
Ëåììà 4. Çàôèêñèðóåì íîìåð k ∈ N, ìíîæåñòâî S :=
Dk−1(F, ρk−1(·)) èç (7) è ÷èñëî ϑ = ϑk èç (5). Ñóùåñòâóåò íåïðåðûâ-
íîå îòîáðàæåíèå f : Dk−1(F, ρk−1(·)) → Dk(F, ρk(·)) òàêîå, ÷òî äëÿ
ëþáîãî x(·) ∈ S ïðè âñåõ t ∈ T ñïðàâåäëèâû íåðàâåíñòâà

� t

0

‖f ′(x(·))(τ)− x′(τ)‖dτ ≤ 3

4
ϑ+

� t

0

%(x′(τ), F (τ, x(τ)))dτ,

� t

0

%(f ′(x(·))(τ), F (τ, f(x(·))(τ)))dτ ≤ 1

2
ϑ+

� t

0

l(τ)‖f(x(·))(τ)− x(τ)‖dτ.

Òåîðåìà 1. Äëÿ ïðîèçâîëüíîé ôóíêöèè ρ0(·) ∈ L1(T,R1
+), óäîâëå-

òâîðÿþùåé íåðàâåíñòâó (6), çàäàíî ìíîæåñòâî S0 := D0(F, ρ0(·)) (ñì.
(3)). Ïóñòü çàäàíû ÷èñëî a ∈ (0, ε], ÷èñëî δ1 > 0, óäîâëåòâîðÿþùåå
íåðàâåíñòâó

δ1 ≤
a

64(m(1) + 1)
e−2m(1),

è íåïðåðûâíàÿ ôóíêöèÿ d : Bε/4(x̂(0))→ E òàêàÿ, ÷òî ‖d(x)− x‖ < δ1

ïðè âñåõ x ∈ Bε/4(x̂(0)). Òîãäà ñóùåñòâóåò íåïðåðûâíîå îòîáðàæåíèå
r: S0 → RT (F, d(Bε/4(x̂(0)))∩C0), óäîâëåòâîðÿþùåå äëÿ ëþáîãî x(·) ∈ S0

ñîîòíîøåíèÿì:
r(x(·))(0) = d(x(0)),

‖r(x(·))(t)− x(t)‖ ≤
� t

0

em(t)−m(τ)ρ0(τ)dτ +
a

2(m(1) + 1)
, ∀t ∈ T.
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áåãàþò îòðåçîê ñ ôèêñèðîâàííûì îòíîøåíèåì êîíöîâ. Îöåíêà äàåòñÿ
÷åðåç îòðèöàòåëüíóþ ñòåïåíü èíòåãðàëüíîé íîðìû íà áîëüøåé îêðóæ-
íîñòè.

Âîçüìåì ïðîèçâîëüíûå ÷èñëà q ∈ (0, 1) è d > 0. Ïîëîæèì

s = s(q) =
1 + q

1− q
,

A+(q, d) =
1− q

4

((
s+

√
s2 − 1

)d+1
d

+
(
s−

√
s2 − 1

)d+1
d

)
+

1 + q

2
.

Íåòðóäíî óáåäèòüñÿ â òîì, ÷òî âñåãäà âåðíî íåðàâåíñòâî A+(q, d) > 1.
×åðåç H1(R) îáîçíà÷èì ïðîñòðàíñòâî ôóíêöèé f , äëÿ êîòîðûõ êîíå÷íà
íîðìà

‖f‖R = sup
0<x<R

1

2π

2π�

0

∣∣f(xeiϕ)
∣∣ dϕ.

Ïîëîæèì òàêæå m(f, r) = min|z|=r |f(z)|.
Òåîðåìà 1. Äàíû òðè ÷èñëà q ∈ (0, 1), d > 0, R > 0 è ïðîèçâîëüíàÿ

ôóíêöèÿ f(z) =
∑∞

k=ν bkz
k ∈ H1(R), bν 6= 0, ν ∈ N0, ãäå R > A+(q, d)R.

Òîãäà íàéäåòñÿ òàêîå ÷èñëî r ∈ (qR,R), ÷òî ñïðàâåäëèâà îöåíêà ñíèçó

m(f, r) > c‖f‖−dR , c = 4−d−1qγ+1|bν|1+dAνd
+ (q, d)Rν(1+d).

Âåðíà ëè ïîäîáíàÿ îöåíêà, åñëè R < A+(q, d)R? Ïîêà äîêàçàíî, ÷òî
åñëè R 6 A−(q, d)R, ãäå A−(q, d) = A+(q, d) − q − 1, òî íàèáîëüøèé
èç ìèíèìóìîâ ìîäóëÿ íà îêðóæíîñòÿõ ðàäèóñîâ r ∈ [qR,R] íåëüçÿ îöå-
íèòü ñíèçó ÷åðåç ‖f‖−dR . Ïîñòàâèì ýêñòðåìàëüíóþ çàäà÷ó î íàõîæäåíèè
â ïðîñòðàíñòâå H1 = H1(1) òî÷íîé íèæíåé ãðàíè

inf{‖f‖d1 max
qR6r6R

m(f, r) | f ∈ H1, f(0) = 1}. (1)

Òåîðåìà 2. Åñëè ïàðà ÷èñåë q, d òàêîâà, ÷òî A−(q, d) > 1, òî ïðè
1/A−(q, d) 6 R < 1 òî÷íàÿ íèæíÿÿ ãðàíü (1) ðàâíà íóëþ. Åñëè æå
0 < R 6 1/A+(q < d), òî òî÷íàÿ íèæíÿÿ ãðàíü (1) ïîëîæèòåëüíà.

Çàìå÷àíèå. Ïðè ëþáîì ôèêñèðîâàííîì d > 0 âåëè÷èíà A−(q, d) âîç-
ðàñòàåò ïî q ∈ (0, 1) è limq→1−A−(q, d) = +∞. Â ÷àñòíîñòè, èìååì

A−(q, 1) =
q2 + 3q

1− q
, A+(q, 1) =

1 + 3q

1− q
.

Â òåîðèè öåëûõ ôóíêöèé äîêàçàí ðÿä òåîðåì (ñì. [1]) î òîì, ÷òî íà
íåêîòîðîì ¾äîñòàòî÷íî îáøèðíîì¿ èëè õîòÿ áû èìåþùåì ïðåäåëüíóþ
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òî÷êó ∞ ìíîæåñòâå çíà÷åíèé r ∈ R+ (ñâîåì äëÿ êàæäîé öåëîé ôóíê-
öèè f) ìèíèìóì ìîäóëÿ m(f, r) äîïóñêàåò îöåíêó ñíèçó ÷åðåç êàêóþ-
ëèáî ñòåïåíü M(f, r) = max|z|=r |f(z)|. Â èçâåñòíûõ àâòîðó ðàáîòàõ ïî
ýòîé òåìàòèêå ìàêñèìóì ìîäóëÿ, ÷åðåç ñòåïåíü êîòîðîãî îöåíèâàëñÿ ìè-
íèìóì, áðàëñÿ íà òîé æå îêðóæíîñòè, ÷òî è ìèíèìóì. Âûÿñíèëîñü, ÷òî
îöåíêè m(f, r) ÷åðåç ïîñòîÿííóþ ñòåïåíü M(f, r) âîçìîæíû, âîîáùå ãî-
âîðÿ, äëÿ öåëûõ ôóíêöèé f êîíå÷íîãî ïîðÿäêà (èëè, áîëåå îáùî, êîíå÷-
íîãî íèæíåãî ïîðÿäêà). Õýéìàí [2] ïîñòðîèë öåëóþ ôóíêöèþ F áåñêî-
íå÷íîãî ïîðÿäêà, äëÿ êîòîðîé

lim
r→+∞

lnm(F, r)

lnM(F, r)
= −∞.

Âîïðîñ î çíà÷åíèè òî÷íîé íèæíåé ãðàíè

lim
r→+∞

lnm(f, r)

lnM(f, r)
,

âçÿòîé ïî âñåì öåëûì ôóíêöèÿì f 6= 0 ïîðÿäêà íå âûøå ρ, ðåøåí äî-
ñòàòî÷íî äàâíî ïðè ρ ∈ [0, 1] (cos πρ), íî ïðè ρ > 1 äî ñèõ ïîð îòêðûò.
Õýéìàí [2] íàøåë ïîðÿäîê (− ln ρ) ýòîé âåëè÷èíû ïðè ρ → +∞. Òåî-
ðåìà 1 äàåò âîçìîæíîñòü ýôôåêòèâíî îöåíèâàòü ñíèçó íàèáîëüøåå ïî
r ∈ [qR,R] çíà÷åíèå m(f, r) ÷åðåç ëþáóþ (íàïðèìåð, ìèíóñ ïåðâóþ) ñòå-
ïåíü ìàêñèìóìà ìîäóëÿ íà îêðóæíîñòè íåêîòîðîãî ðàäèóñà, áîëüøåãî R.
Ïðèâåäåì íåñêîëüêî ñëåäñòâèé èç òåîðåìû 1.

Ñëåäñòâèå 1. Äëÿ ëþáîé öåëîé ôóíêöèè f 6≡ 0 ñóùåñòâóåò ïîñòî-
ÿííàÿ c = c(f) > 0 òàêàÿ, ÷òî ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Äëÿ ëþáîãî R > 1 ñóùåñòâóåò òàêàÿ òî÷êà r ∈ (R/3, R), ÷òî
âûïîëíÿåòñÿ íåðàâåíñòâî

m(f, r) >
c

M(f, 3R)
.

Â ÷àñòíîñòè, ñóùåñòâóåò òàêàÿ ïîñëåäîâàòåëüíîñòü ïîëîæèòåëü-
íûõ ÷èñåë rn, ÷òî

1) lim
n→∞

rn = +∞, 2) rn < rn+1 < 3rn + 3, 3) m(f, rn) >
c

M(f, 9rn)
.

Òåîðåìà 3. Åñëè q ∈ (0, 1), d > 0, a < A−(q, d) òî ñóùåñòâóþò
öåëàÿ ôóíêöèÿ F è ïîñëåäîâàòåëüíîñòü ïîëîæèòåëüíûõ ÷èñåë Rn →
+∞ òàêèå, ÷òî ñïðàâåäëèâî ïðåäåëüíîå ñîîòíîøåíèå

lim
n→∞

(
Md(F, aRn) max

qRn6r6Rn

(
m(F, r)

))
= 0.
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Â çàêëþ÷åíèå îòìåòèì, ÷òî îöåíêè ñíèçó íàèáîëüøåãî èç ìèíèìóìîâ
ìîäóëÿ öåëîé ôóíêöèè íà îêðóæíîñòÿõ, ðàäèóñû êîòîðûõ ïðîáåãàþò îò-
ðåçîê ñ ïîñòîÿííûì îòíîøåíèåì, âñòðå÷àëèñü âåñüìà ðåäêî. Àâòîðó èç-
âåñòíû òðè òàêèå ðàáîòû [3�5]. Â [3] è [4] ðàññìàòðèâàëèñü âåñüìà óçêèå
ïîäêëàññû öåëûõ ôóíêöèé. Â [5] â ðàññóæäåíèÿõ èìåþòñÿ íåèñïðàâèìûå
îøèáêè, ïîâëåêøèå çà ñîáîé íåâåðíûé ðåçóëüòàò (ñëåäñòâèå 3 íà ñ. 236).
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Â ðàáîòå èçó÷àåòñÿ àñèìïòîòè÷åñêîå ïîâåäåíèå ïðè x → 0+ ñóìì
ðÿäîâ ïî ñèíóñàì

g(b, x) =
∞∑
k=1

bk sin kx, b = {bk}k∈N , (1)

ïîñëåäîâàòåëüíîñòè êîýôôèöèåíòîâ êîòîðûõ íå òîëüêî ìîíîòîííî ñòðå-
ìÿòñÿ ê íóëþ, ò. å.

b1 > 0, bk+1 6 bk (∀k ∈ N), lim
k→∞

bk = 0, (2)

íî è ïðèíàäëåæàò ñëåäóþùèì äâóì ñïåöèàëüíûì êëàññàì.
Îäèí êëàññ � îáîçíà÷èì åãî B ↓� ñîñòîèò èç âñåõ ïîñëåäîâàòåëüíî-

ñòåé b = {bk}, óäîâëåòâîðÿþùèõ óñëîâèþ (2) è, êðîìå ýòîãî, óñëîâèþ
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