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Ïóñòü B = B[−π, π] � êàêîå-íèáóäü èç ïðîñòðàíñòâ Lp(−π, π), 1 ≤
≤ p <∞, p 6= 2, C[−π, π], ïóñòüBa = B[−a+π, a+π], a ∈ R. Ïîëó÷åí ðÿä
óñëîâèé (êàê íåîáõîäèìûõ, òàê è äîñòàòî÷íûõ) äëÿ òîãî, ÷òîáû ¾âîçìó-
ù¼ííàÿ òðèãîíîìåòðè÷åñêàÿ ñèñòåìà¿ ei(n+αn)t, n ∈ Z áûëà ýêâèâàëåíòíà
òðèãîíîìåòðè÷åñêîé ñèñòåìå eint, n ∈ Z â Ba ïðè ëþáîì a ∈ R. Âîò îäèí
èç ðåçóëüòàòîâ. Åñëè (αn) ∈ ls, ãäå 1/s = |1/p − 1/2|, òî óêàçàííàÿ ýê-
âèâàëåíòíîñòü èìååò ìåñòî, ïðè÷¼ì ïîêàçàòåëü s ÿâëÿåòñÿ òî÷íûì. Ñ
èñïîëüçîâàíèåì (â òîì ÷èñëå) åãî äîêàçàíî ñóùåñòâîâàíèå â Lp(−π, π),
1 < p < 2 áàçèñîâ èç ýêñïîíåíò, íå ÿâëÿþùèõñÿ ýêâèâàëåíòíûìè òðèãî-
íîìåòðè÷åñêîìó áàçèñó.

Äîêàçàòåëüñòâà îñíîâàíû íà ïðèìåíåíèè ìóëüòèïëèêàòîðîâ Ôóðüå.

ÓÄÊ 517.5

ÑÂÎÉÑÒÂÀ ÄÂÎÉÍÛÕ ÐßÄÎÂ
ÏÎ ÑÈÍÓÑÀÌ È ÊÎÑÈÍÓÑÀÌ1

Á. Â. Ñèìîíîâ, È. Ý. Ñèìîíîâà (Âîëãîãðàä, Ðîññèÿ)
simonov-b2002@yandex.ru, simonova-vstu@mail.ru

Â äàííîé ðàáîòå èññëåäîâàíû ñóììû äâîéíûõ òðèãîíîìåòðè÷åñêèõ
ðÿäîâ ïî ñèíóñàì è êîñèíóñàì ñ êðàòíî ìîíîòîííûìè êîýôôèöèåíòàìè
ïî ïîäïîñëåäîâàòåëüíîñòÿì.

Áóäåì ðàññìàòðèâàòü äâîéíûå òðèãîíîìåòðè÷åñêèå ðÿäû âèäà

1

2

∞∑
n1=1

an1,0 sinn1x1 +
∞∑

n2=1

∞∑
n1=1

an1n2
sinn1x1 cosn2x2. (1)

Ïóñòü r1 ∈ N , r2 ∈ N , j1 = 1, 2, j2 = 1, 2, [a] � öåëàÿ ÷àñòü ÷èñëà a,
k1 = 0, 1, ..., [r1

2 ], k2 = 0, 1, ..., [r2

2 ]. Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

∆
(r1,0)
10 (an1n2

) = an1n2
− an1+r1n2

,

∆
(0,r2)
01 (an1n2

) = an1n2
− an1n2+r2

,
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∆
(r1,0)
20 (an1n2

) = ∆
(r1,0)
10 (∆

(r1,0)
10 (an1n2

)),

∆
(0,r2)
02 (an1n2

) = ∆
(0,r2)
01 (∆

(0,r2)
01 (an1n2

)),

∆
(r1,r2)
i1i2

(an1n2
) = ∆

(r1,0)
i10 (∆

(0,r2)
0i2

(an1n2
)),

δ
(j1,0)
(r1,k1;0)(an1,n2

) = ar1n1,r2n2
+ (−1)j1+1ar1n1+(r1−k1)signk1,r2n2

,

δ
(0,j2)
(0;r2,k2)(an1,n2

) = ar1n1,r2n2+k2
+ (−1)j2+1ar1n1,r2n2+(r2−k2)signk2

,

δ
(j1,j2)
(r1,k1;r2,k2)(an1,n2

) = δ
(j1,0)
(r1,k1;0)(δ

(0,j2)
(0;r2,k2)(an1,n2

)),∑
(r1, r2, p, {an1n2

}) =

=
( [

r2
2 ]∑

k2=0

[
r1
2 ]∑

k1=0

2∑
j2=1

2∑
j1=1

∞∑
n2=0

∞∑
n1=1−signk1

|∆(r1,r2)
j1−1,2−j2(δ

(j1,j2)
(r1,k1;r2,k2)(an1,n2

))|p×

×(n1 + 1)j1p−2(n2 + 1)(3−j2)p−2
) 1
p

=

=
( [

r2
2 ]∑

k2=0

[
r1
2 ]∑

k1=0

2∑
j2=1

2∑
j1=1

∞∑
n2=0

∞∑
n1=1−signk1

A(k1, k2, j1, j2, r1, r2)
) 1
p

.

Òåîðåìà. Ïóñòü 0 < p < ∞, r1 ∈ N , r2 ∈ N , ïîñëåäîâàòåëüíîñòü
{an1n2

} òàêîâà, ÷òî an1n2
→ 0 ïðè n1 + n2 → ∞ è äëÿ êàæäîãî k1 =

= 0, 1, ..., [r1

2 ], êàæäîãî k2 = 0, 1, ..., [r2

2 ], êàæäîãî j1 = 1, 2, êàæäîãî j2 =
1, 2 ñïðàâåäëèâû ñëåäóþùèå íåðàâåíñòâà

∆
(r1,r2)
j1,3−j2(δ

(j1,j2)
(r1,k1;r2,k2)(an1,n2

)) ≥ 0 äëÿ âñåõ n1, n2 èëè

∆
(r1,r2)
j1,3−j2(δ(r1,k1;r2,k2)(a

(i1,i2)
n1,n2 )) ≤ 0 äëÿ âñåõ n1, n2.

Òîãäà

C1 ·
∑

(r1, r2, p, {an1n2
}) ≤ ‖

∞∑
n1=1

an1,0 sinn1x1+

+
∞∑

n2=1

∞∑
n1=1

an1n2
sinn1x1 cosn2x2‖p ≤ C2 ·

∑
(r1, r2, p, {an1n2

}), (2)

ãäå ïîëîæèòåëüíûå ïîñòîÿííûå C1, C2 íå çàâèñÿò îò ïîñëåäîâàòåëü-
íîñòè {an1n2

}.
Äîêàçàòåëüñòâî. Äëÿ r1 = r2 = 1 îöåíêà (2) äîêàçàíà â ðàáîòå [1].
Ïðè äîêàçàòåëüñòâå òåîðåìû áóäóò èñïîëüçîâàíû îáîçíà÷åíèÿ:

B0
0(x) = 1

2 , B
0
n(x) = cosnx, n ∈ N. Ïóñòü l ∈ N ∪ {0}, B1

l (x) =
l∑

m=0
B0
m(x),

B2
l (x) =

l∑
m=0

B1
m(x), BC0

l (x) = cos((2l + 1)x), BC1
l (x) =

l∑
m=0

BC0
m(x),
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BC2
l (x) =

l∑
m=0

BC1
m(x), BC

0
l (x) = sin((2l + 1)x), BC

1
l (x) =

l∑
m=0

BC
0
m(x).

Ïðèâåäåì äîêàçàòåëüñòâî äëÿ ñëó÷àÿ, êîãäà r1 = 2, r2 = 3, à êîýôôè-
öèåíòû an1n2

ðÿäà (1) óäîâëåòâîðÿþò ñëåäóþùèì óñëîâèÿì: äëÿ êàæäîãî
k1 = 0, 1, êàæäîãî k2 = 0, 1, êàæäîãî j1 = 1, 2, êàæäîãî j2 = 1, 2 ñïðàâåä-

ëèâû íåðàâåíñòâà ∆
(2,3)
j1,3−j2(δ

(j1,j2)
(2,k1;3,k2)(an1,n2

)) ≥ 0 äëÿ âñåõ n1, n2. Àíàëîãè÷-

íî äîêàçàòåëüñòâó èç [1] ïîëó÷àåì, ÷òî ðÿä (1) ñõîäèòñÿ ïî Ïðèíãñõåéìó,
ò.å. ñóùåñòâóåò ôóíêöèÿ f(x1, x2)− ñóììà ðÿäà (1). Ðàññìîòðèì

π�

−π

π�

−π

|f(x1, x2)|p dx1dx2 =

π/3�

0

π/2�

0

|f(x1, x2)|pdx1dx2+

+

π/3�

0

π/2�

0

|f(x1, x2 + 2π/3)|pdx1dx2 +

π/3�

0

π/2�

0

|f(x1, x2 − 2π/3)|pdx1dx2+

+

π/3�

0

π/2�

0

|f(x1 − π, x2 − 2π/3)|pdx1dx2 +

π/3�

0

π/2�

0

|f(x1 − π, x2)|pdx1dx2+

+

π/3�

0

π/2�

0

|f(x1 − π, x2 + 2π/3)|pdx1dx2 = I1 + I2 + I3 + I4 + I5 + I6,

ò.å. ‖f‖pp åñòü ñóììà øåñòè èíòåãðàëîâ I1, I2, I3, I4, I5, I6.
Îöåíèì I1. Ïî÷òè âñþäó ñïðàâåäëèâî ïðåäñòàâëåíèå:

f(x1, x2) =
∞∑

n2=0

∞∑
n1=1

∆
(2,3)
12 (a2n1,3n2

)B
1
n1

(2x1)B
2
n2

(3x2)+

+
∞∑

n2=0

∞∑
n1=0

∆
(2,3)
12 (a2n1+1,3n2

)BC
1
n1

(x1)B
2
n2

(x2)+

+
∞∑

n2=0

∞∑
n1=1

(cos(x2/2)∆
(2,3)
12 (a2n1,3n2+1 + a2n1,3n2+2)B

1
n1

(2x1)BC
2
n2

(3x2/2)−

− sin(x2/2)∆
(2,3)
11 (a2n1,3n2+1 − a2n1,3n2+2)B

1
n1

(2x1)BC
1
n2

(3x2/2))+

+
∞∑

n1=0

∞∑
n2=0

(cos(x2/2)∆
(2,3)
12 (a2n1+1,3n2+1 + a2n1+1,3n2+2)BC

1
n1

(2x1)×

×BC2
n2

(3x2/2)− sin(x2/2)∆
(2,3)
11 (a2n1+1,3n2+1 − a2n1+1,3n2+2)×

×BC1
n1

(x1)BC
1
n2

(3x2/2))).
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Òîãäà

I1 ≤ C3

( π/3�

0

π/2�

0

|
∞∑

n2=0

∞∑
n1=1

∆
(2,3)
12 (a2n1,3n2

)B
1
n1

(2x1)B
2
n2

(3x2)|pdx1dx2+

+

π/3�

0

π/2�

0

|
∞∑

n2=0

∞∑
n1=0

∆
(2,3)
12 (a2n1+1,3n2

)BC
1
n1

(x1)B
2
n2

(x2)|pdx1dx2+

+

π/3�

0

π/2�

0

|
∞∑

n2=0

∞∑
n1=1

∆
(2,3)
12 (a2n1,3n2+1 + a2n1,3n2+2)B

1
n1

(2x1)×

×BC2
n2

(3x2/2)|pdx1dx2 +

π/3�

0

π/2�

0

|
∞∑

n2=0

∞∑
n1=1

∆
(2,3)
11 (a2n1,3n2+1 − a2n1,3n2+2)×

×B1
n1

(2x1)BC
1
n2

(3x2/2)|pdx1dx2 +

π/3�

0

π/2�

0

|
∞∑

n1=0

∞∑
n2=0

∆
(2,3)
12 (a2n1+1,3n2+1+

+a2n1+1,3n2+2)BC
1
n1

(2x1)BC
2
n2

(3x2/2)|pdx1dx2+

+

π/3�

0

π/2�

0

|
∞∑

n2=0

∞∑
n1=1

∆
(2,3)
11 (a2n1+1,3n2+1 − a2n1+1,3n2+2)BC

1
n1

(x1)×

×BC1
n2

(3x2/2)|pdx1dx2

)
= C3(I11 + I12 + I13 + I14 + I15 + I16),

ãäå ïîñòîÿííàÿ C3 íå çàâèñèò îò ïîñëåäîâàòåëüíîñòè {an1n2
}.

Îöåíèì ñâåðõó êàæäûé èç ïîëó÷åííûõ øåñòè èíòåãðàëîâ.
Îöåíèì I11. Ïðîâîäÿ äîêàçàòåëüñòâî àíàëîãè÷íî äîêàçàòåëüñòâó òåî-

ðåìû À èç [1], áóäåì èìåòü I11 ≤ C4(
∑

(2, 3, p, {an1n2
}))p. Àíàëîãè÷íî îöå-

íèâàþòñÿ I12, ..., I16. Íàêîíåö, îáúåäèíÿÿ îöåíêè äëÿ I11, .., I16, ïîëó÷àåì,
÷òî I1 ≤ C5(

∑
(2, 3, p, {an1n2

}))p. Àíàëîãè÷íî ïðîâåðÿåòñÿ , ÷òî êàæäûé
èç èíòåãðàëîâ I2, I3, I4, I5, I6 íå ïðåâîñõîäèò C6(

∑
(2, 3, p, {an1n2

}))p. Òî-
ãäà èõ ñóììà íå ïðåâîñõîäèò C7(

∑
(2, 3, p, {an1n2

}))p, òî åñòü îöåíêà (2)
ñâåðõó âåðíà. Ýòà æå ñõåìà äîêàçàòåëüñòâà ïðèìåíèìà è äëÿ îñòàëü-
íûõ çíà÷åíèé r1, r2 ∈ N. Äëÿ äîêàçàòåëüñòâà ñíèçó ñòðîÿòñÿ ñïåöèàëü-
íûå ôóíêöèè, êîòîðûå ïîëó÷àþòñÿ ïðåîáðàçîâàíèåì ôóíêöèè f(x1, x2).
Ñóììà (

∑
(2, 3, p, {an1n2

}))p ïðè r1 = 2, r2 = 3 áóäåò èìåòü øåñòü
ñëåäóþùèõ ñëàãàåìûõ: A(0, 0, 1, 1, 2, 3), A(0, 1, 1, 1, 2, 3), A(0, 1, 1, 2, 2, 3),
A(1, 0, 1, 1, 2, 3), A(1, 1, 1, 1, 2, 3), A(1, 1, 1, 2, 2, 3).

Ïîêàæåì, íàïðèìåð, ÷òî ‖f‖pp ≥ C8 · A(0, 0, 1, 1, 2, 3). Ðàññìîòðèì
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ôóíêöèþ

f1(x1, x2) = f(x1, x2) +
1

2

2∑
m2=1

(f(x1, x2 +m2
2π

3
)+

+f(x1, x2 −m2
2π

3
)) + f(x1 + π, x2) +

1

2

2∑
m2=1

(f(x1 + π, x2 +m2
2π

3
)+

+f(x1 + π, x2 −m2
2π

3
)) = 6

∞∑
n2=0

∞∑
n1=1

2signn2−1a2n1,3n2
sin(2n1x1) cos(3n2x2).

Îòñþäà ñëåäóåò, ÷òî C9‖f‖p ≥ ‖f1‖p. Òàê êàê

2π�

0

2π�

0

|f1(x1, x2)|pdx1dx2 =

=

6π�

0

4π�

0

∣∣∣∣∣
∞∑

n2=0

∞∑
n1=1

2signn2−1a2n1,3n2
sin(n1x1) cos(n2x2)

∣∣∣∣∣
p

dx1dx2,

òî, ïðèìåíÿÿ òåîðåìó À èç [1], èìååì: ‖f1‖pp ≥ C10·A(0, 0, 1, 1, 2, 3), ãäå ïî-
ëîæèòåëüíàÿ ïîñòîÿííàÿ C10 íå çàâèñèò îò ïîñëåäîâàòåëüíîñòè {an1n2

}.
Àíàëîãè÷íî ðàññìàòðèâàþòñÿ îñòàëüíûå ñëó÷àè.

Çàìå÷àíèå. Ñâîéñòâà ñóìì äâîéíûõ ðÿäîâ ïî ñèíóñàì, à òàêæå äâîé-
íûõ ðÿäîâ ïî êîñèíóñàì ñ êðàòíî ìîíîòîííûìè êîýôôèöèåíòàìè ïî ïîä-
ïîñëåäîâàòåëüíîñòÿì ðàññìàòðèâàëèñü â ðàáîòàõ [2] è [3] ñîîòâåòñòâåííî.

Ñâîéñòâà ñóìì îäíîìåðíûõ òðèãîíîìåòðè÷åñêèõ ðÿäîâ ñ ìîíîòîííû-
ìè êîýôôèöèåíòàìè ðàññìàòðèâàëèñü â [4].

Ñâîéñòâà ñóìì îäíîìåðíûõ òðèãîíîìåòðè÷åñêèõ ðÿäîâ ñ êîýôôè-
öèåíòàìè, ìîíîòîííûìè ïî ïîäïîñëåäîâàòåëüíîñòÿì, ðàññìàòðèâàëèñü
â [5].
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Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ñàìîïîäîáíûõ îáúåêòîâ è èõ ñâîéñòâ,
à òàêæå ðàçëè÷íûõ ïðîöåññîâ è ÿâëåíèé, ïîâòîðÿþùèõñÿ âî âðåìåíè è
ïðîñòðàíñòâå, åñòåñòâåííûì îáðàçîì ïðèâîäèò ê ïîíÿòèþ ïåðèîäè÷åñêîé
ôóíêöèè íåñêîëüêèõ ïåðåìåííûõ. Â ÷àñòíîñòè, îíî âîçíèêàåò â çîííîé
òåîðèè òâåðäîãî òåëà [1], êîãäà íà âîëíîâóþ ôóíêöèþ ψ, îïèñûâàþùóþ
ñîñòîÿíèå êðèñòàëëà, íàêëàäûâàþò óñëîâèÿ Áîðíà �Êàðìàíà

ψ(r̄ +Niāi) = ψ(r̄), i = 1, . . . , d,

ãäå āi � ýëåìåíòàðíûå òðàíñëÿöèîííûå âåêòîðû ðåø¼òêè Áðàâ�å, d � å¼
ðàçìåðíîñòü, Ni � öåëûå ÷èñëà. Â ýòèõ èññëåäîâàíèÿõ ïðåäïîëàãàåòñÿ
ñóùåñòâîâàíèå ó ïåðèîäè÷åñêîé ôóíêöèè ψ : R3 → R áàçèñíûõ ïåðèîäîâ
āi òàêèõ, ÷òî ëþáîé å¼ ïåðèîä ÿâëÿåòñÿ òðàíñëÿöèîííûì âåêòîðîì, ò. å.
ëèíåéíîé êîìáèíàöèåé ñ öåëûìè êîýôôèöèåíòàìè ïåðèîäîâ āi. Äàííûå
óñëîâèÿ ïðîäèêòîâàíû ñïåöèôèêîé ðàññìàòðèâàåìîé çàäà÷è è ñëåäóþò
èç ñòðóêòóðû ìíîæåñòâà, íà êîòîðîì çàäàíà âîëíîâàÿ ôóíêöèÿ, íåæåëè
èç ñàìîãî íåëîêàëüíîãî ñâîéñòâà ïåðèîäè÷íîñòè.

Èçâåñòíî, ÷òî ó ïðîèçâîëüíîé ïåðèîäè÷åñêîé ôóíêöèè f : Rn → R íå
âñåãäà ñóùåñòâóåò îñíîâíîé ïåðèîä. Ýòî èìååò ìåñòî äàæå â îäíîìåðíîì
ñëó÷àå, ò. å. ïðè n = 1. Ïðèìåðàìè òàêèõ ôóíêöèé ñëóæàò ïîñòîÿííàÿ
ôóíêöèÿ, èìåþùàÿ ïåðèîäîì ëþáîå äåéñòâèòåëüíîå ÷èñëî, èíäèêàòîð
ìíîæåñòâà Q ðàöèîíàëüíûõ ÷èñåë èëè ôóíêöèÿ Äèðèõëå ñ ìíîæåñòâîì
ïåðèîäîâ Q è ìíîãèå äðóãèå. Êðèòåðèåâ ñóùåñòâîâàíèÿ ó ïåðèîäè÷åñêîé
ôóíêöèè f : R → R îñíîâíîãî ïåðèîäà àâòîðàì ðàáîòû íåèçâåñòíî.
Äîñòàòî÷íûå óñëîâèÿ äîñòàâëÿåò òåîðåìà, êîòîðàÿ ïðèâåäåíà â êíèãàõ
[2, ñ. 8] è [3, ñ. 450].

Òåîðåìà 1. Åñëè ïåðèîäè÷åñêàÿ ôóíêöèÿ f : R → R íåïðåðûâíà è
îòëè÷íà îò ïîñòîÿííîé, òî îíà èìååò îñíîâíîé ïåðèîä.

Äðóãîé áîëåå èçâåñòíûé ôàêò ñîñòîèò â òîì, ÷òî, åñëè ïåðèîäè÷åñêàÿ
ôóíêöèÿ f : R → R èìååò îñíîâíîé ïåðèîä T0, òî ëþáîé å¼ ïåðèîä T
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