KnB. Xupora ucrosb3oBast mpeodpa-

30BaHue
2

0
u=2 922 In f(x,t), (10.40)
namomuHaroriee mpeobpasosanne Koyma—Xomda mia ypasaenuss Broprepca,
KOoTOpOe npuBoauT ypaHenne KnB k 6uaunetinot gopme

ffxt_fwft+3 x2gc_4f:vfz:va;+ffa:acx;c:0~ (1041)

Ypasuenue (10.41) BBINIsUT TOpa3/Io CI0XKHEe ncxoHoro ypasaenusi (10.1),
OJTHAKO €My MOXKHO IpHujaTh OoJsiee masmiayio ¢popmy. Bremem oneparop D,
JeficrByromuii Ha ynopsiiodenuyto napy byukuuii f(z), g(z)

I(f(z+e)g(z —¢))
Oe

ﬁzf-gzgig%[ ]zfxg—fgx.

HAJIOTUYHO MOXKHO BBECTH OIIEPATO U oneparopbl 60Jiee BBICOKOTO I10-
A Dy 0
psaiaka. B stux obosnavenusix ypasuenune (10.41) npunumaer Buj

P f= (f)xﬁt +f)§) ff=o. (10.42)
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OTMmeTnM HEKOTOPbIE BaXKHbIE CBOCTBA oniepaTopoB Xuporsl. [Ipexk e Bee-
o0 PACCMOTPUM, KaK OHU JEHCTBYIOT Ha SKCHOHEHTHI. OYEeBUIHO, UTO

D;Lek1$ . ekgx _ (kl o kQ)ne(kl—I—kg)x’
cJ1eI0BaTebHO,
Pelr . P2 = P(ky — koywi — w2)691+92,

e 0; = wit + k;x, P(k;w) = kw + k*. Bosee Toro, anajormdamnoe cOOTHOIIEHIE
CIIPaBEeIJINBO, BOODOIIE TOBOPSI, JJIsT JITOOOTO OIepaTopa BHIA P=r <ﬁx, ﬁt>,
rie P (ﬁx, l/jt> — Hekwuii nosmmHOM. 3amernm takxke, uro P(0;0) = 0, P(k;w) =
P(—k; —w). Takum obpasom, Pf.g=Pg-¥.

Bynem uckarn pemenne B BUAe paaa

f=l4efi+elfot...,

rIe € — Ipou3BOJbHLIN mapamerp. [lomcraBisasa 310 passoxkenue B ypaBHEHUE
(10.42) n npupaBHUBas K HYyJIIO YJI€HBI DU PA3HBIX CTENEHSIX £, TI0JIyIaeM

Lfi =0, (10.43)
Lf=—3Ph h. (10.44)
Lfs=—Pfi - fo, (10.45)

)

~_ o 0 _
roe L = m—}—%. Pertenne ypasuenust (10.43) Beibepem B Buge f1 = exp(6),

0 = wt + kx, npuuem w = —k3. Toraa
Pe? - ¢ = P(0;0) e = 0.
Takum obpazom, npasasi 4yacrtb ypasHenust (10.44) pasHa HyJIO U, CJIe/[0Ba-

TEeJIbHO, MOXKHO HOJIOKUTBH Bce fp, = 0 mpum n > 1. B pesymnbrare mosy<aum
pemenne ypasuenus (10.42) B Buze

f:1+exp(k‘xfk:3t+g0),

rne ¢ = lne. Be3 orpanuvenus: oOIMIHOCTA MOYKHO TIOJIOXKUTH ITY BEJTUIUHY
pasHoii Hyso. Ilonb3ysick coorromennem (10.40), HeTpPYIHO MOKa3aTh, YTO
OHO COOTBETCTBYET OJIHOCOJIUTOHHOMY pertennio ypasaenus KaB. Cremyer erre
pa3 OTMETUTDb CXOJACTBO ¢ mpeobpasoBanueMm Koyna—Xormda, koTopoe mpugaet
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aHAJIOTHIHYIO (POPMy DPEIICHHMIO ypaBHEHMsI Bioprepca B BHJE CTAIMOHAPHOI
yaaproit Bosiabl (§ 5.6).
Bribepem Tenepb fi B BHE CyMMBI IBYX SKCIOHEHT

0, | 0
fi=et+ez,

rie 0; = wit+kix, w; = —k?. [Toxcrasisist 9To BeIpazkenue B ypasaenue (10.44),
HOJTyYaeM

- 1/~ - .
Lfy = —5 (Pee1 e L oPef g2 4 P -692> = —P(k1—kojw1—wa) ef1toz

Orcrozia Jsierko Haxojauresi perienne fo = A exp(6; + 62), rue

P(ky — koswi —wa) (k1 — ko)?

A=— = . 10.46
P(k1 + ko;wi +wa) (k1 + k2)? ( )
Teneps ypasuenune (10.45) npuHnmaer Buj
Lfs = —A (]3691 -1 t02 | Pef '691+92) =
= —A(P(ka;wo) e®17%2 4 P(ky;wy) eh17202)
Ho P(kij;w;) = 0 B cuuy BbiOOpa w; = —k?, TaK 4TO IpaBasl dacTh JTOrO
ypaBHeHnst obpamaercs B Hyab. Crie0BaTebHO, HAYMHAS ¢ N = 3 MOYXKHO
HOJIOKUATE f, = 0 U NOJyIUTH penreHue
f=1+e" el 4 AhH02 (10.47)

HeprﬂHO y6e£[HTbC§I7 9TO OHO B TOYHOCTU COOTBeTCTByeT ,ZLByXCOHI/ITOHHOMy
pemenuo (10.21), mosyaernnomy B § 10.3 mMeromoM obpaTHOl 3amadu pacce-
saauda. Takum o6pazoMm, MeToJ; XUPOTHI MO3BOJIACT, B NPUHIUIE, HAXOIUTH B
SIBHOM BHJI€ TOYHBIE N-COTUTOHHBIC PEIeHNs, BbIONpast

N
fi= Zexp (kzx — kf‘t) ,
i=1

XOT II0 MEPE€ YBEIMICHUA N BBIKJIaJIKHN CTaHOBATCA BCE DoJtee T'POMO3OIKUMH.

10.6.2. MoauduiiupoBannoe ypaBuenne KaB

[Tpu momoru MmeTona XUPOTHI MOYKHO UCCIEOBATL M MHOTHE JIpYTHE HHTErPU-
pyemble ypaBHenusi (cM., Hanpumep, |15, 122|. B wactaocTu, moaudunuposan-
noe ypasuenue KnB

Uy + 6u2u$ 4+ Uppr =0



TogHBIe METOBI HHTETPHPOBAHUS HEJNHEHHBIX VDABHEHHIT 213
3aMeHOl u = g/ f mpuBOAMTCH K cucreMe OMIMHEHHBIX ypPaBHEHUIT
9> = flew—f7 = %ﬁﬁf - f, (10.48)
9tf — 9ft + [ 9zwz — 3fa9za + 3 fra9z — 9 frza =
- (f)t + f)f;) g-f=0.  (10.49)
[Mogpcrasnsist B ypasuenus (10.48), (10.49) g u f B BUIE
g=cg1+&3g3+...,
f=1+efotelfa+...,
oIy 9aeM
91 = foze, (10.50)
29193 = %f)?ﬂfé “ fo + faza, (10.51)
93 + 29195 = D2fo - fa+ foua, (10.52)
g1t + Jizze = 0, (10.53)
g3t + 93zzx = — (Bt + 132) g1 - fa, (10.54)
95t + Gsara = — (ﬁt + lA?;”;) g1 fa— <l3t + 13;”;) g3+ for  (10.55)

Beibepem pemmenns ypasuenuii (10.50), (10.53) cieyrommm obpasom:

f2 = 6207 g1 = 2k€6a

rie 6 = kx — k3t. Torma nerpymmao mokasaTh, uto ypasuenns (10.51), (10.54)

OPUHHUMAIOT BU

29193 = f4a:m7

g3t + 93zaz = 0.

CireoBare/ibHO, MOXKHO TTOJIOXKUTH 3, §5, - - -, f4, f6, - - . PABHBIMU HYJIIO U I10-

JIYIUTDb OJTHOCOJUTOHHOE DEIeHne
f=1+€  g=2kel;

u = ksech@.
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Ananornuneivm 06pazom, Beibupas g1 = 2ky exp(61) + 2kg exp(f2), MoxHO
[I0CJIe HEKOTOPBIX BBIYUCJIEHUI MOy YUTD JBYXCOJUTOHHOE DEIleHre:
g= 2k1€91 + 2k’2€92 + 24 (k2€291+92 + k1€292+91) ,
(10.56)
f — 1 + 6291 + 6292 + 2(1 _ A)691+92 + A2€2(01+02),
riae A no-upexxuemy ompegensiercss dhopmysioit (10.46). Ananusupyst ero mo-
JI06HO TOMY, Kak 9T0 0bLIO ciesano B § 10.3 mist ypasuenuss KnB, merpymaHO
[OKa3aTh, YTO B Pe3yjbTaTe B3aUMOJIENHCTBUsT OOJIBINHIT COJIMTOH TPUOOpPeTa-
er casur Brepen Ha Beqmduny In(A/kp), a MeHbmmit — Ha3a] Ha BEJIHIHHY
In(A/k2) (ast onpenenennocTn cantaeM, 910 ki > k).

Puc. 10.3. Bpusepnoe perienne ypasuenust MKiB

MmuorocouTonnble perrenust ypasaenns MKaB Gosiee pasnoobpasHbl, 1mo-
CKOJIBKY COJINTOHBI MOTYT MMETBH Pa3JIMIHyIO NOJISPHOCTH, Korja ki o MMEIoT
pasuble 3HaKN. B 9acTHOCTH, GOJIBIIYIO POJIb UTPAIOT TaK HA3BIBAEMBIE OPU3EPDL
(oT anrmiickoro to breathe — spimars), KOTOpble MOXKHO HUHTEPIPETUPOBATH
KaK CBSI3aHHOE COCTOSIHUE JIBYX PA3HOIOJISPHBIX COJIUTOHOB, OCITAJLIAPYIOIITUX
APYT OTHOCUTEJILHO Jpyra. bpuszepHoe pernienune HETPYIHO HalTH, mojiaras B
dopmynax (10.56), onuchiBaoImuUX JIByXCOMUTOHHOE B3anMoJieiicrue, ki u ko
KOMILJIEKCHO CONPsi?KeHHBIMU. Jes10 B TOM, 9TO /)it MOTU(DUITUPOBAHHOTO YPaB-
nenuss KB zamgada na cobCcTBeHHBIE 3HAYEHUS yKe HE SIBJISIETCS CAMOCOIIPSI-

JKEHHOMN2

, IO3TOMY IUCKPETHbIC CcOOCTBEHHBIE 3HAYEHUS He 00s13aTeIbHO Bele-
CTBEHHBI, a MOI'YyT BOSHUKATH KOMIIJICKCHO COIIPAXKEHHBIMU IIapaMU. 9rto apu-
BOIUT K IIOABJIEHUIO HOBOI'O TUIIa COJIMTOHOB, KOTOPOI'O HE OBbLIIO Y ypaBHEHUA

KnB. Pacnipocrpanenne 6puzepa untocrpupyet puc. 10.3.

2B orimume oT 3aa4u Ha COOCTBEHHBIE 3HAUEHHs Jist orreparopa IIpémusrepa, § 10.2.
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3amaua 10.1. ITokaxkure, uyro 3amena (10.40) upusBoxur ypasuenue Byccunecka
Uty — Ugy — 6 (uuw)w — Ugpzx = 0

K OwnuHeitnoit (popme

(D2 D2 D2) g =0
JeiicTByst 1o cxeme, onmcanuoil B § 10.6.1, Haiigure pemeHns, ONMCHLIBAIOIIAE B3aU-
MOJIefiCTBYE JIBYX COMUTOHOB, B Buje (10.47), rae 0; = wit + kix, w; = £k /1 + k2,
3HAK «+» COOTBETCTBYET COJIATOHY, JBHXKYIIEMYCS B IIPAMOM HAIIPABJICHAU, <—» —

BO BCTPEYHOM, a BeJIMYMHA, OLpeessionas (ha30Bblil CABUT COJTUTOHOB IIPU B3AUMO-
JeiicrBuu, paBHa

2 2 2 2
3k — ko)’ + (VIH R F1+53)

.
3k + k)’ + (VIHR FV1+H3)

B sroit popmyste BepxHMii 3HaK COOTBETCTBYET MOITYTHOMY CTOJTKHOBEHUIO COJTUTOHOB,
HI2KHUIT — CTOJKHOBEHUIO COJTUTOHOB, ABUXKYINMUXCS HABCTPEUy ApYT ApyTy. B mamH-
HOBOJTHOBOM IIpejieie, KOrJia kiQ < 1, AJ151 IOy THOTO CTOJIKHOBEHUS 3TO BhIPAXKEHNE
nepexomuT B (10.46), Torga Kak jist J1060BOro crojKHOBeHust A — 1.

3aga4va 10.2. Haiigure aBHBIN BT OPpU3EPHOTO PEIIEHUS MOAMMDUIITPOBAHHOTO
ypasrenus KnB, nonaras B dopmysnax (10.56) k1, ko KOMILIEKCHO COIPSIZKEHHBIMH.

Pewenue: Ilycrs k1 2 = kr%ik;, Tne k,; — Bemecrsennsle. Torga HeTpyaHO HANTH,
970

01,2 = 0, £ i0;,
0, = kyx — (k2 — 3k, k2) t + 6,
0 = ko — (3K2k; — K3) £ + 6,
A= kR

rze d,; — IPOU3BOJIbHbIE KOHCTAHTLHI. Kak MbI Buiesin Bblie, BesimanHa A ompemess-

eT (a30BbIil CIBUT, KOTOPBIit MPUOOPETAIOT COJTUTOHBI B PE3Y/IHLTATE B3ANMOIECHCTBUA.

[Tpu oObI9HOM CTOJIKHOBEHUU COJUTOHOB A > (0, Tak YTO B pe3y/brare B3aumMOo/Ieii-

CTBUSI COJIMTOHBI KAK-ObI OTTAJIKUBAIOTCS JIPYT OT ApyTa: OOJIbIINN TPHOOPETAeT CIABUT

BIIEpeI, MeHbImii — Haza . Jng 6puzepa A < 0, T.e. MEXKJy COTUTOHAMU JEHCTBYET

CWJIa TPUTSZKEHNS, TPUBOIAIIAS K BOSHIKHOBEHNIO CBSI3aHHOTO COCTOSTHMUSI.
Dopmysbt (10.56) mocsie HEKOTOPBIX BBIYUCIEHUI JIAI0T

2
g

g = —4k,e" (1 + ZQ exp(ZGT)) (cos 0, th(0, + ) + ]]:—1 sin 91) ,

r

k2 2 k2
f= <1 +2 exp(20r)> <1 + 5 cos? 0; sech? (6, + ¢)> ,

(s
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rue ¢ = In(k;/k,). Takum obpazom, pelneHue uMeer BHL

sin 6; + (k- /k;) cos 0; th(0, + )
14 (ky/k;)? cos? 0; sech? (0, + ) |

u="2 = o, sech(0, + )

f

Omno npejacrasisieT coboit OCIUITUPYIONUI BOJHOBON TAKeT, MOJYJIUPOBAHHBIN Or'H-

Garoreii B ¢popme runepbosndeckoro cekanca (puc. 10.3).

3amaya 10.3. [lokaxkwure, aro ypaBaenue Sin—lopona
Upp — Uz +Sinu =0

3aMeHOl nepeMeHHbIX { = (x — )/2, 7 = (z + t)/2, KoTOpast GaKTUIeCKH 03HATAET
Nepexo/] K MHTErPUPOBAHUIO BIIOJIb XapaKTEPUCTUK, IIPUBOIUTCA K BHILY

Ugr = sinu. (10.57)
Homnaras u = 4arctg(g/ f), upeacrasbre ypasuenue (10.57) B Guiuneiinoit popme
f9er — gefr — 9rfe + 9fer = [y,
99¢r — 9egr = [ fer — fefr
OTbICKMBas peleHnsl MoJIyYeHHOM CHCTeMBbl B BUJIE PAJIOB
g=cgi+e%3+...,
f=1+efotetfu+...,

HafiuTe ONHO- M IBYXCONMTOHHBIE pernenust. [Tokaxkure, ato BEIGOP g1 = exp(h), Tae
0 = k& + 7/k, npusomur X fo4, . = 0, g35... = 0, B pe3y/brare 4ero MmoJydaeTcs
OJIHOCOJIUTOHHOE pernierne u = 4 arctg [exp(6)].

Boibupast g1 B B CyMMBI ABYX 9KCIIOHEHT

g1 = exp(01) + exp(02),
rae 61,2 = k12 + 7/k1 2, HalAUTE ABYXCOIMTOHHOE PEIIEHIE

k1 + kQ Sh [(91 — 92)/2])
k1 — ko ch [(91 + 92)/2] '

u = 4arctg <

3agaua 10.4. AnprepHaruBHas dhopMa MeTOJa XUPOTHI s ypaBHEHUs Sin—
Topsiona Gbita npeyiozkena [u66onom 1 DiinGekonm (en. [15, vir. 1]). Tonoxnre uf =
2g/f n norpebyiire, ITOGHI
9° = ffee — . (10.58)
VYb6equrech, 9TO IPUA ITOM

uf =4 (In f)ge - (10.59)

Ywmuoxkbre ypasrenne Sin-T'oprona (10.57) Ha ug, mozgcrasbre Ty/aa Beipazkenne (10.59)
U IPOMHTErpupyiiTe ¢ yaeroM rpanudabix yeaosuit u = 0( mod 27) npu £ — +o0. Ilo-
KaXKWUTe, 9TO ITO MPUBOIUT K YPABHEHIIO

cosu=1-2(nf). . (10.60)
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Haitee ¢ yaerom (10.59) u (10.60) mosryunre u3 (10.57) Bropoe GuinHeiinoe ypaBHeHne

92 = frfeer — [ + ffer — fefr. (10.61)

Pemas ypasuenns (10.58) u (10.61) mo cxeme, ommcaHHO# B mpeaplaymieil 3amade,
HaWJIUTEe OJIHO- U JIBYXCOJUTOHHBIE DEIEHUsI.

3amaua 10.5. 3amenoit nepeMeHHbIX © = ¢/ f IpuBeauTE HEJMHEHHOE YPaBHEHE
IIpémuurepa
Uy + Ugy + 5|u|2u =0

K 6wauHeiHoi bopme
* 2 2
99" =5 (ffow = f2)

i(gtf - gft) + gf:vw - 2g:vfa: + fga:a: =0,

u, ,[LGIU/ICTByH II0 cXeMme, OIIMCAHHOM BBbIIIIE, HaIU/IﬂI/ITe OJTHO- 1 JIBYXCOJIUTOHHbIC DECIICHN .

3amadga 10.6. [Ipumep nrTErpupyeMOil IUCKPETHON IMHAMUYIECKON CUCTEMBI IIPEI-
craBisier 1enodka Tomupl [83]: mermodka CBA3AHHBIX YACTHIL, [TOTEHIMAJ B3aMMOIEi-
CTBUS MEXKJy KOTOPBIMH SKCIIOHEHITNAJIBHO 3aBUCUT OT PACCTOSHUS. Y DABHEHUS TBU-
JKEHUs 3JIEMEHTOB IIeIIOYKU MMEIOT BUJL

iy, = exp(Up—1 — Un) — exp(Un — Upt1)-

Beejure HOBBIE TIEpeMEHHBIE V,,, TaKWe, 9TO U, = V,_1 — Up, IPAIEM VU, U BCe UX
IIPOU3BOJIHBIE CTPEMSATCA K HYJIIO IPU 1 — 00, U HOKAXKUTE, ITO

1+ 0, = exp(vpt1 — 205 + Vp—q)-

Haiinure 3ameny nepemMeHHbIX vy, = F(f,,), IPUBOIMIILYIO 9TO ypaBHeHUe K OuInHeii-
Hoit popme

. o 9
fnfn - fn = fn+1fn71 - fn
OTI)ICKHB&H penienne B BUIE

Fo=1+4efM 422 4 .|

IIOJIYYINUTE BbIPpazKeHUA IJIsA OJHO- U ABYXCOJIMTOHHBIX pemeHHﬁ.

10.7. IIpeobpazoBanust Bakiaynaa

Eie oqun cmocob mocTpoeHnsi MHOTOCOJTUTOHHBIX PeIeHni WHTerpupye-
MBIX yPaBHEHUI TAI0T Ipeodpa3oBaHusi, HA3BAHHBIE B Y€CThb IIBEICKOrO0 MaTe-
MaTnka A. BakiyHIa, KOTOPBI BllepBbIe TIOCTPOUII IT0I00HOE TIPeobpa30BaHue
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I ypasHenust Sin—l'opyiona ug; = sinu. Tounee, um ObLIN yCTaHOBJIEHBI CO-
OTHOIIIEHUsI, CBA3BIBAIOIINE MEXKJIy COOOIl JiBa PEIeHNs 3TON0 YPABHEHUS U U

U:
(u—i—U)g_ . u—U
Ty Thsin{ 75— ),
(10.62)
(u-U), 1 . (u+U
T2 TR T2 )

rue k — napamerp. Coornorerusi (10.62) 103B0JISIFOT KOHCTPYHPOBATH HOBBIE
peIleHns U3 yKe M3BeCTHbIX. BoibepeM, Hampumep, B kadectse U TpUBHAJIBHOE
pemenue U = 0. Torma Oynem umeTh caegayiolue ypaBHEHUS:

s 1
%:k‘sin l , u—:—sin l .
2 2 2 k 2

NuaTerpupoBanne mMOJIyIeHHBIX COOTHOIICHUN MPUBOIUT K OJHOCOJIUTOHHOMY
peleHuio
u = 4arctg(expb),

) (10.63)
0=ké+ T,

9TO COBIIaJa€eT C Haﬁ,[[eHHbIM B . 8. Iosiozkuresbuble 3HaYeHus Kk COOTBET-

CTBYIOT KMHKaM, OTpUIlaTe/IbHbIC — aHTHUKUHKaM.

Puc. 10.4. Juarpamma, WLIIOCTPUPYIONIAs CBOHCTBO KOMMYTATHBHOCTH IIPe0Opa3o-
BaHnit Bakirynia

Teneps HaiifileM JBYXCOJUTOHHOE PEIIEHUE, UCIOJIb3Ys CBOHCTBO KOMMY-
mamugrocmuy 1IpeobpaszoBaHuil BoKJIyHa, KOTOPOE COCTOUT B CJIEIYIONIEM.
Eciim BbIOpaTh HEKOTOpPOE DENIEHuE U = Uy, KOTOPOE CBA3aHO COOTHOIIEHU-
ssvu (10.62) ¢ mapamerpamu ki u ko € PEIIEHUSIMH U] U Uz COOTBETCTBEHHO,
TO IpHUMEHeHue K u; IpeobpazoBanus ¢ k = kg, a K ug mnpeobpasoBaHus C
k = ki npuBOIUT K OIHOMY U TOMY ke pesyibrary us (puc. 10.4). Sanumem
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npeobpazoBanns (10.62) s map (ug,u1) u (u2,u3) B BuIe

(uop +u1)e . [ up —uy
# - k]_ Sin T 3

(ug —2u1)T - ki sin <uo +u1> ’
1

(u2 EU3)5 — Ky sin <u2 - u3> 7

(ug —ug)y _ 1 . (up+us
2 = kl S1n 2 .

CJ102KMM TIEPBOE COOTHOIIEHNE C TPETHUM, & YeTBEPTOE BBIYTEM U3 BTOPOTO,
TOrJIa,

ot el = g (52 ) ki (2322

= — sin — — sin
2 2

(UO—’U,l—UQ—I—Ufg,)T_ 1 . Ug + U 1 U2 + U3
2 k1 k1 '

Awnayormano, nmpeobpaszoBanus st map (ug, ug) u (U1, usg) JA0OT

(Uo+U1+U2+U3)§ = ko sin <U0;u2> 4 ko sin <u1 —u3> :

2 2

(up — uy —2U2+U3)7- . 132 sin <UO+u2> 1 n (ul +U3) .

Borunras MMOJIy9Y€HHbIC YPpaBHEHUA APYT U3 JIpyTra TakK, 9TOOBI YHUYITO2KUJIUCH

ITPOM3BO/IHBIE, TTOJTyIaeM

(Yo U L[ U2 U . [uo—u . fur—u
k1 [sm (021> 4+ sin (223ﬂ = ko [Sln <022> + sin (123)] )

BanuceBas CyMMy TPUTOHOMETPUUYECKUX (PYHKIINN dYepes IpousBejseHue, Oy-
J€eM NMeTb

. Uy — U1 + U2 — ug . [ up+ur —uz —ug
k1 sin 1 = k9 sin 1 .

OTCIO,ZLa IIOCJIE HEKOTOPBIX TPUTOHOMETPUYICCKUX Hpeo6pa303aHI/Iﬁ HaXO/JIUM,

Uy — U3 k1 + ko U — U2
= . 10.64
tg( 4 ) kl—/@tg< 4 > (10.64)

q9TO
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Ecsm BeIOpaTh B KauecTBe 1) TpUBHAIbHOE pernenue ug = 0, TO uj 9 SBISIOTCA

opuocosmronnbiME pemenusmu (10.63) u ypasuenne (10.64) maer
k1 + ko sh(61 02)/2]>

ki1 — ko ch [(91 + 92)/2] '

OT0 perieHne ONuChIBaeT B3aNMOJIeHCTBHE JIByX KHHKOB, KOTJIa k1,2 IMEIOT OJ11-

us = 4arctg ( (10.65)

HaKOBbIE 3HAKHU, U B3aMMOJIHICTBIE KUHKA U AHTUKUHKA, €CJIU 3HAKU PA3HBIE.
OHO COBIAJIAET C PEIIEHNEM, MTOJIYIEHHBIM BBIIIE ¢ [IOMOIIBI0 METOJIa XUPOTHI
(3amaqa 10.3).

ITomobuo ypapueruto MKaB ypaBraenue Sin—lopmona Takxke umeer Opu-
3epHbIe peIleHns, KOTOPble MO2KHO HAWTH B sIBHOM BHJIE, ToJiaras B popMmyJie

(10.65) k12 = ky £ ik;. Torma mociie HECTIOKHBIX IPEOOPA3OBAHMIT IIOJIY TaEM

ky sin 6;
u = 4 arctg (r S Z),

kiChHT
rie
0, = k&t T 16
- ki+kp
k;T
0; = k; i
i€~ k+k2+5

-
0y — IPOM3BOJIbHBIE KOHCTAHTHI. [IpuMep GpusepHOro pelleHus IpuBesieH Ha
puc. 10.5.

Puc. 10.5. Bpusepnoe perenne ypasuenust Sin—Iopsona

Haaum Tenepsb onpeienenne npeobpasosannii Bakiyna, ciemys [16]. [lycrs
u(x,t) u U(x,t) yIOBIETBOPSIIOT YPABHEHUSIM B YACTHBIX IPOU3BOJHBIX

P(u) =0, (10.66)
Q(U) = 0. (10.67)
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Torna cooTHOIMEHNs

rie (u) u (U) obosnataror Habope! (He 00s3aTeIBHO OJMHAKOBO JJIMHBL), CO-
crosimue u3 u, U ¥ MX PasINYHBIX YaCTHBIX MPOU3BOAHBIX, (k) — HAbOp mna-
paMeTpoB, Ha3bIBAIOTCs NpeobpasoBanusMu Bakiynma ypasaenuii (10.66) u
(10.67), eciu OHU rapaHTUPYIOT, YTO U yJIOBJIeTBOpsierT ypasHenuio (10.66) Ko-
raa U ynosiersopsier ypasaenuto (10.67), u mHaoGopor. B ciayuae, korga v u
U ynoBaeTBOPSIIOT OJHOMY W TOMY K€ YPaBHEHHIO, TOBOPAT 00 asmonpeobpa-
306aHUY BIKIIyHIIA.
B § 10.1 paccmarpuBajoch npeobpasosarue Muypot

u=v? — ivg, (10.68)
KOTOpOe T1epeBo T perenne ypasaennst MKaB v(x,t) B pemenne ypaBaeHust
KuB u(x,t). ObparHoe yTBep:KieHne B 00IIEM C/Iydae HEBEPHO: He JIJIsl BCSIKO-
TO U, YIOBJIETBOpsIIONero ypasaennio KB, v aBisgercs pemennem ypaBHeHUsT
MKaB. Crenosarensno, npeobpazoBarnune Muypbl camo 1o cebe erre He sBJIs-
ercs ipeobpazopanneM bakinyraa. Heobxonumo 106aBUTH K HEMY ypaBHEHHE

Uy = — Uz — 2(uv),, (10.69)

KOTOpOE rapaHTupyer, 4ro u(x, t) 6yaer yposiaersopsaTh ypasaenuto KnB [123].
Urak, coornomennst (10.68), (10.69) cocrasisiior npeobpasosanus Bakiyna,
cBazbIBatorue pertenns ypapaennit KB u MmKnB. Bosee nogpobuyro nudop-
MaIiio O Npeobpas3soBaHUsX DIKIIYHIA MOXKHO HANTH, HAIpUMEp, B KHUTaX

[16, 34].

3amadua 10.7. Hapucyiite quarpammy, aHAJIOTMYHYIO IPeACTaBIenHoi Ha puc. 10.4,
JIJIsT TPEXCOJTUTOHHOTO PENIeHMSI.

3aga4va 10.8. Ypasuenme KaB u; 4+ 6uu, + Uz, = 0 3aMeHoil mepeMeHHBIX
U = 2w, TPUBOIUTCS K BUIY

wi + 6(wg)? + Wepe = 0.

JlBa HE3aBUCHUMBIX DEIIeHUs] ITOr0 ypaBHeHUs w U W CBs3aHBI aBTOIPEOOPA30BAHNU-
savn Bakiyrna [124]

(w+ W) =k — (w—W)2,
(w—W)=6(w—W)}(w—W), —k?>(w—W)s — (w—W)rze,

rjie k — mapamerp. leiictBys 1o cxeme, onucanuoii B § 10.7, Haiiure ogHO- U IBYX-
COJTUTOHHBIE pereHns: ypaBHenus KiB.
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Bazgaua 10.9. Kak 6puio nmokazano B 1. 5 (cM. s3azaum 5.2, 5.3), ypaBHeHue
KaB uy 4 6utty + tgpe = 0 uMeer aBToMOsIe/bHOE permenue Buia u = (3t)~2/31)(z),
2z = x/+/3t, rae byukuus 1(2) yIOBIETBOPSET YPABHEHHIO

" =2 + 2" — 6. (10.70)

Has momudurmposanmoro ypasrennss KiaB vy + 6020, + Upgr = 0 aBTOMOZEIBHOE
perrerme umeer By v = (3t) /3¢ (2), tae $(2) yaosaersopser ypaBHEHHIO

& =z —24° + C, (10.71)

C' — upoussosbHas nocrosiiHas. Ilokaxkure, aro ypasuenusi (10.70) u (10.71) u cBs-
3aHbl peobpaszosannem Muypsr. Tounee, craemaiite B (10.70) sameny ¢ = ¢? — ¢’ u
HOKAZKHTE, ITO

d? d
o2 o = (- 20
z

dz?

>(¢”—z¢+2¢3—0).
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MoayanpoBaHHble BOJIHBI B

HeJIMHENHBIX Ccpegax

JIL.LU. MangenbimTaM MOHAMAJ IO/ MOYJ/ISIIIAEN BCAKUI MIPOIIECC
MEJJIEeHHBIX M3MEHEHHUI B BBICOKOYACTOTHOM KOJI€OATEILHON CH-
cTeMe, «IIpU KOTOPOM OHAa YCIEBAET COBEPIIUTH MHOIO CBOOOII-
HBIX KOJIEOAHUI TpexKe, YeM MX aMILUIUTY/a, JacToTa u dasa
M3MEHATCS CKOJBKO-HUOY/Ib 3aMETHBIM 00PAa30M»; T.€. MOJLYJIH-
pOBaHHBIE KOJIEOAHUST B KJIACCUYECKONH TEOPUM — ITO KBABUIIE-
puogmUIecKoe KojebaHue ¢ JOCTATOYHO ME IJIEHHO MEHSTFOIITUMUCST
nmapamMerpaMmu. ... Haubosiee BayKHOIT OTIMINTEIHLHON 1€pTOil co-
BPEMEHHOU TEOPUHU SBJISIETCH, 110 CYIIECTBY, PACIIUPEHUE ITOHSI-
THUS MOJYJISIIUHN, BKJIIOYAIOIIEEe HE TOJIHKO MPEOOPA3OBAHUS MO-
IyAAIUN, HO U IPOIECCHl UX POXKIEHUA — CaAaMOMOIYJIAIIIN.

A.B. I'anowos-I'pexos, M.H. Pabunosuw. JI.VI. Mannenburram
U COBDEMEHHasl TeopHs HeJIMHeHHBIX Kosebanmit (YOH. 1979.
T. 128, Ne 4. C. 611, 612)

B npenpiymux riiaBax OCHOBHOE BHUMaHUE ObLIO yJIEJIEHO aHAJIU3Y CJla-

OOHEeJIMHEAHBIX JJIMHHOBOJIHOBBIX BOSMymeHHﬁ, OIIUCBIBA€MbIX YPDaBHEHUAMUN

tuna KaB wmm Broprepca. Ilepeiizem K n3ydenunio apyroro BasKHOTO KJiacca

3a/1a49, CBA3aHHOI'O C PaCIPOCTPaHECHUEM KBa3UTaPMOHUIECKUX B0AHOBbLL NAKE-

moe. IlomobHbIe TpoIecchl UTpaioT HGOJIBIIYIO POJIb B PA3/IMIHBIX 001aCTaX (hu-

3UKH. HaHpHMep, nepeaada HHd)OpMaIlHH B OIITUYECKOM, MUKPOBOJIHOBOM HMJIN

paanoialia3soHe OCyHIieCTBIIAECTCA ITOCPEACTBOM Moay/muuu BBICOKOYaCTOTHOM

Hecymeﬁ BOJIHbBI HU3KOYaCTOTHBIM I/IH(bOpMaL[I/IOHHbIM CHUT'HaJIOM. BpeMeHHOfI

CIIEKTP MOJIYJINPOBAHHOIO CUTHAJIA COCPEIOTOYECH BOJIM3M HECyIeil 4acTOThI

wp. B aToM ciiyuae riepemennbie, XapaKTepPU3YIONINE BOJTHOBOE IBUKEHNE, MOXK-

HO IIpEeJCTaBUTDHL B BHJIE

u(z,t) = Az, t)e + k.c.,
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e 0 = koxr — wot — GpicTpo Menstommasicss dasza, A(z,t) — MemreHHO Me-
HAIONAACT aMILTUTY/a (orubaomast), K.C. — KOMILIEKCHO COIIPSI?KEHHBIE |6
HbI. YCJIOBUE MEJJIEHHOCTH U3MEHEHUsI aMILIUTY/IbI (¥, CJIeI0BATEIbHO, Y30CTH
CIIEKTPa BOJTHOBOTO TIAKEeTa) O3HAYAET, ITO

|As] < | —iwoAl|, |Az] < |ikoAl.

Takum 0O6pa3oM, IpeICTaBIIsSeTCsl Pa3yMHBIM BBIJIEUTD yPABHEHUS, OIIMCHIBA~
FOIIUe JTUHAMUKY 02u0a10ujeti BOJIJHOBOTO TIAKETa, 9TO CYIIECTBEHHO yIIPOIIAET
zaja4dy. Ha sToMm mpuHIUIle OCHOBAHBI METOLI TEOPETUIECKOIO aHAIN3a KBa-
3UTAPMOHUIECKUX BOJIH B HEJUHEHHBIX CPeax, KOTOPbIe OYVIYyT PacCMOTPEHbI
Hioke. OTMETHM, 9TO KBAa3UTapMOHHYECKHNE BOJIHOBBIE ITPOIECCHI XapaKTePHBI
IIPEZK/Ie BCEro JIJIst CPEJL C CUIILHOM Jiucriepcuedi, Koria ¢pa30Bble CKOPOCTHU pas3-

JIMIHBIX TapPMOHHUK OT/IMYIAIOTCA 3HAYUTEJIHLHO.

11.1. Teopusa Yuzema

IlepBas mombITKa CHCTEMATHYIECKOTO U3YIEHIS MOIYTUPOBAHHBIX HEJTNHEN-
HBIX BOJIH ObLTa nipeanpunsaTa Jx. Yuszemom B cepepune 1960-x romos. B cBonx
paborax OH UCXOJWJI U3 MPEJICTaBIeHNs YPABHEHNUIT B larpaHzkeBoii opme [8],
OJTHAKO 3TO He sBJdeTCs 00g3aTebHbIM. [IpojieMoHcTpupyeM OCHOBHBIE WJIEH
Teopum YuzeMa Ha npumepe HejmHeltHoro ypasuenusi Knefina—T'opgona ¢ ky-

6uuHoil HesmHeitHOCTHIO (CM. § 1.4.2)
Ut — CCUpy + w?u — pud =0. (11.1)

Bamernm, uro ypasaenue (11.1) MOoKHO paccMaTpuBaTh Kak CJaboOHe IMHeNHbII

BapHaHT ypaBHeHus Sin—I'op/ioHa, oIy YeHHbIi pas/iozkeHneM sinu B psij (5 =

w?/6).
Bynem nckarnb perrenne ypasuenus (11.1) B Buze

u:u0—|—5u1+52uz+... ,
ug = Az, t)e?® +x.c.,

rie € < 1, u BBesieM Besmmunnbl w(x, t) = —0y, k(x,t) = 6,, KoTOpbIe Moy Y
HA3BAHUE M2HOGEHHDIT HACTMOMbL U 60AN06020 4UCAq. [IpeKie BCero 3aMeTnm,
9TO B CUJIY OIIpe/ieJIeHUuA W " k 6y,H‘eT BBIITOJIHATHCA COOTHOIIIECHUE

ki +wg =0, (11.2)

— TakK Ha3bIBAEMbII 3a4KOH COLPAHEHUS BONHOE020 YUCAG. ByieM cauTaTh, ITO
dbyuxun A, w u k mensiorcss memiienso (Ay, A ~ € u r.j.). Torga MoxkHO
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paccMaTpuUBaTh X KaK (PYHKINU MeJJIeHHBbIX rnepeMmennnix 1 = et, X = ex.
Herpynno moacuanTaTh, 9T0

uy = (—iwA + eAr) e? + x.c.,
uy = (—w?A —ie(wrA + 2wAr) + e Apr) € + k.c.

AmnayornvmHbie BHIPAYKEHUsT MOYKHO TTOYIUTD TS Uy, Ugy -
[ToscraBum mosrydeHHbIe COOTHOIIEHUs B ypasHenue (11.1), ymMHOXKUM Ha
exp(—if) u ycpeauum 1o nepuony 27 /w. Torma jist winenos mopsiika 1 u g,

COOTBETCTBCHHO, ITIOJIyYUM YPaBHCHHSA
w? = w? + A2k - 38|A)?, (11.3)
(wWA?) .+ (kA%) , = 0. (11.4)

Ypasuenne (11.3) zHaspiBaeTcst HeAUHETHbM OUCTLEPCUOHHBIM COOTIHOUEHUEM.
U3 Hero ciejyer, 9TO B 11epPBOM IIPHOJINZKEHUN HeJIMHeHbIe 3G dEeKThl BbIpa-
JKAIOTCsl B 3aBUCHMOCTH YaCTOTBI BOJHBI OT AMIUIUTY/IbL. 3/€Ch [IPOCIEKUBa-
ercsl aHAJIOTHs C KOJIeOAHMSIMU HEJMHEHHOTO OCIUJLISITOPA, HEePHOJ] KOTOPBIX
zaBucur or sHeprun (2, 10, 11|. VI3mMeHeHne pasindHbIX XapaKTEPUCTHK Pac-
[POCTPAHEHNsI BOJHbBI B HEJIMHEHHON Cpejie IPU M3MEHEHUU ee aMILIUTY/ bl Ha~
3BIBAIOT caMo6030eticmeuem. HekoTopble siBIeHHsI, CBSI3AHHBIE C CAMOBO3/IEl-
crBHeM (CaMOMOJLYIAIHsT, CaMO(OKYCHPOBKa), OYIyT PACCMOTPEHBI B HOCTIE Y-
IOIKX Haparpadax.

Ypasuenue (11.4) ¢ yaerom coornomenuit (11.2), (11.3) moxmo 3ammucars
B BHJIC

(A%), + ('A%, =0, (11.5)

rie w' = dw/0k — rpymnosas ckopoctb. OHO HOCHT HAa3BAHUE 3aKOHA COTPA-
HEHUA 60AHO6020 0elicM6UAs U AHAJIOTHYHO 3aKOHY COXPAHEHUs SHEPTUN.

11.2. Kpurepuii JlaiiTxniama m MOILyIAITAOHHAS
HEYCTOWYNBOCTb
Cucrema ypaBHEHHI YHW3eMa COCTOUT U3 3aKOHOB COXPAHEHHUs] BOJHOBOIO

uncsa (11.2) u Bonmosoro feiicrus (11.5), a TakKe HeJTHHEHHOrO JUCIEPCH-
OHHOT'O COOTHOIIICHHUSE

w=w (k,|AP), (11.6)

B KOTOPOM COJEPZKUTCA CHGL[I/I(bI/IKa KOHerTHOfI 3aJa4Hu. HaHpI/IMep, JJ1g BOJIH

Ha ITIOBEPXHOCTU I‘.Hy6OKOI71 BOJbLI COOTHOIIECHHE TaKOI'O THIIa&

w? = gk (1 + K*|A]%) (11.7)
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6p110 mosyteHo CTOKCOM, KOTODBIN HAIllesl PelleHre B BHJIE IE€PHOANTIECKOIT
CTAI[OHAPHOMN BOJIHDI, IIEPUOJT KOTOPOi 3aBUCUT OT aMIIUTY 16l (BosiHa CTOK-
ca). Ouesuno, uto B mneitnoM npegede (|A|? — 0) ypasuenne (11.6) gomxmo
HIEPEXO/IUTD B JIMHEHHOE JMCIIEPCHOHHOE cooTHOIIeHne w = w (k). Takum obpa-
30M, B ciIy4ae caaboil HeJIMHEHHOCTH MOYKHO IIPEJICTaBUTh cooTHorerue (11.6)

B BHU/JIE

w = wo(k) +wa(k) A2+ ...

Bazkubiit pesysbrar 6b11 noyded Jlajirxuiom [125], koropslil mokaszad,
4YTO B CIydae

wowa > 0,

e wf = d*wo/dk?, cucrema ypasrennit (11.2), (11.5), (11.6) aBnsiercs rumep-
OOJIMIECKOIt, a B ciIydae

wows < 0 (11.8)

— symunTudeckoit. Yesosue (11.8) Oymem HasbBaTh kpumepuem Jlatimzruana.

[IpumenuTEIBHO K 338/1a1aM PACIIPOCTPAHEHUS BOJTH SJIITUITUIHOCTD CUCTE-
MBI CBHJIETE/ILCTBYET O HAJUYIUU HEYCTONIUBOCTHU, MOCKOJIBKY 3ajada Kormu
I SJUTUITUYECKUX YPaBHEHUN SBJIIETCS HEKOPPEKTHOI. Takas meycToiryn-
BOCTb ObLa obHapyKkena bemmxamunoMm u Pefipom B pe3y/ibTare HEYIATHBIX
ITOTBITOK IKCIEPUMEHTAJBHO pean30BaTh BoJIHY CTOKCa Ha TOBEPXHOCTHU TJIy-
6oxoit Boabl. B pabore [126]' 6b110 MOKazaHO, UTO HEYCTOMYMBOCTH BBHI3BAHA
B3aMO/IeiCTBUEM HECyIleil BOJIHBI C YaCTOTON wy U BO3MYIIIEHUH, Ha3bIBACMbIX
caTeJUIUTaMu, ¢ OJIM3KUMH 9aCTOTAMU, CAMMETPUYIHO OTCTOAIIUMU OT HecyIeit
(wr = wp £ Aw, mpniem Aw < wy). Ecan Bommosnnen kpurepnit JlaiTxmi-
aa (11.8), care/nThl HAPACTAIOT, Yepliast SHEPIUIO U3 OCHOBHOI BOJHBI. DTOT
IIPOIECC MOXKHO PACCMATPUBATDH KAK YEMBPETEOAHOBOUT PEZOHANC

2w =wy Fw_, (11.9)
2k(wo) = k(wy) + k(w-). (11.10)

[TockosbKy Aw MaJIo, MOKHO PA3JIOXKUTh JIUCIEPCHOHHOE COOTHOIIEHHE B PsiJ|
k(w) = k(wo) + k' (wo) (w — wo) + ..., oTKyaa BugHO, uro pasercrso (11.10)
BBIIIOJTHSIETCSI ¢ TOYHOCTBIO JI0 “IEHOB BTOPOI'O MOpsijika MaJsocTh. Eciu ymHO-
*)uThb coorrorrennst (11.9) u (11.10) wa nocrosiuuyto Ilnanka, To BujHO, 4TO
OHM BBIPAYKAIOT 3aKOHbI COXPAHEHUsI SHEPIUH U MMILYJIbCA B IIPOIECCE paciiajia

JABYX KBaHTOB Hecymeﬁ BOJIHBI Ha KBAaHTBI BOJIH-CAaTEJIJINTOB.

! JT1060MBITHO, UTO SKCIEPIMEHTAIBHEIC PE3Y/IBTATEI, H3I0KUTH KOTOPhIE ILIAHIPOBAIOCEH
BO BTOPOil 9actu paborsl [126], dpaxTudecku Tak u He GBLIN OILYGJIMKOBAHBL.
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Bosmyienus ¢ yacroraMu, OJU3KIMUI K W, JJIst KOTOPBIX BBIIOJIHEHbI YCJIO0-
BHSI PE30HAHCA, MOYKHO PACCMATPUBAThL KaK MOJILYJISALMIO OCHOBHON BOJIHEL. [lo-
9TOMY HeycToluuBoCcTb Benmkamuna—Pelipa moiydmnia Ha3BaHue MOOYAAUU-
onnotl. st BOMH Ha BoIe pelleHHe B BUIE Pala, DIABHLIA WiIeH KOTOPOI'O
UMeeT BUJL

A cos (kx —w (k, A2) t) ,
e w(k, A?) onpenenstes coorromennem (11.7), 6uit0 Haiizeno Jx. CTokcom
eme B 1849 r. Cxoaumocts 3Toro paja gokasasa 1. Jlesu-Husurra B 1925 1. O1-
HAKO CXOIMMOCTD €Ille He O3HadaeT yCTOMUMBOCTHL pemreHus. IlorpeboBasioch,
TakuM 0b6paszoM, bostee 120 jieT, 9T00bBI TOHATH, YTO BoJiHa CTOKCA HA IJIyOOKOM

51001 (§] HGYCTOfI‘{I/IBaQ.

11.3. Henuneitnoe ypaBHeHue IlIpénunarepa nu meTos
MHOTHX MAaCIITa00B

Jlpyroii oaxo K UCCACTOBAHUIO TUHAMUKN OTHOAIOIIEH BOJTHOBBIX ITAKETOB
CBSI3aH C MOJIyI€HNEeM HeJIMHEHHOro Iapado/IniIecKOro ypaBHEHUSI, HA3bIBAEMO-
ro Heaurelinvm ypasnenuem Ilpéduneepa (HYII). B 1. 1 6buio mokasaso,
KaK OHO IOJIy4aeTCs U3 HEeJIMHEHHOTO JUCIEPCHOHHOIO COOTHOINEHUS IIPH I10-
MOIIIH 9BPUCTUIECKOTO 110/1x0/1a. CyiiecTByeT H60siee CTPOruil MeTo/1 Oy YeHU s
HYUI (u apyrux ypaBHenuii 1jst orubatoreii ), Ha3bIBaeMblil Memodom MHuo2u
Macumab06, KOTOPBIIl aAHAJIOTUYEH OJJHOMMEHHOMY METOIY B TeOpHH KoJieha-
uuit |2, 107].

Bepuemcs k Hesmneitnomy ypasaenuto Kieiina—Topaona (11.1). Byaem uc-

u = g ey,
i

npuyeM u; Oy T SBJIATHCS DYHKIIUSAMEA HECKOJIBKUAX IIPOCTPAHCTBEHHBIX U Bpe-

KaTb penicHrue B BHUJIEC DAIa

MEHHBIX nepeMeHHbIX X, = "z, T,, = €"t. llpu 3Tom mpousBomHbie Mpeodpa-
3yIOTCS CJIETIONTIM 00pa30M:

0 0 0 9 0
%H6X0+88X1+5 0X2+""
0 0 0 5 0

o a5 tEam T 57 ...

ot o1y o1y Ty
[MopcraBum 31tu coorHomenust B ypapHenue (11.1) u BbIAETMM YJI€HBI OJIMHA-
KOBBIX TTOPSIJIKOB MAaJIOCTH. YJIEHBI TTOPSIKA £ JTAIOT

Luj =0, (11.11)

2Xopom1/1171 WCTOPUYIECKHT 0030D PA3BUTHS MPEICTABICHUN O MOy ISIIMOHHON HEYCTONIM-
BOCTH W CBSI3AHHBIX C Hell sIBJIEHUSIX MOXKHO Haiitu B [127).
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R 82 5 82
L=92% -
OET 12 T axz

ypasuenust Kueitna—Topiona. Pemenne ypasuenusi (11.11) BeiGepem B BHIE

+ wg — omepaTop, COOTBETCTBYIONINN JUHEHHON! YacTu

KBaSI/IFapMOHI/ILIeCKOfI BOJIHBI C aMHJIHTyILOﬁ, 3&BHCﬂmeﬁ OT MEIJICHHBbIX IIepe-
MEHHBIX:
— . 0
Uy = A(Xl,XQ o Ty .)6 + K.cC.,

rie 0 = ko Xo—woTo, npudeM wg U kg CBSI3aHbBI JUCIIEPCUOHHBIM COOTHOIIIEHUEM
wi = w2+ Pk (11.12)

YJIeHBI MOPSIKA €2 MPUBOJIAT K yPABHEHHUIO

82161

_9 82’&1
0Ty0T

2% =
T XX,

LUQ =

L 0A L, 04N
= 22 <w0 87’1—'1 + c k() a)(l) e’ + K.C. (1113)

ITockoubKy geiicTBrE onepaTopa L na dyukmmio exp(if), rae wo u ko yaosie-
TBOpsIOT cooTHomenuio (11.12), naer Hyib, pemenue ypasaenus (11.13) Gyuer
HOCHUTDH CeKyJIsApHbIT xapakrep (uz ~ 0exp(if)). Equncreennsrii criocobd ns3be-
JKaThb 3TOrO COCTOMT B TOM, YTOOLI NPUPABHATH K HYJIIO YICHDBI, CTOAIINE B

paBoOi 4acTu:

04 5 04
Yoor, T Mex, T

C yderom jucriepcronHoro coorromnienust (11.12) 910 ypaBHenne MOKHO Tepe-

IIcaThb B BUJEC

oA, 0A
o1y 70X,

rae vg = dwo/dk — rpynnosas ckopocTs. Takum 06pasoM, B IepBOM HPHOJIH-

0, (11.14)

JKEHUU BO3MYIIEHUS OrrOAIOIIEH paCIPOCTPAHSIOTCS C TPYIIOBOM CKOPOCTHIO.

Teneps ypasuenue (11.13) npunumaer BuL

ZUQ = 0,
CJIEI0BATEILHO, MOXKHO HOJOKUTH Uy = 0. Torma mjsl 49IeHOB mOpsiaka €°
HOJTy9aeM
~ 0?A 5, 0%A 0A 5, O0A 9 ,
Tus = — (22 — 220 91y 220 9ic%ky 22 38| APA ) &
us <6T12 c e iwg T ic’kg X, BlA] e’ +

+ A3 ke (11.15)
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Yiensl, mponopruoHasbble exp(ifl), mo-npexHeMy Gy/IyT IPUBOAUTL K CEKY-
JISPHOMY PEIIIEHUIO, CJIeJI0BATEIbHO, X HYKHO IIOJIO?KUTh PABHBIMU HYJIIO:

0A ., O0A  9*A 4, 0%A 9
2iwy == + 2ic’k - 36|AI°A = 0.
o g, T2k g, ~are T axe T3
C yuerom coornomennii (11.12) u (11.14) moygaem
0A 0A wy 9%A 36 9
<8T +”93X) 5 axz " ;HAFA=0,

e W = d?wo/dk? = c2w?/wi. Hakomern, mepexosiss B CHCTeMy OTCYeTa, [[BH-
2KYTILYIOCsl ¢ TPYIIIOBOM CKOPOCTHIO, TpuxoanM K HYIII

.0A b 0%A

18—T+ 2 %2 +qlAPPA =0, (11.16)

rie T =Ty, X = Xy, q = 38/2wp.

st BOJIH Ha MOBEPXHOCTU OECKOHEYHO IIyOOKOW YKUIKOCTU ITO ypaBHE-
aue Brepsble nosryunst B.E. Baxapos [128] npu nmomomu paspaboTaHHOrO UM
raMHUJIbTOHOBCKOTO (popMmaauzma. [lozmraee HYII mHezaBucumo OBLI0 Oy IEHO
B paborax [129, 130] mis ciryuast IpOM3BOJILHON MIyOUHBL, Tj1e OBLIO OKA3AHO,
uro kpurepuii Jlanrxusra Boinosaen pu kgH > 1.36, rne H — riiybuna ciiost.
Taxum 06pazoM, TaHHOE yCJIOBAE MOXKHO PACCMATPUBATH KaK CBOErO pojia I'pa-
HUILY MEXKJTy TPUOJIMKEHUSIMUA «MEJIKOW» U «TJIyOOKOi» BOJIBI.

Bamerum, uro jyist HVIIT (11.16) kpurepwnii (11.8) npunumaer Buj
whgq > 0. (11.17)

IToCKOJIBKY COIVIACHO JUCIEpPCHOHHOMY cooTHomenuio (11.12) wjj > 0, B ciayuae
B > 0 ycuoBue (11.17) BBIIOJTHEHO, YTO CBUJETEIBCTBYET O MOJLYJIAIMOHHON
HEyCTONYINBOCTH. PacCMOTPUM 3Ty HEYCTONYMBOCTH TO/IpOOHEE.

11.4. HeycroitunBoCcThb
IMPOCTPAHCTBEHHO—O/ITHOPOJIHOTO PeNIeHU

Pazznennm B ypasHenun (11.16) BelecTBEHHYIO 1 MHUMYIO 9aCTH, I10JIarast
A = aexp(ip), rye a u ¢ BemecTBeHHbI. [locsie HECTIOKHBIX 1Ipeobpa30BaHuii

MIOJTy IaeM
1

—apr + %J (axx — a(px)?) + qa® =0,
. (11.18)

ar + wQ (2axpx +apxx) = 0.



230 I'maBa 11

PasnenuM nmeppoe ypaBHeHne Ha a u npoauddeperiupyeMm 1mo X, a BTOpPOe
yMHOXKUM Ha a. Torma, oboznavas K = @y, OyjeM UMeTb

"
Kr+wKKx =20 (“XX> + 2qaay, (11.19)
2 a )
(a%); +wi (¢®K) = 0. (11.20)

Ypasuenue (11.19) siBisieTcs aHAJIOIOM 3aKOH& COXPAHEHHs BOJTHOBOIO HHCIIA

(11.2). Emy MOKHO TIpUaTh BH/I
Kr+Qx =0,

e
wiK? 9 wWhaxx

2 “ 2%
OveBHIHO, UTO 3TO yPaBHEHHE UTPaeT POJIh HEJIHHEHHOTO THCIEPCHOHHOTO CO-

0=

orHomenus. Ypasuenue (11.20) mMeeT Buj| 3aKOHA COXPAHEHHsI BOJIHOBOTO JIeii-
crust (11.4).

ITonarasg ax = 0, K = 0, HaiiieM IpOCTPaHCTBEHHO-OQHOPOLHOE pelIeHue
ypasaenuit (11.18):

a = ag = const,
pr = qag.
Nrak, umeem perenune
A = agexp (iqaiT), (11.21)

KOTOPOE OIUCHIBAET IIEPUOIMIECKYIO CTAIIMOHAPHYIO BOJIHY C HEJIMHEWHBIM CJIBH-
roM 4acToThl, aHajornunyio Boiae Crokca. Mccremayem pemenne (11.21) Ha
YCTONYIUBOCTD, JJIsl 9ero MOJIOKUM a = ag + a, K = K, rue a, K — maible
Bo3MmyIenusi. Jluueapusysi ypasuenust (11.19), (11.20), noxygaem

"o
ar + WOZCLO Kx =0,

"
- W B
Kr = San 0 axxx + 2qapgax.
ag
Ucknounm orcioya K nepekpecTHbIM g pepeHInpoBaHueM:
"

2
arT +w()’qa36XX + <2O> axxxx = 0.

[Mogcrasnsst pemenne B Bujie a ~ exp(AT + ik X ), NIPUXOJAUM K yPABHEHUIO

"2\ 2
2 = quladr?® — <w02/<;> . (11.22)
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OueBnjiHo, uTo ecsm BoimosHen Kpurepuit Jlafirxmita (11.17), umerorcs Be-
I[IECTBEHHBIE U MTOJIOXKUTEJIbHBIE 3HAYCHUST \, CJIeJI0BATeIbHO, perenne (11.21)
HEYCTOHINBO. 3aBUCHMOCTH A(K) JJIsl 9TOrO CiIydasi HpejcTaBiena Ha puc. 11.1.

I/IHerMeHT HGYCTOﬁqHBOCTH JOCTUTaET MaKCUMYyMa )\m == qa% opu /{2 = K}gn =

2qa3/wy w obpamaerca B Hy1b pu K2 = k3 = 4qga3/w]. Taxum obpasom,
HEYCTOIYMBBLIME OKA3BIBAIOTCS BO3MYIICHHS B IMATIA30HE BOJTHOBBIX YHCET K2 <
K2.
)\‘ﬂ
A’”l
| |
| |
| |
| |
| |
| |
| |
I !
| |
| | >
Ko K, 0 K, K

Puc. 11.1. 3aBucumMocTh MHKPEMEHTA MOJLYJIAIMOHHON HEYCTOWYIMBOCTH A OT BOJIHO-
BOI'O 4HCIa K

Ouesnmo, aro cymecrsyer anajorus mexay HYII u ypasueruavu Yu-
zema. OJIHAKO OHU He SIBJISIIOTCS SKBUBAJEHTHBIMU, TaK KaK Teopus Yuzema
He TpebyeT MaJoCTH aMILTUTY/Abl. TeM He MeHee, MOXKHO TOJIYYUTh [PeJIeIb-
HBII TI€PEXO0J] MEXKJIy JIByMsl T€OpUsiMH, clesaB B ypaBuenusix (11.3) u (11.4)
3aMEHbBI

A—eA, w—ow —epr, k—ko+epx,

rJie € — MaJIblil mapamerp, a wo u ko CBA3aHbI HEJIMHEHHBIM JIUCIIEPCHOHHBIM CO-
ornomtenueM (11.12). ITpu sTom B ypasrenue (11.3) ciemyer j106aBUTh “IEHBI,
npouopimonainbabie Apr /A, Ax x /A, KOTOpbIE Telepb UMEIOT O/IMHAKOBBIH 110-
psiok Mastoetn ¢ semmannoit | A2 (em. [8, 16]).

11.5. Crammonapusie penteHust HVIII. «CBetribie» n

«TeMHbIe» COJINTOHBDBI

Uccnemyem cramuonapubie perienusi ypashenus (11.16), koropsie Oymem
uckathb B Bugie a = a(§), ¢ = ¢((), e £ = X —UT, ( = X — VT. Crporo
FOBOPs, UX HEJIb3s HA3BaTh CTAIIMOHAPHBIMU B CMBICJIE TOT'O OIPEJIESIEHus, KO-
TOpOEe OBLIO IAHO B TJI. 8, IIOCKOJ/IBKY OHU XapPaKTEPUIYIOTCs JBYMS CKOPOCTSIMU

U, V.
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Ypasuenns (11.18) npuHEMAIOT BHUI

"

aVy + 20 (a” —a (<p’)2> +qa’ =0, (11.23)

~U (a®)" +wf (a®¢) =0. (11.24)

Unrerpupyst ypasuenue (11.24) ¢ Hy/JIeBbIMU IDAHUYHBIMU YCJIOBUSIMU, TIOJIY-
qaeM, uro ¢ = U/w(/, otkyna
_ue
= o
[Mopcrasisist 910 pemenne B ypapuerue (11.23), npuxogum K ypaBHEHUIO
HEJUHEHHOI'0 OCIIUJLISITOPA

UWU—2v) 2
@ - TO2V) 20, (11.25)
(wg) “o
KOTOpOE y3Ke BCTpedasioch B § 8.2 npu ananuse ypasuerus MKaB. [Tostomy, He

IPUBO/Is TIOJIPOOHBIX BBIKJIAIOK, CPA3y 3aIMIIEM BbIPAXKEHUE JJisi COJIUTOHA:
a = ap sech (§/A),

2
e A% = (wf)° JU(U —2V), a2, = wjj /qA%. OTmerumM, 9T0 COTUTOHHbIE Petiie-
Husi cymiecTByoT Jjuinb upu U > 2V. OkoHUYaTeIbHbIH BUJL PEIIeHUs] B BUJIE
cosuToHa orubaroreii Takos (cM. puc. 1.12):

am exp [iU (X = VT) Jwy]

ch [am/aff (X = UT)|

Broipaxkenne (11.26) onmcbiBaeT Me/JICHHOE M3MEHEHHE AMIUIATY/BI U (Da3bl

A=aexpip = (11.26)

BOJTHOBOT'O TIAKETA.

IIpr HaUYIUU MOJIYIATIMOHHON HEYCTOMIWBOCTH MaJible MOJYJISIIUA TIPO-
CTPAHCTBEHHO-OHOPO/THOTO IIyTa BOJIH ITOCTEIIEHHO HAPACTAIOT, T.€., KAK I'OBO-
PsIT, TPOUCXOIUT CAMOMOOYAAUUA. B pe3ysbTaTe BOJHOBOU HakeT pasduBaeT-
cs Ha nocsienoBarebHocTh HYIII-comuTonos. Xopoliei urocTpaueii 3Toro
rporecca Caykut puc. 11.2; rie npuBeJieHbl OCIUIIOIPAMMbBI HAIIPS2KEHUST B
HeJIMHEHOoi pajnoTexnndeckoil jumnnn nepepadn [131]. Cuauraercs, aro mose-
pPhe «JIEBATOTO Bajay TaK:Ke OOBSICHSIETCST 00PAa30BAHUEM COJIMTOHA, OTHOA0-
el Ha r1yOOKOI BoJIE.

Temepp paccMOTpHUM CiIydaii, KOTIa wé’ q < 0 m MOIyJATIMOHHON HEYCTOM-
uuBocTH HeT. 15 onpesenennoctu 6yaem caurarh, 9To w)y > 0, ¢ = —|q| < 0.
[Morennuanbuas sueprus ocnuisitopa (11.25) nmeer Bugy

U (U —2V)a? B lqla*
27 W
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Puc. 11.2. OcnmutorpaMMbl HAIIPSI?)KEHUST B HEJMHEHHON DPAJUOTEXHUICCKON JIMHIN
HepeIadi, WUTIOCTPUPYIOIAE PA3BUTHE MOYJISATMORHOM HeycToiansocTn [131]

B ciygae U > 2V cymiecTByeT eInHCTBEHHOE HEYCTOWYMBOE COCTOSTHUE DPaB-
voBecus ¢ = () U cranmmoHapHLIX pemieHuil HeT. VHas cuTyarnust peajm3yercs
nupu U < 2V': umeercst oJiHO cocTosinue paBHoBecus tuna nentp (a = 0) u usa

COCTOAHUA THUIIa CEIJIO B TOYKaX

ar = =%

Popma MOTEHITNAIBHON SIMBI U (Pa30BBIM HOPTPET OCIUJLISITOPA TIPEICTAB-
Jiennl Ha puc. 11.3. Pemenust B Buje COJIMTOHOB, KOTOPbIE COOTBETCTBYIOT Ce-

napaTpucam, HIyIEM U3 Cejljla B CeJjI0, UMEeIOT BU/L
a = amth(f/A),
rae A2 = (wf)? /U2V = U), a2, = wll/|q|A%. Oxonuarensno asi conurona

orubaroreit moyryvaaem

A=apexp [iU (X —VT) /wj] th [am\/\q/wm (X — UT)} .

Coorsercryomuii ipoduits Bosiabl © = Re(A exp(if)) nupuseen na puc. 11.4.
ITockouibKy 9TO pellleHne COOTBETCTBYET JIOKAJIbHOMY YMEHbIIIEHUIO HHTEHCHB-
HOCTH, OHO HA3BIBALTCS «MEMHbLM» COJTUTOHOM B IIPOTUBOIIOJIOKHOCTD «CEEM-
AOMY» COJINTOHY, OLHCBhIBaeMOMy cooTHomieHueM (11.26).
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6

Puc. 11.3. Tlorennmanbrast seprust (a) u Gas3oBblii moprper (6) HEJINHEHHOIO OCIUII-
naropa (11.25) npu wiq < 0, U < 2V

Puc. 11.4. Pemenne B Buge «TeMHOI0O» COJUTOHA OrMOAIOIIE

3agaua 11.1. [Honyunre Henmnueitnoe ypasuenne lIpénunrepa u ucciaemyiire ero
Ha HAJIMYWe MOJLYJISIIIMOHHON HEyCTONYIMBOCTH JIJIsi CUCTEM, KOTOPBIE OIMCHIBAIOTCS
CJIETYFOTIMY Y PABHEHUSIMU:

a) ypasuernem KnB u; + vty + Buge, = 0;

6) ypasrernem MKaB u; + u?uy, + Buzee = 0;

B) ypaBHeHmeM Byccmmecka Uy — C2tyy — (Utly )z — Blgrze = 0.

Pewenue: Haunem ¢ ypasaernss KnB (a). IlogcraBuM pernerne B BUIE psijia
_ 2 3
U=¢cuy +cuy+ec’us+ ...

1 BBeJleM HOBBIE IIDOCTPAHCTBEHHO-BPeMeHHbIe IiepeMenHble 1 1,2, Xo,1,2. Torma aia
YJIEHOB IIOPs/IKa € Oy/1eM NMeThb
8’[1,1 83U1

Lup = =2+
“ =5, TP oxe

Pemrenne sToro ypaBnenust BoibepeM B BHUIE

Uy = A(X17T1,X2,T2)619+K.C., (1127)
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rae 0 = kXo — wly, w = —Bk3. Yrens nopgaxa €2 naor
8u1 0 uf 5‘3u1

L — +=— | = 30 =——==— =0. 11.28

vzt 5t ax, < > ) 3 axzax, (11.28)

IMoxpcrasisas ciona Boipaxkenue (11.27) u Tpebysi YHUITOXKEHUS YJIEHOB, IPOIIOPIIO-
HaJIbHBIX exp(if), KOTOpble IPUBOIAT K CEKYJIAPHOMY POCTY, HOJIyYaeM ypaBHEHUE

0A 0A
— — =0 11.29
ot Yox, (11.29)
rue vy = —30k* — rpynmosas ckopoctb. Takum o6paszom, ypasrenue (11.28) npunu-
MaeT BU/T
Lus = —ikA?e* + x.c.

Pemenne sroro YpaBHEHUsA JIETKO HaXOJUTCA U MOZKET OBITH npeacTaB/IEHO CJIEYIO-

UM 0b6pa3oM:
A% exp(2i0)
U :B(Xl,Tl,Xg,TQ)—f—iQ—FK.C. (1130)
65k
3nech BemecTBeHHas (BYHKIMA B BO3HUKAET KaK TMOCTOSTHHAS WHTETPUPOBAHUS, HO
MOKET 3aBHCETHh OT MEJJIEHHBIX [IePEMEHHBIX. Terepb 3aluiieM ypaBHEHHe JJIsT djie-

HOB IIOPAJIKa 83 :

~ Ou;  Ous  O(urug) 0 u?
an, ton T ox, Taxa\2) 7t

agul 83U1 83’&2
=0. 11.31
0X20X; | 0Xo0XZ T axgaxl) 0. (1L31)

+35(

IMoxcrasum croza Beipazkerns (11.27) u (11.30) u MCKIFOYMM CeKyJIsIpHBIE WIeHBL. B
JIAHHOM CJIydae TaKOBBIME Oy/IyT Kak cJiaraeMble, IPOIOpIHoHaibHble exp(if), Tak u
cJIaraeMble, 3aBUCAIINE TOJIBKO OT MeJ[JIEHHBIX llepeMeHHBIX. [IpupaBHuBas mociaemme
K HYJIIO, IIOJIydaeM

2
0B AP _

o T ox,

C yuerom ypasuenus (11.29) orciosia HaXOIUM, 9TO

AP _ AP

B= = .
Vg 33k2

Torna usensl, nponoprmonaabHble exp(if) B ypasuennn (11.31), naror HVIII:

[ 0A 0A 0?A 1

kel oay oA L e
! <3T2 + (9X2> 36k (‘)X12 + 63k2 |A| A=0, (11.32)

HOCKOJIbe KOS(b(bI/IH,I/IeHTbI npu HEJIMHENHOM 1 JUCIIEPCUOHHOM YJIEeHaX UMEIOT pa3-
HbI€ 3HaKH, TO I\IO,HyJIHLLI/IOHHOﬁ HeyCTOﬁ‘IHBOCTI/I HET.

Ilepeiinem reneps k mMomubunuposannomy ypasaernio KnB (6). Ouesuino, uro
perienue Jist u; BHOBB Oyjer umersb Buj, (11.27). TTockobKy HeJMHERHOe caraemMoe
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KyOuueckoe, TO B TIOP/Ke €2 HeJMHEHHbIe YICHBI HE HOSBATCS W BMECTO yDABHEHUS

(11.28) Gyzmem mmerhb
By

0X20X, =0

Ouy
LU2+8 +ﬂ

VesoBre yHUITOXKEHUST CEKYIISIPHBIX YJIEHOB IPUBOAUT K ypasHeHuto (11.29) mist am-
wmrynael |A|. Takum obpaszom,
LU2 = 07

9TO II103BOJIAET BI)I6paTI) penienue B BUJIAE U — 0. Tor,ua YJIEHDBI IIOPAIKA 53 JaroT

-~ 8u1 0 3 83u1 33u1 -
Lus + 57, + a%, ( > +3ﬂ( 0X20X; 8X06X12> =0

IlpupaBHuBas K HyJIO B OPaBOii 9aCcTU 9EHbI, IPONOPUHUOHAJbHBIE exp(if), 1mocie
HEKOTOPBIX IIpeobpaszoBannii npuxoanm Kk HYIIT:

0A 0A 0?A
A — | - —— —k|APA=0.
i <8T2 + vy 8X2) 30k e, E|A| 0

Tenepb, B orymmune or ypasHerns (11.32), 3Haku K03 UIMEHTOB NPU HEJIMHEHHOM 1
JIUCIIEPCUOHHOM 4ieHax coBiagaior (ecau § > 0), cieoBaTebHO, IPOCTPAHCTBEHHO
OJTHOPO/THOE PEIeHNe HEyCTONINBO. DTO, B 9aCTHOCTH, O3HAYAET, UTO HEYCTONINBBIMU
Gy/lyT PEIlleHus B BUJE MEPHOJMIECKIX CTAIMOHAPHBIX BOJH (cM. § 8.2).

g ypasuenus Byccunecka (B) omeparop L ectn

~  9? 9? ot
L= s = ¢ 55 = Bava
T 0X?2 0X4
a JUCIIEPCHOHHOE COOTHOIIEHNE MMEET BHU/I
w? = k% — B4 (11.33)

,B;J'IH YJICHOB IIOPAIKaA 82 noJjyvaeM ypaBHEHUE

0%uq 0%y 0% [u? 0%y
Tug+2 oY g2 7M1 9 (M) 45 9M
vzt 6T0T1 © 9XoX; 0X2 ( 2 ) b ’

KOTOpOE TIOCJIe TIOICTAHOBKNU BhipaykeHust (11.27) u mpupaBHUBAHUS K HYJIIO CEKYJIIsAP-
HBIX YJIEHOB, IIPONOPIMOHAIBHBIX exp(if), naer
0A | 2k — 20k 0A

+

Luy = —2k2A% €20 4 g c. (11.35)

Vpasuenne (11.34), Kak 0ObIYHO, O3HAYAET, YTO BO3MYIIECHUs OrMOAIOIIEH B MEPBOM

NpubINKEHUN PACIPOCTPAHSIIOTCS ¢ TPYIIIIOBON CKOPOCTHIO, TIOCKOJIBKY U3 JIUCIEPCH-
" — (2 3

oHHOTO cooTHomenust (11.33) HeTpyAHO HaNTH, UTO vy = (c k — 20k ) Jw. Hanee uz

busmaecKux coobparyKeHHil OrpaHIIIMCsT 00JIACTBIO BOMHOBLIX uncen k2 < ¢?/2[3, rie

IPYIIIOBasi CKOPOCTh HosioxkuTeabHa (M. § 1.4.1).
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U3 ypasaenus (11.35) MOXKHO IIOJIyYUThb PEIEHUE JJIs Ug B BUJIE

A2 exp(2i6)

uz = B(Xy1,T1, X2, T2) + 63k2

+ x.c., (11.36)

4TO copmajaer ¢ poipaykenueM (11.30). YUieHb mopsaika €2 IPUBOIAT K yPABHEHUIO

~ 8%y 9%y D?us
Tus +2 2 -
BN, T or? T onn

2 (2 0%y N 0%y 0%z > B 0% (uyus) B 9% (u?)

+2
XX, | 9X2 T 0XoX, X2  9XoX,

84'LL1 84’LL1 84’&2
—h (4 oxzox, O axzaxz 1 axga)g) =0

IMoncrasnsas ciona coornommennst (11.27) n (11.36) u npupaBHEBask K HyJIIO 9JIEHBI,
pornopruoHasbHble exp(if), mosydaem

0A 0A wy 0?A k2 1
| — —_— — - AB— ——A]?PA=0 11.37
z(cm 0 aXQ) 2 9X? 2w 1250 A ’ (11.37)
rie wy = (2 — vg — 66k?) /w. Yr106bl onpesesnTh B, He0GX0[UMO 0OpPaTHTHCS K

WjIeHaM Topsi/iKa €% M BLIIENUTH MeJIeHHO MeHSIONIuecs cjaraeMble. B pesysbraTe
OyleM UMeTh ypaBHEHHUE
2B ,?B  O?|AP (11.38)
—c = . .
oT? 0X? 0X?

ITockonbky u3 ypasuenus (11.34) caexyer, aro

82 2 82 2 2 2 82|14|2
(577~ < 57 ) 14P = 02 - D G

ypasHerne (11.38) MOXKHO IPOUHTErPUPOBATD, MOJIYIUB

A2
b= 2|_| 2
vy — ¢

B wurore ypasuenne (11.37) npuanmaer Buj

0A 0A wy 0%A k> 1 9
— — — - AlFA=0.
! (3T2 M 3X2> + 2 0X? <2w (Ug - c?) * 12fw 4

IloacunTas mpoussesenne KOIMGUINEHTOB IPU HETUHEHHOM W TACIEPCAOHHOM HJjIe-
HaX, yOekIaeMcsl, 9TO OHO PaBHO

(02— +68k2)°
24 3w? (vg - c?)

<0,

cJjie10BaTeJIbHO, MOJAYJ/IAITMOHHAaA HeyCTOfILII/IBOCTb HEBO3MOZKHa.



238 I'maBa 11

3amaya 11.2. BanmomeiicTBue HU3KOIACTOTHBIX MOHHO-3BYKOBBIX M BBHICOKOYA~
CTOTHBIX JIEHTMIODOBCKUX BOJIH B IUIA3Me OIUCBHIBAETCS ypashenuamyu 3azaposa [132],
KOTOpbIE B OE3pa3MEpPHOM BHJIe MOXKHO 3allMCaTh CJIELYIOIMM 00pa30oM:

iE, + Epp = nE,

11.39
Nt — Ngx = (‘E|2) ( )

zx
3aece E — KOMIUIEKCHAsI aMIUIATY/Ja JIEHIMIODOBCKOII BOJIHBI, 7 — KOHIIEHTDALUS
MOHOB. 3aMeTHM, UTO ecjid IpeHeOpedh BO BTOPOM YPABHEHWHU UJIEHOM 7i:t, CHUCTEMA
(11.39) nepexomur B HYIII.

HeficTByst anasormaso § 11.4, paccMoTpuTe yCTORIMBOCTD IPOCTPAHCTBEHHO—O0/I-
HOPOJIHOT'O PeleHHs]

n=mng, F =agexp(—ingt).

Tonoxure B (11.39) E = aexp(iy) u UpuBeuTe 3TH YPABHEHUS K BHJLY, AHAJIOIUY-

Homy (11.19), (11.20):

ar +2a, K +aK, =0,
a:l)@
Kt+2KK = (CL) — Ng,

Nt — Ngx = (az)zx )

rne K = ¢,. JIuneapusyiite noJiyueHHble ypaBHEHHUsS U, IoJiaras 9TO BO3MYIIEHUS
3aBUCAT OT & U t Kak exp(At + iKkx), HallJinTe XapaKTePUCTUIECKOE yPABHEHUE

()\2 + H4) ()\2 + f<a2) = 2a3r™.

IIpoananu3upyiiTe ero KOpHH 1 HOJIy4YnTe GOPMYILY JJIs THKPEMEHTA MOy ISITMOHHO
HEyCTOUYUBOCTU

K2

M= [—(1+/<;2)+ (1—n2)2+8a3}

Bamaya 11.3. [eiicrByst anasoruasno § 11.5, Haiigure perenue ypaBHeHUit 3a-
xaposa (11.39) B Buze yenunenuoit Bosiabl. [lokazkure, 9To 1pu BHIGOPE IPAHUUHBIX
yeqosuit n(x — +00) = ng, E(z — £00) = 0 370 pemenue nmeer BUL

E = ap,sech (§/A) exp (iUC/2),
n=mngy— é sech? (£/A),

rneé =x—Ut, ( =z — Vi,

4 . 21-U?

A2 = =
UU—2V) +4ny’ ™ A?

IIpu 5TOM JIOJIPKHBI BBINOMHATHCs yeaosust U (U — 2V) +4ng > 0, U? < 1.
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PazBuTne MOMyISIIOHHON HEYCTONYMBOCTH MPUBOIUT K OOPA3OBAHUIO YeIUHEH-
HBIX BOJIH, KOTOpPBbIe, KaK BHJIHO N3 IIPUBEJIEHHOIO BBINIE PEIIEHUs, IPEJICTABIAIOT
co60i1 00JIACTU C TIOHVMKEHHOH IIJIOTHOCTBIO IUIA3MbI — KAGEPHbL. JaCTHIIBI ILTA3MbI
BBITAJIKUBAIOTCA U3 KABEPHDBI CHJIAMH BBICOKOYACTOTHOTO JIABJIEHUS 3JIEKTPOMATHUT-
Horo nosisgt. OMHAKO yeMHEHHbIE BOJIHBI YCTOWYNBLI TOJIBKO B OJHOMEDHOM ciaydae. B
TPEXMEPHOM CJIy4dae IMPOUCXOIUT KOAAGNC, T.€. HEOOPATHMOE CKATUE KABEPHBI U, COOT-
BETCTBEHHO, HapacTaHue aMIuTy 6! 1oJist [132]. Tlponece nposokaerces 10 Tex 1op,
[IOKa XapaKTEepPHBII pa3Mep KaBepHBI He CTaHET mopsijKa pajnyca lebast, mocse gero
BKJIIOYAETCS JIUCCUTIATUBHBIN MeXaHu3M, 00yCJIOBJIeHHbIH 3aTyxanueM Jlanmay (cM. [1,
. 12]). Kosutaricom 60J1bII0Or0 9uciia CIy4ailHO PACIIOJIOKEHHBIX KABEPH OObICHSET-
Cs1 MEXaHU3M BO3HUKHOBEHUS JIEHTMIOPOBCKON TyPOYJIEHTHOCTH.

3amaya 11.4. PaccMoTpuTe MOAYJISIMOHHYIO HEYCTOMYIMBOCTh CHCTEMbBI CBSI3aH-
uprx HYIII
i 0A;
ot

04y
"ot

wi 0*4
2 9z
wh 9*A,
2 922

Cucremsr, anasornanbie (11.40), BOBHMKAIOT B PA3JINYHBIX (DU3AIECKUX 3a71a9aX, €C-

+

+ (B1] A1 +71|A2]?) A4,
(11.40)
+

+ (B2] A2* + 1141 %) Az

JI Hy?KHO yUYeCTh HeJIMHEHHOe B3aMMOJIeHiCTBIe PA3IMIHBIX TUIIOB BOJIH (HAIIPHMED,
OBICTPBIX M MEJJICHHBIX BOJIH IIPOCTPAHCTBEHHOIO 3apsifia B 3JIEKTPOHHOM ITOTOKE
[133], KOMIIOHEHT Pa3JIMYHBIX IOJSAPU3ANUI B JABYJLY 9€IPEJIOMIIAIONIUX BOJOKOHHBIX
ceroBosax (134, 135] u ap.) WM pasaMYHBIX YACTOTHBIX COCTAB/IAIONINX MHOIOYa-
CTOTHOTO BOJIHOBOTO T1akeTa [136]. DddekTsr HesmHeltHOrO B3auMoeiicTeust (fasos0t
Kkpocc-modyasyuu) B ypasaenusax (11.40) onuceisatores wienamu i 2| As 1|2

Tokaxkwure, uro ypasuenns (11.40) uMe0T NpOCTPAHCTBEHHO-OIHOPOJHOE DEIlle-
Hue

Ay = ayoexp [i (Braly +ma3g) t]
Ay = aggexp [i (B2a3, + 72070) t] -

Uccnenyiite 910 peleHne Ha yCTOWIUBOCTH aHAJOrHIHO § 11.4 U mosryumnTe xapakTe-
PUCTUYECKOE yPaBHEHUE YETBEPTOrO MOPSIIKA

w//H2 2 w”/<;2 2
A2 — Brwi a3 k? + (12 > A2 — Bawla3gk? + < 22 ) =
_ "o, 2 2 4
= T172W Wa G1pA K

HpO&HaHHSprﬁTe KOPHHU 9TOI'O YpaBHEHUSA U ITOKaXKHUTE, YTO IIPU BBIIIOJIHEHUN YCJIO-
BUA

Y12 > B152

MOIYJIANNOHHAA HEYCTOMYMBOCTH MMeeT MECTO JarKe eCJId ﬂ172w’1’72 < 0, T.e. KpuTe-
puit JlafiTxusia 7yt KaXKI0it U3 BOJH B OTJEJIbHOCTH HE BBITOJTHEH. B Takom ciry-
Jae TOBOPAT O MOJYJIAIMOHHONW HEYCTONYIMBOCTU WHIYIIMPOBAHHON (Ha30BOit KPOCc-
MOJLYJIAIUEH.
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Samaga 11.5. Jlunamuka orubaiomux tpsamoit (A1) u serpeunoit (A™) Bosn B
pacrapenesieHHOM pe3oHaTope (OTpeSKe HEeJIMHEWHO cpe/ibl KOHEYHOU IIPOTAKEHHOCTHU
C OTPAXKEHUSIMU HA MPAHUIAX) ONUChIBaeTcs cucreMoii csanubix HYIIL [137]
[(0AT 0A™ wy O2AT

( +V + 2

i\ 5 +V g 7W+6(|A+|2+2|A*\2)A+,

(0A”  _0AT\ | wl 92A” i Loy A
IIpocTpaHCTBEHHO-OJHOPOIHOE PEITeHNEe ITO CUCTEMBI UMEET BU,
A* =afexp [iﬁ ((a(jf)2 +2 (a(j)F)Q) t} .

Cuwnrast, 910 KO3DDUINEHTH OTPAXKEHN Ha T'PAHUIAX OJM3KUA K €IUHUIE, TaK 9ITO
MOZKHO IOJIOZKUATH aar = a, = ap, AccieAyiiTe 3TO pelleHne Ha ycroiauBocThb. Iloka-
2KUTe, YTO KOPHU XapaKTEPUCTUIECKOTI'O YPABHEHUSI UMEIOT BUJL

", 2

2 mo2N 2
N =k? | fwlad —V? — (wo;' ) +2, | f2wi?al — (&ugag — <w0; ) > V2

O6cynure pa3andnble BO3SMOXKHbBIE CUTYAIUN: CKOJIbKO KOPHEIl ¢ ITOJIOKUTEIHHON Be-
IIECTBEHHON JACTHIO MMEETCsI IIPU TeX WJIM WHBIX 3HAYEHUSX NapaMeTpoB (HoxpobHee
cum. [137]). Tlocrpotiite 3aBUCHMOCTH MHKPEMEHTOB MOJIYJISIMOHHON HEYCTONINBOCTU
OT K IIPU PAa3JIUYHBIX 3HAUYEHUAX (.

11.6. DaeKTpoMarHuTHbIE BOJHBI B HEJIMHEITHOM
anmdjieKTpuKe. COJIMTOHBI B BOJIOKOHHBIX
CBETOBOJAX

,D;.Hﬂ aHaJIn3a PacCIIPOCTPaHCHUA JIEKTPOMAarHUTHBIX BOJIH B HeJIMTHETHOM

JANJIEKTPUKE BOCIIOJIB3YyeMCA MOIEJIbIO CPpeIbl U3 CJI1aDOHEIMHEHHBIX OCIIMJIJIA-

TOPOB, KOTOpas yzKe 00CyK 1aaach B 3a/1a4ax 8.3, 9.2. DJ1eKTpOMArHuTHOE T10JIe

OIIUCBIBaETCA IIPpU IIOMOIITXA BOJTHOBOI'O YPpaBHEHU A

0’E 1 0*F o0’P

arz & oz Mg (11.41)
a [OJIAPpU3ald P IOAYIMNHACTCA YPaBHEHUTO
0P
a2t wg (1 — aP?) P =¢Q*E, (11.42)

rjie wy — COOCTBEHHAsS YACTOTA JIMHEHHBIX KOJIeOAHU OCIUILISATOPOB, (v — IO~
noxuresnbHas KoHcTanTa, 02 = (e?N) /(meg), e m m — 3apsn 1 Macca SJIeK-
TPOHA COOTBETCTBEHHO, N — 0ObeMHasT KOHIIEHTPAIINSA OCIIIIISITOPOB.
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[Tosryanm wenuneitnoe ypasuenue [ pénunarepa i orudaromeit KBasurap-
MOHHYECKOT'O BOJIHOBOTO I1akeTa. ByjieM ncKaTh perieHne B BUJIE PsiJioB

P=cP,+e’Py+ 3Py +...
(11.43)
E=¢cE| +&’Ey+e%FE3 + ...

U BBeJleM HOBBIe IIPOCTPAHCTBEHHbIC W BpeMeHHEBIe MacmTadbl Xo 12, 10,12 B
coorBercTBHE ¢ popmytamu § 11.3. B mopsiike €, 04€BUIHO, Oy IUM JITHEA-
pusoBaHHBIl BapuaHT cucteMmbl (11.41), (11.42), a umenHo,

OPE, 1 0B _ 9P
axz & arg ~ Mary
0P\ 2P = 02
6T02 + wol1 = €o 1.
OreickuBas Ep B BUIE
E; = A 4 kc., (11.44)
rae 0 = kXo — wTy u ammuTyna A 3aBUCUT OT MeIJIEHHBIX I€PEMEHHBIX,
HAXOIUM, ITO
6092
P = 5 3 Ey =eox1En, (11.45)
wg — w

npudeM 9aCToTa W U BOJIHOBOE YUCJIO k JOJIZKHBI OBbITDL CBA3AHLI JAUCIIEPCUOH-
HBbIM COOTHOIII€HHEM

(w? — 2K?) (w? — wf) = W Q% (11.46)

B dopmyne (11.45) BBemena JmHeiiHasi JU3IEKTPUIECKAas BOCIPUUMYUBOCTD
x1(w) = Q2 /(w3 — w?). Coornonrenne (11.46) mo/IE3HO TepercaTh B BHJIe

w?nd = k2, (11.47)

rje no(w) — JIMHEeRHBIH oKa3aTe b IPEJIOMIIEHHsI, JIJIi KOTOPOro uMeeM ¢hop-

Myay 3esvmetiepa
QQ
ng=1+—5—=1+x1. (11.48)

Wy — W

Yennr nopsiaxa 2 B ypasaenusx (11.41) u (11.42) umeror Bu

By 1 0°FEy 82P2+
oXZ & o1y Ho oTe
B 1 0B 2P\
2 <8X08X1 -2 onon  Marern ) =Y (11.49)
grz ol — e By +2 i = 0.
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Bripasus 3 Broporo ypaBHenus Fo U IOJICTABUB B IIEPBOE, MTOTYINM, UITO

PE 1 9B 9P
0X00X: &2 0,0l M a1om,

82 1 92\ 8P

(52 o ><32_152>_9232
oT? (3X§ c? (3T02 c? OTOT

[Moxcrasnss ciona coornomenust (11.44), (11.45) nuss Eq u Py u tpebyst yHu-

EPQ =+ 26092 <
rie

YTO2KCHHSA CEKYJISAAPHBIX YJIEHOB, HaXO/UM, 9TO A YAOBJIETBOPLAET yPpaBHEHUTO

0A 0A

+K —=0 11.51
8X1 0Ty ' ( )
rie
1 Q2 1/2 Q2
k/_<1+ 2 2> bt - 2|~
o\ (=)
1 d’I’LO 1
= - — | = —. 11.52
C (no +w dio > v (11.52)
Teneps ypasuenue (11.50) npunumaer Bu/L
LP, =0,

caesioBaresibHo, Eo, Py ~ exp(if). B rakom ciayvae u3 ypasuenwuii (11.49) Ha-
XOJIUM
FEy = Be" + k. c.,
. 11.53
P, =egx1 (B — ngZ_wa gﬁ) e 4+ K.C., ( )
rie B = B(X,TY).
Haxownerr, BoraesamM B ypasiennax (11.41), (11.42) wnensr nopsxa 3. Nme-
eM
0’°FE5 1 9%Es %Py
oxg & o1z " or?

—+

wo( OB 1 OB B 1 OE
0Xo0X1 ¢ OTOTy = 0Xo0Xy 2 OTydTy

9?E, 1 0°E, 2Py 9*P, 9*P,
2~ 2 o2 Mo +2 t -2 ) =0
0X 1 C 8T1 8T0 6T1 6T0 6T2 8T1

y& %Py o’ P 5P
+WAPy — eoO2E; + 2 + 2 + —wlaP3 =0.
gre 0T T T emor, T T oToT, | or? 0!
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Uckirouas u3 3Tux ypaBHeHU Fs3, Mojrydaem

= 9?E, 1 0*E; 0P,
LP P2 — = _

80 I: <8X08X2 c? 0Ty Ho 8T08T2>

S OB 1 PBy 9P OB, 1 9°B,  9°P,

0X00X1 ¢ OTyOTh Ho 0TH0T 3X12 2 8T12 Ho 3T12
92 1 9? 9’P, PP, %P
. 2 2 P3 _
- (8X§ ? 8T02) [ 0TH0T> + ATy + oT? Wor 1] 0,

IMoxcrasnss crona coornomenust (11.44), (11.45), (11.51) u (11.53) u upupas-
HUBas K HYJIO CEKYJIdpHbIe uieHbl, nmoimyvdaeM HYIII

0A 0A 0%A
[Py — +APA=0 11.54
(5, ¥ 55 ) +P gz + 1APA =0, (1150
a Takke ypaBHeHUe it pyHKInn B

0B 0B
— 4+ k= =0.
ox, " om
B ypasuenun (11.54)
_ILH B w? (w4 + 2w2w(2) — 3w(2) (Q2 + wg))

/8: 2 = . QQ 3/2
2c (w% - w2) (1 + 22)

Wy —w

, (11.55)

_ 3ack’w20’
- 2(, 2 2\4
2kc (wo —w )

(11.56)

U3 5TUX COOTHOMIEHHUIT CJIE/yeT, YTO MO/LYJISIMOHHAST HEYCTONYNBOCTD BO3ZMOXK-
Ha Ha BepXHeil BETBU UCIEPCHOHHOII Xapakrepuctukn (cuM. puc. 9.1), e
k" <0, me. B obacT aHOMAJILHOI IUCIEPCHH IPYIIIOBOi CKOPOCTH (Vg pac-
TET C POCTOM k).

Ecsin u3 ypasuenns (11.42) npubnzKeHHO BBIPA3UTD MOJISPU3AIIAIO B BHIE

Pregx(E)E=¢(x1E+x3E® +...), (11.57)
TO MOXKHO HalTH, YTO
~ QS (11.58)

Temepn, ecitu BBeCTU HeAUHEUHDIT NOKA3AMEAD NPEAOMAEHUS

n = ng + na| A|?, (11.59)
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10, yunThiBasd, uTo n? = 1+ x(E), n moiaras neammeiinyio 106aBKy B dhopMyIe

(11.59) mauoit, 6y/ieM nMeTh

Nng =~ %
2n0

Takum 06paszom, Beipazkerne (11.56) MOKHO TepenucaTh B Buje

N = % (11.60)

VYpasuenue (11.54), oueBuHO, HecupaBeIMBO BOIM3M DE30HAHCHON da-
CTOTHI wy. Bomee Toro, B peaabHOM IU3JIEKTPHKE TAKHX YACTOT HECKOJILKO U
BMecTo hopmyiiet (11.48) ciemyer 3anmcarhb

2 o3
n0—1+2w2_w2.
n n

[TosTomy mucriepcroHHasi nuarpaMma UMeeT BU/I, MOIOOHBIH M300parKEHHOMY
na puc. 11.5 (cp. puc. 9.1), u obacts wacror, B Koropoii k¥ < 0, orpanuyena.
Juny BoHBI Mg, Ha Koropoil k” = 0, Ha3BIBAIOT IJIMHOI BOJIHBI HYJIEBOM
jucriepcuu. Harpumep, iy kBapiieBoro crekjia A\g = 1.3 MKM, a pe30HAHCHBIE

aiabl BosiH paBHbL 0.068 MM, 0.116 MkM 1 9.869 MKM.

oA

Puc. 11.5. ucnepcuoHHBIE KpPHUBBIE 3JIEKTPOMATHUTHOW BOJIHBI B Cpele U3
JIEKTPOHOB-OCIIMJLIATOPOB DU HAJUYUAU JBYX PE30OHAHCHBIX 9acTOT. MOMysiuon-
Hasgd HEYCTOMYUBOCTH peau3yeTrcd B 00JIACTH Winin < W < Wmaz

Paccmorpennast 3aja4ua nveer O0JIBIIOE TPAKTHYECKOE 3HAYEHUE, TAK KaK
JaeT IpocTeiilliee oOlIMCaHe paclpoCTPaHeHus 3JIEKTPOMArHUTHBIX COJINTOHOB
B JIN3JIEKTPUIECKUX BOJHOBOJAX (B0AOKOHHDIT ceemoeo&am)3. Nmenno yum-

KaJIbHbIE CBOIICTBAa COJIUTOHOB, TaKHE, KaK X CIIOCOOHOCTD PaclIpoCTpaHATbCHA

3Ho:-)TOMy ypasrenme (11.54) 3anucano B Buze, 6osee ymo0HOM JTsl aHAIN3a PACTIPOCTPa-
HEHUdA CUTI'HaJIOB, KOI'la UMeeTCd IIPOU3BO/HAasA II0 KOOpAUHATE JIUIIL IIE€PBOTO IIOPAIKA.
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6e3 ncKaxkeHnit Ha OOJIBbIINE PACCTOAHNSA, OYeHb CYIIECTBEHHBI /I IIPUMEHe-
HHsI B BOJIOKOHHO-OIITHYECKUX cHcTeMax cBs3n [134, 135].

Pasymeercs, BOIHY B BOJIOKOHHOM CBETOBOJIE HEJIb3s CUUTATH IIJIOCKOM.
Bwmecto coornommenns (11.44) caemyer 3amcarsb

E) = F(y,z) A + k.c.,

rie dysknus F onuceiBaer momnepevHoe PacipeiesieHue BOJTHOBOIHON MOJIbL.
Osaako BemauHbl k', k” 1pu 9TOM M3MEHSIIOTCS HE3HAYUTEIBHO, 110 KpaiiHei
Mepe, ec/H JJIMHA HeCylliell BOJIHBI He CJIMIIKOM OJM3Ka K Ag. Bblpazkenue
(11.60) mopudunupyercst ciaeyrommm obpasom [134, 138]:

_ wna ff|F]4dydz
T [ [|F|?dydz"

B BOJIOKOHHO-OIITHYECKUX CHCTEMAX CBS3U NH(MOPMAIIHS IEPEIAETCS B BUIE
3aKOJIMPOBAHHON TOCJIE/IOBATEILHOCTH UMITYJIHCOB. JIJTUTEIBHOCTD UMITYJIbCOB
onpeJiesisieT CKOpocTh mnepejadn undopmanuun B (6ur/c). B snuneitnbix cse-
TOBOJIAX JIUCIIEPCUOHHOE PACIJILIBAHUE UMITYJIbCOB OTPAHUYNBAET BeJIUIuHy B
U MaKCHMAJIbHO BO3MOXKHYIO JUTMHY cucreMbl L (Tounee, npoussejierue BL).
Taxk, coruyiacuo [134], 1ist TUIHYHBIX TapaMeTpoB cBeToBO0B B ~ 100 M6ur/c
upu L = 50 xkm. [Ipu pabore BOIM3Y INJTUHBI BOJIHBI HYJIEBOI IUCIIEPCUT MOXKHO
yBesanantb B 10 2 I'6ut/c. B ¢BsI3u ¢ 9TUM BecbMa BBITOIHBIM IPECTABIISETCS
HCIIOJIB30BAHUE JIJIsl ITepeJladn HHMOPMAIINA UMEHHO COJTUTOHOB, JIJIs KOTOPBIX
Jucriepcuonubie 3M@MEKThI B TOYHOCTH KOMIIEHCUPYIOTCA HEJTUHEHHBIMU. DTa
uzest 6blta BoiABuHYTa B 1973 1. A. Xacerasoii u @. Tanmeprom [139] u pea-
Jim30BaHa skcrepuMeHTag bHo B 1980 1. JI. MoJutenayspoM ¢ cOTpyIHUKAME U3
JlaBoparopuu Besur [140], KoTopble BriepBble HAOIIOAAIN YCTONIMBOE PACIPO-
CTPaHeHNe ONTUYECKUX COJIUTOHOB JIJINTEILHOCTBIO 7 TIc Ha paccroguue 700 M.

Koneuno, peayibHble UMITYIbCHI B OIITUYECKOM BOJIOKHE BCE-TAKU PACILIbIBA-
FOTCsI. 3a 9TO OTBETCTBEHHBI (DAKTOPBI, KOTOPhIE He ObLIN YUTEHbI IIPU BBIBOJIE
ypasHenusi (11.54), B nepByto odepenp — 3aryxanue. [10sToMy HCHONB3YIOT
JUTAHY BOJIHBI 1.55 MKM (JIJIs1 KBapIEBOIO CTEKJA), Ha KOTOPOM IMOTE€PH MUHU-
MaJbHbl. KirtodeByio posib Juisi Iepeadu COJTUTOHOB Ha, OOJIBIITHE PACCTOSTHUS
ChIIpaJia ujes MePUOJUYECKN YCUJIUBATH COJIMTOHBI 33 CYET BBIHYKJIEHHOTO
kombunaronnoro paccesiunst (BKP). B 1988 r. 3a cuer BKP-ycusenust 6ui-
JIO 0DeCIIedeHO PaCIpOCTPaHEHUE COJIMTOHOB Ha, paccrosuaue cebirre 4 000 km
6e3 3aMeTHOrO yBesmueHus ux jpiureabnocru [141]. Hakoner, okazanoch, 9To
HanboJiee BBITOJIHO UCIIOJIB3BATH BOJIOKHO, B KOTOPOM UEPEIyIOTCSA YIACTKU C
HOPMaJIbHON M aHOMAJIbHON Jucrepcueii rpynmoBoit ckopoctu (Tak HasblBae-
mble dispersion managed solitons). C HOMOIIBIO 9TOfi TEXHOJIOIMH OCYIIECTB-
JieHa Tepeada nHbopManu co cKkopocThbio 10 ['6ur/c Ha paccTosiHUST CBBIIIE
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10 000 KM, a cO CKOPOCTBIO B HECKOJIBKO cOT ['61T /¢ — Ha paccTostHUs MOPSIIKA
1000 kM (B 9TOM CJIydae 1o OJIHOMY BOJIOKHY MEPeaeTcst cpady OOoJIbINoe YUCII0
CUI'HAJIOB C Pa3JIngIHOM JiyinHON BoJiabl). B 2002 1. B ABcTpasiu Oblia BBeIeHA
B JeficTBUE TIepBasi KOMMepUecKas COJIUTOHHAS JIMHUS CBA3U MPOTIAKEHHOCTHIO
okouo 4 000 km [135]. cropuyeckuit 0630p pasBuTHs ONTHICCKUX KOMMYHHU-

KaIllMOHHBIX TeXHO.HOI‘I/IfI7 HCITOJIB3YIOMINUX COJIMTOHBI, MO2KHO HaliTu B pa60Tax

[142, 143).

11.7. CamodokycupoBKa cBeTa

Mopynsanunonnasi HEYCTOHIMBOCTD MOYKET MPOSIBIISITHCS TIO OTHOIIEHUIO HE
TOJIBKO K MPOJIOJILHBIM, HO U TIOTIEPEYHBIM BOZMYIIEHUSAM. B rmocieiHeM cydae
BOZHMKAET sIBJIEHUE camopokycuposku. B nannom naparpade OyaeT paccMoT-
peHa caMOoOKyCHPOBKa 3JIEKTPOMATHUTHON BOJIHBI B HEJIMHEHHOM JIU3JIEKTPHU-
Ke.

ITycTh mokasaTesb MPEJOMJIEHUs] 3aBUCAT OT UHTEHCUBHOCTH B COOTBET-
crBun ¢ dopmyioii (11.59), npudem ng > 0. Torma dasosast CKOPOCTD Vpp, =
¢/n(F) yMeHbIIaeTcsi ¢ POCTOM aMILTHTY/IbI 0JIsA. PaceMoTpuM pacnpocTpame-
HIEe OTPAHUIEHHOTO BOJHOBOTO TYYKa C KOJOKOJIOOOPA3HBIM PACIIPEIeIeHIEM
MHTEHCUBHOCTH, MOJOOHBIM m30bpaxkeHHoMy Ha puc. 11.6a. Tak kKak Ha ocu
IydKa, IJIe HHTEHCUBHOCTH MaKCHMAaJsbHa, Up, MEHbIIE, YeM Ha Kpasgx, Iep-
BOHAYAJBHO TJIOCKWH (POHT Tydka nedpOPMUPYETCs, KaK 3TO TMOKa3aHO Ha
puc. 11.66. DddekTuBHAST IMUPUHA TyIKA YMEHBIIAETCS, T.€. TPOUCXOIUT €ro
camodokycupoBka. B ciydae ng < 0 cpesia, Ha000poT, SABIsSETCS JeDOKYCUPyY-
TOIIIEN.

|E|2k xA

0 x z
a 6

Puc. 11.6. Pacnpenesenne HHTEHCUBHOCTH B MONEPEIHOM CEYEHUH BOJTHOBOIO IIyUKa
(@) u uckaxkenue ero ¢dpponra 1pu camodoxkycuposke (6)

OTo sijeHue ObL1o mpejsckazano [LA. AckapbsaoM B 1962 1. 3 BechMa
npocThix coobpaxkenuii [144|. OH HpeanosoKui, 9To B ONTHYECKH [IPO3pad-
HOII cpejie pacIpOCTPaHIeTCsT MOIITHBIN JIyd Jia3epa. Takoii Jyd 3a CUeT I1eJIoro
psizia 3pdekToB (HeJIMHENHON TTOJISIPU3YyeMOCTH, JIEKTPOCTPUKIIN, Pa30rpeBa
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U T.II.) HEMHOT'O U3MEHSET [TOKA3aTe b IPeJOMIIeHIsT cpeibl. Ecu cpesa crano-
BUTCsI OIITUYECKU DoJiee TUIOTHOM (ITOKA3aTe b IPEJOMIICHHST YBEJININBACTCS ),
TO JIyd CO3JIaeT caM cebe HedTO BPOJe JIMH3bI, KOTOpasl OyaeT ero goKycupo-
Barb. [losTOMy IleHTpa/bHasE 9aCTh BOJHOBOI'O (PPOHTA HECKOJIHLKO OTCTAET OT
nepudepUIeCKIX, I BOJIHA CTAHOBHTCS CXOMSIIeics?.

[Tpu ommcanum onTu<deckoit caMmoOKYCUPOBKHU Oy/IeM IIpEAIo/ararb, ITo
JUCIIEPCUOHHBIMEI 3P (heKTaMI MOXKHO IIpeHedpeds. Torma MosKHO CINTATE, ITO
[OJISIPU3AIsI CPeIbl CBSI3aHa ¢ HAIPSI2KEHHOCTHIO IOJIs AJINe0PanIecKIM COOT-
nomrenneM (11.57), rae koabdunueHTsr X 1,3 €CTh KOHCTAHTHI. 3allUIIEM HEO/-

HOMEPHOE BOJIHOBOE ypaBHEHUE Makcsesiia

1 9%FE 0*P
T2 e Mg

[Moxcrasus B Hero Bbipazkenue (11.57), mosydmm

OE  ,PE 0% (E3)
1 — P _PAE - = 11.61
(1+x1) 5z ¢ g2 CALEtXs 5 0, (11.61)
92 02
rie z — IPoJoJbHas KoopauHaTa, A | = 922 + EA oneparop Jlamraca 1o
z Y

IIOIIEPEYIHBbIM KOOD/IMHAaTaM. I/ICHOJH)BYGM CTaH,H,apTHbH'?'I alllrapaT MeToda MHO-
rux MaCH_ITa6OB, OJJHAKO Pa3JIO2KCHU A 6y,£[eM BECTH II0 BCEM TpPEM IIPOCTPaH-
CTBCHHBIM II€PEMEHHBIM. ITose E, KaK O6bI‘{HO, npeacTaBuM B BUE

E=€E1+€2E2+53E3+...

u 6y,ZLeM HNCKaTb peIleHrue B BUJ/e KBa3UILJIOCKOI BOJIHBI, T.€. BbI6epel\l B IIOpsAJIKE

€
By = Ae?kawt) 4 g e

rie aMimmTyga A 3aBucHT OoT MejIeHHBIX repemennbix 11, X1, Y7, Z1,... Ya-
CTOTa W W BOJHOBOE UMCJIO k CBsI3aHBI JAMCIEPCHOHHBIM COOTHOIITEHUEM

Hamomuum, 9To B pamMkax clie/laHHbIX mpubirmkenuit ng = /1 4 x1 = const
(mucnepcun Her).

4Cornacro dopmyme Jummoma Ha orkpbiTie Ne 67 ¢ mpuopurerom or 22.12.1961 1., BBI-
JMaHHOTO ACKaphbsiHy: «YCTAHOBJIEHO HEM3BECTHOE pDaHee siBjeHne caMo(OKYCUPOBKHU 3JIEK-
TPOMArHUTHBIX ¥ 3BYKOBBIX JIydeil, 3aK/IIOYAIONIEecss B yMEHBIIEHUH DPACXOAMMOCTH (HMJIA
yBeJIM4IeHUN CXO,HI/IMOCTI/I) Hy‘leﬁ n3-3a IMOABJICHHUA IIOIIEPEYIHOrO I'paaueHTa HeJMHEHHOro Io-
Ka3aTeJid IMPeJIOMJICHUA U BOSHUKHOBEHUA HeJIMHEITHOT O BOJIHOBOJIa, YMEHBINAIOMIETO CEYCHUEe

Iy dKas.
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Boinenss us ypasuenns (11.61) wiensr mopsaka €2, HaxoammM

LE,+2|(1 -
242\ (L X1) g =€ 57007

=0, (11.62)

~ 2 2
rae L= (1 + X1) (9% -2 687 YeioBue YHUYITO2KEHUA CEKYJIAPHBIX YJICHOB,
0
KaK O6bI‘{HO, IIpUBOJUT K YPAaBHEHUIO
0A 0A
S i) (11.63)
8T1 no 821

u ypasuenue (11.62) npuanmaer Bu ZEQ = 0, gTo mo3BoJIsieT BuIOpaTh Fy = 0.

3

Yitenbl nopsijika € B ypaHenun (11.61) mator

9?E; 82E1) B

LEs+ (14 x1) ( 3on T o
1

=0.

o, O*Er  0*Ey  O’Ey  O’E) 0% (E?)
—c* (2 + 5o t o T aue 3 g
0Z00Zy ~ 0Z7 = 0X} = OYj oT;

HO,ILCTaBJIHH CIo1a El 1 IprupaBHHUBad HYJ/JIIO CEKYJIZPHBIC YJIEHDBI, IIOJIy9aeM

. 0A 0A 0?A
1

2 OPA
+c aZ2+c A A+ 3w? X3|A| A=0,

_l’_

o> o>

P X2 + oY" ——. B cuny coornomenns: (11.63) wiensl, comeprkalime

IIPOU3BO/IHBIE T10 Z1 n Tl, B3aMMHO YHHUYITO2KaIOTCH. D10 O6YCJIOBJIQHO TeM, 9TO

rme A =

He yYHUTBIBAIOTCA [quciepcronnbie s3bdekTsl (dvg/dk = 0). Ilepeiias Kk HOBBIM
nepeMeHHbIM Z = Zg, T = Ty — ngZa/c, MOIyIuM HEOJHOMEDHBI BapuaHT
HVIII:

GA 1

2
P57+ gpAAHlara=o, (11.64)

rjie 7y 1o npexkHeMy onmceiBaercs: dhopmysioii (11.60).

VYpasuenue (11.64) omucbiBaeT mporece CTalUOHAPHON caMOMOKYCHPOBKA
U TIO3BOJISIET HAWTU TPOCTPAHCTBEHHOE pacmpeeeHne NTHTEeHCUBHOCTH BOJTHO-
Boro myuxa. B miockom gBymepnom ciiydae (A = 02 /0X?) ono npespamaet-
cst B o6branoe HVIII, umerommee pertenusi B Bujie cosmronos (11.26). TIponece
oOpa3oBaHMsl COJMTOHOB M3 HAYaJbHOI'O BO3MYIIIEHUS TEIePb COOTBETCTBYET
paciiajly BOJIHOBOI'O IIy4YKa Ha HECKOJIbKO Dojiee y3KHMX caMO(OKYCHPOBAHHBIX

IIyYKOB, (popMa KOTOPBIX B JajbHeiiliieM He u3Mensiercd. VX cTabMIbHOCTD
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BbI3BaHA B3AMMHON KOMIIEHCAITMEH HEJIMHEHHbIX U audpakiinoHHbIX P deK-
ToB. OTMeTHM, 4TO XapaKTepHas IIMPUHA [Iy4YKa 0OPATHO ITPOIOPIIMOHAIbHA
AMILIATY/Ie COJINTOHA Ay, B popmyite (11.26), a ckopocts U reneps onpejessier
YTOJI MEXKJTy HAIPaBJIECHUEM €ro paciHpocTpaHeHus U ocbio 2. Takasd curyarnus
peayim3yeTcsi, HallpUMep, MpH caMOMOKYCUPOBKE HEJIMHEHHBIX MArHUTOCTATHU-
YeCKUX BOJIH B (eppuTOBbIX IUIeHKax [145, 146].

L1t HeSTMHEHOW ONTUKY 00JIee UHTEPECHOM ITPEICTABIISIETCS CUTYAIIHST, KO-
IIa Iy9I0K sIBJSETCS He IJIOCKUM, & IMUJInHIpuIeckuM. B obiiem ciy4dae ypas-
Herre (11.64) He sIBJIsIeTCS MHTErPUPYEMBIM U €rO TOYHOE DeIlleHre HANTH He
ymaercs. Onnako oHO 06agaeT JAByMsI BaXKHBIMH WHTETDAJIAME JTBUKEHHSI,
KOTODPBIe TTOMOTAIOT BBISICHUTL XapaKTep IBOJIONNHI BOJHOBOrO Iydka. llep-
BbIIi MOXKHO HaiiTh, ymMHOXkKast ypaHenue (11.64) ma A* u BbrumTast u3 Hero
KOMILJIEKCHO-COIPSI?KEHHOE, UTO JIaeT

JOAR
07 %

IIpounTerpupyem 3TO COOTHOIIIEHNE 10 TTOIEPEIHOMY CeUeHn 0. [ToCcKOIbKY

L araiA—an a4 =0

A*ALA— AN A* =V | (A*V, A— AV A%,

UHTErpaJl 0T 9TOji BeJIMUInHbI 0Opalnaercst B Hyjlb, Tak Kak A(z,y — +o00) = 0.
Canenosarensno, dly /dZ = 0, rue

I :/|A|2dsL. (11.65)

Yro6bl HaiiTu ApyToil MHTErpaJl, yMHOXKUM ypasHenue (11.64) na 0A* /07

1 CJIO2KUM C KOMITJICKCHO-COIIPAXKEHHBIM BbIPDaKEHUEM. B pe3yabTaTe oIy YUM

1 [9A* 9A . ) 8]A]2
2/€<8Z ALA+ o> ALA> ~|A] = 0.
Herpynno 3ameTnTh, 94T0
DA* 0A . DA* 0A N\ OVIAP
S DAt oo AAT = VL<8Z ViA+ oo VL A)— S

cJ1eJI0BaTe/IbHO, NHTEIPUPOBAHNE 110 II0IIePEeYHOMY CeYeHUIO IPUBOJIUT K ypaB-
nenuto dls/dZ = 0, rue

1 1

Iy =~ — VLA —4|A*) ds,. (11.66)
2 k

Eciin ucnosib3oBaTh aHAJIOMMIO ¢ KBAHTOBOI MexaHUKOii, To uaTerpasbl (11.65)

u (11.66) uMerT CMBICII, COOTBETCTBEHHO, YUC/Ia KBA3UYACTHI ¥ [IOJTHON SHEp-

T'rn.
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Hanee, moxuo Beect semmunny J = [ 12| A|*ds, (npu srom, ouesuso,
sesimanua J /I 6yaer uMeTsb cMBbICT 3PMEKTUBHON MUPUHBL Iy IKa) H, HCIOJIb-
3ysl Tak HasblBaeMblil memod momernmos [147, 148|, mokasars, 1To

d?J
dz?

JIBazKIbI UHTETPUPYS 3TO COOTHOIIIEHUE, MOy IaeM

= 81s.

J=C1+ CoZ + 41,72,

riae C12 — TOCTOAHHBIE HHTEIPUPOBAHUA. Bu/HO, UTO ecm HadaJbHBIE YCJIO-
BHUsI TaKOBBI, 9TO [s < 0, TO Ha JOCTATOIHO OOJIBININX PACCTOTHUSX ITPABA
JacTh JAHHOT'O BBIPAsKEHHsI CTAHOBUTCST OTPUIIATE/IBHOM, B TO BpeMsl Kak .J 110
OIIPEIEJIEHNIO IOJIOKUTEbHAST BEJIMYMHA. DTO T'OBOPUT O TOM, UTO B TOUYKE
Ze, vie J uamensier 3Hak, 3pdeKTUBHAS MTUPUHA BOJHOBOI'O IIydYKa obparia-
ercs B HyJ/Ib, 8 aMIUINTY/Ia II0JIsI Ha OCH — B OECKOHEYHOCTbH, T.€. IIPOUCXOIUT
ero xoansanc. [Ipu srom ypasuenue (11.64), oueBuIHO, TepsieT CIIPABEJINBOCTD.
B neiictBuTesibHOCTH TIpoOTiece caMO(OKYCUPOBKH ITPOJOJIZKAETCST JI0 TEX 0P,
IIOKa HEe ITPOUCXOJIUT TPOOOH AUIIECKTPUKA.

Pazymeercs, siBierne camodoKyCcupoOBKH HAOJIONAETCS HE TOJIBKO B HEJIH-
Heitaoit ontruke. Hanpumep, akTHBHO ucCaeayeTcs caMODOKYCUPOBKa Pa3JIMd-
HBIX THUIIOB BOJIH B aKyCTHKe M (busuke mira3mbl. meercss obmmmpHas Jmrepa-
Typa, B KOTOPOi MOAPOOHO 00CYKIAIOTCS Pa3/IMIHbIE BOIPOCHI, CBSI3aHHBIE C
HeJIMHEHOM udpaKIeil BOJHOBBIX IIy9IKOB (cM., Hanpumep, [8, 12]). B gact-
HOCTH, MOXKHO TIOPEKOMEH,I0BATh KHUTY [148|, 1e/ImKoM MOCBSIIEHHY 0 TIpobJie-

Me caMOPOKYCUPOBKHU.

11.8. TpexBosHOBOE B3amMOIelicTBUE B
KBaAPAaTUYIHO-HEJIMHENHON cpeJjie

[Ipenpimymue naparpadbl ObLIN TOCBSATIEHBI SIBJICHUSIM, CBSI3AHHBIM C HEJTU-
HEHBIM CaMOBO3/IEHICTBUEM BOJIHOBBIX ITIAKETOB B CHJIBHO JIUCIIEPTUPYIONIUX
cpenax. VIMeHHO mpHU CUJILHON JUCHEPCUH, KOT/a (ha30Bble CKOPOCTH OCHOB-
HOU W BBICHIAX TApPMOHUK OTJIMYAIOTCS 3HAYUTEHLHO, BOJIHY C IIOJIHBIM OCHO-
BaHUEM MOYKHO CUMTATh KBasUrapMOHHYECKOil. OJHAKO Jlayke B 3TOM CJIydae
BayKHYIO POJIb MOI'YT UrpaTh 3(hdEKTH PE30HAHCHOI'O B3aUMOJIEHCTBUS KBa-
3UrapMOHUYECKUX BOJIHOBLIX MakeToB. Hanbosiee CyIiecTBEHHBIM Cpeju HUX
ABJIFEeTCd B3auMOJieficTBUE TPeX BOJIH, YACTOTBHI M BOJIHOBBIE YHCJIa KOTOPBIX

CBA3aHbI COOTHONICHUAMN
w1 + w2 = ws,
(11.67)
ki1 + ko = k3,
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KOTODBIE HA3BIBAIOTCH YCJIOBUAME MPETBONHOB020 PESOHANCA. SAMETHM, UTO
MO/IYJISIIMOHHY IO HEYCTOYMBOCTD MOXKHO PACCMATPHBATE KAK IPE/ICIBHBII CJIy-
Jaii geTsIpexBoiHoBoro pesonanca (11.9), (11.10) (w4 6m3KH K wp).
PaccmorpuM pacnpocTpaHeHEe TPeX BOJHOBBIX HAKETOB € YacTOTAMU U
BOJIHOBBIMH {HCJIAMH, Y/OBJIeTBOpstiomuMu yerosusM (11.67), B kBajpaTmd-
HO-HeJMHeitHoM cpeje. Tora, mpuMeHsist METOL MHOTHX MAacIITabOB, HETPY/HO

y66,HI/ITbC$I, Y9TO B ITOPAIKE 62

BO3HUKHYT YJIEHBI, IPOIOPIHOHAIbHEIE expli(6;+
0r)], tne 0; = kjx — wjt, j = 1,2,3. Iockonbky coornommenns (11.67) moxHO

ImepenucaTb B BUJIE

01+ 02 = 63,
B Ka4dyecTBe yC.HOBI/IH yHI/ILITOH(eHI/IH CeKyﬂHprIX YJIEHOB BMECTO ypaBHeHI/II'/’I TH-
I1a
on, o4,
o, 7 oX ’

rae A; — aMIUIITYJIbI B3aUMOJEHCTBYIOMNX BOJIH, Uj — HX I'PYIIOBBIE CKOPO-
ctu, 6yIeM UMETh CUCTEMY CBSI3aHHBIX HEJTMHEHHBIX ypaBHEHMI

04 04 .
T T gy = o1dsds,
A A «
7%13 + V2 7%)2 = 02 A3 AT, (11.68)
A A
SF +u G = okt

3aech 0 — K03 bUIMUEHTH HEIMHEHOr0 B3auMOIeHCTBHs, KOTOPbIE B KOH-
CEPBaTUBHON CpeJie SABJIAIOTCH BEIIECTBEHHBIMU. [IOCKOIBKY B JIAHHOM CJIydae
yPaBHEHHS BO3HUKAIOT B IIOPSAJIKE €2 1 Tpebyercs JINMIb OJHa ITapa Me/JICHHBIX
IepeMEHHBIX, MHJIEKChl Y HUX OyJeMm omyckarh: 1 = T1, X = X;. YpaBHenus
(11.68) HA3BIBAIOTCS YPABHEHUAMU MPETLEOAHOB020 63AUMOIETUCMBUSA U ABJISI-
I0TCs OJTHOM U3 9TAJIOHHBIX CUCTEM TEOPHUH HeJIMHEHHbIX BOJIH. OHE OIIUCHIBAIOT
IUPOKUH KPYT SIBJICHUI B pas3andHbix obsiactax dusuku [10, 17]. B wactHOCTH,
TPEXBOJIHOBBIM B3aMMOJENCTBHAM JIJIsI IOBEPXHOCTHBIX BOJIH Ha BOJIE IIOCBSIIIIE-
Ha crarbs [149|, s Bosn B wrasme — kuura [150]. Ilogo6Ho MHOrEM JApyrim
9TAJIOHHBIM ypaBHeHusiM, cucrema (11.68) mHTErprpyema MeTomoM 00paTHOM
3ajiaun paccesinus [17, 120, 151, 152]. O6cyaum oCHOBHBIE CBOIICTBA STHX ypaB-

HEeHUI.

11.8.1. ITapamerpudeckas (pacnajHasi) HEYCTONYNBOCTh

Braugasie ocranoBumMcst Ha, BSaI/IMO,ZLeIu/ICTBI/II/I BOJIH C MOJIOXKUTEJIbHOI QHepru-

eit. B aToMm ciydae Bce KOI(PUIUEHTHI 0 UMEIOT OJMHAKOBbIE 3HAKU (ntst
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OIIPE/ICJIEHHOCTH Oy/IeM CYUTATDH WX MOJIOKUTeIbHbIMI). [Ipexk e Bcero orme-
TuM, 9T0 ypasHenus (11.68) mMMerOT IMPOCTPAHCTBEHHO-OIHOPOIHBIE DEIICHHsI
Buja A; ; = 0, A = Ao, tne Ag = const, 1 # j # k. Vccnenyem stu perre-
HUSI HA YCTONYMBOCTH. PaccMOTPUM CUTYAIUIO, KOTJA OTJIUYHA OT HYJIs aM-
IJIMTYJIA OJIHON M3 HU3KOYACTOTHBIX BOJH. [losmoxkum Ay = Ag + a1(X,T),
Ay3 = az3(X,T), rae a1 23 — Majble Bo3MyieHns. Toraa, inneapusyst BTO-
poe u Tperbe ypasHenus (11.68), Haxouum

0 0
8a2 + a? 0-21400/3,
0 da:
8(%:’ + v3 8% = —o3Apas.

OrbickuBast pemenue B Buje ag 3 ~ expli(KX — QT')], nosydaem uCIepCHOH-

HOE COOTHOIIIEHNE CBsI3aHHBIX BOJIH, KOTOPOE MMeET BH/
2
(Q — 1K) (Q —v3K) = 0903| Ay

[TockoabKy TpaBasi 9acTh 3TOI0 ypPABHEHUSI MTOJIOYKUTEJIbHA, CBSI3b SIBJISIETCS
naccuBHoii [1, 10, 153] u MaJible BO3MYIIEHUSI C TEUYEHUEM BPEMEHU He Hapac-
TaIOT.

Teneps paccmorpum pemenne Aj o = 0, A3 = Ag = const, korja oTmana,
OT HyJIsl aMILJIUTY/ 18 BBICOKOYACTOTHON BOJIHBI. B 3TOM cilyvae JinHeapu3aIust
epBoro u Broporo ypasaenwuii (11.68) naer

0 Oa X
aal + v a)é 0'1140&2,

0 Oa "
6@2 + Vo 6)? = 09 Apaj,

OTKyda cJjeanyeT AUCIIEPpCHOHHOE COOTHOIICHUE
(Q — le)(Q — UQK) = —010’2‘140’2

[IpaBas 9acTh 9TOr0 ypaBHEHUs OTPHUIIATENIHHA, CIeJI0BATENbHO, B JAHHOM CJIy-
9ae CBsi3b aKTHBHAsI, YTO FOBOPUT O IIPUCYTCTBUU HeycToitunsoctu |1, 10, 153].
Taxum 006pazom, MaJsible BO3MYIIEHN HU3KOYACTOTHBIX BOJIH HAPACTAIOT IKCIIO-
HEHITNAJIFHO, YepIasl SHEPTUiO U3 BLICOKOYACTOTHON BOJIHBL. Pazymeercs, sKc-
MTOHEHTINAJILHBI POCT UMeeT MeCTO JIUIIb Ha HAYAJIHLHOM dTare, KOIJIa BO3MY-
IIIEHUs BCE €Ie MOYXKHO CUUTATh MaJIbIMU. Takas HeyCTONINBOCTDH HA3BIBAETCS
napamempuyeckoli, TaK Kak ee MOKHO TPAKTOBATh KaK HEYCTOWIMBOCTD BOJIH,
PaCIIPOCTPAHSIONINXCA B MEPUOINIECKU-HEOTHOPOIHON Ccpese, ITPOMOILYIUPO-
BanHOil BostHON Az [10, 91, 153]. OrmeTnM, 4T0 apamMeTrpuyecKast HeyCTONIn-
BOCTb MOKET OBITH KaK KOHEEKMUSHOU (V12 UMEIOT OJUHAKOBBIE 3HAKIH), TaK
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u abconomnot (3nakn pasmeie) (cM. |1, 10, 91]). Bakno rtakxke MogdepKHyTh,
9TO 9Ta HEYCTONUNBOCTD SIBJISIETCS] HEJIMHEHHON TaK KaK TPUBUAIBHOE PellleHne
Ay 23 =0, 04eBHIHO, YyCTONYUBO.

BricokowacrorHast BoiHa A3 Ha3BIBACTCH 60AHOT HAKAYKU, & U3 HU3KOUYa-
CTOTHBIX BOJIH OJHA IIPEJCTABJISET COOOI NOAe3Hbil cueHas, a Apyrast Ha3bl-
Baercst roaocmot. Ha si3bike kBasngacrtui, coorHorrennst (11.67) mMoxkuO pac-
CMaTpHUBaTh KaK 3aKOHbI COXPAHEHHsI SHEPIUU 1 UMILYJIbCA B IIPOIECCe Paciajia
KBaHTa BOJIHBI HAKAYKU HA KBAHTHI CUTHAJIbHOI 1 X0s10CTOi BoJIH. [loaTromy na-
PaMETPHYIECKYIO HEYCTONYMBOCTD TaKXKe HA3BIBAIOT PAcnadro.

YpaBHEeHUsT TPEXBOJHOBOIO B3aMMOJEHCTBUS IIO3BOJIAIOT IIPOAHAIN3NPO-
BaTh CTA/MIO HACBIIECHHUS HEYCTONYMBOCTH. [IJIsi 9TOr0 paccMOTpUM CTaImo-
HapHbIil BapuanT ypasuennii (11.68) (0/0T = 0). Brong B ypaBuennsax (11.68)

/ 00k
Ai — ArL 3
UV Vg

rje ¢ # j # k, U OnycKasi IMITPUXH, [TOJTYTUM

InepeMeHHbIE

dA .

TXl = A3A3, (11.69)
dA .

TX2 = A} As, (11.70)
dA

TXg = — A As. (11.71)

VYpasuenus (11.69)—(11.71) onuchIBAIOT CTAIMOHAPHBIN PEXKUM MapaMeTpute-
CKOTrO ycujeHust. YMHOKHUM ypasuerue (11.69) na A} u CJI0KHM ¢ KOMILJIEKC-

HO-COIIPsI?)KeHHBIM. 'Tor1a

d|Aq]?

Ll; = ATALAs + k..
Ananornuno n3 ypasrennii (11.70) u (11.71) maxomum

d|A > * A%

% — A1A2A3 + K.C.,

Al apa

W = —A1Ad2Adg + K.C.

W3 3Tux coOTHOIIEHUN HETPYIHO MOJYyUYUTH TPHU 3aKOHA COXPAHEHUS, JIBA U3

KOTOPBIX fABJIAIOTCA HE3aBUCUMBIMM:

|A1]? — |A2|? = I4, (11.72)
[As]” + A1 = Do, (11.73)

|[A3|* +]A2* = I — I, (11.74)
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riae Iy o — unTerpasnbl JBukenus. YpasHenns (11.72)—(11.74) noxaseiBaior,
KaK [ePEPACIIPEIEISIeTCsl MOIIHOCTh HAKAYKI MEXK/Iy CUIHAJILHON U XOJI0CTOl
BoJIHAMHU. B Teopuu napamMerpuveckux KojeGaHUi OHU HOCAT HA3BAHHUE COOM-
nowenuti Manau—Poy [1, 2, 10, 153].

Pasnennm B ypasuenusx (11.69)—(11.71) BemecTBenHble 1 MHUMBIE YACTH,
nosarast A; = a; exp(ip;), rie aj u (; BelmecTBeHHbI. [lociie HECTIOKHBIX TIpe-
obpazoBaHUi TOJIyIaeM

a1 = asagcos P,

as = ajagcos P,

a3 = —ajag cos P, (11.75)
b — (Glaz _aga3 Gla3> sin @,
as al as

rme & = p3 — w9 — 1, a Touka obozHavaeT muddepennuposanue mo X. Ilo-
cJeJHee YpaBHEHUE IIPUBOJIUTCI K BUJLY

. ai as  as d
(a1 + - + a3> g X (In(aiagas)) tg

NuaTerpupys 510 ypaBHeHUE, HAXOIUM €IIe OJNH 3aKOH COXPAHEHUs B BUIE
ajasazsin® = G.
Torga cucrema (11.75) ynpomaercs. Beoga Nj = a?, [I0JIy4aeM ypaBHEHUs

N; = 24/ N1 NaN3 — G2.

C yuerom coornomtennit (11.72)—(11.74) pyst N3 Gyzem umernb

N3 = 2+/N3(Iy — N3)(I, — I; — N3) — G2. (11.76)

[TostkopeHHOE BhIpaskeHue MpeICcTaBiIsieT coboil MOTMHOM € TPeMs HyJIsIMI, KO-
TOpBIT B 0611eM cirydae MoxKHO 3anucarh B Bujie (N3 — N, ) (N3 — Np) (N3 —N.),
npudem 0 < N, < Ny < N,.. BBoag HOByIO IepeMeHHYIO

[N —N,
y_ Nb_Na’

npusezieM ypasaenne (11.76) k Bumy

§=V/Ne = Na /(1 —y?) (1 —m?y?),
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9 Np— N,
rae m- = ﬁ < 1. Pemenne sroro YpaBHEHHUA BbIPDaAzKACTCA YIE€PE3 dJI-
c a

JIMITAYECKUI CHHYC fIKOOU CJIeIyIommM 00pa3oM:
Y = sn (\/Nc — N, X; m) .

OkoHYaTE/TBHO HAXOIUM, ITO

N3 = N, + (N, — N,) sn (\/Nc —NX; m) . (11.77)

Hasee npu nomomnu coornontenuit (11.72)—(11.74) merpynno Haiitn 3aBu-
CHMOCTH aMILINTY]] BOJIH OT KoopauHaThl. Tunndnsie 3asucumoctn Aj g 3(X)
[P TapaMeTPUIeCKO HEYCTONINBOCTH, NIITIOCTPUPYIOIINE ITPOIIECC TEPUO/IN-
JeCKOH MmepeKadKn SHEPTUN U3 BBICOKOYACTOTHON BOJIHBI B HU3KOYACTOTHBIE U
obpaTHo, pescTaBienbl Ha puc. 11.7a. Ha puc. 11.76 nzobparkenbl aHaornd-
Hble 3aBUCUMOCTH B CJIy4ae, KOT/Ia BHAYAJE JOMIHUPYET O/IHA U3 HU3KOIaCTOT-
HBIX BOJIH U 3P HEKTUBHOE yCUIIEHNE HEBO3MOYKHO.

a1,7,3 a1,2,3

a 6

Puc. 11.7. Cranuonapuble MpOCTPAHCTBEHHBIE PACIPEIEJICHUST AMILUIATYJL, BOJH MDA
TPEXBOJIHOBOM IIapaMeTPUYecKOM B3ammMozeiicteun, xorma az(0) > a;2(0) (a) n

a1(0) > az,3(0) (6)

Eciin 06e Hu3KO4YaCTOTHBIE BOJIHBI Ha BXOJI€ B CHCTEMY MMEIOT JIOCTATOYHO
OOJIBIITYI0 MHTEHCUBHOCTD, TO BO3MOXKEH IIPOIECC, OOPATHBIN pacHaly, & UMeH-
HO, CJINgHIE KBAHTOB Ha JaCcTOTaX Wi 2 ¢ 00pa30oBaHHeM KBaHTa YacTOTHI w3. B
pe3yJIbTaTe MOXKHO OCYIIECTBUTH YCUJIEHIE BHICOKOYACTOTHOMN BOJIHBI. DTO SB-
JIEHUE TIOJIY YUJI0 HA3BAHUE NPE0OPA30SAHUA HACTNOMbL 68EPT UITH AN-KOHBEPCUL
(up-conversion).

CucreMbl ¢ TPEXBOJHOBBIM MAPAMETPUIECKUM B3aUMOJCHCTBUEM HAXOJISAT
IITIPOKOE TPUMEHEHHUE B TEXHUKE. TaK, B3aUMOICHCTBIE ONITUIECKUX BOJIH, PAC-
[IPOCTPAHAIONINXCA B JIMJIEKTPUYECKOM KPHCTAJJIE C KBaIPATHYHON 3aBUCH-
MOCTBIO TIOJISIPU3AIUU OT HAIPSI?KEHHOCTH 3JIEKTPUYECKOro 110Jisi (Hampumep,
LiNbO3 — nunobar surus, KDP — nurunpodocdar kamus u Jap.) jexur B

OCHOBE TPUHITUIA JEHCTBUA NAPAMEMPUUECKUT YCUAUMENET U 2EHEPAMOPOS
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ceema [154|, Buepssie npeoxkentsix B 1962 r. C.A. Axmanossim n P.B. Xox-
noBbIM [155, 156], a Taxske nezasucumo ot Hux P. Kposmom n H. Kunrcronowm.
OcHOBHOE JIOCTOMHCTBO APAMETPUYECKHUX YCTPOICTB 110 CPABHEHUIO C OIITHYE-
CKUMHI KBAHTOBBIME I'eHepaTopaMu (JIa3epaM) 3aKII09aeTCsi B BO3MOKHOCTH
GoJlee MIUPOKOH U IJIABHOU 1I€PECTPOMKH JacTOTEl U3JIyeHNs, UTO BaXKHO, Ha-
LIpUMED, [JIsl CHEKTPOCKOIIMYIECKUX UCCiIeoBaHuil. Brum paspaboTaHbl UX aKy-
CTAYECKHEe AaHAJIOI'H — IlapaMeTpHYecKHe YCHJINTENN YJIbTPa3BYKa, OCHOBAH-
Hble Ha B3aUMOJIEHCTBUN PA3JIMYHBIX TUIIOB YIIPYIUX BOJIH B TBEPIOM Teje |14,
ria. VI|; ormeruM, 94TO B 9TOM Cilydae HPUXOJUTCS NPHHUMATH CIEIUAIbHBIC
MepBI 110 CO3JIAHMIO HY?KHOTO THIIA Juciepcuu. B pajmonnanasone peaanso-
BaHBI pacIlpeie/IeHHbIC TTapaMeTPUYecKie YCHJINTEeIN U TeHePaTOPhl Ha OCHOBE
HEJIMHEHHBIX PaIMOTEXHIYECKIX JINHUIT Ilepeadn (aHaJOTHIHBIX PACCMOTPEH-
HeIM B U1 8,9) [91, 153]. B MukpoBosiHOBOM JHama3oHe MOYKHO OCYIIECTBUTH
apaMeTPUYeCKOe yCUJIEHHEe MarHUTOCTATUYECKUX BOJIH B (heppPOMArHUTHBIX
wieHKax [157|, pasiudYHBIX TUIIOB BOJIH B 3JIEKTPOHHBIX IOoTOKax [153, 158]
U IUIA3MEHHO-IIYYKOBBIX cucTeMax [159|. Hanbosbimmii unrepec mpeacrasiisi-
10T Aa3epvt Ha c60000nbiT saexmporar (JICD), B KOTOPBIX CUTHAJIbHAST BOJHA
reHepupyeTcsl B pe3ysIbTaTe B3aUMOJEHCTBUSI PEISITUBUCTCKOIO 3JIEKTPOHHOI'O
ImydKa C I10JIeM HaKadKH, POJIb KOTOPOi BBIIOJHSAET HEPUOITIECKOE 3TEKTPO-
NI MArHATOCTATHIECKOE II0JIe UJIH K€ 3JIeKTPOMarHITHas BOJIHA, OeryIias Ha-
Berpedy mydky [1, 160]. JICD obnamaror Teopermyaeckn 6Ge3rpaHMYHBIMU BO3-
MOKHOCTSIMH II€PECTPONKH YacCTOTHI M3JIydeHHdA. B dacTHOCTH, B HacTOMAIIEe

BpeMsi BejieTcs paspaborka JICD BIUIOTH 10 peHTreHOBCKOro Juana3ona [161].

11.8.2. BoipoxkJieHHOEe TapaMeTpuiecKoe B3anmMo/ieiicTBue

Eciim 9acTOTHI HU3KOYACTOTHBIX BOJIH COBIIQJIAIOT, TPEXBOJHOBOE B3anMMO/Ieii-
CTBHUE CTAHOBUTCSI 6upodtcoentvim. Pesonancubie yeaosus (11.67) B arom ciry-

Yae IPUHUMAIOT BUJ],

2w1 = w9, 2]{?1 = ]{22,

a ypasaenusi (11.68), cOOTBETCTBEHHO, 3aITUCHIBAIOTCS CJIEYIONIM 0OPa30M:

A A
T G =

9 9 (11.78)
a1 teax = oAb

Kak BuniuM, B JaHHOM cilydae B3aUMOJEHCTBUE OCYIIECTBIIACTCA MEXKY Iep-
BOI 1 BTOPOI rapMOHMKAMHU BOJIHBI, TOYHO TaK XK€, KakK U [IpU lapaMeTrpude-

CKOM PE30HAHCEe B COCPEJIOTOYEHHBIX KosiebaTeIbHbIX cucreMax |1, 2|.
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[ToMmMo mapaMeTpUIeCcKOTO YCUIEHNs, B BBIPOYK/IEHHOM CJIyYae BO3MOYKHO
emé OJIHO MHTEPECHOE SBJICHUE: 2eHepayus 6Mmopol 2apmonuky (CM., HAIPH-
Mep, [154]). Dro onun u3 Hambosiee BIEYATIISIIONMX HETHMHEHHO-ONTUIECKIX
s¢ddekToB, Briepsbie onucanubiii B 1961 1. I1. @pankenom u coasropamu [162],
KOTOpBIe HAOJIIONAIN MIPEBPAIeHNe KPACHOTO JIA3E€PHOTO JIyda B CHHUN TpU
POXOKJIEHUN Yepe3 KpucTasul Keapia. Kak Bujaao u3 ypasuenuit (11.78), na-
2Ke eCJIM Ha BXOJle B HEJIMHEHHYIO CpeJly aMILUIATY/Ia BTOPOUl TapMOHUKHU PaBHA
HYJIIO, 3& CYeT KBaJPATUIHOW HEJMHEHHOCTH OYIeT MPOUCXOIUTH €€ T'eHepa-
must. CTaIMOHAPHYIO TEOPUIO BBIPOXKICHHOTO MAPAMETPHIECKOTO YCUJICHUS W
reHepaIuy BTOPOil TapMOHWKHN MOYKHO ITOCTPOUTH aHAJOTHIHO TOMY, KaK 3TO
6bL10 cienano B § 11.8.1 jijisi HEBBIPOXKIEHHOTO CJIyYasi.

3amaya 11.6. I[IpoanajmsupyiiTe cTallMOHAPHBIN PEXKKUM BBIPOXKJIEHHOI'O Iapa-
METPUYECKOI'0 YCUJIEHUSI 0 CJI/IyIoINeil cxeme:

1. Tosoxkure B ypasuenusx (11.78) 9/0T = 0 u naiinure 3aMeHy II€PEMEHHbBIX,
MIPUBO/ISIIYIO 9TU YPaBHEHUs K BUILY, HE cojiepKalieMy Ko3(hdUIIeHTOB:

dA; dAs 9

—— = Ay A7, — = —A7.

dX 2 X !

2. Ilomyumre oTCIofia crCTeMy YpaBHEHUIt st BEIECTBEHHBIX aMIIUTYI U (a3:

da
d—); = ajag cos P,
day _ o Y
dX - al Ccos ) (1179)

dd (a3 .
W = (G,Q — 2a2> S111 @7
rae ® = gy — 2¢.

3. TIlokaxkure, uro cucrema ypasuenuii (11.79) umeer 1Ba IE€PBBIX UHTErpPaJa

a? +a3 =1,

atazsin® = G.

4. BBesiuTe HOBBIE epeMEHHbBIE & = —a3 oS P, y = agsin @ u ¢ yueTom mHTErpa-
JIOB ziBuzKeHus nosryuure u3 (11.79) nunammudeckyio cucreMy BTOporo mnopsizka [163]
(rouka obozHavdaeT IPOU3BOIHYIO 110 X))

t=T—2*-3% =2y

Haiiure HemoaBuKHbIE TOYKN ITOH CUCTEMBI, OIIPEIEIUTE UX THUII U TTOCTpoiiTe dha3o-
BbIii iopTper. Ob6CyuTe CBsI3b BUA PA3INYHBIX (PA30BBIX TPAEKTOPHUIl HA IIJIOCKOCTH
T,y U 3aBUCUMOCTEll aMIIJIUTYJ] BOJIH @12 OT KOOPJUHATEL. YKasKUTe OCHOBHbIE OTJIH-
YA OT HEBBIPOXKJICHHOT'O CJIydvad.

3agaya 11.7. PaccmoTpuTe mporiecc reHepannu BTOPOH TAPMOHUKH, KOTOPOMY
orBedaroT rpaangHble yeiaosust aq(0) = ag, a2(0) = 0. [TokaxkuTe, 9T0 B 3TOM CIydae
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B ypasaenusix (11.79) moxkno mosioxkurh ® = 0, u HaliuTe pelleHHe [OJIYYEHHBIX
ypaBHEHU! B BU/JIE

ay = agsech (apX), as =apth(apX).

11.8.3. B3pbiBHas HEYCTONYNBOCTH

[Tepeiinem K pacCMOTPEHUIO TPEXBOJIHOBBIX B3AUMOICHCTBHUHN, B KOTOPBIX yIacT-
BYIOT BOJIHBI C IOJIOKHUTE/IBHOM ¥ OTPUIATEILHON sHeprueit’. B obmemM ciyuae

ypasrenus (11.68) npuxnmaior Bu

9A 9A .
TTI + U1 TAX} = 810’1A3A2,
DA 0A .
TTQ + vy 78)(2 = s202A3A7, (11.80)
0A 0A
TTS + v3 87)(? = —5303A41 43,
rae s; = £1 — 3HaKM SHepruil B3amMOJIEHCTBYIONMX BOJIH, a KO3 duimen-

TBI 0 HO-IPEKHEMY CUHTAIOTCS MOJIOKUTeIbHBIME. OcoOblil HHTEpec Hpeji-
CTaBJISIET CUTYyallMsi, KOIJa OTPUIATe/IbHOM sHeprueil obsajaer b0 BBICO-
KOYaCTOTHAasl, MO0 06e HU3KOYACTOTHBIE BOJIHBI. PacCMOTPUM JjIst IPOCTOTHI
POCTPAHCTBEHHO-OIHOPOIHbIH BapuanT ypasaeruit (11.80) (0/0X = 0). Ile-
pexojist K nepeMentbiM A} = A;, /00, 1 pasJielissl BENIECTBEHHBIC U MHUMbIC

qJacCTu, HO.HyLII/HV[
éLl = aoasg Ccos ‘1>,
ao = ajag cos P,

as = ajag cos P, (11.81)

< ala asa aia .
'1):—( 1 2+ 2 3+ 1 3) Sln(I),
as al a9

rie mo-tpexkHeMy ® = w3 — w9 — 1, a Touka obozHadaeT nuddepeHnupoBanne
no T'. Bmecro coornomennit Msumn-Poy (11.72)-(11.74) reneps Oymem nmern

a?—ad=1I, adi-di=10, di—-adl=105—1I. (11.82)

U3 coornomennii (11.82) ciemyer, 4ro, B OTIMYUE OT NApAMETPUIECKON HEyC-
TOWYUBOCTH, aMILJIUTY/bI BCEX TPEX BOJIH B JAHHOM Cjydae OyIyT HapacTaTb
onHOBpeMeHHO. OJIHAKO TYyT HET IIPOTUBOPEUHsI C 3aKOHOM COXPaHEHUsI dHEp-
TUH, TTOCKOJIBKY POCT aMILIUTY/IBI BOJHBI C OTPHUIIATEIbHON dHEpPrueit compo-

BO2XKIa€TCA YMEHbIIIECHUEM HEPIUU CUCTEMBI.

5I‘I&HOMHI/IM7 9TO BOJIHAMHU C OTpHL[aTeJ'IbHOfI 3Hepr1/1ef/'1 Ha3bIBAIOTCA BOJIHBI, JJI KOTOPBIX
IIpu pocTe aMIIJIUTY/Abl S9HEPIrusd CUCTEMbI YMEHbIIIACTCHA [1]
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Samerum, 9To ecyiu pu 1 = () aMIUIUTY/IbI BCEX BOJIH ObLIN OJIMHAKOBBIMHU:
a1 = ay = a3 = @, TO ITO YCJOBHUE OYJ/IET BBIIOJIHEHO U B JTIIOO0# MOCJIE Iy IO
momenT Bpemenu. Torga ypasuenust (11.81) cBojgrest K cucreme ypaBHEHHI
BTOPOT'O MOPSIKA

i = a?cos @, (11.83)

d = —3asin®, (11.84)

KOTOPYIO HECJIO?KHO ITPOAHAJIN3UPOBATh Ha (a30Boil maockoctu. [Ipexie Bee-
ro, OTMETHUM, ITO coryiacHo ypasHenusM (11.83), (11.84), a pacrer mpu cos ¢ >
0 u yoniBaer npu cos @ < 0, Torna kak ¢ pacrer npu sin ® < 0 u yosiBaeT npu
sin® > 0. MoxkHo Takke HaiiTu ypaBHeHHe (Ha30BBIX TPACKTOPHUI B SBHOM
ize. Yuuoxum (11.83) ma a®, a (11.84) Ha ad, BerYTeM HX APYT U3 APYTa I
[MPOMHTEIPUPYEM TIOJIyUnBIIeecss cooTHotreHue. [loryanm

a’ sin ® = const .

B pesyabrare MOXKHO mocTpouTh (HazoBBIi MOPTPET, KOTOPBI TPUBEIEH Ha
puc. 11.8 (09eBUHO, YTO JOCTATOUHO OIPAHUIUTHCS 00sacThi0 —1 < @ < 7

WJIM PACCMATPUBATDH JMHAMUKY CUCTEMbI Ha (ha30BOM IUJMHIDE).

ah

-7 0 n @

Puc. 11.8. @azosbiit noprper cucremsl (11.83), (11.84)

[Tockombky ipu @ = 0 pa3sr BOTH OCTAIOTCS TOCTOSHHBIMEA, COOTBETCTBYIO-
mast pa3oBasi TPAEKTOPHUSI €CTh BEPTUKaJIbHas pstMasi. Ha 9Toit mpsiMoii ypas-
uernve (11.83) npunnmaer Buj

a=a’.

Pemenne nanuoro ypasaenus ¢ HadasababM yesosueM a(T = 0) = ag ecTb

o
a=_——"F7—.
1—a0T
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Orcioa cieyer, 9T0 aMILUIATY/Ia HapacTaeT, o0palnasch B 0ECKOHETHOCTD IIPU
T=T=ay ! Mmerorcs raxske Beprukasbubie dasosble TpackTopun & = =+,
Ha KOTOPBIX AMILUIATY/JIa MOHOTOHHO yOBIBAET, HO OHU, OYEBUJIHO, HEYCTONINBHI.
Takum 06pa3oM, MOBeJIEHUE IPOM3BOILHOIO HAYATHLHOIO BO3MYIIEHHS ¢ MAJIOH
aMILIUTY10i1 Oymer ciemyromuM. BHadajne ycranaBimBaeTcs cocrosHue ¢ P,
O6m3kuM K HYJ110. [Tocse aToro ¢ga3bl B3auMOJIeHCTBYIONINX BOJIH yKE MIPAKTH-
TeCKM HE MEHSIIOTCSI, T.€. TPOUCXOJUT CUHXPOHU3aIms dha3. [lagee aMIIuTy/ 6!
BOJIH HAYUHAIOT OBICTPO HapacTaTh, 0Opalasich B 0ECKOHEYHOCTH 38 KOHEYHBIIT
IPOMEXKYTOK BpeMeHU. Takas HeyCTOWYMBOCTD HA3BIBAETCH 83pbi8Hol. B3pbiB-
Has HEyCTOWYHUBOCTH Peasin3yercs, HAIPUMeEpD, IIPU B3aUMOJIEHCTBUU HEKOTO-
PBIX TUIOB BOJTH B T1a3Me [150], B paioTeXHNYIeCKO JINHIN TIepe/Iavn ¢ HeJIi-
HEHHBIMU AKTHUBHBIMU JIEMEHTaMU, B KOTOPBIX 3aBUCUMOCTb TOKa OT HAaIPsi-
wenns umeer sug I(U) ~ —U? [164], a TakKe B cucTeMax THIIA 3JIeKTPOHHbIIT
[OTOK — 3JIEKTPOMAarHuTHasi BosiHa [165, 166].

BouJtee cimoxxHBINT XapaKTep HOCUT JUHAMUKA ITPOCTPAHCTBEHHO-HEOTHOPO/I-
HBIX BO3MYIIECHUN. AHAJIN3 MMOKA3LIBAET, ITO B3PLIBHAS HEYCTONIMBOCTDL BO3-
MOKHA JIUIIb €CJIU SHEPTUsl HAYAIBHOTO BO3MYIICHUST TOCTATOTHO BEJINKA, T.€.
CYIIIECTBYET MOPOT HEyCTONIMBOCTH. PaccMOTpuM, HAlpuMep, CUTYAITHIO, KOTTa
B Ha4YaJbHBII MOMEHT BPpEMEHU BO30Y2KJI€Ha OJHA U3 BOJIH, JIJIS OIIPEJIEIEHHO-
ctn — A1, IpUdeM BO3MYIIEHNE UMEET BUJ MTPSMOYTOIHHOTO MMITYIhCA

Ap=const, 0< X <1,
A(X, T=0)=
0, X <0, X >1,

‘A273(X,T = 0)| < |A0‘

[lepeiinem B cucTeMy oTCUeTa, MBUXKYIILYIOCSI CO CKOPOCTBhIO v1. Torma ypaBHe-
HUSI TPEXBOJIHOBOI'O B3aUMOJEHCTBUS TPUHUMAIOT BHU/L

0A N

ar =4
9A 9A .
67’1—'2 + ug (97 ),’2 = AgAl,
0A 0A
TT? + U387 X.;) = A1 A,

e ug = vg — V1, U3 = v3 — v1. Ha HaYaJIbHON CTaauu Pa3BUTHUS HEYCTOM-
YUBOCTH, KOIJa aMILIATYLY A MOXKHO CUMTATH IIOCTOSHHON, 3TH YpPaBHEHUS

CTaHOBATCA TaKMMHM:

24 04y .
a1 T gx = Al
9As A

o7 Tus gy = Aode.
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Uckiouas orcioga As, OyaeM uUMeThb

) o\ /[0 ) e

[Monarast A ~ exp[i( KX — QT')], mosrydaem JuCIEPCHOHHOE COOTHOIIEHUE
(Q - UQK)(Q — U3K> = —‘A()’Q.

AHanms IUCIepCuoOHHOTO COOTHOIIEHMST MOKA3BIBAET, UTO €CTU Ug W Uz UMe-
0T OJIMHAKOBBIE 3HAKU, TO HEYCTOWYMBOCTH HOCUT KOHBEKTUBHBIN XapakKTep
[1, 10]. CremoBaresbHO, ¢ TeUeHHEM BPEMEHH BO3MYIIEHUSI BOJIH Ag 3 MOKH-
JIaoT 00JIACTh, B KOTOPOH JIOKAJN30BAHO BO3MYIIEHNE BOJHBI A1, 1 B3PBIBHOIT
pocT aMILIuTyx He HabJomaercsa. Takum obpa3oM, Jjist BO3OYKIEHUsT B3PbHIB-
HOH HEYCTOWYIMBOCTU HEOOXOINMO BHOCUTH BO3MYIIEHNE BOJIHBI, UMEIOIIEil IIpo-
MEXKYTOYHYIO TPYIIIOBYIO CKOPOCTb.

Eciiz 310 ycjioBre BBIIIOJIHEHO, TO HEYCTONYINBOCTD SIBJISIETCST aOCOJTFOTHOTA.
Bes orpanuvennst oOmHOCTH MOJOXKUM Uz = U, U3 = —u. lorma ypaBHe-
ure (11.85) mpunnmaer Bux neycroitanBoro ypasnenus Kieitna—Topgona (cu.
§ 1.6)

0% A, o2 0% A,

o7 Xz = | Ag|*As, (11.86)
IpUYeM T'PDAHUYIHBIE YCJIOBUSI UMEIOT BU]T
o 0As 0As _

VYpasuenue (11.86) onucbiBaer JuHEiHOE B3aMMOJEHCTBIE BCTPEYHBIX BOJIH C
SHEPIUsIMU Pa3HbIX 3HAKOB. Ero pemieHue ¢ rpanundsbivMu yesaosusimu (11.87)
[I0JIPOOHO OIMCAHO B JIUTEPATYPE, B OCHOBHOM B CBS3U C 33Jla9aMU CBEPXBbI-
COKOYACTOTHOM 3JIEKTPOHUKH (CM., HarnpuMep, [35, 167]). Axanus nokasbiBaer,
YTO MaJible BO3MYIIIEHNS HAUNHAIOT SKCIOHEHITNAJIBFHO HApacTaTh BO BpeMeHN

IIPpU BBIIIOJTHEHUU YCJIOBHA

[Aol” > T
uz T2

(11.88)

B aTom cityuae o Mepe HapacTaHUsi BO3MYIIEHUN HEYCTONIUBOCTD OYJIET BbI-
XOJIUTh Ha HeJIMHEHHYI (B3pbIBHYIO) crajuioo. Ecian ke yciaosue (11.88) ne
BBITIOJIHEHO, TO C TEYEHUEM BPEMEHU HUMITYJIbChl Oy/nyT pas3berarbcd 3a CUeT
pa3autns TPYIIOBBIX CKOPOCTEH.

AHaJIOTUYIHBIE OI[EHKY [TOPOr'a B3PBIBHON HEYCTONINBOCTH B HECKOJIBKO HHOIA

bopme Gpun mosIyUeHbl B paborax [168, 169] u moarBepKIeHbl Pe3yIbTaTaMu
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Puc. 11.9. Dposonust aMIuIATy L BOJH IPK B3PLIBHOI Heycroitunsocty [168]: ¢ — am-
IJIUTYABI UMIIYJIbCOB IIPEBBIMAIOT KPUTHYECKOE 3HAUCHHIE — UMITYJIbCHL CJIUBAIOTCH; O
— aMIUTATYAbl MEHbIe KPUTHICCKUX — HMITYJIbCBI pa3deraiorcs

YHCJIEHHBIX 9KcrepumenTos [152, 166, 168, 169]. Ha puc. 11.9 upusesens! mpo-
CTPaHCTBEHHBIE Paclpe/le/leHns aMILIUTYJL B3auMOJIeilCTBYIONMX BOJIH B pas-
JITYHBIE MOMEHTBI BPeMeHH, UJLTIOCTPUPYIOIIUe IPOLEecChl Pa3beranus NMITYIb-
COB, KOTJIa IIOPOI' HeyCTOMYMBOCTU HE JIOCTUTHYT, U CJAMAHUS C IIOC/IE LyIOMIIM
PasBUTHEM B3DBIBHOII HEYCTONYMBOCTH, KOTJIa 3TOT IIOPOT IpeBbinieH [168].

Bousee cTporoe anajnTuyeckoe HCCIeJO0BAaHAE PACIAIHON U B3PBLIBHOI He-
YCTOWYMBOCTEH BO3MOXKHO Ha OCHOBE MeToJa 0OpaTHOl 3a1auu paccesnus [17,
151, 152).



I'maBa 12.

Hemnelinble BOJIHBI B cpejiax C
HEeyCTOMYNBOCTIAMU

YCTOMYUBOCTD MOXKHO OIPEJIE/IUTh KaK CBOMCTBO CHCTE-
MbI OBITH HEBOCIIPUMMYUBONH K MAJIBIM BO3MYIIEHUSIM.
Boobiie roBopsi, Bo3amyIeHnsi He 00s13aTEJILHO JOJIXKHBI
OBITH OECKOHEYHO MAJIBIMU TI0 BEJIMYNHE, OTHAKO, BCETIA
MPUHITIIIHATFHOE 3HAYEHNE MMEET BOIPOC 00 WX Hapac-
TaHUU. ... JJIsl CIJIONTHOMN CPeJIbl YUCJIO CTENEHEN CBOOOIBI
ABJISIeTCSI OECKOHEYHO OOJIBIITNM, U 33/1a49a CTAHOBUTCH ...
Tpyauoii. K Tomy ke OCHOBHBIE YpaBHEHUS IIPE/ICTABIIA-
0T coboit HemHEHbIE nuddEepEeHNNATbHbIE YPABHEHUST
B YaCTHBIX TTPOU3BO/IHBIX.

P. Bemuos, B. Kpumunase. Borpocbl rugapoimHamMutde-
ckoit ycroitausoctu (M.: Mup, 1971. C. 12)

BoJstHoBbIe TIporiecchl B Cpejiax, B KOTOPBIX BO3HUKAIOT U Pa3BUBAIOTCS Pa3-
JINYHBIE HEYCTOIYNBOCTH, UTI'PAIOT BayKHYIO POJIb B PA3JIMYHBIX 00/1aCTAX DU3N-
ku u Texunkn. Kak 66110 mokazano B § 1.6, MOKHO BBIIETUTD JIBa, TUTIA TOI00-
HBIX HeycToiiuuBocTeili. K nepBomy Tuily cjejyer OTHECTH HEYCTOMYMBOCTU B
AKMUBHLIT cpedar, B KOTOPBIX JINCCUIAIS MOXKeT ObITh KakK I10JI0KUTEJILHOM,
TaK U OTpHUIATesbHOI. B KadecTBe IpHMepOB MOXKHO IIpUBECTH pabovee Be-
IIIECTBO ONTUYECKOrO0 KBAHTOBOI'O I'€HEPATOPa, COCTOAIICE U3 YACTUIL C MHBEPC-
HOI1 32CEJIEHHOCTHIO (YUCJIO ATOMOB WJIM MOJIEKYJI HA BEPXHHUX SHEPreTUIeCKIX
YPOBHsIX GOJIbIIIE, YeM HA HUZKHUX ), TIOJIyIIPOBOIHUKH C OTPUIATEbHBIM JTUD-
depeHnaIbHbBIM COPOTUBIEHIEM, HEKOTOPLIE XUMUYIECKNE U OHOJIOTHIeCKUe
CUCTEMBI. Y HUBEPCAJIBHOI MOJIEJIBIO JIJIST OIIMCAHUSI STHX HEYCTONYNBOCTEN CIIy-
KT ypasrenue unabypea—/landay. HeycroitunBocTr BTOPOTO THIIA BBHI3BA-
Hbl B3aUMOIEHCTBUEM GO0AH C NOAOAHCUMEALHOU U OMPUUAMEALHOT IHEPUS-

Mmu. OHn XapaKTEPpHBI JIJIsgd TaK Ha3bIBa€MbIX HEPABHOBECHBIX CPEJ], B KOTOPbIX
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HUMEIOTCS HECKOMIIEHCHPOBAHHBIE IIOTOKHU BEINECTBA WM SHEPIHUH, HAIPUMED,
PUIPOIMHAMUYECKHE TeUeHUs WU 9JIeKTPOHHBIE MOTOKU. Takue HeycToldM-
BOCTH OIHUCBHIBAIOTCA HEJIMHEHHBIMU BOJIHOBBIMU ypaBHeHUsIMH THIla KireiiHa—
Topmona.

B ri1. 11 y»ke paccMaTpuBa/iich HEKOTOPBIE BOJIHOBBIE HEYCTONIMBOCTH: MO-
JIYJISIIMOHHAS, TapaMeTpudecKkasi, B3pbiBHasi. Clieyer, 0IHAKO, MOIIEPKHY Th,
UTO BCE OHU SIBJISTFOTCS HEJIMHEHHBIMU B TOM CMBIC/IE, ITO BO3MYIIEHUST MAJIOM
AMILIATYIBl YCTONYIUBBI, & HEYCTOMINBOCTD SIBJISIETCS CJIEICTBHEM HEJIMHETHO-
o B3aUMOJECTBUs BOJIH. B HacTosIell riiaBe paccMaTpUBAIOTCS CUCTEMBI, B
KOTOPBIX HEYCTOMYUBLI y2Ke JIMHEHHbIE BO3MYyLIeHus. BiupoueM, yJuer HeJnHeri-
HBIX 9 DEKTOB U 31eCh HOCUT NPUHITUIINAIBHBIA XapaKTep, TaK KaK IT03BOJISIET
OTBETHUTDH Ha BOIIPOC, YeM 3aBEPIIUTCS Pa3BUTHE HEYCTONYNBOCTH.

12.1. ¥YpaBaenue I'mazdypra—Jlaggay

Ob6paTtumcst BHaUa i€ K aKTUBHBIM CPeJIaM, B KOTOPBIX HEYCTONIMBOCTD CBsi-
3aHa C HAJUYMEM OTPUIATEJIbHON JUCCHIAIMU. Takue Cpebl OIMUCHLIBAIOTCS

KOMIIJIEKCHBIMI HEJIMHEHHBIMU JMCIEPCHOHHBIMI COOTHOIICHNSIME BUJIA
w = wy (k, |A|2) + iw; (k, 1A%, V), (12.1)

IJie Wy ; ABJIAIOTCS BEIeCTBeHHBIMU (DYHKIUAMH, OT BOJIHOBOI'O duca k 1 Me/I-
JIEHHO MEHSIIOIIECsT aMIIUTYIbl BOJHBI A, a ' — HEKOTOPBIN yIIPaBJISIFOIIII
rmapamMeTrp, B 3aBUCUMOCTH OT KOTOPOT'O JUCCUIIAINST MOXKET OBITH KaK ITOJIOXKH-
TeJILHOM, TaK 1 OTpHUIaTe b0, B § 1.6 mpu moMormy 9BPpUCTHIECKOTO TOIX0Ta
u3 coorromenus (12.1) 6bu10 ToTyveHo ypasuerne ['mu30ypra—/lanmgay:

i (A +vgAz) + BAz +V]|APA = iaA. (12.2)

DT0 ypaBHEHWE CIIpaBeJJInBO BOIU3U mouku Ooudyprauuu v = Ve, k = ke,
B KOTOPO#l w; MeHsIeT 3HaK, T.e. MOSIBJISETCS OTPHUIATeIbHAsT AUCCHIAIUsI. B

ypasrennn (12.2) v, = Ow, /Ok — rpyImoBasi CKOPOCTb,

Oé:(V—VC)%,

B 1 (PPw, | Dy
/B_ﬁT_‘_’LﬁZ_Q(akQ +Zak2>a
o o Owp . 0w
vk (e rige).

IputeM Bee MPOU3BOJHBIE BBHIMUCIIAIOTCA B TOUKe UV = Ve, k = ke, |A]? = 0.
HamomuuM, 9T0 B 9700t TOUKe w; = dw;/0k = 0.
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B npocrpancreenno-onnopoHom ciydae (0/0x = 0) ypasuenue (12.2) cBo-
JATCS K yKopouennomy ypasruenuro Ban dep IToas—/ypdunea

Ay = aA — v APPA + iy | A]PA, (12.3)

KOTOPOE OITICHIBAET MPOIECC YCTAHOBJIEHUST KOJIEOAHUIT B IITUPOKOM KJIACCEe aB-
TokoJiebaTebHbIX cucreM |2, 10, 18]. O4eBuIHO, YTO IPH HOJIOKUTEIBHBIX
(re. mpu v > V,) MaJible BO3MYIIEHHUsI SIBJISIOTCS HAPACTAIONIUMHU, IIPH OT-
pHUIATeTLHBIX — 3aTyxafommvu. Yaen —y;|A|2A B npasoit gacTn ypapHeHms
(12.3) xapakrepusyer 3bdeKTsl HeauHeiiHoro 3aryxanus. [losromy ciemyer
OTPAaHUYUTHCS paccMOTpeHueM ciaydas ; > 0. B nmporuBHOM ciydae 9To0ObI
OIIMCATDH CTAIUIO HACBIIIEHUSI HEYCTOMINBOCTH HEOOXOIMMO BKJIIOYUTH B ypaB-
HEeHHUe BBICIINE HeJIMHEHHOCTH (HAIpUMep, WieHbl, Hponopiuonaibube |A[*A).
Yren iv,| A2 A onucbiBaeT HeJMHEHHBIH CJIBAT YACTOTHI KOJTEOAHUIL.

Taxkum obpasom, ypasaenue ['mazOypra—J/lanmay MOXKHO paccMaTpUBaTh
Kak npocreiiiiee 0bobenne ypasuenus: Bau nep [Homns—/lyddunra uva pacipe-
JIeJIEHHBIE CUCTeMbI. YJIeHbl, poropiuoHaibabie A,, A,, B ypaBuerun (12.2),
OYEBHU/HO, OMUCHIBAIOT 3(D@PEKTHI TPOCTPAHCTBEHHOI'O PACIPOCTPAHEHUST BOJI-
ubl. [lpu atom wieH [(3,A,, Xapakrepusyer jauctepcuto, a i3; Azz — BBICOKO-
JacTOTHYIO auccunanuio, ecau F; < 0. B manbreiimem OyieM mpesmosararb
9TO YCJIOBHE BBIMOJHEHHBIM. MOXKHO MOKasaTh, uTo ecau (; > 0 mwim v; < 0,
pertennst ypaBuenus ['nn30ypra—J/lanmay «B3pbIBAIOTCsI», T.e. OOPAIAIOTCS B
OECKOHETHOCTD 38 KOHEYHOE BPEMSI.

Vpasuenne ['unzbypra—/lammnay urpaer OOJBIIYIO POJIb B HEJIUHEHHON 11~
HaMuKe HepaBHOBeCHbIX cpe/ [170]—[173]. Ono onucbiBaer, B 4aCTHOCTH, BUXPH
Teitnopa B Teuennn Kysrta MexKy JBYMs BpamaiomuMucs uimHapavu [31],
wiockoe tedenue [lyazeitns [30], KOHIEHTpAIMOHHBIE BOJIHBI B XUMUYECKHUX
cucremax tuna peakius—auddysus [32]. Koukpernsiii npumep: obpasoBamme
KOHBEKTHBHBIX BAJIOB B CJIOE XKUJKOCTH, MOJI0rpeBaeMoM cHusy [29], Gyer mo-
JpOoOHO paccMoTpeH B § 12.2.

12.1.1. Aranmu3 Ha abCOJIIOTHYIO 1 KOHBEKTHUBHYIO HEYCTOWYN-
BOCTH

[Tpu o > 0 TpuBnasbHOe perienue ypasHenus (12.2) A = 0 nHeycroiiunso:
MaJible BO3MYIIIEHUS HapacTaloT BO BpeMeHNU U B npocTpancTse. [Tokazkem, 4ro
9Ta HEYCTOWYMBOCTDL MOYKET OBITH KaK aOCOJIIOTHOHN, TaK U KOHBEKTUBHOM.
Hanomuamm onpejiesiernst abcoyfOTHOM M KOHBEKTHUBHOI HEYCTONYHBOCTEIN
(cm., manpumep, [1, 10, 91]). Ecin aucniepcnoHHOE COOTHOIIICHHE UMEET KOM-
miekcHble KopHu ¢ Im(w(k)) > 0 To Bosmymenue u(x,t) ~ expli(kr — w(k)t)]
HapacTaeT BO BpeMeHU. Ecim 3TO HapacTaHHe IIPOUCXOJUT TAKUM 00Pa3oM,
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9TO tlim |u(z,t)| = co B MH060# PUKCHPOBAHHOIT TOYKE T, TO TAKYIO HEYCTOM-
—

thOCTiO HA3BIBAIOT abcoatomnuot. Feim ke Bo3MmylleHue, HapacTas, CHOCHT-
Csl BJIOJIb CHCTEMBI, TaK 49TO B JIIO0OOHl TOUKe tllglo |u(z,t)] = 0, To HEycTOI-
YMBOCTH HA3BIBACTCS Koneekmuerol. [loHsTust abCOMIOTHON U KOHBEKTHBHOI
uneycroituuocteit Bees JI.I1. Jlannay B 1954 r., a mo3nHee HE3aBUCUMO OT HETO
— II. Crappoxk.

Paccmorpum siuneapusoBaHHbIN BapuaHT ypasHeHus | 'unnsdypra—Jlammay
(12.2), a umenHo,

Ay +vgAy — 1Az = @Al

O6111ee perreHne 3Toro ypaBHEeHUsI MOXKHO IIPEICTAaBUTh B BUJIE
(o)
Az, ) = / Apeithe=w)t) g, (12.4)
—Oo

rje w 1 k CBA3aHBI JIUCIEPCHOHHBIM COOTHOINIECHUEM
w = kvg + Bk? + i, (12.5)

a Qypbe-aMIIUTYAbI Aj OLIPeIeISIIOTCsT U3 HadasIbHbIX yCIoBHA. B ypaBnenun
(12.5) wacToTa N BOJIHOBOE YHCJIO IIOJIATAIOTCS KOMIUIEKCHBIME: W = wy + iw;,
k =k, +ik;.

AcuMnToTHYecKy0 (GOpMY BOBMYIIEHUST TIPU ¢ — 0O MOYKHO OIPEJIEIUTh,

BBIYUC/IsAs nHTerpas (12.4) MeTosoM mepeBasia;

Az, t) ~

riae f(k) = i(kx/t —w(k)), ks — TOUKa mepeBaJia, onpe/essieMasi U3 yCIOBHUSI
df /dkl, = 0, .e.

Oy — i % =0
ok, t Ok, '

U3 coornomenus (12.5) Haxommm, 910
ﬂrksi = _ﬂiksm

2
Vg + 2’ﬁgrksr -

z
t )

riae ks = ks + iks;. Besmuuna o(ks) = Re(f(ks)) = wi(ks) — ksiz/t upen-
craBisieT coboil MHKpeMeHT HeycroitunBocTu. IIoHATHO, YTO HEyCTOWYMBOCTH

sIBJIsIeTCs abCOJIIOTHOI, ecim o, Jt=0> 0, T.e.

2
sk 1626, (k)
B, 52

wi(kO) = a > 0,
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0
rie k:7(n ) — ksr|m/t:0: —ﬁrvg/2|ﬁ|2. Orcrona moaydaeM, 4To
2
- Bivy
a>——L =q,.
2 a
418
MTak, HEyCTONIMBOCTD ABJISAETCS KOHBEKTHBHOI IIpH
I<a<a,
1 abCOJIIOTHON TIpH
a > ag.

Hamomaum, aro kosddurimeHT F; cIuTaeTCsi OTPUIATEHHBIM.

12.1.2. MoaynsainuoHHas HEYCTONYNBOCTb

B mpocrpancrBenno-ogHopoanoM ciydae ypasuenue |'ma30Oypra—J/lammay cBo-
quTcs K yKopouenHomy ypasuenuto Ban gep Iloms—/lyddunra (12.3). Pas-
JeJIIM B 9TOM YPABHEHUHU BEINECTBEHHYIO M MHUMYIO YacTH, IoJjaras A =
aexp(iy), rae a u ¢ BermecrBeHHbl. [Tomyunm
a; = aa — vy,
(12.6)
Yt = ’Yra2~

Perenne mepBoro u3 sTux ypaBHEHUH UMEET BT

am

a = )
V/1+ Cexp(—at)

rje C' — 10CTOSIHHASI UHTEIPUPOBAHUSA, Ay = +/ /7. Takum obpaszom, pere-
are (12.6) onmchlBaeT IPOIECC yCTAHOBJIEHHs CTAIIHOHAPHOIO COCTOSTHUS

LYyt
A= apexp (iratt) = /2 exp <m% > : (12.7)
Vi Vi

Uccnemyem sTo pertenne Ha ycroiianBocts. lepeiins B ypashenun (12.2)

B CHCTEMY OTCUeTa, JTBUKYIIYIOCS C TPYHIIOBOII CKOPOCTBHIO, U PA3/eJINB Bellle-
CTBEHHYIO 1 MHUMYIO YaCTH, IPUXOIUM K yPABHEHUSIM

at + ﬂr (agpzx + 2(1:59090) + ﬂz (axw - a(@z)Q) = oaa — ’Via37

apr — Br (azz — a(pz)?) + Bi (aPaze + 2a2¢0z) — Yra® = 0.

O6osnaunm K = ¢, u JmHeapusyeM 3Tu ypaBHeHust BOsn3u perterusi (12.7),
noJsiarast @ = a, +a, K = K, tie a u K — majbie BosMytienust. [loaydnm

ag + ﬁramf{—az + BiGgy = ca — 3'}/1@2”6 = —2’72'6172.,15,
~ ~ ~ _ (12.8)
Ky = B =25 4 BiKua — 29rGmaze = 0.
m



268 I'maBa 12

Bynem nckars pemenue B BUze a, K~ exp(At +ikx). Torga ypasuenus (12.8)
NPUHUMAIOT BH/I

()\ — Bik% + 2’y,-a?n) a = —ikBran K,

m

~ -3
(/\ - /Bi'%z) K= <2i/€%«am - “Zﬁr> a,
OTKY/da CJIeAYET XapaKTEPUCTUIECKOE ypaBHEHUE
(A= Bir?) (A = Bir® + 2miar,) = B,k° (2eap, — Brk?) .

Kopunu sroro ypaBHeHUS eCcThb

i = Bik? — ya2, £ \/'yfaﬁl + Brk2 (2y,a2, — Brr?). (12.9)

Hepr,ZIHO IIOKa3aThb, YTO KOPCHb )\+ 6y,HeT BEHIECTBEHHBIM U ITOJIO2KUTEJ/IbHBIM,

KOTJIa
2a$n (BT”YT + ﬂz%)
6]

Takum 006pa3oM, IPU BBIIOJHEHUU YCIOBUS

K2 < K=

Bryr + Bivi > 0 (12.10)

BO3MYTIEHHsI, BOJHOBBIE YHC/IA KOTOPBIX JIEKAT B JManasone k2 < kg, HeycToii-
YUBBL. DTa HEYCTONIMBOCTH SIBJISIETCSI AHAJIOTOM MOOYAAUUOHHOT HEYCTMOTYU-
60cmu JIJIst KOHCEpBATUBHBIX cpell (it 11), a kpurepwuii (12.10), mosrydeHHbIi
B pabore [174], oueBuHO, Urpaer posb Kpurepus JlaiTxuia.

3amaya 12.1. IIpoBectu amam3 xapakTepa MOIYJIANMOHHON HEYCTOWIHUBOCTH
Jtst HenmuHeitHOrO ypasHenus IIpénunrepa (cm. rr. 11)

0A 0A wl 0%A
i+ V— )+ +384PA=0. 12.11
( ot 895) 2 Qa2 Al ( )
Pewenue: Bynem paccMaTpuBaTh MOTyOe3rpaHUTHYIO HEJIUHEHHYIO CpPey, KOTO-
pasi Bo30Oy»Kaercst Ha JieBoii rpanute (B Touke = () TApMOHMYIECKUM CHUTHAJIOM

A(0,t) = Ag exp(—iwt). (12.12)

Hamra 3amada cocrouT B TOM, 9TOOBI UCCIEIOBATH Ha YCTONYMBOCTDL PEIICHUE YPaB-
uenus (12.11) B Buge Geryimeil rapMOHUYIECKON BOJIHBI

A(x,t) = Ag exp [i(kx — wt)], (12.13)

IJle TaCTOTa W W BOJHOBOE WHCIO k CBSI3aHBI HEJMHEHHBIM JUCTIEPCHOHHBIM COOTHO-
IeHneM
wi k2

=k
w V+ >

— Bl Ag|*. (12.14)
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Bynem cuurars BbinossenabiM Kpurepuii Jlairxusuia (11.17), npugem 6e3 orpanuye-
HUsI OBIHOCTH TTOJIOKUM W) > 0, 3 > 0.

SaJaauM Majoe BO3MYIIEHHe MOHOXPOMATUIeCKoro pemmenus (12.13)
Az, t) = (Ao + a(x,t)) exp [i(kz — wit)].

[IpomenbiBast BBIKIAIKY, aHAJOTHIHBIE TpeACTaBiaeHHbIM B § 11.4, mosyunMm xapak-
TEPUCTUIECKOE yPaBHEHME, CBA3bIBAIONIEe YaCTOTy () W BOJIHOBOE YHCJIO K MAJIOTO
BO3MYIIECHUS:

2
(Q — kvy(w))? = LA Buwy | Ao|* K> (12.15)
g - 2 olAo| K, .

rae vg(w) = V 4+ w{k — rpymnmoBast CKOpOCTh Ha 9acTOTe w (BOOOIIE TOBOPSI, 3aBUCS-
mias or aMiuTybl). Ecm, mono6Ho ToMmy, Kak 310 6bLio caenano B § 11.4, caurars k
BEIECTBEHHBIM, MOJKHO BBIPA3UTh KOPHE ypaBHenus (12.16) B Bune ) = kv,£iA, rme A
— MHKPEMEHT HeyCTOHIMBOCTH, KOTOPHI onpezensiercs: hopmyaroii (11.22). Heyceroii-
YUBBIMH SBJIAIOTCH BO3MYIIEHUSI C BOJHOBBIME 4ucIaMu B obsactu (em. puc. 11.1)

403 Ao |?
m2<n§:7m ol”,

MakcnMabHOe 3HaUeHne HHKPEMeHTa \,, = (3| Ag|? mMeeT BO3MyIeHne ¢ BOJTHOBBIM
TUCIIOM

EnnucrBennoe otmmune ot pe3yabraroB § 11.4 cocTouT B TOM, UTO B JAHHOM CJIyUae
MBI HE MOYKEM II€PEiITH B CUCTEMY OTCUYETA, JIBUXKYIILYIOCS C IPYIIIOBON CKOPOCTHIO,
TaK KaK UMEEM 33J1a9y ¢ TPAHUYHBIM YCJIOBHEM.

OpHako ist TOro, 9TOOBI OMPEIEUTDb, SBJISETCH HEYCTOWIHBOCTH aOCOJIOTHOMN
M KOHBEKTUBHOM, 3T0ro HegocTarouno'. CremyeT canTarh I (), I K KOMILTCKCHBIMIT
U BOCIIOJIb30BATHCS METOMMKOMN, n3ioxkeHHoii B § 12.1.1.

Biezem Ge3pasMepHble IEPEMEHHBIE 2 = K/ Ky, W = {1/ A, U nepenuriem gucuep-
cruonHoe cooTHorrenne (12.15) B Buge (epes MHUMOI 9acTbIO BHIOMpaeM 3HAK «+»,
YTO COOTBETCTBYET HAPACTAIOIIEH BOJIHE)

w=az+iy/2%2 (2 - 22), (12.16)

rie a = - 2 7 — Ge3pasMepHbIi TapaMerp.
[Aol'\ Buwyg

Vrounmm, 9TO MBI B JAaHHOM CIydae IIOHHMAEM IOZ abCONIOTHOH M KOHBEKTHBHOM
HEyCTOMYINBOCTBIO, TaK KaK, CTPOr'O TOBOP:, 3TU IOHATHUS OUPeJeJIeHbl JJId JTUHEeHHBIX IIPO-
reccoB. B To ke BpeMms, MOIyJIANMOHHAs HEYCTOWYMBOCTH BO3HUKAET JIUIIb Ha (DOHE NO-
CTaTOYHO MHTEHCUBHOII Hecyllell BOJIHBI, T.€. ABJIAeTCA IPUHIUIINAJIBLHO HEJIMHEWHBIM fABJIe-
nueM. TeMm He MeHee, €CIM MBI MHTEPECYeMCsl XapaKTEPOM IBOJIIONUKA MAJIBIX BO3MYIIEHUIT
orubaromeit a(zr,t) Ha JUHEHHONW CTAIMKM WX PA3BUTHs, MOXKHO MPAKTHIECKN 0€3 M3MEHCHUS
[T0JI30BATHCSI KJIACCUIECKUMH OIIPEJIeICHUsIMU, TIpUBedeHHbIMA B § 12.1.1.
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Huddepeniupys ypasuenue (12.16) u npupaBHuBasi 0Ly Y€HHOE COOTHOIIEHHE K
HYJIIO, HAXOJIUM TOYKH IIepeBaa;

2 \/T
2o =4y [14 CFAVET 216 (12.17)
8

HaJII/I‘II/Ie ABYX TOYEK IIepeBaJia CBA3aHO C TeM, YTO BO3MymeHHe nMeeT BUJL ABYX ca-
TEJIJIATOB, PACIOJIOKEHHBIX CAMMETPHIHO OTHOCUTEILHO HECyIIeil 9acToTel. KoHTyp
MHTErPUPOBAHUS JOJKEH IIPORTH TOJILKO Yepe3 OAHYy M3 TOYEK IIepeBaJa, IpUIeM Ta-
KM 06pa30M, “ITO6BI HEIIOCPEZICTBEHHO B TOYKE IIepeBaJla €TI0 HallpaBJA€HUE COBIIa1aJIO
¢ HAIIpaBJIEHUEM PAJMEHTHOrO CIycka, T.e. Im(w) = const. B mannom ciayuae 3To Ha-
IpaBJIeHne MAapalIeIbHO BEIECTBeHHON ocn. Kpome Toro, KOHTYp JoJKeH 000iTH B
HIDKHeIl TTOJIYTIIOCKOCTH TOUKHN 2 = 0, +1/2, B KoTophIX dbyHKIM w(2) He aHaInTH-
Ha.

Puc. 12.1. Jucnepcronnas auarpaMma B CJrydae KOHBeKTUBHOM (1) u abcosoTHoii (2)
MOJLYIATMORHO HeycToianBocTh. [IITpUXOBKOI BBIIETEH qUATA30H BOJHOBBIX TUCEI,
B KOTOPOM HMEET MECTO HEYCTONYMBOCTh

Kpurepuit aBcoItOTHOI HEYCTONYHUBOCTH, T.€. YCJIOBHE TOTO, YTO BO3MYIIEHHE Ha-
pacraer co BpeMeHeM B (DUKCHPOBAHHON TOUYKE HPOCTPAHCTBA, OYEBUJIHO, UMEeT BHJL
Im (w(zs)) > 0. [oxcranss cioma Boipaxenne (12.17), momxyanm a?
Y4IETOM OIIPEIeJICHUS «,

> 16 wm, ¢

2

BlAof? > —2. (12.18)
8w(

OpnHako HEOOXOAUMO yUecTh, IT0 Uy B (12.18) B cBOIO OUepesb 3aBUCUT OT YACTOTEL
7 aMILUTATYAbI. BRIpa3uB 3Ty 3aBUCHMOCTD C TIOMOIIHIO HEJIMHEHHOTO JINCIIEPCHOHHOTO
cootHommernus (12.14), mosyaum

1/V?
BlAo)* > 3 (2%, +w> . (12.19)

Takwum 06pa3oM, KOrja aMILIATYAa BXOIHOTO CUTHAJIA IIPEBBINAET KPUTHIECKOE 3HA~
JyeHue, Koropoe ompejessiercs dbopmysioii (12.19), npoucxoauT cMeHa XapakTepa He-
YCTONYIMBOCTHU C KOHBEKTUBHON Ha abCcoM0THYIO0. [[prHIIMIIaIbHON 0COOEHHOCTHIO B~
JISIETCSI TO, 9TO 3TOT 3P (PEKT HOCUT HEJIMHEHHBIN XapaKTep, TOCKOJIbKY HAOJII0IaeTCst
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10 MEPE yBeJNIeHUsI MHTEHCUBHOCTHU BOJHBL. EMy MOXKHO NMPUIATH TPOCTYIO (husnmtde-
CKYIO TPAKTOBKY: 3aKOH mucrepcun (12.14) sipasiercst mapabomaecKuM U JIOMyCKaeT
pacipocTpaHeHue BOJTH ¢ 9aCTOTAMHE BbITIE KPUTHIECKOH 9acToThl w, = —V 2 /(2w(]) —
B3] Ao|?. C pocrom |Ag| aucnepcuonnas kpusas cMeraercst Buus (puc. 12.1). OmaoBpe-
MEHHO JTHANA30H BOJHOBBIX YHCEN, B KOTOPOM MMEET MECTO MOJLY/IAIMOHHAS HEYCTOM-
YUBOCTH, PACIIUPSETCS U HAYMHAET 3aXBATHIBATH OOJACTb B OKPECTHOCTH KPUTHYE-
CKOil 9aCTOTBI, IJie TPYIIIOBasi CKOPOCTh CTPEMUTCS K HYJII0. B pe3ysibrare HEyCTOI-
YUBOCTb CTAHOBUTCS abCOJIIOTHOI.

&
e
AN

&£
SN
)

0 L 0 L
a a

0.5 1.0

Z10] |A(L,8)|

04 [ 0.8

03 0.6 [

02 04r

01r 02

1 1 1 1 1 L 1 L
0.0 50.0 100.0 1500 200.0 t 0.0 50.0 100.0 150.0 200.0 t

6 6

Puc. 12.2. Kapruaa npocTpaHCTBEHHO-BDEMEHHON JMHAMUKH (@) U 3aBUCHUMOCTDb aM-
WIMTYa6l 0T BpemMenu B Touke L = 10 (6) 1upu KOHBEKTUBHOH MOJIYJIAIMOHHOM
Heycroitausoctr (w)) /2=1,=1,w =0,V =1.2,|4| =0.3)

Puc. 12.3. Kapruna npocTpaHCTBEHHO-BPEMEHHOM JIUHAMUKY (@) U 3aBUCAMOCTD aM-
WIMTyI6l 0T Bpemeru B Touke L = 10 (6) upu abCooTHON MOJLYJISIIMOHHOl HEyCTOM-
qusocru (V = 1.4,|Ag| = 0.6, ocraibHble HapaMeTpbl Te XKe, 4To Ha puc. 12.2)

Paznuiy mex 1y abcoJrioTHOM 1 KOHBEKTHBHON MOJLYJISIITUOHHON HEYCTONIMBOCTHIO
WLTIOCTPUPYIOT puc. 12.2, 12.3, Ha KOTOPBIX MPUBEJEHDBI PE3YIbTATHI YUCJIEHHOTO pe-
mennst ypasHenust (12.11) ¢ rparmanabiM yesosueM (12.12) [175, 176]. Yro6s! nckitio-
4uTh 3 EKTH OTPaKeHNsI U PeaTN30BaTh PEKUM OJHOHAIIPABJIEHHOI'O PACIPOCTPa-
HEHUsl, TPAHUYHOE YCJIOBUE CIIPaBa CTABUJIOCH B BH/JIe TAK HA3bIBAEMOI'O IIOIJIONIAOIIE-
'O CJIOSI, T.€. CIUTAJIOCH, YTO HHTEPECYIONas Hac 00IaCTh UMeeT HEKOTOPYIO KOHETHYIO
mny L, a npu x > L B ypauenue (12.11) UCKyCCTBEHHO BBOAMTCS 3aTyXaHuUe € KO-
3G PUIUIEHTOM, IKCIOHEHITNAILHO HAPACTAIONINM BIOJIL KOOpAuHATHI. Ha pucymkax
[TOKa3aHbI [IPUMEPHI IIPOCTPAHCTBEHHO-BPEMEHHON MMHAMUAKA U 3aBUCUMOCTH aMILIU-
TYABI OT BpeMeHH B Touke & = L. BujiHo, 4T0 B cilyuae KOHBEKTHBHON HEYCTOWINBO-
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cTH Ha nepegHeM (DPOHTE MOSBISIOTCH HAPACTAIONINE BO3MYIIEHIS, KOTOPBIE CHOCST-
csl BJIOJIb CUCTEMBI U ITOKHUJIAIOT €€ depe3 IIpaByio rpanuily. B dukcupoBanHoOil TOUKe
OCITMJLJIATINY AMILIUTY/IBI [TOCTEIIEHHO 3aTyXaloT, U B UTOre yCTAHABJIUBACTCS OJIHO-
YaCTOTHBIM PEXKUM PACIIPOCTPAHEHHs C TMOCTOAHHON amiuTyoii. [Ipu abcosmorHoi
HEYCTOWYMBOCTY HAPACTAIOIINE BO3MYIIEHUS HEIPEPHIBHO M€HEPUPYIOTCH BIIOJb BCEi
JJIMHBI CUCTEMBI, I YCTAHABJIMBAETCS PEXKUM ABTOMO/LYJISIIIAN, B KOTOPOM aMILIATYIA
CUTHaJIa IIEPUOJUYICCKUN OCIIUJIJIUNPYET.

Heobxomumo, onHako, yuurbiBaTh, 4To onucanue upu nomontn HYIIT (12.11) ss-
JIsIeTCsI TIPUOJINKEHHBIM ¥ OCHOBAHO Ha aIlllPOKCUMAIMK JIMCIIEPCUOHHON XapaKTepu-
CTUKH peasibHOl cucTeMbl napabosioii (eMm. § 1.5), 4To clpaBeyInBo JIUIb B HEKOTOPOIi
okpecTHOCTH Hecymieil yacrorsl. [Tosromy nosb3oBarhest Kpurepuem (12.18) cieayer
C OIPEJIEJIEHHON OCTOPOYKHOCTHIO, TAK KaK O0JACTH BOJU3U KPUTHIECKON TACTOTHI
MOXKET OKa3aThCsd 338 PAMKaMH [IPUMEHUMOCTHU 1apabO0JIMIeCcKON allllPOKCUMAITIH.

12.2. KonBeknus Pajies—benapa

IIpomeMoHCTpHUpyeM HOJy4YeHHE ypaBHeHH: | mu3Oypra—J/lammay Ha KOH-
KpeTHOM (PU3MYECKOM IIpuMepe. PaccMOTpUM 3aa4y O TEILIOBOH KOHBEKIIUH
B IIJIOCKOM CJIOE MJICATBLHON KUJKOCTH, TIOJI0OIPEBAEMOM CHHU3Y, CJIelysi paboTe
[29]. Vcxoaast cucrema ypaBHEHHUI, COCTOsIIIAsI U3 ypaBHeHHil Dilsiepa, Herpe-
PBIBHOCTH U TEILIOIPOBOIHOCTH, B IIPEJIIOJIOKEHIH, YTO KUJKOCTh HECsKUMa-

ema, umeer BuJ (CcM. Hapumep, [42])

%—‘t’ + (vV)v| =nV3v + pg — Vp,
divv =0, (12.20)
pCy %—1; +vVT | = kV?T.

31ech p — IUIOTHOCTb KUJIKOCTU, V — CKOPOCTb, 1) U K — KOIDPUIIMEHTHI
JIMHAMHYECKON BA3KOCTH M TEIJIONPOBOIHOCTH, cooTBercTBenHo, C), — Ten-
noeMkoctb, T — temneparypa. Ha Bepxueil rpanune cios (z = [) momuep-
JKUBaeTCs MOCTOsiHHAsT TeMiieparypa 11, Ha HuxkHell (z = 0) — Temmeparypa
Ty, = Ty + AT (puc. 12.4). B orcyrcTBre KOHBEKIIUHU, KOTJA TEILJIOOTBO, OCY-
IIIECTBJISIETCST TOJIBKO 3a cueT TemnjonpoBognoctu, v = 0. Torma, caurasi, aro
pPaBHOBECHOE pacipejiesieHne TeMIepaTypbl 1, 3aBUCAT TOJBKO OT BEPTHKAJIb-

HOI KOODJMHATHI 2, MOYKEM HAIINCATH
T.=T1+AT(1-2z/l).

Bynem cuurars 3aady JByMepHOR. DTO 03HAYAET, UTO BCE ITEPEMEHHBIE
3aBUCSIT TOJIBKO OT TOPU30HTAIBHOM KOOPANHATHI & U BEPTUKAJIBLHON 2. BBemem
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GYHKIUIO TOKA 1, ONPeIesIsIeMyI0 COOTHOIEHUSIMHI

o oY
0z’ 2 oz’

a TakxKe rmepeMmernyio § = T'— T, — OTKJIOHEHUE TeMIIEPATyPhl OT PABHOBECHO-

Vy =

7 A

=y

Puc. 12.4. ObpazoBanue BaJIOB IIPU TEIJIOBON KOHBEKIIUU

ro sHadenusi. Kpome Toro, ucrosb3yeM npubausicenue bByccurecka, T.e. BCIOMTY,
rae p He crouT 1oj 3HakoM juddepeninaia, OynemM cauTaTh p = pg = const.
IIpu muddepeHnmpoBaHIE TOTOXKUM

p=poll — (T —Tp)],

riae o — koaddunument odbemuoro pacimmpenus, Ty = (11 + T2)/2. Torua
cucrema ypasaenuit (12.20) npunumaer By

o (V%) 0, V) ol
ot + O(x,z) vV +ag ox’

90 0(6,6) _ AT ov
ot " Id(x,z) | Ox

(12.21)
+xV20,

rie v = 1/py — KUHeMaTHYecKas BA3KOCTb, X = k/poC) — TeMIepaTypoIpo-
BO/IHOCTD,

d(a,b) _0a 0b  Oda 0b

Azx,z)  Ox 0z 0z Ox’

Beenem Gespasmepnbie epemennbie t = xt/I?, o' = x/l, 2 = z/l, Y =
Y/x, 0 = 0/AT. Toncrapnss stu Beipazkenust B cucreMy (12.21) u omyckas
IITPUXH, TIOJIY M

9 (V) 0 (v, V) 90
gt o) Pr <V4w + Ra &p) ,
0 | 0(1,0) 9y

2
5t o) = or TV

(12.22)
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Bnech Pr = v/x — wucao Ipanomas, Ra = agATI3 /vy — wucao Pases.
Bynem uckars perenue cucremsl (12.22) B Bujie PsiJIoB [0 CTEIIEHSM MAJIOrO
napaMerpa €:

Y =cpr + ¥ +3P3+ ...,

92891+€292+€393+...

Torza B mopsijike € HOJIyYUM JIMHEAPU30BaHHbI BapuanT ypaHenuii (12.22) B

BHJIE ,
0(Vn) (% o) _p, (v%l +Ra 391> —0,
t ox
. o (12.23)
1 72p. _ 1 _
ot Vo or 0.

115t MPOCTOTHI BBIOEPEM CBOOOIHBIE TPAHUIHBIE YCJIOBUSI HA 00erX TPAHMIHBIX
MTOBEPXHOCTSIX:
v=V*=0mpuz=0uz=1.

YT100bl yI0BIETBOPUTEL 3TUM YCJIOBHUSM, OyJIeM WCKATL PeIleHUe ypaBHEHUit

(12.23) B BHIE
v} _ [ ¥o Aexpli(kx — wt)]sinmz.
61 611

[Tosoxkum k = ma. Torpa u3 cucremspr (12.23) ciejyer auciepcuoHHOE COOTHO-

nieHue

2
. . a
liw — 7?Pr (a* +1)] [iw — 7* (a* +1)] = PrRa 211 (12.24)

10 KBaJIpaTHOE YpaBHEHNE OTHOCUTE/IbHO W, KOPHU KOTOPOI'O JIETKO HAaXOJAAT-

cs B CJIETYIONIEM BUJIE:

wi:—% 72 (a2+1)(Pr—|—1)i\/ 2j_lPrRa—i—7r4(Pr—1)2(612—1—1)2 .
a

[TockosbKy mOIKOpPEeHHOE BBIPAXKEHME BCETIa MOJIOYKUTENIBHO, 00a KOPHS JIHC-
nepcnoHHoOro coornorenust (12.24) spsiorcs uncro MunMbiMu. Crarponaptoe
COCTOfIHHE TepseT yCTOMYMBOCTb, KOIJla KOPeHb w_ MeHdeT 3HaK. Paspemas
ypaBHeHne w_ = 0 oTHOCUTeJIbHO uucia Pases, Koropoe BbIOepeM B KadecTBe

YIIPABJISIONIETO TTaApaMeTpa, MOJIyIaeM

4(,2 3
™ (a*+1
Ra = 7( 5 ) .
a
Herpyaso HaliTi, 9TO 3TO BBIpAXKEHHME WMEET MHUHUMYM, Korjga a = 1/ V2.
Urak, mpu

2774

Ra>Ra. = —— (12.25)

4
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BO3HUKAET KOHBEKIIMs: OoJiee Teliasi XKUJIKOCTh IMOTHIMAETCs K BEPXHEN Ipa-
HUIIE, TJIe OXJIAXKIAeTCs U OIyCKaeTcs BHU3. B pe3ysibraTe obpa3yercsi cucreMa
KOHBEKTHBHBIX BaJIOB (puc. 12.4), npuyeM OTHOIIEHNE UX [IPOJIOJBLHOIO pa3Me-
pa K TOIEPETHOMY OIIPEIE/ISIETCS BEJTMINHON a.

[To mepe yBesmveHus rpajiueHTa TeMieparypbl (T.e. ducsa Pajest) mepsoi
Tepsier ycToitunsocTh Mojia ¢ k = m/+/2. Ilpn stom 3asucumocts w_ (k) nveer
BUJI, TIOJTHOCTBIO aHAJIOTUYIHbBIN n300pakeHnoMy Ha puc. 1.13.

[Monyuum ypasuenue ['muzOypra—Jlamjay, onuchiBaloliee JIUHAMUKY aM-
IUIATY/IbI BO3MYIIEHNUsI B OKPECTHOCTH TOuKH Gudypkanuu (k = 7/ V2, Ra =
Ra.). Ucmosnb3yem OOBIMHBIN ammapaT MeTofa MHOTHX MaciiTaboB. Beegem
MeJTenHble KoopuaaTy X = ex u Bpema T = €2t (mo3BosuM cebe HeCKOTbKO
YIPOCTUTH BBIKJIAJKH, OCTABUB JIUIIb «HYXKHBIE» MAaCIITaObl, KOTOPbIE BOii-
JyT B OKOHYaTesbHOE ypapHenme). Ilojoxkum Taxke Ra = Ra. + 2. Takum
00pa3oM, MaJIblii MapaMeTp € UMEET CMBICJ IPEBBIMEHUs OudypPKAITTOHHBIM
mapaMeTpoM KPUTHIECKOrO 3HaUYeHus. B mopsijke € OyIeM HCKATb pellieHne B

) [ Y imx .
< 6, > = ( » )A(X,T) exp (\/§> sin Tz + K.c. (12.26)

[Mogpcrasnsist 5Tu BbipazkeHusi B ypashenust (12.23), Haiigem, 4to

BUJIE

31

=2 g, =1 12.27
¢11 \/Q 11 ( )

B nopsiike €2 MOJIyYnNM ypaBHEHUsI

9 (V>4s) 1 90, _
T —Pr(V 77[}2 + Rac % =

8% (V241) 901\ _ 9 (1, V)
:Prﬁl(%@x ‘*R%ai)“ e o 2

o1 O(¢1,6h)
0X oz, z) ~

% _ V292 _ 8¢2 -9 82‘91

ot 9r ~ ‘0roxX

Pemenne ypasnenuit (12.28) 6yaem uckaTh B BUJE

V2 a1 | 0A itxr\ . W20 .
- X 7 A% sin2 <.
( 02 ) ( 021 ) 0X oxp V2 smwz + fo0 |A|” sin 27z + K.C

C yuerom coornommennii (12.26), (12.27) merpy/uo HaiiTH, 9TO

0 (1, V1) (11, 61)

d(z, z) =0, d(z, z)

= —37%| A|? sin 27 2.



276 I'maBa 12

[Moscrasnss stu BolpaykeHusi B ypapHenust (12.28) u BblieIsist 9ICHBI, IPOIIOP-

IIMOHAJIbHBIE Sin 272, Oy IUM

3T
Yoo =10, o= R (12.29)

Itst KoapdbunmeHToB Y91 u A1, 09eBUIHO, Oy/IeM UMETh HEOIPEALIeHHYIO CHU-

cTremMy ypaBHeHHﬁ. 3 nee yaaeTrcd HaWTH JUIIb OIHO COOTHOIIICHUE, CBA3bIBa~

onmee 3T BeJIMYMHDBI:

3
Po1 =1 — — 0. (12.30)

V2

VpaBHEHUS HOPSIKA €5 UMEIOT BUJL

0 (V2¢3) 4 893 .
o V3 + Ra. ) = F;,

o o (12.31)
3 2 73 _
s 2, s =g,
rie
__0(Vu) 0 (V1)) 06 0 (V*91)
F=- 9T +Pr{4 970X —|—Raca—X + 2Pr ox?
0 (Y1, VPea) 9 (b, V1) L Pr 06,
d(z, 2) d(z, 2) oz’
_ 061, %6 %0y | Oy O(¥1,02)  O(tha,01)
C=—artox 2amax T axX ~ 0.2 ~ 0w 2)

Uckmoyas 03 u3 ypasuennii (12.31), uveem

0 9 0 (V2¢3) 4 0?13 B
<8t V)(atPrV¢3 —PrRaCW—

0 0G
— —~V?)F+PrRa, —
<8t > ¢ 0z

Jl1st TOro 9TobOB! perneHne He ObLIO CeKYISIPHBIM, HEOOXOUMO B IIPABOil IaCTH

3TOTr0 YypaBHEHUS TPUPABHATH K HYJIIO UJI€HbI, TPOIOPIINOHAIbHBIE i/ V2 gin 2.

D10 maer
3r2 OA 6z7r 9 PA  im
5Pr OT + \/» Wo1 + Racfa1 — 377111 X2 + — 7

3 ~0A PA | im*iiban

2im
1+ == APPA
T—I—( +\/§021+¢21> 8X2+ 7 |A|

i

_i_i
2v/2
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[Moncrasiss cioga coornomenns (12.25), (12.26), (12.29) n (12.30), mocse psiia
BBIUHC/IEHAI HosrydaeM ypasrenne ['unsoypra—J/langay B Buje

0A Pr [8 924 2

9t
oA _ Fr |8O0°A 2 4 I aegl 12.32
9T  Pril|30x2 " on2 g M (12.32)

[Ipu sTOM “WIeHBI, cofepsKalue HEM3BECTHYIO BEJIUINHY (o] B3AaUMHO YHUUTO-
katorcst. Colaraemble B IpaBoii qactu ypasaenust (12.32) orBedaroT 3a BI3KYIO
JUCCHUTIAINIO, HEYCTONYNBOCTh W HEJIMHENHOE HACBIIIEHNE, COOTBETCTBEHHO.

12.3. O6 aBTOKOJIEODAHUAX B pacHpeaesieHHbIX
cucreMax. JImHaMudeckasi MOJIieJjib
IIPOCTPAHCTBEHHOI'O Pa3BUTHUA TYypPOYyJI€HTHOCTH

Pacupenesennbie aprokosebaresbuble cucrembl (PAC) Becbma pacipocrpa-
HeHbI ¥ B ipupoje, u B Texauke [10, 177|. K Hum orHOCsiTCst hyHKIIMOHAJIBHBIE
CHUCTEMBI JKBOT'O OpraHu3Ma (CHCTeMbl KPOBOOODAIIEHHUsI, JbIXaHUsI, PN ), [y~
XOBbBIE U CTPYHHDBIE MY3bIKAJIbHBIE HHCTPYMEHTDI, TPUOOPHI BAKYYMHOM 1 KBaH-
TOBOH 3JIEKTPOHUKHU — TIE€HEPATOPHI JIEKTPOMATHUTHOIO H3JIy9eHUs] MHUKPO-
BOJIHOBOI'O M ONTHYECKOIO JMAIIA30HOB, IEPEMEeHHbIe 3Be3/bl (1edenipl), aB-
TOKATAJUTUIECKIE XUMUUIeckue peakmun. HekoTopbie mporeccsl, CBsi3aHHbIE €
CYIIECTBOBAHUEM PA3/IMIHBIX OMOJOTUIECKUX BUJIOB TAKXKE HOCAT aBTOKOJIe0a-
TEJIbHBII XapaKTep.

He npereniyst Ha Ype3sMepHYIO CTPOroCTh, JaaumM onpeaenenne PAC, mpe-
noxxkerroe M.U. PabuHoBIIeM: a6mokxosebamesvrotl Ha306EM HEKOHCEPSAMUG-
MY CUCMeMy, 8 KOmopol 8 Pe3ysbmame pa3dsumus HEeYCmotuuusocmy 603-
MONHCHO YCMAHOBAEHUE HEZAMYTAOUUT BOAHOGHLL UAU KOAECOGNEALHOIL 06U-
orcenutll, napamempu, Komopur (amniumyoa u Gopma KosOaHUlT UL GOAH,
wacmoma, a 6 boaee obwem cayuae — cnexkmp koaebaruil) onpedeasromes ca-
MO cucmemoti u He 3a6UCAM 0M KOHEUHO20 USMEHEHUA HAYAALHBT YCAOBU.

Vpasuenne ['mazbypra—/lanmay siBiisieTcss STAJOHHON MOJIEJIBIO IIIHPOKOIO
KJTaCCa PACHpeIeIeHHBIX aBTOKoIe6aTeIbHEIX cucreMm?. Ocobblii HETEpec Ipei-
cTaBjsgeT TOT (akKT, IYTO PElIeHnsi STOr0 YPaBHEHUS MOI'YT UMETh XapaKTep He
TOJIBKO TEPHOIMYECKUX MJIM KBA3UIEPUOJNIECKUX, HO U XAOTUIECKUX aBTO-
KOJIeOaHU, aHAJIOTMIHBIX JETEPMUHUPOBAHHBIM XaOTHUYECKUM KOJIEOAHUSM B
KOHEYHOMEPHBIX JUHAMUIECKUX cucTemax. VccienoBanue C/I0XKHON IuHAMU-
ku ypauenus ['nusbypra—J/lannay (u apyrux PAC) umeer 6obinoe 3HaueHme,

[TOCKOJIBKY TIO3BOJISIET YCTAHOBUTH OIIPEJIEJIEHHYIO CBSI3b MEXKIY MypoyseHm-

2B ciyuae, KOrzia HEyCTOHUHBOCTD SIBJISIETCST aBCOIFOTHON (CM. § 12.1.1).
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HOCMDBI0 B PACHPEIE/IEHHBIX CPpelax U JUuHAMUYECKUM TGOCOM B CACTEMaX C
MaJIbIM YHCJIOM CTereHeil cBOOOIbI.

Cpenu paboT, MOCBSIIEHHBIX TOH IpobjeMe, CIeIyeT BBIIEIUTH CTATHIO
[178], B KOTOpOIt OBLITA TIPE/TIOKEHA INHAMIYECKAsi MOJIEJb [TPOCTPAHCTBEHHO-
ro pazBuTus TypOysieHTHOCTH. B Heil paccMaTpuBaeTcs IENoYKa OJHOHAIIPAB-

JIEHHO CBSI3aHHBIX YKOPOUYEHHBbIX ypaBHeHuit Ban nep Iloms
Aj 46 (A — Ajo1) = ad; —|A;24;,  §=1,2,..., (12.33)

rJie TOYKON 0003HAvYAeTCsl MPOU3BOHAS 10 BpeMeHn. OU3MUeCKUMU MOJIE st
M, KOTOPBIE OMUCHIBAIOTCs ypaBHeHusiMu (12.33), MOIYT CJIy>KUTh, HATIPUMED,
IEIIOYKa OJHOHAIIPABJIEHHO CBSI3aHHBIX aBTOI€HEPATOPOB WJIM T'HIPOMHAMMU-
YecKoe TeYeHUe, CBI3aHHOE C NePUOUIecKoil cucreMoil nmosocreit. OueBuaHo,
uyro ypasuenue ['musbypra—J/langay (12.2) npusogurcs k Bumy (12.33), ecin
1n010:KuTh 3 = 0 1 3amKMcaTh TPOCTEHIIYIO KOHEIHO-PA3HOCTHYIO AIIIPOKCHMA~

A0 IIPOCTPAHCTBEHHOU MPOU3BOHON
DA A;j—Aj
Ox A ’

rae A — mar 1o koopaunare. B arom ciaydae § = vg/A.

DA
30
20+
10
0 510 0 510 0 510 0 510 0 510
a ) 8 2 o 1 s 10 15 20 j

Puc. 12.5. CekTpbl MOIIHOCTH, WITIOCTPUPYIOIIE TPOCTPAHCTBEHHOE PA3BUTHE TYP-
OyJIEHTHOCTH BJIOJIb TEMOYKN: @ — j = 2; 6 —j =9;6 —j =10; e — j = 12 d —
j =20 wu 50 [178]

Puc. 12.6. IsMeHeHne pasMEpHOCTH aTTPAKTOPA BJIOJb Tenoukn [178]

Pesynbrarbl unciennoro mojennpoanust cucreMbl (12.33), npescrabiien-
Hble B pabore [178], nokazasu, 4To B MIUPOKOIl 06JIACTH TAPAMETPOB B IO~
K€ YCTaHABJIUBAETCS TPOCTPAHCTBEHHO-HEOTHOPOIHDIN TYPOYIEHTHBIN PE2KUM,
npuyeM HaOJIIOMAeTCs MOCTEIIEHHOE YC/IOXKHEHUE KOJIeOAHWI BHU3 110 TOTOKY
(puc. 12.5). Ilpu Masbx j KojebaHUsl SIBJISIFOTCS KBA3MMOHOXPOMATHIECKIMU
(puc. 12.5a). ITo Mepe pocra j OHM CMEHSIIOTCsI CHAYaJIa PeKuMaMu OueHuii ¢
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BOJIBIINM YUCJIOM CHEKTPaIbHBIX KOMIOHEHT (puc. 12.56), a 3arem ciaaboryp-
OynenTHbIME Koebanusmu (puc. 12.56). [lpu nasnbheiinem aBuzKeHUN BHI3 1O
[IOTOKY CPEIHSIs MOIITHOCTD TYPOYJIEHTHOCTH BO3PACTAET, a CIIEKTD YCI0XKHSIET-
cst (puc. 12.5¢,0). Hakowerr, ipu 0cTaT04HO GOJIBIINX j KAKUE-THO0 H3MEHEHMsI
XapaKTEPUCTUK JIBUZKEHUS TPEKPAIAIOTCI U YCTAaHABIUBAETCS CTAITMOHAPHBIM
IPOCTPAHCTBEHHO-OIHOPO/IHBIN TypOysieHTHBIN pexkuM. HecmoTpsa na TO, 9TO
pa3MepHOCThb (PA30BOr0 IIPOCTPAHCTBA CHCTEMBI BECbMa, BBICOKa (T.e. CHCTe-
Ma 10 CBOUM CBOWCTBaM OJIM3Ka K PACIPEIesIeHHOI), TypOyJIeHTHOMY JIBUZKe-
HUIO COOTBETCTBYET CTPAHHBIA aTTPAKTOD, UMEIONMNN HeOOJIbINYI0 dhpaKTab-

HyIO pa3MepHoCcTh (puc. 12.6).

[Memoukn 1 pemneTKn CBA3AHHLIX aBTOT€HEPATOPOB SIBJISIOTCS TOJIE3HBIMHI
bUBHIECKU COMEPKATETbHBIMUA MOJIEJISIMU, TTO3BOJISIIONIUMU BBISICHUTH MHOT'HE
3aKOHOMEPHOCTH Pa3BUTHUs IIPOCTPAHCTBEHHO-BPEMEHHOI'O Xa0Ca B CILJIONTHBIX
cpenax. K HacrosmeMy BpeMeHHn OI1yOJIMKOBAHO JJOBOJILHO MHOI'O paboT, IIOCB-
[IEHHBIX HMCCJIEJIOBAHUSIM (KaK KOMIIBIOTEPHBIM, TaK M SKCIEPUMEHTAILHBIM )
CJIOYKHOU JUHAMUKHU B IEMOYKAX, COCTOSIIUX U3 T€HEPATOPOB PAa3JINYHBIX TH-
noB. O630p HEKOTOPBIX Pe3YJILTATOB MOXKHO HaiiTu, Hapumep, B kaure [179,
1. 14].

12.4. B3aumogeiicTBue 3JIeKTPOMArHUTHOI'O
U3JIy4YeHUs CO CPeJioil U3 ABYXYPOBHEBBIX
JaCTUIL

[lepeitmeM K pacCMOTPEHHUIO JPYIOro KJacCa BOJHOBBIX HEYCTOMYMBOCTEIR,
BBI3BAHHBIX B3aUMOJIEHCTBUEM BOJIH C ITOJIOKUTEJIFHON U OTPUIATEILHOM SHED-
rusmu. Kak 6bu10 1IoKasano B § 1.6, B 9TOM ciIydae JUHAMHUKA MEJJIEHHO Me-
HAIOIeHCcA aMIINTYAbl BO3MYIIEHUA C YaCTOTON M BOJIHOBBIM YHCJIOM, OIIpe/ie-
JIAEMbIM YCJIOBUAMU CUHXPOHU3Ma, OIIMCHIBACTCA HeJIMHEeHBIMUI YpaBHEHUAMN
tuna Kieitna—l'opnona. BzaumoeiicTBue BoJIH, ¥ KOTOPBIX T'PYIIIOBBIE CKOPO-
CTH HAIPABJIEHBI B OJHY CTOPOHY, IPUBOJNT K KOHBEKTUBHOW HEYCTONIMBO-
cru. Ecin »Ke TpymnmoBble CKOPOCTH HAIIPaBJIEHLI HABCTPETY APYT JIPYTY, TO
HEYCTONYINBOCTH abCoJIIOTHAsl. B KadecTBe IPUMEPOB MOXKHO IIPUBECTH B3al-
MOJENCTBIE JIEKTPOHHOIO ITOTOKA, ABUXKYIIErOCAd B CKPEIIEHHBIX 3JEKTPO- U
MArHUTOCTATHYECKOM I0JISIX, C 9JIEKTPOMATHUTHOM BOJIHOI [35, 167|, rumpou-
HAMHMYECKYIO HeycroitunsocTh KesbBuna—IenbMrosbua [33], a Takxke B3ammo-
,ILefICTBHe KOT'€pEHTHOTI'O JIEKTPOMArHUTHOI'O U3JIyY€HUdA CO Cpeﬂoﬁ nu3 AByX-
YPOBHEBBIX 9aCTUIL — KBaAHTOBbIX OCIIUJIJIATOPOB. PaCClVIOTpI/HVI IIOCJICJHIOIO 3a-

nadgy momapobHee.
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12.4.1. /IByxypoBHeBas cpeaa. ¥y paBHeHus BJjoxa

[Ipex e Bcero, oTMeTHM, 9TO CPeJia U3 J8YTYPOSHEBVIL GIMOMOG SBJISICTCS CUITb-
HO HeJimHeiHON. leficTBUTE/IbHO, 13 KBAHTOBON MexaHUKH u3BecTHO [114], aro
CIIEKTD 9HEPreTUYECKUX YPOBHEH rapMOHUYECKOI'O OCHMUILIATOPA SBJIACTCS K-
BUJIUCTAHTHBIM: YACTOTHI IEPEXOJIOB MEXKJY JIIOOBIMU COCEIHUMU YPOBHSIMU
OJIMHAKOBBL. Y HEJIMHEHHOro (aHrapMOHUYECKOT0) OCIMJLIATOPA CIEKTD HEIK-
BUIUCTAHTHBIA. B ciydae, Kormga 9acToThl IEPEXOI0B OTINYIAIOTCI CTOJIb CUJIb-
HO, 9TO YaCTOTa HaJAIONel Ha Cpely 3JIEeKTPOMArHUTHON BOJIHBI HAXOIUTCH B
pe30oHaHCe JHIb ¢ OfHON 3 dacTor (puc. 12.7), MOXKHO OrDaHUYIUTHCS MPH-
OJIMKEHUEM JIBYXYPOBHEBOW CHUCTEMBI.

EA

Puc. 12.7. Duepreruaeckuii CeKTp aHTAPMOHUIECKOT'O KBAHTOBOTO OCIIILISITOpa. Ya-
CTOTa MA/IAIONIET0 JIEKTPOMATHUTHOIO U3JIy4YeHns OJIn3Ka K 9acTOTe IIEPEX0/Ia W12

[IycThb wacToTa KOrepeHTHOTO 3JEKTPOMATHUTHOTO U3JTyIeHus OIM3Ka K da-
CTOTE Iepexojia Mexkiy ypoBHsMU 1 1 2: w & wy —we = (B — Eq)/h, tne h
— nocrosinnas [lnanka, nerennas Ha 27, u mycrb 1 2(r) — BosHOBBIE (DYHK-
AN, COOTBETCTBYIONTHE CTAIIMOHAPHBIM COCTOAHHAM C 3HeprusMu Fqo. Onn
YJIOBJIETBOPSIIOT CTaIlmoHapHOMY ypasHeHuto IlIpénunrepa

Howy = Exly,  i=1,2, (12.34)

e Hyp — raMuIbTOHHAH aToMa. 3aBUCHILYIO0 OT BPEMEHH BOJIHOBYIO (DYHKITHIO
MOZKHO IIPEJICTABUTDH B BUJIE CYIEPIIO3UIINN STUX COCTOSTHUN KakK

P(r,t) = a1 (t)Yr(r) + az(t)a(r), (12.35)
IJie a1,2 — 3aCeJCHHOCTH yPOBHEll, yJI0BIETBOPAIONIAE YCIOBAI0 HOPMUPOBKI

]a1|2 + ]a2\2 =1.
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Boutnosast dynkims (12.35) mogannsieTcst HecTarmoHapHoMy ypasaeHuto [Ipé-
JINHrEpa

¢
ot’

rne H = Hy — dE — ramuipToHHMaH aToMma, B3aMMOJIEHCTBYIOIIETO C JJIEK-

Hi = ih (12.36)

TPOMArHUTHBIM ToJ1eM, E — HanpspkeHHOCTH 1oy, d = —er — JMIOJILHBII
MoMeHT atoma. Jlasee Gymem npesnonarath BeKTopbl E 1 d napasieibHbIME.

[Moxcrasnsst BosHoByo dbyukiuio (12.35) B ypasuenue (12.36) ¢ yuerom
coorHorrennii (12.34), 6yeM nmersb

ih <3;t1 + iw1a1> 1+ ih (%atg + iw2a2> Yo = —ardEY1 — asdEvs.

YMHOXKas1 9TO ypaBHEHHe Ha 1)) U UHTEIPHPYsI 110 BCEMY IIPOCTPAHCTBY C HUC-
[OJIb30BAHUEM CBOMCTBa OPTONOHAJBLHOCTH COBCTBEHHBIX (DYHKITUH cTaIroHap-
Horo ypasuenus [lIpénuarepa ( [i;dV = 51-]'), [OJTy 9aeM

ih <8;51 4 iw1a1> = eay /l/JlrEdJTdV + 6a2/¢27‘E¢TdV'

ITone E B 3TOM BbIpazK€HNU, BOO6H_[6 T'OBODp4, 3aBUCUT OT KOOPpAMHAT. O,ZLHaKO,
Ha CTOJIb MaJIbIX MaCIHTa6a,X, KaK pa3Mepbl OJHOI'O aTOMa, 3TOI 3aBUCUMOCTLIO
MO2KHO HpeHe6peqb " BoiHecTu F 3a 3HaAK nHTrerpadJia. TOF,H&, cauTasd, 9TO y

aTOMa OTCYTCTBYET IOCTOSAHHBII JUIIOJbHBII MOMEHT, T.€.

[ waiiav =o,

OyaeM nMeThb

8@1 ipoagE
— tiwiag = ——— 12.37
8t + 141 A ) ( )
rae po = —e [ P11ryp5dV. AHATIOIIMHO MOXKHO IOJIyMHTH ypaBHEHHE JUIsl a2 B
CJIJIYIOIIEM BHJIE:
as | . ipoar B
—— +iwaag = ————. 12.38
ot 2 h (12:38)
[Tonsipuzarust aToMa p ONPEJIETIETCST BHIPAYKEHIEM
p=—e / Y*rpdV.
[Mopcrasiss crona BosHOBYIO (yHKImo (12.35), HAXOMUM, ITO
p = po (a1a3 + ajaz). (12.39)

Pacemorpum mosre E B Bujie KBA3UTAPMOHUYIECKON BOJHDBI C MEJJIEHHO Me-
HsIOIMUMUcs aminTyaoit £ u hasoit ¢, T.e.

E = &(x,t) cos(kx — wt + ¢(x, 1)),
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npudeM kK = w/e, a 9acToTa paBHa 4acToTe Iepexoja w) — ws. B ypaBHEHHsIX
(12.37), (12.38) E — noste B TOUKe, T/l HAXOANTCS aTOM. Ecim aToM nBrxKercs ¢
HEKOTOPOH CKOPOCTBIO ¥, TO YacToTa 3a cuer apdexra Toumiepa npuobperaer
capur Ha BeaumanHy Aw = kv. Takum o6pasoM, B cHCTEMe OTcUeTa, CBI3aHHOM
C aTOMOM,

E = &(x,t) cos(kx — wt + Awt + ¢(z,1)). (12.40)

C,ZLBI/IFOM JaCTOTBI y MEJJIEHHO MEHAIOMINXCA BCJINYINH En %2 HpeHe6peFaeM.
TOF,IL&, BBO/Isl HOBBIE IIEPEMEHHBIC U] 2, TaKHAE, 9TO

ay = iuj exp [—iwl(t —z/c)+ lA;t] ,

ag = ugexp [ing(t —z/c) — ZAth} )
npuseJieM ypasaenus (12.37), (12.38) k Buy

Ouy | tAwuy _ pous€ oi

el } = ®
o 2 on ¢ .
Oup  iAwuy _ powi€ ’
ot 2~ 2 ¢ 7

Ypasuenue (12.39) jist nosipu3anny aToMa MOYKHO HepPerucaTh B BUJIE
. . x
p=po | —iujusexpi |w (t — —) — Awt| + k.C. ) .
c
BBoast Tak HazbIBaeMble OIrHOAOIINE TTOTAPUBAIIAN
I =i(uwuse ™ — ujuge'™),
J = — (uruse™ + ujuge’™)

HOquI/IM, qTo
p = po(I cos® + Jsin ), (12.42)

rne ¢ = kx — wt + Awt + ¢.

Tenepb BBeZieM OTHOCHTEIBHYIO Pa3HOCTh 3acesleHHOCTell ypoBHeit N =
|u1|* — |uz|?. Torma us ypasuenmii (12.41) HeTpyHO TOJYYUTH CJIEYIONLYIO
CUCTEMY ypaBHEHUIA

po&J
o
I = —(Aw + ¢t)J, (12.43)
0EN

Ji = (Aw + @)1 + ij

Ny =
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HOCAILYIO HasBaHue ypashenull baoxa. Ilpu ux BBIBOMAE MPEIITIOIAraJI0Ch, UITO
9JIEKTPOMATHUTHAS BOJIHA IIPeJCTaBJIsgeT cob0il yIbTPAKOPOTKUHA ONTHICCKUI
HMILYJIbC, JJIATEIbHOCTH KOTOPOrO MHOI'O MEHBIIIE BPEMEH PEeJIaKCallul, T.€. Xa-
PaKTEPHBIX BPEMEHHBIX MaCIITab0B, Ha KOTOPBIX IIPOUCXOIUT CIIOHTAHHBIN I1e-
PEXOJI CUCTEMbI M3 BEPXHEIO COCTOAHHSI B HUXKHEE. DTO HPUOIUKEHUE CIIPa-
BEJJINBO, €CJIU IPOJOJIKUTEIHLHOCTD UMITYJIbCa MMopsiaka 1 He u menee. C apy-
roif CTOPOHBI, JJTUTEIBHOCTh TAKOTO UMITYJIbCa BCE elle 3HAYUTEIbHO OOJIbIIe
nepuojia ONTUYECKON BOJIHBI, TaK YTO BOJIHy BIIOJIHE MO2>KHO CYUYHNTATh KBa3U-
rapMOHMYeCKoit. Bosiee moapoOHbBIl BHIBOM ypaBHEHH! bBjroxa MOXKHO HAWTH,

HanpuMep, B Kaurax [15, 34].

12.4.2. CamouHAyIIMpPOBaHHAs MIPO3PAYHOCTh

Kpazuknaccuyeckoe onncanne pacipoCTPaHeHNs SJIEKTPOMATHUTHON BOJHBI B
JIBYXYPOBHEBOII cpejie jaercsi cucreMoil ypasaenuii Bioxa (12.43) u ypaBHenu-
amu Makcsesta. TepMuH «k6asukaaccuueckoes O3HATMAET, UTO JJId JIEKTPO-
MarHATHOT'O MOJIsl UCIIOJIB3YIOTCS yPaBHEHU:dA KJIACCUYECKOH, a He KBaHTOBOIi
snekTpoguHaMuku. Cunrast 3aja49y OJHOMEDHOIl, 3aIullieM BOJTHOBOE ypaBHe-

HUe B BUJIE

Ey— By = —65 Py (12.44)

IIycts Ny — cpenmee 4ncjio aTOMOB B eIuHAIE 00beMa, 1 ATOMBI PACIIpeIiesie-
HBI 110 CKOPOCTSAM (T.e. 1o Aw)c HekoTopoil dyHKIumeii pacupenenenus g(Aw).
Torma nonspusarus cpeasl P(x,t) naercst BbIpazkeHHEM
[o¢]
P(x,t) = Ny / 9(Aw)p(Aw, z,t)d(Aw), (12.45)
—0o0
rie p(Aw, x, t) onpenensiercs opmyioit (12.42). Takum o6pasom, HecMOTps Ha
TO, UTO YACTOTHI IIEPEXO/IA BCEX ATOMOB OJIMHAKOBBI, CIIEKTP M3/IyYEeHUA UMEeT
KOHEUYHYIO IMUPHUHY. DTO SABJICHIE HAZBIBACTCA HEOOHOPOOHbIM YULUPEHUEM.
[Moncrasisist B ypasaenue (12.44) none E B Buge (12.40), a nonspusanuio
B Bugie (12.45) u npeHebperasi BTOPbIMU IPOU3BOIHBIMEI OT M€JJIEHHO MEHSIIO-

muxcs PyHKIUN, MOy IaeM

£+ c£, = “2ulo / 9(8w) T (Aw, 7, )d(Aw),
o (12.46)
N
(it opn) = BN [ g(8u) (80,2, 1d(Aw),

Cucrema ypasrennii (12.43), (12.46) HocuT Ha3BaHWe yDaBHEHUil CAMOMHJLY-
[IUPOBAHHOI IIPO3PAYHOCTH.
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‘ E,

Puc. 12.8. Tlepexonsl B AByXypOBHEBOII Cpejie, 00ECIIeINBAIOIIIE COTUTOHHOE PACIPO-
CTpaHEHUe UMITYJILCA TIPU CAMOUH/IYIMPOBAHHON MPO3PATHOCTH

Asnenne camoundyyuposanrot npospaunocmu (self-induced transparency),
orkpeitoe B 1967 r. Makkosom u Xanom [180], 3akimodaercst B CJIC/LYIOMIEM.
PaccMoTpum yiibTpakopoTKUil ONTHYECKHIT UMITYJIBC, PACIIPOCTPAHSIIONINIC B
cpejie M3 JIByXYPOBHEBBIX YACTHUI], HAXOMSIIUXCS B HUZKHEM (HEBO30YK/ICH-
HOM) 9HEPreTUIeCKOM COCTOsiHMH. B cilydae pesoHaHca, KOrjia HeCyIas da-
CTOTA JTEKTPOMATHUTHON BOJIHBI OJIN3Ka K IaCTOTE IMEPEX0a, YACTUIIhI HAYMU-
HAIOT MOIVIOIIATE SHEPIUIO MOJIsT U IEPEXO/IsiT B BepxHee cocrostane. [lepegauit
(PPOHT UMITYJIBCA TIPU ITOM OCIA0JIIeTCs. 3aIHUN (PPOHT PACIPOCTPAHSIETCS
B Cpejlie, KOTopasl y»Ke HaxXOIUTCs B BO30YKJIEHHOM COCTOSTHMHU. B3anmoeii-
CTBUE UMITYJIbCa C YaCTUIIaMU CPE/Ibl BbI3bIBACT IIE€PEXO/Ibl C BEPXHEr'0 YPOBHA
Ha HUXKHUIA, cOnpoBoXKIamomuecs uziaydenuem (puc. 12.8). CoorercrByromue
y4acTKH 11pOodniisi BOJIHBI HAMUHAIOT YCUIIUBATHCH. B pe3ysbraTe UMITYJIbC IPU-
obpeTaeT paBHOBECHYIO COTUTOHOMIOMO0HYIO (POPMY U PACIPOCTPAHSIETCS C II0-
CTOSTHHO#M CKOPOCTBIO MOJ00HO CTAIIMOHAPHON BOJIHE.

YpaBHEHUsT CAMOUHIYIUPOBAHHON ITPO3PAYHOCTH SIBJIAIOTCS CUCTEMOT, 1101
HOCTBIO HUHTEIPUPYEMOIl IPU IIOMOIIA MeTOo/a ODPATHON 3a/ladu PacCesiHus
[15, 34, 181]. Murepecro, 4To 3aja4a Ha COOCTBEHHBIE 3HAUEHUSI PEIIAETCsI
Jutst ypasaernit (12.41), koTopble umeror deTkuii hpusnveckuii CMbICI, TaK KaK
CJIeYIOT HENoCpeJIcTBeHHO u3 ypaBHenus [IIpénunrepa st aBYXypOBHEBOI
CUCTEMBI.

12.4.3. PacnpocTpaHeHne MMNOyYJbCOB B YCHJIMBAIOIIeil cpe/ie.
ABTOMO/IEIBHBIE PEIleHUs

Bonee mHTEpecHO mpoaHAJM3UPOBATH CJaydvail, KOrja B HadYaJbHBIH MOMEHT
OOJIBIITMHCTBO aTOMOB HAXOJUTCsI B BO30OYKJIEHHOM COCTOSTHHH, T.€. MMEeT Me-
CTO WHBEPCHASI 3aCEJIEHHOCTb. DTa CUTYalldsi COOTBETCTBYET aKTUBHOU CpeJe,
KOTOPYIO MOYKHO HCIIOJIb30BATD JJIsT YCUJICHUST OITHIECKOr0 UMITyJIibca. HecMoT-
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psi Ha TO, 9TO MCXO/HAas cucreMa ypasHenuii (12.43), (12.46) mo-npexxknemy siB-
JIIETCA MHTEIPUPYEMOIi, MOJYIUTh AHATUTHIECKOE PElleHue TPU IPOU3BOJIb-
HBIX HAYaJIbHBIX YCJIOBUAX BECbMA, CJIOYKHO, MOCKOJILKY COJTMTOHBI OKA3bIBAIOT-
csl HEYCTOIYMBBIMU, & HECOJIMTOHHAA JaCTh pelleHus SKCIIOHEHIINAIBHO Hapac-
Taer Bo BpeMenu. OJIHAKO, ecjin npeHebpedb HEOHOPOIHBIM yITUPEHUEM, T.C.
CYATATH ATOMBI HEMOJBUKHBIMHE, 3812494 3HAYUTEILHO yIIPOIIACTC.

B npubiimzkeHnn HemoaBuKHbIX aToMoB ¢(Aw) = 0(Aw), rae § — nesbra-
dbyuxims Jupaka, u ypaBaenus (12.46) npuHUMAOT BUJIL:

gt + cEr = LPONO J,
280
wpo N
E(pr+epy) = 20T

Bes orpanmuenus obrraocTr MoxkHO 1osi0xkuTh @ = 0, I = 0. Torma, BBOIS
HOBYIO nepeMenHyo A = po€ /h, mojyanm ciieyoniyo cucreMy ypaBHEHUIA:

Ay +cAy = Q2 J, (12.47)
Jy = AN (12.48)
Ny = —AJ, (12.49)

rie Q2 = wpdNo/2heo. Us ypasnenmnit (12.48) u (12.49) cemyer 3akoH coxpa-
HeHUsI

JP+N?=1.
DTO yCJIOBHE YIOBIETBOPSIETCS IOACTAHOBKOM

J==xsinU, N ==xcoslU.

Torna us ypasuenuit (12.48), (12.49) noayuaem, uro A = Uy, u ypaBHEHHE
(12.47) npunuMaer BuL

0 (0 0

— = +e— | U=202sinU.

ot (8t+cax> S

Ecin BBecTn HOBBIE He3aBHCHMBIE IiepeMenHble { = Qu/c, 7 = Q(t — x/c),
npuaeM K ypaBHeHuo Sin—lopmoHa

Uer = +sinU. (12.50)

Cayuait N = —cosU (umxknuwmii 3uak B ypasaerunu (12.50)) coorBercTBy-
eT HeBO30YK/ICHHOM CpeJie, TOCKOJIbKY B OTCYTCTBHE 3JIEKTPOMATHUTHOIO MM-
nysbca (U = 0) umeem N = —1, T.e. BCe aTOMBbI HAXO/IATCs B HUZKHEM SHEpre-
THaeckoM cocrostiun. [Ipu srom ypasaenue (12.50) siBisieTcst OOBIYHBIM ypaB-
HeHreM Sin—T0pjioHa, COMTOHHBIE PellleHHsI KOTOPOI'O OIUCHIBAIOT yCTONUNBOE
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PaCIpoCTpaHeHne MUMITYJIHCOB IIPU CAMOMH/IYIIMPOBAHHO MTPO3PaIHOCTH. BbI-
60op N = cos U cOOTBETCTBYET Cpejie C MHBEPCHOM 3aCeIeHHOCTBIO, TaK KakK MpU
U = 0 Bce arombl Bo30Oyxkaenbl (N = 1). IlockosibKy TpuBHAIBHOE pelleHne
U(&,7) = 0 meycroituuso, ypasuenue (12.50) ecTecTBEHHO HA3BaTh HEYCMOU-
yuewvim ypashernuem Sin—Iopdona.

Kaxk nokasano, nanpumep, B [34], penenne, onucsiBaoniee yCHIMBAOIITECs
UMITYJIBCBI, (PAKTHIECKH ONpeiesisteTcs (DYHKIMEl, 3aBUCAIIEl OT aBTOMOJIE b=

HOIl iepemennoit ) = {7. Ypasaenue (12.50) npu 9TOM IPUHIMAET BU/T
nU" +U" —sinU = 0,

e mTpuxu o3Hadaior juddeperiuposanue 1o 7). Perenune 1mosydeHHOrO

U

/N

7

Puc. 12.9. AsromoziesnbHOe perienne ypasHenust Sin-Iopyiona (a) u ero mpousBogHast

(6)

yPaBHEHUSI MOXKHO HafTH TOJBKO Yuc/ieHHO. /st Toro 4robbl n30eKaTh CUH-
rysasgpHocTeit npu 1) = 0, HeoOX0IUMO BEIOPATH HAYAIbHBIE YCJIOBUS TAK, YTOOBI
U’'(0) = sinU(0). IlpuMep permenust ¢ TAKUM HAYATBHBIM yCJIOBHEM TIPUBEIEH
na puc. 12.9. [Tockonbky U uzmensercs ot 0 J10 m pu U3MEHEHUU 1) OT —0O JI0
00, OHO TIOJIyYHJIO HA3BAHUE T-UMNYAbCG (B OTJIMYME OT COJIMTOHOB, HA3BIBA-
eMbIX 27-uMmiysbcamu). Jljisi 6e3pasMepHoiil aMILIUTY/Ibl 3JIEKTPOMAIHUTHOIO
[TOJIS UMEeM

ou ou

Orcroma cjeayer, 9TO MO0 Mepe PaCIpPOCTPAHEHUs] UMITYJIbCA €ro aMILIATYIa
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pacTrer auHeltHO. B TO Ke BpeMmsl, MPOTIKEHHOCTH MMITYJIbCa JIMHEHHO COKpa-

maercs, Tak Kak U 3aBUCAT OT aBTOMOJIEJIBHOI 1epeMeHHoi 1 = £7.

U t=0 U t=2
™ r T -
0 J\ 0 4/\\

X X
U t=4 U =6
T T
0 0

X x
U t=10 U t=16
T T
0 0

x x
U t=24 U t=32
T T
0 0

P X

Puc. 12.10. JuraMuka ycuiennsi KOPOTKOT'O HMITYJIbCA [IJIsI HEYCTOIMBOTO YPABHEHUS
Sin-T'opmona

Posib, koTOpyIO UrpaeT aBTOMOJIE/ILHOE PEIeHNe, HAIVIAHO UILIIOCTPUDY-
0T Pe3yJIbTaThl YUCJIEHHOTO MOJE/JIMPOBaHUs ypaBHeHus Sin—lopjona, mnpe/-
crapjeHHble Ha puc. 12.10. [I1s yaobcTBa ypaBHeHHe OBLIO IEPEIUCAHO B BUJIE
Uy — PUyy = sin(U), HauaabHOE yCJIOBHE BBIOMPAJIOCH B BHJIE TAyCCOBA MM-
nyinsca U(z;t = 0) = exp (—z?), Uy(z;t = 0) = 0. Ha puc. 12.10 nokasa-
Hbl 3aBucumoctu U () B pa3/indHble MOMEHTBI BDEMEHH, KOTOPbIE YKA3aHbI Ha
rpacdukax. Ha navaabHoll cTauu, KOT/ia aMIINTYIa MaJia, TIPOUCXOIUT IKCIIO-
HEHITUAJIBHOE YCUJIEHNE UMITYJIbCa. 3aTeM, 10 Mepe POCTa UMITY/IbCa HAUNHAIOT
IPOSIBJISATHCS HeHelHble 3 deKThl, mpuBojsiue K Hachimenuto (t & 4). [To-
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CJIe 9TOr0 y UMITYJIbca 00pa3yloTcsl OCHUJLINPYIOIine GPOHTHI, KOTOPhIE Pac-
IIPOCTPAHSAIOTCSH CO CKOPOCTSIMHY IIPUMEPHO PABHBIME *+¢. 3J1eCh MbI HAOIIOIAEM
HOBeJIeHNe, TUIMYHOE Jijisi TUIepOoIMIecKux cucreM (cp. 1. 4), rie Bo3My-
IIEHUST PACIIPOCTPAHSIOTCS BIIOJb XaPAKTEPUCTUK. JBOJIONUsT (DPOHTOB HOCUT
OYEBUTHBLIN aBTOMOJEIbHBIN XapakTep. B 1ienTpe uMmiyabca moJie ¢jiabo ocIimii-

JIAPYET, IIOCTEIIEHHO CTpeMsich K 7 (cp. puc. 12.9a).

Bostee crpornit anaans ycusaeHus yJabTPAKOPOTKOTO UMITYJIHCA B TPOTSI2KEH-
HOM JIa3¢PHOM YCUJIMTENIEe Ha OCHOBE MeTOa 00paTHOl 3a1a4u paccesnus [181]
[TOJITBEPKJIAET, UTO ACUMIITOTHYECKas (hOPMa PEIIeHUS [IPU OOJIBIITUX & OKA3bI-
BaeTCst OJIM3KON K aBTOMOJIE/IBHON. DPDEKTH HEOTHOPOIHOTO YITUPEHUST TTPU

9TOM CTaHOBATCsA HECYIIECTBEHHBIMU.

12.5. BoaHbl B HEJIMHEMHBIX aKTUBHBIX JIMHUAX
nepejaadn

Hesiuneitaple aKTUBHBIE JIMHUU TI€PEJIAYN C PACIIPEIEJIEHHBIMU [IapaMeTpa-
MU UCIHOJb3YIOTCS B PAINO(PU3NKE U JIEKTPOHUKE JIJIsi TCHEPAIUHU, YCUJICHUS U
npeobpasoBaHust HAHO- U CyOHAHOCEKYHIHBIX UMILysibcoB [91, 182]. CymiecTny-
€T MHOXKECTBO BapuaHTOB HOILO6HI:)IX CUCTEM: paclpeaejiecHHbIE TyHHE/IbHbIC 1
CErHeTOIIEKTPUIECKHEe [ePeXO/Ibl, JIUHUU ¢ (DePPUTOBBIM 3aII0JIHEHUEM, IIPO-
TSZKEHHBIE CBEPXITPOBOAIINE J17K03e(COHOBCKUE MTepexobl 1 T.71. OOBITHO OHI
BBIIIOJIHSIIOTCS B BUJIE MUKPOIIOJIOCKOBBIX MJIM KOAKCHAJILHBIX JIMHUH C TBEPJIO-
TeJIbHBIM 3all0JIHEHUEM WUJIM B BUJIE MCKyCcCTBeHHBIX Junauil (LC-nemnoyex), na-
IPY?KEHHBIX HEJIMHEHHBIMU aKTUBHBIMU 3jieMeHTamu. C JIpyroil CTOPOHbI, 110-
JIOOHBIE CUCTEMBbI SIBJISIIOTCS TUIHYHBIMA OObEKTAMU UCCJIEOBAHNS B TEOPUU
HesimHeitHbIX BosiH [10], U ux aHA/JU3 MO3BOJISET JIyUIlle HOHATH OCOOEHHOCTH

paciIpoCTpaHeHUsA BOJIH B aKTHUBHBIX Cpe/laX.

PaccmoTpuMm snHMIO nIepeadn, SKBUBAJEHTHAS CXeMa KOTOPOil n3obpake-
na Ha puc. 12.11a. 3pecy L u C' — noronnble eMKOCTh U UHJLYKTHUBHOCTD JIU-
HUW, a BOJIbTaMIIEpHAsl XapaKTEePUCTUKA HEJIUHEHHOrO 3JIEeMEeHTa WMeeT BUI
(V) = —eg (1 — ﬁVQ) V', rie € — maueiit napamerp (puc. 12.116). ITockosbky
B objiacTu

nuddepenIpaibaas IPOBOUMOCTD di/dV oTpunaresbHa, 3JIeMEHT sBJISEeTCs

aKTHUBHBIM.

Pacpocrpanenue BoH B TaHHOMN JTUHUN ONMUCHIBACTCS TeerpadHbBIMU yPaB-
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L ,
oYY ° l
c— D si(7) W3 _JINE
! 14
O O I
a 6

Puc. 12.11. DxBuBaseHTHas cxeMa HEJMHEHHOH aKTHUBHON JuHMH Tepenadn (a) u
BOJIBTAMIIEPHAS XaPaKTEPUCTUKA AKTHBHOTO 3j1eMeHTa (6)

HEHUSAMUI
I, =—-CV, —ci(V),
(12.51)
Vm - —LIt.
Uckmioans orciona I mepexkpecTHBIM qudHEPEeHITNPOBAHIEM, Oy M
Vit — ¢ Vo 4+ i3 (V) = 0, (12.52)

e ¢ = 1/ VLC. B npegesie € — 0 ypasuenue (12.52) mepexour B OObIK-
HOBEHHOE BOJHOBOe ypasuerue Vi — ¢ Vg, = 0, pelllenne KOTOPOro B BHJIE
CTAIMOHAPHON BOJIHBI, PaclpocTpaHsiomieiicst ciesa Hapaso, ectb V = V (),
rne £ = x — ct. IIpu € < 1 MOXKHO CUUTATDH, YTO

o oN[(o 0 o (OV oV
2

Vie—c* Vo = | — —c— —4c— | Va2—(—+4+c— |,
e (at C@x) <6t Cax> 6t(8t Cax>

u nepenucarh ypapaerue (12.52) B 0HOBOJIHOBOM IIPUOJINKEHUN

ViteVe= 2 (1-8V?) V. (12.53)

Bynem nckars perenust ypasHenusi (12.53) B Bujie, 6JIM3KOM K CTanuoHap-
womy: V =V (&, 7), tne 7 = et — mejgienHoe BpeMs. Torja mosrydnm

_ 9 (1 _py2
VT_2C(1 BV V.

O6oznauus m = BV2, npuseieM 3T0 ypaBHEHHE K BUJLY
m; = om(l—m),

rjae o = g/C. Pemenue 1aHHOTO ypaBHEHUs ¢ HavaJbHbIM ycjoBuem m(0) =

mg ecThb
mo

mo + (1 —myp) exp(—oT)’
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Takum obpazom, eciu mg # 0, To ipu t — 00 UMeeM

1
m—1, V-+£——.

VB

CrenoBare/ibHO, €C/U HA BXOJ, JIMHUU TOJAETCS YHUIOJISPHBIA UMITYJIbC
IPOU3BOJILHOM (DOPMBI, TO B MPOIECCe PACIPOCTPAHEHUsT OH ITPEBPAIIACTCS B
MIPsIMOYTOJIbHBIN CO CTAHIAPTHON aMILIuTY/10#. PacipocTpanenue Bo3MyIieHmii
¢ aMILTUTY 10i, Menbineit 1/+/3, conposoxtaercs yeusenuem. Ecim xe nojarn
Ha BXOJ] CHHYCOH/IAJIbHBIN CUTHAJI, TO OH IIPEBPAIIlaeTCsl B IIOCJIeI0BATETbHOCTD
IPSIMOYTOJIBHBIX UMITYJIbcoB (puc. 12.12). Takum 06pa3om, IpOU3BOIBHOE Ha-
JaJIbHOE BO3MYIIEHUE IIPEBPAIAETCH JHOO0 B MPOCTPAHCTBEHHO-OIHOPOIHOE,
700 B Pa3pbIBHOE: Pa3pBIBbI 00pa3yioTcst TaM, riae mo(z) = 0.

ANV
N

Puc. 12.12. IIpeBpaienne cuHycOnIaJIbHON BOJHBI B PA3PBIBHYIO

IIpuunHoit BOSHUKHOBEHUsT pA3PbIBOB SIBJIAETCS IIPEHEOPEKEHIE TUCIIEPCH-
eit. B mpempraymux naparpadax HACTOSAIIEH IIaBbl paCCMaTPUBAJIUCL B OC-
HOBHOM CIJIBHOJIUCIEPTUPYIONINE CPEIbl B KOTOPBIX (a30BbIe CKOPOCTH pa3-
JIMTIHBIX TAPMOHUK OTIMYAIOTCS] 3HAYUTEHLHO, UTO MMO3BOJISIET CIUTATH BOJIHY
KBa3UTapPMOHUYIECKON U OIKMCHIBATH €€ IIPH ITOMOIIN YPaBHEHUI M1 MeIIeHHO
MEHSTIOUXCS aMILTATYI.

UccitestyeMm BIUSTHEE 6bCOKOHACTOMKOT JUCCUNAUUY, TS 9€r0 PACCMOT-
PUM JIMHUIO IEpeIavin, SKBUBAJEHTHA CXeMa KOTOPOil TpuBe/iena Ha puc. 12.13.

B sTom ciyuae Bmecro ypasaenust (12.53) Oymem umMers
VitV — vV =~ (1-pVH YV, (12.54)

e v =eR/2L, v = €g/2C. Byjaem uckarb peleHusi 3T0ro ypaBHEHUsI B BHJIE
crannoHapHbIX BOJIH. [lepexoss B ypasuenun (12.54) x nepemennoit £ = x—U't,
MIOJIyIUM YPaBHEHNE HEJIMHEHHOTO OCIIMIIATOPA C 3aTyXaHueM

W+ (U =)V +4(1- V)V =0, (12.55)
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rje mrpuxu obozuadaoT nuddepeniuporanne 1o €. O4UeBUIHO, 9TO HEPHO-
Jdeckue perienus cyriectBytor jmib npu U = c¢. Torpa ypasrenune (12.55)
OPUHIMAET BUJ

v+ L (1-pv)v =o.

Pemenust sToro ypasuenus anajusuposasiuch B § 11.5. Ha dazoBom noprpere
(puc. 11.3) mMeercss KOHTHHYYM 3aMKHYTBIX (ha30BBIX TPAEKTOPHIl, COOTBET-
CTBYIOIUX TEPUOIMIECKUM CTAIIMOHAPHLIM BoJHaM. MOXKHO, OTHAKO, IMOKa-
3aTh, YTO BCE 3TU PEIIeHUs HEYCTONYMBBI OTHOCUTEJIBHO MAaJIbIX BO3MYIIEHUM

[91]. Kpome Toro cymiecTByIOT pelieHusi B BUJIE Y IMHEHHBIX BOJIH

1
V=t th(E/A), (12.56)

e AZ = 2v/7. IM cOOTBETCTBYIOT cenapaTpuchl, WiyIliue U3 celjia B CeJlIo.

L
oYYV o
eR D (V)
c_—

Puc. 12.13. DkBuBajieHTHAS CXeMa aKTUBHOU JIMHUU TIEPEIAYN C BHICOKOUACTOTHBIMU
IOTEPSIMU

Perenust (12.56) onuchbBAOT TOHKYIO CTPYKTYPY (DPOHTOB MMITYJIbCA, KO-
TOpBIE paHee IMPEJCTABJISINCG B BUJIE PAa3pPbIBOB. TakuM oOpPa3zoM, BHICOKOYA-
CTOTHASI JIUCCHUIIAINST TPUBOINUT K CIJIAXKUBAHWIO paspbiBHBIX (GporTOB. Cire-
JIyeT OTMETUTh OYEBUIHYIO aHAJOTUIO C YPABHEHUSIMU IIPOCTOH BOJIHBEI 1 Brop-
repca (1. 2, 5). Ilepoe umeer paspbiBHBIE DeIlEHHUsI; BO BTOPOM BBeJleHUE
JTUCCUTIAIINY TTPUBOJUT K TOABJIEHUIO YVIAPHBIX BOJIH.

Hakomer, ncciiemyeM BiIMsSTHUE peaxmusHoti HeAUHeTHOCMU, IJist 9ero Oy-
JeM cunrarh eMrocts Hesmueinoit: C = C(V). ¥Ypasuenne (12.54) B sTOM
cJiydgae cJaeJlyeT JOIOJHUTH ellle OJHUM HeJUHEeHHBIM ciraraeMbiM. [Ipemmona-
rasi HeJIMHEHHOCTh KBAIPATHUIHOMN, ITOJIYIIM

Vit Vo +VV =0V =7 (1 - V) V. (12.57)

IIpenebpexkeM IMCCUIIATUBHON HEJMHEHHOCTDIO, T.€. nojoxuM (3 = 0. s pe-

IIEHNY B BUJE CTAITMOHAPHBIX BOJIH OyIeM UMETh ypaBHEHUE

(c—=U)WV' +VV —vV" =4V.
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[To-nipexxknemy Oynem cuutars, uro U = ¢, Toria
1
v/ - Zvvi+ Ly =o.
v v

[Iepenmmiem 3T0 ypaBHEHNE B BUJE CUCTEMBI JIBYX YPABHEHU IIEPBOTO MOPSIIKA

vV =W,
(12.58)
vW' = V(W —~).
OTCIO,Ha HaXO/MUM ypaBHEHHUE MHTEI'PaJIbHBIX KPHUBBIX
aw V(W -
_ YW =) (12.59)

Y — =

dv w
Herpyasao Bujers, 9To cyiiecTByeT nHTerpasbHas Kpusas (mpsamas) W = +.
Pasznensist mepemennbie B ypasuenuu (12.59), Haxomum, 9To

v
1— dW = Vav.
V< 7—W>

DTO COOTHOIIIEHUE JIETKO HHTEIPUPYETCsi, IPUBOJIS K yPABHEHUIO (DA30BBIX TPa-

€KTOpUIl B BUJE

1 —Ww
5 (V2 =1%) :y<W+71n7 . ) (12.60)

rae Vo = V(W = 0). QunurHbIe JABUKEHUsI CYIIECTBYIOT ipu W < 7.

a 6

Puc. 12.14. ®asosebiit noprper cucremsl (12.58) (a) u npoduib perterus ¢ 60JIbIION
aMILTUTYI0M (6)

®DazoBbIil TOpTPET NpecTaBieH Ha puc. 12.14a. Bosabl ¢ 6oJibImoit amiiu-
TYJIOfl UMEIOT y4YacCTOK MEJJIEHHBIX U3MEHEHU, KOTOpOoMYy Ha (Ha30BOM ILIOC-
KOCTHU COOTBETCTBYET JBU2KeHune BO/M3U npsamMoit W = v, u y4acToK OBICTPBIX
U3MEHEHU — IBUXKEHUE 10 YXOIAIIell JaIeKo BHA3 meTie. Takum obpa3om, pe-
IIIeHUE TPEJICTaB/IACT COOOI CTAIMOHAPHYIO HEJIUHEHHYIO BOJIHY, OJU3KYIO 110
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dbopme K s1006pa3HOil, HO CO CIIIaXKEHHBIM TtepefHIM dbponToM (puc. 12.146).
[Tomo6HbIe BOJTHBI TUMWYHBI /TSI HEJTMHEHHBIX HEIUCTIEPTUPYIOMnX cpet. Ama-
JIOTHYHBIE pellieHust ObLIN HalieHbl BhIINE B 3ajade 3.1, rjie paccMaTpuBaJICs
[poIiecc 0Opa30BaHUs U PACIPOCTPAHEHUS CTAITMOHAPHBIX [TAJI000PA3HBIX BOJTH
B aKTUBHOI cpeJjie, KOTOpasi OIUCHIBAETCS yPABHEHUEM

Ut + Uy = YU.

[TockosbKy BBICOKOYACTOTHAS JUCCHUIIAIINS B IOCIETHEM YPABHEHUU SBHO HE
YUUTBIBAETCS, IOy YeHHbIe B 3a/1a49e 3.1 peleHust co/lepKain Pa3pbIBbL.

Ha kadecTBeHHOM ypOBHE TOSIBJIEGHHE TAKUX BOJIH MOXKHO HOSICHUTDL CJIe-
aytoruM obpazom. TlockosibKy B crcTemMe mMeeTcsi HEyCTONINBOCTD, TIEPBOHA-
YaJIbHO MaJjiasi aMILIUTY I BOJIHBI, [IOJIAHHONW HA BXOJ JMHUU, HapacTaeT. [Ipu
9TOM peaKTUBHasI HEJIMHEIHOCTh BBI3bIBAET YKpyUeHue repeaHero ¢pponta. Ha
CIIEKTPAJIbHOM 3BIKE 3TOMY IIPOIECCY COOTBETCTBYET II€PCKadKa dHEPIruu n3
HUBINX 'APMOHHK B BBICHINE. Bﬂaro,uapﬂ BBICOKOYACTOTHOM JAUCCUIIaIIN BBIC-
e rapMOHUKU MHTEHCUBHO 3aTyXal0T, 9TO IIPUBOAUT K HACBIITIECHUIO HeycTOﬁ—
9UBOCTHU. B pe3ysibraTe 00pasyercst CTalnoOHAPHBIH Tpodmib, n300parkeHHbIH
Ha puc. 12.146.

SuauuTesbHO 6oJtee 1oIpodHoe 0OCY K IEHIE PA3JIMIHBIX BOIIPOCOB, CBI3aH-
HBIX C PACIPOCTPAHEHUEM JIEKTPOMATHUTHBIX BOJIH B AKTHUBHBIX HEJIMHEHHBIX
JIMHUSIX [Iepejiadn, cojlepKurcs B kaurax [91, 182].
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