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Ïðèáëèæåííîå âû÷èñëåíèå ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ ðàññìàòðè-
âàëàñü â ðàáîòàõ È. Â. Áîéêîâà, Á. Ã. Ãàáäóëõàåâà, È. Ê. Ëèôàíîâà,
À. Ì. Ëèíüêîâà è èõ ïîñëåäîâàòåëåé. Íåêîòîðûé îáçîð ðàáîò ïî ýòîé
òåìàòèêå ñîäåðæèòñÿ â ðàáîòå [1]. Èç çàðóáåæíûõ ðàáîò îòìåòèì ðàáîòó
[2], ãäå ïîñòðîåíû êâàäðàòóðíûå ôîðìóëû òèïà Ãàóññà äëÿ ãèïåðñèíãó-
ëÿðíîãî èíòåãðàëà ñ âåñîâîé ôóíêöèåé.

Íèæå ðàññìàòðèâàåòñÿ ïðèáëèæåííîå âû÷èñëåíèå ãèïåðñèíãóëÿðíîãî
èíòåãðàëà [3, 4]

Af = A(f ;x) =
1

π

+∞�

−∞

f(t)

(t− x)2
dt, x ∈ (−∞; +∞), (1)

ïîíèìàåìîãî â ñìûñëå êîíå÷íîé ÷àñòè ïî Êîøè�Àäàìàðó, ãäå f(x) �
ïëîòíîñòü èíòåãðàëà.

Áóäåì ïðèäåðæèâàòüñÿ îáîçíà÷åíèé êëàññîâ ôóíêöèé êàê â ðàáîòàõ
[5�7].

Ïóñòü Lnf = Ln(f ;x) � äðîáíî-ðàöèîíàëüíàÿ ôóíêöèÿ, èíòåðïîëè-
ðóþùàÿ f(x) ïî óçëàì

xk = tg(kπ/N), k = −[(N − 1)/2], n, n = [N/2], (2)

ãäå [ξ] � öåëàÿ ÷àñòü ÷èñëà ξ.
Àïïðîêñèìèðóÿ ïëîòíîñòü èíòåãðàëà (1) âûðàæåíèåì Lnf ïîëó÷èì

êâàäðàòóðíóþ ôîðìóëó

Af = A(Lnf ;x) +Rnf =
1

N

n∑
k=−[(N−1)/2]

a
(n)
k (x)f(xk) +Rnf, (3)
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ãäå

a
(n)
k (x) =


− 2
p(x)

n∑
v=1

v(Cv(x)Cv(xk) + Sv(x)Sv(xk)), N = 2n+ 1;

− 2
p(x)

n−1∑
v=1

v(Cv(x)Cv(xk) + Sv(x)Sv(xk))− n
p(x)

Cn(x)Cn(xk), N = 2n,

à Rnf = Rn(f ;x) � îñòàòî÷íûé ÷ëåí.

Òåîðåìà 1. Åñëè f(x) ∈ H
(r)
β,p(A), 0 < β ≤ 1, r ≥ 1, òî äëÿ îñòà-

òî÷íîãî ÷ëåíà êâàäðàòóðíîé ôîðìóëû (3) ñïðàâåäëèâà îöåíêà

‖Rnf‖C = O(n−r−β+1 lnn), r + β > 1.

Åñëè æå f(x) ∈ W
(r)
p (M), r > 1, òî ‖Rnf‖C = O(n−r+1 lnn), r > 1.

Ïóñòü Pnf = Pn(f ;x) � äðîáíî-ðàöèîíàëüíàÿ ôóíêöèÿ, èíòåðïîëèðó-
þùàÿ f(x) ∈ Wm, p

(r) (M, δ,−∞,+∞), r > 1, ïî óçëàì (2).

Òåîðåìà 2. Åñëè f(x) ∈ W (r)
m,p (M, δ,−∞,+∞), r > 1, òî ñïðàâåä-

ëèâà îöåíêà

‖Rnf‖C = ‖A(f − Pnf)‖C = O(n−r+1 lnn), r > 1.

Ïóñòü Hnf = Hn(f ;x) � äðîáíî-ðàöèîíàëüíàÿ ôóíêöèÿ, èíòåðïî-
ëèðóþùàÿ f(x) ïî óçëàì (2) â òîì ñìûñëå, ÷òî Hn(f ;xk) = f(xk),
H ′n(f ;xk) = f ′(xk).

Òåîðåìà 3. Åñëè f(x) ∈ H(r)
β,p(A), 0 < β ≤ 1, r ≥ 1, òî ñïðàâåäëèâà

îöåíêà

‖Rnf‖C = ‖A(f −Hnf)‖C = O(n−r−β+2 lnn), r + β > 2.

Åñëè æå f(x) ∈ W
(r)
p (M), r > 1, òî ||Rnf ||C = ||A(f − Hnf)||C =

O(n−r+2 lnn), r > 2.
Ïðèâîäÿòñÿ ÿâíûå âèäû èíòåðïîëÿöèîííûõ è êâàäðàòóðíûõ ôîðìóë.
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Ïðîñòðàíñòâî Õàðäè H2 = H2(D) ñîñòîèò èç âñåõ àíàëèòè÷åñêèõ
ôóíêöèé f(z), z ∈ D = (|z| < 1), äëÿ êîòîðûõ êîíå÷íà íîðìà

‖f‖ = sup
0<r<1

(
1

2π

2π�

0

|f(reit)|2 dt
)1/2

<∞.

Èçâåñòíî, ÷òî ïðîñòðàíñòâî H2 ÿâëÿåòñÿ ôóíêöèîíàëüíûì ãèëüáåðòî-
âûì ïðîñòðàíñòâîì è èìååò âîñïðîèçâîäÿùåå ÿäðî, êîòîðîå íàçûâàåòñÿ
ÿäðîì Ñåãå

f(ζ) = (f,Kζ), Kζ(z) =
1

1− ζ̄z
, ζ ∈ D.

Ðàññìîòðèì âîïðîñ: âîçìîæíî ëè ïðåäñòàâëåíèå ïðîèçâîëüíîé ôóíêöèè
f ∈ H2 â âèäå ðÿäà ïî ýëåìåíòàì ñèñòåìû {Kζn}∞n=1 ñ êîýôôèöèåíòàìè
{xn}∞n=1

f =
∞∑
n=1

xnKζn

ïðè âûïîëíåíèè íåêîòîðûõ óñëîâèé íà ïîñëåäîâàòåëüíîñòü ïîïàðíî ðàç-
ëè÷íûõ òî÷åê {ζn}∞n=1 ⊂ D.

Ïðåæäå âñåãî, íåîáõîäèìûì óñëîâèåì ñóùåñòâîâàíèÿ ïðåäñòàâëåíèÿ
ÿâëÿåòñÿ îòðèöàíèå óñëîâèÿ Áëÿøêå, ò.å. óñëîâèå

∞∑
n=1

(1− |ζn|) =∞,

òàê êàê îíî ðàâíîñèëüíî ïîëíîòå â H2 ñèñòåìû {Kζn}∞n=1 (ñì., íàïð., [1]).

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò � 16-01-00152).
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