
ÓÄÊ 510: 53.072: 621.1.016.4(03)

ÑÒÎÕÀÑÒÈ×ÅÑÊÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅ
ÄÈÔÔÓÇÈÎÍÍÎÉ ÔÈËÜÒÐÀÖÈÈ
Ð. Â. Àðóòþíÿí (Ðåóòîâ, Ì.Î., ÐÔ)

rob57@mail.ru

Ðàññìàòðèâàåòñÿ ñòðóêòóðà òèïà îäíîìåðíîãî ¾ðåøåòà¿. Äëèíà îò-
âåðñòèé (äûðîê) ðàâíà 1, à íåïðîíèöàåìîé ÷àñòè � 2. Ñêâîçü ðåøåòî
ïðîñåèâàåòñÿ ïîòîê îäíîìåðíûõ ÷àñòèö (ïàëîê) ñëó÷àéíûõ ðàçìåðîâ z
ñ ïëîòíîñòüþ p(z), z ∈ (0, 2] . Èñêîìûìè ÿâëÿþòñÿ ïëîòíîñòè ðàñïðåäå-
ëåíèÿ ðàçìåðîâ äûðîê è ïàëîê íà âûõîäå èç ¾ðåøåòà¿ C(x, t) è ψ(z, t) ,
äëÿ êîòîðûõ ïîëó÷åíà ñèñòåìà óðàâíåíèé:

∂

∂t
(x, t) = −q (x)C (x, t) +
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x

P (y − x)C (y, t) dy, ∀ x ∈ (0, 1) ∀ t > 0;
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∂t
(t) =
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0

C (y, t)
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3

p (z) dz dy, ∀ t > 0,

C(x, 0) = δ(x− 1 + 0), ∀ x ∈ (0, 1];

C0(0) = 0; P (w) =
2

3
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p (z) dz, 0 ≤ w ≤ 1;

q (x)=
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 xˆ

0

z
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P (z) dz+

2xˆ

x

2z − x
2

P (z) dz +

2ˆ

2x

z + x

2
P (z) dz

, ∀ x ∈ (0, 1);

C0(t) � âåðîÿòíîñòü íóëü-äûðêè, C (x, t) = C1 (x, t)+δ (x− 1 + 0) e−q(1)t;

∂C1

∂t
= −q (x)C1 +

1ˆ

x

P (y − x)C1 (y, t) dy + P (1− x) e−q(1)t, t > 0,

C1(x, 0) = 0, ∀ x ∈ (0, 1];

φ (z, t) = p (z)

1ˆ

z/2

R (y, z)C (y, t) dy, ∀ z ∈ [0, 2), t > 0,

R (y, z) = (2y − z)/3, z/2 ≤ y ≤ min(z, 1);

R (y, z) = y/3, min(z, 1) < y ≤ 1.
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Ïîäñòàíîâêà C1 (x, t) = A (x, t) e−q(1)t ïðèâîäèò ê óðàâíåíèþ:

∂A

∂t
= −Q (x)A+

1ˆ

x

P (y − x)A (y, t) dy + P (1− x) ,

A(x, 0) = 0, ∀ x ∈ (0, 1],

Q (x) = q (1)− q (x) .

Ñâîéñòâî 1. Åñëè ïëîòíîñòü ðàñïðåäåëåíèÿ p(z) íåïðåðûâíà íà îò-
ðåçêå [0, 2], òî ðåøåíèå ñòîõàñòè÷åñêîé ñèñòåìû ñóùåñòâóåò, åäèí-

ñòâåííî, ïðè÷åì C0 (t) ∈ C∞ (0,∞),
∂kC

∂tk
(x, t) ∈ C1 (0, 1), ∀ t > 0,

k = 0, 1, ...
Ñâîéñòâî 2. Èìåþò ìåñòî îöåíêè ñíèçó

C1 (x, t) ≥ P (1− x)
e−q(x)t − e−q(1)t

q (1)− q (x)
≥ P (1− x)

e−q(1)t − e−qmaxt

qmax − q (1)
,

∀ x ∈ [0, 1], t ≥ 0, qmax = ‖q‖C(0,1)

Ñâîéñòâî 3. Ñïðàâåäëèâà îöåíêà ñâåðõó

C1 (x, t) ≤ (3/2)3/4

3
√
π

t1/4

(1− x)3/2
e
−qmint+2

√√√√2

3
(1−x)t

, ∀ x ∈ [0, 1], t ≥ 0,

qmin = min
[0,1]

q (x) .

Ñâîéñòâî 4. Óñëîâèå íîðìèðîâêè

0 (t) +

1ˆ

0

C1 (x, t) dx = 1, ∀ t ≥ 0.

Íà êîíå÷íûõ èíòåðâàëàõ (0, T ) , ãäå T > 0 � âåëè÷èíà ïîðÿäêà ïî-
ñòîÿííîé âðåìåíè ïðîöåññà, îäíèì èç ýôôåêòèâíûõ ñïîñîáîâ ðåøåíèÿ
ñòîõàñòè÷åñêèõ óðàâíåíèé ÿâëÿåòñÿ ïðèìåíåíèå ÌÊÐ. Ñõåìà 1-ãî ïî-
ðÿäêà:

Bj+1
i −Bj

i

τ
= −aiBj

i +
i∑

k=1

Pi−kB
j
kh+Rj

i , i = 1, M ;

Bj
0 = P0tje

−q0tj ; ai = q (1− zi) ; Pi = P (zi), zi = ih; Rj
i = Pie

−q0tj ;
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C1 (zi, tj) = Bj
m−i (1 + o (1)) , τ, h→ 0, i = 0,M ; h =

1

M
;

tj = jτ ; j = 0, J ; J =

[
T

τ

]
.

Óñòîé÷èâîñòü ñõåìû:∥∥∥B(1)
h −B

(2)
h

∥∥∥
h
≤ γ

∥∥∥R(1)
h −R

(2)
h

∥∥∥
h
,

γ =
eωT − 1

ω
, ω = ‖P‖C(0, 1) − qmin, ‖Bh‖h = max

Ω

∣∣∣Bj
i

∣∣∣ ,
Ω =

{
(i, j) : i = 0,M ; j = 0, J

}
,∣∣∣C1 (zi, tj)−Bj

m−i

∣∣∣ ≤ f4τ + f5h, ∀ (i, j) ∈ Ω.

Òåñòîâàÿ çàäà÷à ïðè q(x) =
1 + (1− x)

6
, P (x) =

2

3
, íà ðèñ. 1

ïàðàìåòðû ñõåìû h = 0.025, τ = 0.5, a1 (x, t) = Ah (x, t) /‖Ah‖h,
a2 (x, t) = A (x, t) ‖Ah‖, íà ðèñ. 2 ïàðàìåòðû ñõåìû h = 0.025, τ = 0.3,
a3 (x, t) = Ah (x, t) /‖Ah‖h.

Ðèñ. 1. Òî÷íîå ðåøåíèå Ðèñ. 2. Ðàâíîìåðíîå ðàñïðåäåëåíèå

ðàçìåðîâ ÷àñòèö

Çäåñü 1 � t = 10; 2 � t = 30; 3 � t = 60.
Ïðåèìóùåñòâî ìîäåëèðîâàíèÿ ôèëüòðàöèè íà îñíîâå ñòîõàñòè÷åñêèõ

óðàâíåíèé èìååò òî ïðåèìóùåñòâî, ÷òî êîíå÷íî-ðàçíîñòíûå ìåòîäû ÿâ-
ëÿþòñÿ áîëåå ýêîíîìè÷íûìè ïî ñðàâíåíèþ ñî ñòàòèñòè÷åñêèìè ìåòîäà-
ìè.
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Ðÿä
∞∑
i=1

xi â áàíàõîâîì ïðîñòðàíñòâå X íàçûâàåòñÿ áåçóñëîâíî ñõîäÿ-

ùèìñÿ, åñëè äëÿ êàæäîãî âûáîðà çíàêîâ εi = ±1, i = 1, 2, . . . , ðÿä
∞∑
i=1

εixi

ñõîäèòñÿ â X. Áîëåå ñëàáûì ÿâëÿåòñÿ òðåáîâàíèå ñõîäèìîñòè ïðè ïî÷òè
êàæäîì âûáîðå çíàêîâ (εi)

∞
i=1 ∈ {1,−1}N (îòíîñèòåëüíî ïðîèçâåäåíèÿ

ñ÷èòàþùèõ ìåð íà äâóõòî÷å÷íîì ìíîæåñòâå {1,−1}). Â ýòîì ñëó÷àå ãî-

âîðÿò, ÷òî ðÿä
∞∑
i=1

xi ñëó÷àéíî áåçóñëîâíî ñõîäèòñÿ.

Áèîðòîãîíàëüíàÿ ñèñòåìà (xi, x
∗
i ), ãäå xi ∈ X, x∗i ∈ X∗, íàçûâàåò-

ñÿ ñèñòåìîé ñëó÷àéíîé áåçóñëîâíîé ñõîäèìîñòè (èëè RUC ñèñòåìîé)
â X, åñëè äëÿ ïðîèçâîëüíîãî x èç çàìêíóòîé ëèíåéíîé îáîëî÷êè [xi]

ðÿä
∞∑
i=1

x∗i (x)xi ñëó÷àéíî áåçóñëîâíî ñõîäèòñÿ, èëè, òî æå ñàìîå, ðÿä

∞∑
i=1

x∗i (x)ri(t)xi ñõîäèòñÿ â X äëÿ ïî÷òè âñåõ t ∈ [0, 1]. Çäåñü ri � ôóíêöèè

Ðàäåìàõåðà, ò.å. ri(t) = sign(sin 2iπt), i ∈ N, t ∈ [0, 1]. Ïîñëåäíåå óñëîâèå
ýêâèâàëåíòíî òîìó, ÷òî ñóùåñòâóåò êîíñòàíòà K > 0, äëÿ êîòîðîé

1ˆ

0

∥∥∥ n∑
i=1

ciri(t)xi

∥∥∥
X
dt ≤ K

∥∥∥ n∑
i=1

cixi

∥∥∥
X
,

ãäå n = 1, 2, . . . è âåùåñòâåííûå ÷èñëà c1, c2, . . . , cn ïðîèçâîëüíû [1, ñëåä-
ñòâèå 1.1].

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÔ.
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