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Ïóñòü C2π � ïðîñòðàíñòâî íåïðåðûâíûõ 2π-ïåðèîäè÷åñêèõ ôóíêöèé
ñ íîðìîé ‖f‖ = maxx |f(x)|.

Ïóñòü N ≥ 2 � öåëîå ïîëîæèòåëüíîå ÷èñëî, u = uN � âåùåñòâåííîå
÷èñëî è

tk = t
(N)
k = u+

2πk

N
(0 ≤ k ≤ N − 1)

ñèñòåìà óçëîâûõ òî÷åê. Îáîçíà÷èì ÷åðåç

Ln,N(f) = Ln,N(f, x) (0 ≤ n ≤ N/2)

òðèãîíîìåòðè÷åñêèé ïîëèíîì ïîðÿäêà n ñ íàèìåíüøèì êâàäðàòè÷íûì
îòêëîíåíèåì îò f íà ñåòêå ωN = {tk}N−1

k=0 . Äðóãèìè ñëîâàìè

Ln,N(f) = inf
N−1∑
k=0

|f(tk)− Tn(tk)|2

íà ìíîæåñòâå âñåõ òðèãîíîìåòðè÷åñêèõ ïîëèíîìîâ Tn ïîðÿäêà n. Â
÷àñòíîñòè, L[N/2],N(f, x) � èíòåðïîëÿöèîííûé ïîëèíîì, ñîâïàäàþùèé ñ
ôóíêöèåé f(x) â òî÷êàõ ωN . Ëåãêî ïîêàçàòü, ÷òî Ln,N(f, x) ÿâëÿåòñÿ ÷àñ-
òè÷íîé ñóììîé äèñêðåòíîãî ðÿäà Ôóðüå ôóíêöèè f è ïðåäñòàâëÿåòñÿ â
âèäå

Ln,N(f, x) =
n∑

ν=−n
c(N)
ν (f)eiνx,

22



ãäå

c(N)
ν (f) =

1

N

N−1∑
k=0

f(tk)e
−iνtk.

Äàëåå, ïóñòü

Sn(f, x) =
n∑

k=−n

ck(f)eikx

� ÷àñòè÷íàÿ ñóììà ïîðÿäêà n ðÿäà Ôóðüå ôóíêöèè f , ãäå

ck(f) =
1

2π

πˆ

−π

f(t)eiνtdt.

Â ðàáîòå [1] äîêàçàíî, ÷òî åñëè ðÿä Ôóðüå äëÿ ôóíêöèè f ñõîäèòñÿ â
òî÷êàõ tk = u+ 2kπ/N , òî èìååò ìåñòî ðàâåíñòâî

Ln,N(f, x) = Sn(f, x) +Rn,N(f, x), (1)

êîãäà 2n < N , ãäå Sn(f, x) � ÷àñòè÷íàÿ ñóììà ðÿäà Ôóðüå äëÿ ôóíê-
öèè f è

Rn,N(f, x) =
2

π

∞∑
µ=1

πˆ

−π

Dn(x− t) cosµN(u− t)f(t)dt.

Îáîçíà÷èì ÷åðåç Pm
2π êëàññ íåïðåðûâíûõ 2π-ïåðèîäè÷åñêèõ êóñî÷íî-

ëèíåéíûõ ôóíêöèé, îïðåäåë¼ííûõ ñëåäóþùèì îáðàçîì.
Ïóñòü m ≥ 3 � íåêîòîðîå íàòóðàëüíîå ÷èñëî è òî÷êè

−π = a0 < a1 < ... < am = π

äåëÿò îòðåçîê [−π, π] íà m îòðåçêîâ ∆i = [ai, ai+1], ïðè÷åì

f(x) = fi(x) = Aix+Bi, x ∈ ∆i.

Çàìåòèì, ÷òî èç íåïðåðûâíîñòè ñëåäóåò

fi(ai+1) = fi+1(ai+1), f0(−π) = fm−1(π).

Çàäà÷à ñîñòîèò â îöåíêå ðàçíîñòè

|Ln,N(f, x)− f(x)| (2)
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íà îòðåçêå [−π, π]. Èç (1)

|Ln,N(f, x)− f(x)| ≤ |Sn(f, x)− f(x)|+ |Rn,N(f, x)|.

Îöåíèì îòäåëüíî |Sn(f, x)−f(x)| è |Rn,N(f, x)|. Îáîçíà÷èì ÷åðåç C(ε)

ïîëîæèòåëüíîå ÷èñëî, çàâèñÿùåå òîëüêî îò ε, ïðè÷åì ðàçëè÷íîå â ðàçíûõ
ìåñòàõ. Èìååò ìåñòî ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Äëÿ ôóíêöèé èç Pm
2π ñïðàâåäëèâû ñëåäóþùèå îöåíêè ïðè

ïðèáëèæåíèè ÷àñòè÷íûìè ñóììàìè ðÿäà Ôóðüå:

|f(x)− Sn(f, x)| = C(ε)
m

n
, x ∈ [−π, π],

|f(x)− Sn(f, x)| = C(ε)
m

n2
, x ∈

m−1⋃
i=0

[ai + ε, ai+1 − ε], ε > 0.

Òåîðåìà 2. Äëÿ îñòàòêà Rn,N(f, x), ãäå f ∈ Pm
2π, èìåþò ìåñòî

ñëåäóþùèå îöåíêè:

|Rn,N(f, x)| = C(ε)
m

N
, x ∈ [−π, π],

|Rn,N(f, x)| = C(ε)
m

N 2
, x ∈

m−1⋃
i=0

[ai + ε, ai+1 − ε], ε > 0.

Ñëåäñòâèå. Äëÿ ïîëèíîìîâ Ln,N(f, x), ãäå f ∈ Pm
2π, ñïðàâåäëèâû ñëå-

äóþùèå îöåíêè:

|f(x)− Ln,N(f, x)| = C(ε)
m

n
, x ∈ [−π, π],

|f(x)− Ln,N(f, x)| = C(ε)
m

n2
, x ∈

m−1⋃
i=0

[ai + ε, ai+1 − ε], ε > 0.
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